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ARTICLE INFO ABSTRACT

Keywords: A reliable way to determine the effective properties of heterogeneous media plays an important role in
Finite Element Method engineering design. As an experimental test to obtain effective properties may be tedious and expensive to
Virtual tensile testing perform, and as computational approaches, when all heterogeneities of the media are considered during the

Asymptotic Homogenization Method

X simulations, might become impractical due to computational effort, homogenization procedures are a good
Multiscale embedded models

alternative to estimate the effective properties of the media, mainly considering damage and manufacturing
defects in the material. Among several homogenization methods, the Asymptotic Homogenization Method
(AHM), a well-established mathematically based method, is considered for deriving the relations for the
effective properties of the media, and the Finite Element Method (FEM) is used to solve the equilibrium
relations. In this work, a fiber-reinforced composite is considered, with three different regions depicted: intact,
damaged fibers, and regions with resin/void pockets. The proposed AHM-FEM approach is used to simulate
a tensile test in all scenarios with standard and multiscale embedded Unit Cells used to obtain the effective
elastic modulus on the fiber direction. Discussions regarding computational efficiency are carried out, as well
as numerical comparisons among the types of Unit Cells used to model the media. In a second scenario, the
complete fourth-order elasticity tensor of the media is investigated, considering the fibers as both isotropic
and transversely isotropic. The results for the transversely isotropic fibers approach literature data, while when
isotropic fibers are considered, poor results are achieved. Finally, the approach is extrapolated to obtain the
mechanical properties of metamaterials, defined here as a composite reinforced by two different kinds of fibers.

1. Introduction theories [1], and aim to study the behavior of the heterogeneous media

wherein the interaction of the constituent materials is examined on

The determination of the effective elastic properties of heteroge- a microscopic scale to determine their effect on the properties of the
neous media plays an important role in engineering design. As the use heterogeneous media [2].

of cellular and composite materials increases, the need for developing Among several homogenization methods found in literature, one

reliable tools to predict their behavior also increases. The correct can highlight the Asymptotic Homogenization Method (AHM), which is

prediction of the mechanical properties in heterogeneous media, such
as composite and cellular materials, mainly with damage and manu-
facturing defects, may allow a lower cost, lighter and/or with a higher
specific strength design.

The effective mechanical properties of heterogeneous media can be
obtained based on both macroscopic and microscopic theories.

The macroscopic models do not explicitly take the base material
properties into account and are often limited to in-plane properties. On
the other hand, the microscopic models are based on homogenization

based on a mathematically rigorous theory and has been used in several
applications in the past years. In this method, a periodic Unit Cell (UC)
is used to depict the microstructure of the material and its effective
properties are obtained through a variational formulation on a local
boundary value problem [3].

The well established AHM was first introduced in the seventies and
contributions to the early development of the method can be attributed
to [4-6]. Further contributions made by [7-15] discuss mathematical
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aspects, engineering applications and the use of the finite element
method to solve the homogenization relations.

In recent years, the AHM has been used to find the effective elastic
constants for several engineering applications, by using both numerical
and analytical analyses. An effort has also been made to obtain the
analytical solutions of AHM for specific representative volume elements
that represent a heterogeneous media.

In [16] a two-scale Asymptotic Homogenization Method is used to
investigate failure envelopes of unidirectional fiber-reinforced compos-
ites. A methodology is proposed, in which, for given stress applied to
the macro level, it is possible to obtain the stress field at the micro-
level. Three regions are considered, fiber, matrix, and interface, each
one ruled by its failure mechanism. Besides, the authors show that the
methodology is capable of calculating numerical failure envelopes with
good approximation to experimental data. A semi-analytical method is
proposed by [17] to obtain the effective properties of fiber reinforced
composites with transversely isotropic constituents, in which the AHM
relations are solved by the finite element method, and the results
compared to exact solutions.

In the work of [18], a numerical Asymptotic Homogenization
Method is used to obtain effective elastic properties of unidirectional
fiber-reinforced composites, in which square and perfect hexagonal unit
cells are employed. The results are compared to experimental data
with good agreement, and discrepancies found between numerical and
experimental data are explained in terms of simplifications considered
in the homogenization method.

The effective complex-value of a three-phase elastic fiber-reinforced
composite with parallelogram unit cell is studied in [19,20]. The two-
scale AHM is considered and close analytical expressions for the local
problems and the out-of-plane shear homogenized coefficient are de-
rived. The authors also study the shear effective properties enhance-
ment for the three-phase fiber-phase fiber-reinforced composite.

In [21], a multiscale methodology is proposed to predict the ef-
fective coefficients for layered composites with delamination on the
macro-scale considering the influence of debonding between fiber and
matrix on the micro-scale. The micro-scale problem is solved by the
Finite Element Method, whilst the macro-scale problem is solved by
both the Finite Element Method and the Asymptotic Homogenization
Method.

In a study by [22], the effective elastic properties of layered com-
posites are obtained by considering the influence of non-imperfect
adhesion between plies, or in practical terms, delamination between
adjacent plies. The authors address the problem by using two- and
three-layer composites. The analytical expressions based on AHM are
derived and compared to the Finite Element Solution.

The effect of localized damage in the interface between two layers
of a laminated composite on the effective properties is investigated
by [21]. The effect of delamination extensions is studied by both ana-
lytical and numerical solutions of the AHM. Additionally, the authors
extrapolate the numerical approach to simulate a specific case in which
the interface is considered as a functionally graded material. In a
subsequent work [23], the authors consider an unbalanced laminated
composite and both analytical and numerical solutions are derived.
An interphase degradation between plies is considered, and a great
agreement between the effective mechanical properties obtained by
analytical and numerical approaches is observed.

By using a three scales asymptotic homogenization approach, [24]
studies the effective behavior of hierarchical linear elastic composites
reinforced by aligned fibers, in which each hierarchical level of or-
ganization has a periodic structure. The results focus on the effective
out-of-plane shear modulus and are compared to literature data. In a
similar approach, [25] uses the three scales asymptotic homogenization
to investigate the in-plane and out-of-plane effective properties of
hierarchical linear elastic solids. [26] proposes a multiscale asymptotic
expansion to derive analytically the effective coefficients for fibrous
and wavy laminated composites, in which the local problem is based
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on the application of Muskhelishvili’s complex potentials in the form
of Taylor and Laurent series.

Additionally, the application of periodic boundary conditions is
crucial in analyses involving the numerical determination of effective
properties of heterogeneous media. In the work of [27], a consistent
application of periodic boundary conditions in both implicit and ex-
plicit finite element analysis is proposed, in which the influence of
the periodic boundary conditions in the mechanical response under
tension is addressed. The authors also investigate the computational
performance between implicit and explicit solutions.

Furthermore, some studies also compare the AHM to experimental
results. In [28], it is shown the AHM asymptotically converge to the
exact solution by sequentially solving problems at different scales of
hierarchy. In the work of [29], it is shown that the effective prop-
erties of composites with a periodic structure, such as stiffness and
local strain, are better approximated using the homogenization theory
instead of other well-established homogenization methods. Different
methods for calculating the effective elastic properties in composite
materials are investigated in [30], and the authors show that the
results obtained by AHM approach experimental data. A semi-analytical
approach, combining the Finite Element Method and the Asymptotic
Homogenization Method, is developed in [31] to obtain the effective
properties of periodic elastic-reinforced nanocomposites. The effect of
the geometrical shape of the inclusions, volume fraction and length on
the effective elastic properties are addressed and the results show a
good agreement with experimental values.

In addition, an effort has been made in recent years to implement
the Asymptotic Homogenization method by using a commercial finite
element package. This kind of approach is appealing since commercial
software may provide a wide finite element and material libraries, as
well as pre-and post-processing tools. In [32], a complete implementa-
tion methodology for AHM in Abaqus™ is presented. The authors show
that the proposed methodology is capable of providing good results for
the micro-mechanical analysis of stress in fiber-reinforced composites
for unit cells with different fiber arrangements. In the work of [33]
the authors present a complete methodology to implement the AHM
in a form of a user-friendly plug-in, using Abaqus™. The potentialities
of the method are explored by using several materials and elements
provided by Abaqus™ and the validation of the methodology is made
by comparing the results obtained with the plug-in to analytical results
found in the literature. [34] presents a simple implementation method
for the AHM developed with a commercial Finite Element software as
a toolbox. A set of simple boundary conditions are assumed and the
effective elastic constant of the media is found after static analyses.
Examples are performed and validated by comparing them with other
methods.

In summary, the AHM is a mathematically rigorous method that
presents accurate results when compared to experimental data and is
still widely used to tackle problems involving the mechanical properties
of heterogeneous media. Moreover, some recent work focuses on the
implementation of AHM on commercial finite element software, provid-
ing a powerful tool to find the effective fourth-order elasticity tensor of
heterogeneous materials. However, the use of AHM implemented in a
commercial finite element software, its potentialities, and its numerical
aspects, are yet to be investigated.

Thus, the numerical aspects of AHM, and the potentialities of using
the method within a commercial finite element package, are addressed
in the present work, which is rarely seen in the literature, and it is
named as AHM-FEM approach.

Considering the aforementioned aspects, this work has as a main ob-
jective the determination of the effective properties of a fiber laminated
composite, or a virtual tensile test, by using the proposed AHM-FEM
approach. It is also intended to verify the influence of the Unit Cell
on the effective properties of the media. Thus, several Unit Cells are
used and compared for both intact and damaged materials. Here, the
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benefits of using multiscale embedded models for the damaged models
are shown.

The last objective is to compare the effective properties obtained by
the AHM, considering the fiber as a transversely isotropic material, to
literature results. In addition, the procedure is extrapolated and used to
obtain the effective properties of metamaterials, in which a composite
comprised of two different kinds of fibers is considered.

Hence, we initially present the approach used to tackle the prob-
lem. Intact and damaged portions of a fiber-reinforced composite are
modeled using standard, and multiscale embedded Unit Cells. The
mathematical background of the Asymptotic Homogenization Method
is briefly presented, as well as the numerical solution via finite element
analyses.

The results are presented in two sections. The first one investigates
the effective elastic modulus in the fiber direction and the second one
investigates the complete fourth-order elasticity tensor of the media. In
addition, the approach is extrapolated to assess the effective properties
of a metamaterial comprised by a composite reinforced by two different
types of fibers.

The complete homogenization procedure is performed in a user-
friendly software implemented by the authors alongside the finite
element package Abaqus™ in a previous work [33].

2. Approach

Let 2 be a domain in R? with boundary 9¢2, representing a unidi-
rectional fiber-reinforced composite, as shown in Fig. 1.

Consider that the Dirichlet and Neumann boundary conditions are
applied on 002, and 082, respectively, where

0Q=0Q,U0Q,; 02,02, =@ i=123 )
such that
w=uf on 09, i=123, @

where u; is the ith component of the displacement and u{ is known, and

i=1,2,3 3

o;h; =1;

inj on 08,

where ¢ is the stress tensor, n is a normal vector and ¢; is the traction.
Two coordinate systems are used in the definition of the problem. The
macroscopic level, in which the effective properties of the media are
considered, is defined by x, and the microscopic level, in which a Unit
Cell (UC) of the media is depicted, is defined by y. Both coordinate
systems are considered to be coincident.

In Fig. 1, distinct areas within the domain are highlighted repre-
senting three different regions of the unidirectional fiber-reinforced
composite. The first region represents an intact material, whilst the
second one considers a region in which the fibers are damaged, and the
third one considers a region containing resin, or void, pockets within
the composite.

Two main scenarios are considered to represent the three regions
in the domain. In the first scenario, a small portion of the domain
is represented by a standard Unit Cell containing only the fibers and
the matrix. The second scenario considers a multiscale embedded Unit
Cell comprised of fibers, matrix, and a surrounding embedded region
formed by a homogenized material representing the composite.

The first part of the analysis performed aims to simulate virtual
tensile tests to obtain the effective elastic modulus in the fiber direction.
Initially, the intact material is considered and the influence of the
dimensions of the Unit Cell, as well as the number of fibers used to
represent the media, and the distribution of the fibers on the effective
properties of the media are considered. Here, the results are compared
to literature results, including the results provided by a composite
manufacturer. In addition, a convergence analysis is performed for each
Unit Cell.
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In the next analysis, a region with damaged fibers is considered.
Here, we use both the regular, and the multiscale embedded Unit Cells.
Several severity degrees of damage are considered and convergence
analyses are performed for both cases. In the last analyses, an embed-
ded Unit Cell is considered to determine the effective elastic modulus
of the material, when a resin/void pocket is present. Several volume
fractions of the pockets are considered as well as four different shapes
for the pockets.

In the second part of the analysis, the complete fourth-order elas-
ticity tensor of the media is obtained. The analyses are performed
considering the mechanical properties of the fiber both isotropic and
as transversely isotropic, and the effective properties are compared to
literature data.

Finally, the approach is extended to obtain the elastic properties of
metamaterials, considering a multiscale embedded UC. In this case, the
outer portion of the is homogenized and comprised of the properties
obtained by considering the transversely isotropic fibers. The inner
portion is comprised of fiber and matrix. Two different fibers are
considered and all independent effective properties of the media are
obtained as a function of the volume fraction of the material added to
the media.

For all analyses, the AHM-FEM approach is used, i.e., the Asymp-
totic Homogenization Method is considered for the determination of
the effective properties of the media, and the relations are solved by
the Finite Element Method. The derivation of the relations is presented
in the next section.

3. Asymptotic homogenization method

The Asymptotic Homogenization Method (AHM) is used to obtain
the effective properties of the media. The notation, the derivation of
the equilibrium problems and the finite element solution are based
on [23,33,35,36].

The Asymptotic Homogenization Method (AHM) uses the concept
of a Unit Cell (UC) to describe a heterogeneous media, in other words,
there is a small portion of the domain that repeats itself in a pattern
describing the whole domain. Additionally, an anisotropic and periodic
elastic body is considered and the problem is formulated in the bounded
subset ©2¢ € R? is considered.

The method follows, basically, three assumptions [37]. The first one
considers that, for the elasticity problem, the displacement field of the
media can be written as an asymptotic expansion, as

ut (x) = u® (x) + eu (x, y) + 2u® (x, ) + - ()]

where x and y are the coordinates in the macroscopic and the mi-
croscopic levels, respectively, uf is the total displacement field and
u®, u® and u® are the contributions for the displacement field of
the macroscopic scale, microscopic scale, and eventual smaller scales,
respectively. Eq. (4) shows that the displacement field of the global
problem is dependent on the fast variable y, and that implies that the
secondary variables, such as the stress field are also dependent on the
fast variable.

The second consideration is related to the relation between the
two domains used in the description of the problem and states that
the analysis can be made by using two separate scales, one at the
microscopic level (Unit Cell) and another one at the macroscopic level
(heterogeneous media) and that both are related by a small parameter
e < 1, such as
y=7 ()

meaning that the local problem domain is considerably smaller than
the global problem domain. Thus,

Y={y=(.rmm»n)eR’:0<y <l, i=123) (6)
denotes the Unit Cell, with /; as a positive number, and

Q=Y ={x=(x,x,x3) €R* : e7lx; €Y, =123}, )
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Void/resin
pockets

R~

Fig. 1. Representation of the domain and the three distinct regions within the composite material: (i) Intact material and Unit Cells comprised of fiber and matrix; (ii) Material
with damaged fibers - A UC comprised of damaged fibers, matrix, and an outer layer of homogenized material and a UC comprised with damaged fibers, intact fibers and matrix;
(iii) Material containing void or resin pockets and UCs comprised by an outer portion of homogenized intact material and spherical or ellipsoidal inclusions representing the void

or resin pockets (internal view).

alongside Eq. (5) denotes the global domain.

The third consideration is that the displacements on the boundaries
of the Unit Cell are periodic. This consideration implies that the local
domain itself is periodic, i.e., it repeats itself in a periodic pattern, thus
describing the macroscopic domain.

A general field variable f; is thus dependent on both fast and slow
variables, such as

fi=fixy (€]
and its partial derivatives take the form

f i, a0hs

9

ox; ox; 9y;

Assuming no body forces acting on the media, one can write the
elastic equilibrium as

60'1.51.
— =0 in @, (10
0xj
where
. 6ui
of; = Ciju (y)a—XI. a1

Using the asymptotic expansion, Eq. (4), and the stress field,
Eq. (11), yields

of (%) =0 (x,9) +eu” (x,y) + 2 (x,3) + -, a2

where
o™ b

k
d_xl + Ciji (¥)

k

o (x.y) = Cyyy () M =012 (13)
Now, using Egs. (4) and (12) into Eq. (10), and rearranging and

grouping like exponents &, one has for £~! and &°, respectively

(0)
c)aij

ay;

=0 a4)

and
(30'5?) (30'5].1)
+ =0. (15)
0x; ay;
Using Eq. (13) for m = 0 and (14) one has
1 0
0 6u;() 0C;jk 6u5€)
— |\ Cju—— )=~ 1e)
9y; ay, dy; 0x;
where the solution is represented in the form
o ()
i ey =g ) —5— a7
Xk
and thus the following local problem is obtained:
pq
0 9x, .
()_y. <Cijk1()_yl +Ciqu> =0 in Y, (18)
J
with
[ I}f"] =0 19
and
ax!
Cijkl?-'-ciqu ﬂj =0 on I, (20)
I

where I is the interface in the unit cell Y.
Note that Egs. (18) and (20) can also be obtained from the equilib-
rium state given by

/ C 2%’ ou, ay = / Cu gy [e30)
y P ay, oy y Moy, T
where v is a virtual displacement field.

Assuming m = 0 in Eq. (13), and considering Eq. (17), one obtains

9 )(pq au(O)
) _ k P
o = <c,.j,,q +Cijn o ) o (22)
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The macroscopic equilibrium is obtained by the averaging Eq. (15)

as
6<qu)>
NV Iy (23)

6xj
where

a“(O)

(0> _ ©) H
(), lYl/ dy = Cuk/,; (24)
with

oxf
clhy= <c,,k,+c,/,” % > . (25)
N Y

which is the homogenized fourth-order elasticity tensor of the media.
The cell average operator is defined as

1
oy = — [ «dY. 26
iy |Y|/Y 26

In summary, the general elasticity problem of finding the effec-
tive fourth-order elasticity tensor consists in solving the equilibrium
problem, finding y, such that

/c.. %%dY=—/C % gy @7)

¥ ijpq ayq ayj ijkl a

that can be used to find the effectlve properties of the media by using
0/},k1

Ctljk/ |Y| / < ijkl + Ctqu 6 > dy. (28)

The characteristic displacement field, y*/, is the periodic solution
of Eq. (27) and it is used in Eq. (28) to find the elastic constants of
the effective elastic tensor. For a general three-dimensional case, the
indexes i, j, p, q, k and / assume values between 1 and 3, and the
elastic tensor has 21 independent constants. To obtain all constants, it
is sufficient to solve Eq. (27) for the load cases kI = 11, kI =22, kI = 33,
kl =12, kIl =23 and kI = 13.

There are several ways to solve the integral equations of the homog-
enization method, and several authors derived the analytical relations
for specific cases. However, the set of Egs. (27) and (28) may be tedious
to obtain analytically, mainly when complex geometries and materials
are considered. Thus, the finite element method is employed to solve
the equilibrium problem by the imposition of periodic displacements
applied directly to the global arrays of the problem. The equilibrium
problem, stated in Eq. (27), can be written in a vectorial form as [15,
38]

T
/ o Ca_x - / 9w\ cay (29)
y \ 9y ay y \ 9y

If the Unit Cell is divided into finite elements, the virtual displace-
ments v, and the characteristic solution y can be written, respectively,
as [39]

% _ o (30)
ay
and
% _ gy @1)
ay

where #, and } are, respectively, the nodal virtual displacement vector
and the nodal characteristic displacement vector, and B is the global
strain—displacement matrix.

Egs. (30) and (31) are now used in the equilibrium problem of
Eq. (29), rendering

/ (Bd)T CBydY = - / (BT Cdy. (32)
Y Y

Since the virtual displacements are arbitrary, they can be chosen in a
such way that

/BTCB;de=—/BTCdY. (33)
Y Y
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Eq. (33) resembles a standard finite element equilibrium, and it can
be written as

Ki=-f (34

where K is the UC stiffness matrix, and f is the homogenization load
vector. This equation represents the global equilibrium of the UC when
submitted to the homogenized load.

For a single element, e, of the mesh, the local stiffness matrix is
given by

K¢ = / BTceBedY®, (35)

and, by using a quadrature scheme to evaluate the integral, it can be
written as

p
K¢ = Z ( BeTc B¢ )

m=1

mm> (36)

where p is the number of quadrature points used in the integration, W,
and J,, are, respectively, the quadrature weight and the determinant of
the Jacobian matrix, which is associated with the mth quadrature point.
Similarly, the local homogenized load vector is given by

fe — / BETCEdY, (37)
Y

and, using a quadrature scheme, it is written as
P

re=2 (B CO)W, T, 38)

m=1
The global arrays are assembled in the standard way. It is important
to highlight that the characteristic displacement field y is periodic,
thus, periodicity constraints have to be applied in the global arrays to
enforce that consideration.
A similar procedure is used to discretize the integral equation (28),
and it can be written as

cH = ﬁ / (C +CB¥)dY. (39)
Y

The integral equation (39) can be substituted by a sum through all
elements of the mesh and solved by a quadrature scheme, as

(e) (e) )(m) Ak/( )
clt, = 2 2 (Cuk,+C B phiCe )W I (40)

ijrs
e=1 m=1

where Np; is the total number of elements on the mesh.

Thus, the equilibrium equation (34) is solved for six load cases
(tractions in the 3 directions — y;, y, and y;; shear on the 3 planes
- »1¥2, y1¥3 and y,y;) and used in Eq. (40) in order to obtain the
homogenized fourth-order elasticity tensor of the media.

All the analyses are performed in a code implemented alongside
the finite element package Abaqus™ by the authors in a previous
work [33].

4. Virtual tensile test via the AHM-FEM approach

This section presents the results of the virtual tensile test performed
by using the Asymptotic Homogenization Method solved by the Finite
Element Method. The first objective is to obtain the effective elastic
modulus in the fiber direction, by an analysis of the Unit Cell (UC) and
compare it to literature data. An experimental tensile test [40] is con-
sidered as comparison base, in which an Hexcel® M10 pre-impregnated
carbon reinforced composite is used.

In a second analysis, it is considered that a volume fraction of the
fibers in the composite is damaged, and both a regular, and a multiscale
embedded Unit Cell models are used to tackle the problem. The third
analysis considers void and resin pockets in an embedded UC model.

The relevant data for the simulations are given in Table 1, and
it is considered that the composite is reinforced by fibers aligned
in x;—direction. In addition, all the simulations are performed using
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Table 1

Composite material data.
Description Value Reference
Fiber Young’s modulus 231.0 GPa [41]
Matrix Young’s modulus 3.2 GPa [40]
Fiber volume fraction 0.6 [42]

Table 2

Reference values for the effective Young’s modulus.
Value Nomenclature Reference
127.0 GPa Reference (i) [40]
132.0 GPa Reference (ii) [43]
140.0 GPa Reference (iii) [42]
148.0 GPa Reference (iv) [44]

Fig. 2. Unit Cell used for the influence of the dimension of the domain. The cases
considered are L, =L, =L;=10. Ly, =L,=L;=20and L, =L, = L; =4.0.

the user-friendly plug-in implemented by the authors in a previous
work [33]. For all presented cases, the eight-node trilinear isoparamet-
ric with full integration (C3D8) is used and a convergence analysis is
performed for every case.

4.1. Intact media and influence of the unit cell type

In the first case, we investigate the influence of the type of the UC
on the effective elastic modulus in the fiber direction. It is considered
that the media is intact and that there is a perfect bond between fiber
and matrix. The objective is to vary the parameters used to describe
the Unit Cell as a representation of the domain. Thus, we want to
verify the robustness of the AHM-FEM approach, and find the most
numerically efficient way of tackling the problem. The cases considered
used different dimensions for the Unit Cells, distinct fiber distribution
patterns, and also the number of fibers used to describe the domain.

All the results are compared to the literature data given in Table 2.
In addition, a convergence analysis is performed for each case as a
numerical efficiency factor.

The first analysis considers an UC with equal dimensions, as shown
in Fig. 2. The influence of those dimensions are investigated and the
cases L, =L, =L3;=10,L,=L,=L;=20,and L, =L, = L; =4.0
are considered. Fig. 3 shows the analyses of convergence, and the
comparison with the literature results.

In this particular case, no significant difference is noticed. By an-
alyzing Eq. (39), one can see that the properties are obtained by
the average of the UC size. As proportional values are used in the
simulation, the results themselves are also proportional.

The slight differences in the convergence of the UCs can be ex-
plained by the mesh generation procedure. Since no regular mesh is
used, and an automatic mesh generation is adopted, the finite ele-
ment mesh might vary from one case to another, rendering thus some
numerical fluctuations in the final result.

The second considered case investigates the influence of the thick-
ness in the fiber direction of the UC on the effective properties of the
media. Fig. 4 shows the UC considering the dimensions in the fiber
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| —m-L=L=g=1
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Reference (jii)
***** Reference (iv)

E, [GPa]

125 L L L L L
0 2000 4000 6000 8000 10000

Number of elements

Fig. 3. Convergence analysis. Influence of the dimensions of the UC and comparison
with the reference values.
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Fig. 4. Unit Cells used for the influence of the dimension in y; direction. (a) L; = 0.2,
(b) L; =0.5, (¢) Ly =08, and (d) Ly =1.0.

direction as Ly = 0.2, L; = 0.3, L, = 0.3 and L; = 1.0. The dimensions
L, =1.0and L, = 1.0 remain constant in all analyses.

Fig. 5 shows the convergence analyses for all considered cases and
the comparison to literature data. In this case, it is noticed that, the
shorter the dimension L, the better the mesh convergence. This result
shows that for this particular case, we can model the UC so that the
convergence of the result is enhanced.

Those analyses show that the AHM method can easily take ad-
vantage of the symmetries of the problem. Moreover, as periodicity
constraints are used on the boundaries of the UC, all cases shown
in Fig. 4 are representative of a fiber-reinforced composite. Besides,
despite all cases converging to the same effective elastic modulus, the
convergence rate increases with the reduction of the length in the fiber
direction adopted in the analyses. Thus, this kind of analysis shows that
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Fig. 6. Unit Cells used for the influence of the fiber distribution. (a) UC 1, and (b)
UcC 2.

the computational effort can be reduced depending on how the method
is used.

In a subsequent analysis, two fiber distributions are considered, as
shown in Fig. 6. The first Unit Cell (UC 1) is comprised of a single
centralized fiber, whilst the second Unit Cell (UC 2) is comprised of a
centralized fiber, and four-quarters of the fiber is on the edges. Both
cases have the same fiber volume fraction.

The convergence analyses and the comparison to literature data
are shown in Fig. 7. As one can notice, both Unit Cells converge to
the same value for the effective elastic modulus, however, UC 1 has a
better convergence rate than UC 2. Although both Unit Cells represent
the same composite and have the same fiber volume fraction, UC 2 is
more complex in terms of the geometry itself. Thus, more elements are
needed to faithfully represent the geometry and, consequently, more
elements are needed to achieve the convergence.

It is also important to highlight that, despite the effective elastic
modulus on the fiber direction not being significantly affected by the
fiber distribution in the domain, the mechanical properties of the
directions perpendicular to the fiber do change with different fiber
distributions. Thus, if other properties are considered, a more cautious
procedure has to be employed. In other words, similar analyses should
be performed if other properties were determined.

In a last analysis of the intact material, the influence of the number
of fibers used to represent the UC is considered. Fig. 8 shows the Unit
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Fig. 7. Convergence analysis. Influence of the fiber distribution and comparison with
the reference values.

(d)

Fig. 8. Unit Cells used for the influence of the number of fibers. (a) 1 fiber, (b) 4
fibers, (c) 9 fibers, and (d) 16 fibers.

Cell representation for one, four, nine and sixteen regularly distributed
fibers.

The convergence analyses for all cases and the comparison to the
literature data are shown in Fig. 9. It is clear that the more fibers
used in the representation of the UC, the poorer the convergence of the
result. This can be explained by the same reasoning used before. First,
the more fibers used, the more complex the geometry of the UC, and
thus, more elements have been used to discretize the domain, which
affects the convergence rate of the analysis. In addition, the single
fiber UC takes advantage of the periodicity constraints of the problem
using a less complex UC, enhancing the convergence rate significantly
in comparison to the representations using more fibers.
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The analyses performed show that the Asymptotic Homogeniza-
tion Method solved via the Finite Element Method is robust to ob-
taining the effective elastic modulus of a composite material. In all
cases, the results converge to the elastic modulus provided by the
manufacturer [42].

In addition, several aspects intrinsic to the AHM can be used to
improve the computational efficiency of the analyses in terms of mesh
convergence, such as the periodicity constraints and the complexity of
the Unit Cell chosen to represent the domain.

4.2. Multiscale embedded models and influence of fiber failure

In this section, it is considered that a fraction of the fibers in the
composite is damaged. In this case, a damage pattern is adopted, i.e., it
is considered that a representative parcel of the domain has an amount,
or volume fraction, of the fibers, damaged. With this consideration,
two distinct Unit Cells are used to approach the analyses. The first one
considers a regular UC, in which both damaged and intact fibers and
the matrix are modeled. The second UC is represented by an embedded
model described by a single damaged fiber, matrix, and an outer layer
of homogenized material representing the intact parcel.

The damage pattern applied consists of degenerating the mechanical
properties of the fibers. Thus, the damaged fibers are unable to add
stiffness to the material. The properties of the damaged fibers are
considered as 0.1% of the properties of the intact fibers, and the
properties of the homogenized outer layer are the ones obtained in the
previous section.

For the first comparison, the damaged fiber volume fractions con-
sidered are 25% and 50%. Fig. 10 (a) and (c) show the regular Unit
Cells with 25% and 50% of fibers damaged and Figures (c) and (d)
their embedded model counterparts.

Fig. 11(a) shows the convergence analysis for the UC models with
25% with fibers damaged and Fig. 11(b) the convergence analyses for
the cases with 50%.

Both the multiscale embedded, and standard UC models converge
to the same value for the effective elastic modulus, however, the
convergence rate of the regular UC is slower than their multiscale
embedded counterparts.
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Fig. 10. Unit Cells used for the model with fiber degradation. (a) Standard four fiber
UC with 1/4 of fibers damaged and (b) equivalent embedded model. (c) standard four
fiber UC with 1/2 of fibers damaged and (d) equivalent embedded model.
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Fig. 11. Convergence analysis. Comparison between the standard four fiber UC and
the embedded model. (a) 1/4 of fiber damaged. (b) 1/2 of fibers damaged.

In the next analyses, we want to demonstrate that the more complex
the standard UC, the worse the mesh convergence rate is compared to
the embedded model.

Therefore, we use standard Unit Cells comprised by 9 fibers and
16 fibers, and compare to their embedded counterpart. Fig. 12(a) and
(c) show the standard UC models used to represent a domain with 2/9
and 7/9 of damaged fibers, respectively, and Fig. 12(b) and (d) show
their embedded UC models counterparts. Fig. 13(a) and (b) show the
convergence analysis for the cases with 2/9 of damaged fibers and 7/9
of damaged fibers, respectively.
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Fig. 12. Unit Cells used for the model with fiber degradation. (a) Standard nine fiber
UC with 2/9 of fibers damaged and (b) equivalent embedded model. (¢) standard nine
fiber UC with 7/9 of fibers damaged and (d) equivalent embedded model.
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Fig. 13. Convergence analysis. Comparison between the standard nine fiber UC and
the embedded model. (a) 2/9 of fiber damaged. (b) 7/9 of fibers damaged.

Figs. 14(a), 14 and 14(e) show the regular UC models used to
represent a domain with 1/8, 1/2 and 7/8 of damaged fibers, respec-
tively, and Fig. 14(b), (d) and (f) show their embedded UC models
counterparts. Fig. 15(a), (b), and Fig. 15 show the convergence analysis
for the cases with 1/8, 1/4, and 7/8 of damaged fibers, respectively.

For all cases, the standard RUC models used in simulation have
to be modeled such that the volume fraction of the damaged fibers
can be represented. As shown in Figs. 10, 12, and 14, depending
on the fraction chosen for the analyses, the UC has to be modeled
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Fig. 14. Unit Cells used for the model with fiber degradation. (a) Standard sixteen
fiber UC with 1/8 of fibers damaged and (b) equivalent embedded model. (c) standard
sixteen fiber UC with 1/2 of fibers damaged and (d) equivalent embedded model. (e)
standard sixteen fiber UC with 7/8 of fibers damaged and (d) equivalent embedded
model.

with a specific number of fibers, which can increase significantly the
complexity of the geometry. The multiscale embedded models, on the
other hand, depict only a single damaged fiber, with an outer layer
of homogenized intact material. In this case, the complexity of the
geometry remains the same.

Despite representing the same portion of the media, with the same
volume fraction of intact and damaged fibers, the standard, and the
embedded UC models show a significant difference in the convergence
of the finite element analyses, as shown in Figs. 11, 13 and 15. It
can be seen that both approaches converge to the same value of the
Elastic Modulus, however, the multiscale embedded models, for all
cases analyzed, converge with fewer elements in comparison to the
standard model. Thus, using embedded models, for this kind of analysis
(effective Young’s modulus in fiber direction), is a good alternative in
the computational effort context.

As shown in the intact material analyses, the Elastic Modulus in the
fiber direction is not affected by the fiber distribution. Thus, for the
present case, the pattern of damage used does not influence the nu-
merical value of the elastic modulus. However, as commented earlier,
if the properties transversal to the fiber direction are considered, the
fiber distribution, or distribution of the damage pattern, influences the
mechanical properties.
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Fig. 15. Convergence analysis. Comparison between the standard sixteen fiber UC and
the embedded model. (a) 1/8 of fiber damaged. (b) 1/2 of fibers damaged. (c) 7/8 of
fibers damaged.

Those fiber damage patterns may appear in manufacturing processes
during handling, although the percentage of broken fibers is typically
low. This effect of broken fibers in the effective property in the fiber
direction is negligible in real composites, however, as shown in [45],
it has a significant effect on tensile strength. The authors show that the
stress concentration on an intact fiber due to a neighboring broken fiber
is high.

We chose the extreme values for fiber damage for comparing the
multiscale embedded model and the standard Unit Cell model. A high
percentage of damaged fibers might represent different stages of failure
during a tensile test. Lastly, in the present study, only the fibers are con-
sidered to be damaged, which is an idealized model. More accurately,
both fibers and matrix would fail.

4.3. Influence of resin and void pockets

In this section, the influence of resin and void pocket within an
embedded UC on the effective properties of the media is investigated.
Four different shapes of inclusions, representing both void and resin
pockets, are considered. For resin pockets, it is used the material
properties from Table 1. In all cases, the outer portion represents a
homogenized intact material, whose properties were obtained in the
previous sections. The inclusion shapes considered for the analyses are,
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Fig. 16. Resin and void pockets. (a) cylindrical pocket; (b) spherical pocket; (c)
ellipsoid pocket with b =a/2 and (d) ellipsoid pocket with b = a/4.

cylindrical, spherical, an ellipsoid with » = /2 and an ellipsoid with
b =a/4, as shown in Fig. 16(a), (b), (c) and (d), respectively.

For all cases, volume fractions of the inclusions ranging from 0% to
40% are considered, and the effect on the effective elastic modulus in
the fiber direction (y;—direction) is investigated.

Fig. 17(a) shows the variation on the effective elastic modulus as a
function of the resin pocket volume fraction, for all shapes of inclusions,
while Fig. 17(b) shows the variation as a function of the void pocket
volume fraction.

In both cases, the maximum difference of the effective elastic mod-
ulus is between the cylindrical and spherical inclusions. For a resin
pocket with a volume fraction of 40%, the difference in the effective
elastic modulus is 28%, and for a void pocket with the same volume
fraction, the difference is 31%.

Fig. 18(a), (b), (c), and (d) show the comparison between the
influence of resin and void pockets on the effective elastic modulus
considering the cylindrical, spherical, ellipsoid with b = a/2, and ellip-
soid with b = a/4 inclusions, respectively. In this comparison, a slight
difference between the elastic modulus is noticed. For a volume fraction
of resin and void pockets of 40%, the differences in the effective elastic
modulus between both inclusion types are 1.5% for the cylindrical
inclusions, 5.9% for the spherical inclusions, 4.42% for the ellipsoid
inclusions with b = /2, and 3.4% for the ellipsoid inclusions with
b = a/4. This low difference in the effective elastic modulus is expected
due to the order of magnitude of mechanical properties of the base
materials.
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Fig. 17. Influence of (a) resin pockets, and (b) void pockets on the effective elastic
modulus in the fiber direction considering four different inclusion shapes.

It is also observed that the mechanical properties of UC with fiber-
aligned cylindrical inclusion are the least affected, while the mechani-
cal properties of UC with spherical inclusion are the most affected. Unit
Cells with elliptical inclusions have mechanical properties intermedi-
ately affected. Also, in limit cases, the ellipsoid approaches a sphere
when a — b, and a cylinder when a — oo, thus the intermediate effect
on the mechanical properties is expected. When the cross-section of
inclusions in the direction of the mechanical property of interest is
considered, we observe that the area of the cylinder is the smallest
among the chosen inclusions, while the area of the sphere is the largest.
Thus, the behavior observed in Fig. 17 is coherent.

The presence of voids in the composites may be very high depending
on the manufacturing process. The values accepted by the industry
are nonetheless low. The results presented show that the mechanical
properties are barely affected by the low volume fraction of voids.
Moreover, the same reasoning is presented in [46], in which the authors
show that the effect of a low volume fraction of voids in the elastic
properties in the fiber direction is negligible. On the other hand,
the presence of voids can have a significant effect on the properties
transverse to the fibers.

Here, we demonstrate the use of the AHM-FEM method using an
embedded Unit Cell and considering voids to obtain the mechanical
properties in the fiber direction. The method may, however, be used to
obtain all components of the elasticity tensor.

5. Determination of the complete fourth order elasticity tensor

In the previous cases, only the Elasticity Modulus in the fiber
direction was obtained. The method, however, estimates the full fourth-
order elasticity tensor of the heterogeneous media, as shown in
Eq. (40). In this section, three different cases are considered to analyze
the mechanical properties of a fiber-reinforced composite. The first
analysis considers both the fiber and matrix as isotropic materials, and
the second one considers the fiber as a transversely isotropic material.
In both cases, two different standard Unit Cells, with different fiber
distribution patterns, are used and the results are compared to literature

11

Composites Part C: Open Access 9 (2022) 100303

140@ 140Q
130 120
120

s S 100

O, 110 o,

w’ w’ 80

100

%0 —@— Cylinder (Resin)
—@— Cylinder (Void)

—I— Sphere (Resin)
—@— Sphere (Void)

80 40
0 10 20 30 40 0 10 20 30 40
Volume Fraction [%] Volume Fraction [%]
(@) (b)
140Q) 140@%
= Ellipsoid = Ellipsoid
b=a/2 (Resin) b=a/4 (Resin)
120 Ellipsoid 120 ® Ellipsoid
b=a/2 (Void) b=a/4 (Void)
T ©
o o
O, 100 9. 100
P ©
w w
80 80
60 60
0 10 20 30 40 0 10 20 30 40
Volume Fraction [%] Volume Fraction [%]
(© (d)
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Fig. 19. Unit Cells used to obtain the complete fourth order elasticity tensor of the
media: (a) UC 1 and (b) UC 2.

data. The third analysis consists of an embedded model to estimate
the effective properties of a metamaterial, in which a fiber-reinforced
composite comprised of two different types of fibers, is considered.

5.1. Analyses considering the base materials as isotropic

Initially, both base materials are considered as isotropic, with me-
chanical properties given in Table 1 and fiber volume fraction f, = 0.6.
The Unit Cells considered for the analyses are shown in Fig. 19.

The results are compared to the literature data given in Table 3. All
non-zero components of the tensor obtained by the AHM-FEM method
are given in Table 4. As one can see, the results obtained by using both
UC 1 and UC 2 approach the manufacturer data(Ref (iii)) for the elastic
modulus in the fiber direction. The lack of a complete description of
the material properties and the deviation among the literature results
render the comparison of the other components hard to interpret. In
addition, the comparison between the results obtained by both UC 1
and UC 2 models shows a good agreement.

Here, we assume both base materials as isotropic. This is a crude
approximation since the fiber usually has a transversely isotropic be-
havior, which affects mainly the effective properties transverse to the
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Table 3

Literature data for the effective mechanical properties of the material. Ref (i) [40]; Ref

(ii) [431; Ref (iii) [42]; Ref (iv) [44].

Ref (i) Ref (ii) Ref (iii) Ref (iv)

E, [GPa] 127 132 140 148

E, [GPa] 8.1 - 10.3 9.65
Gy, [GPa] - 4.39 6.5 4,55
Gy [GPa] - 3.05 - -

Vi 0.34 0.327 0.25 0.3

Vo - 0.306 - -

Table 4

Effective mechanical properties using the AHM-FEM approach with two different Unit
Cells and considering the fiber as an isotropic material.

Material properties uc1 uc 2
E, [GPa] 139.60 139.63
E, [GPa] 15.92 10.03
G,, [GPa] 4.88 4.88
Gy, [GPal 3.30 3.22
Vip 0.37 0.37
Vay 0.24 0.26
Table 5

Literature data for the mechanical properties of the base materials (Fiber and Matrix)
and effective properties of the composite ply [47].

Material properties Fiber Matrix Ply
E, [GPa] 232.0 3.5 142.0
E, [GPa] 18.0 3.5 8.5
G,, [GPa] 8.7 1.25 3.7
Gy, [GPal 5.8 1.25 2.6
Vin 0.2 0.35 0.25
Vay 0.49 0.35 0.42
Table 6

Effective mechanical properties using the AHM-FEM approach with two different Unit
Cells and considering the fiber as a transversely isotropic material.

Material properties uc1 uc 2
E, [GPa] 142.02 141.97
E, [GPa] 9.40 7.95
G,, [GPa] 3.60 3.59
Gy, [GPal 2.57 3.19
Vin 0.25 0.25
Vay 0.44 0.53

fiber direction. This might explain the deviation in some properties
obtained by using the AHM-FEM approach.

Additionally, the complete description of the fiber properties by the
manufacturers is rarely seen in the related data sheets. In addition, the
complete description of the effective properties of a composite ply is
also difficult to be found, mainly the out-of-plane properties.

5.2. Analyses considering the fiber as a transversely isotropic material

In a subsequent analysis, the fiber is considered transversely
isotropic. The mechanical properties for the fiber and matrix, as well as
the effective properties of the material, are given in Table 5 [47], and
the fiber volume fraction is f,, = 0.62. The UC models shown in Fig. 19
are once more used for the analyses.

We can see that, with a complete description of the mechanical
properties, the effective properties obtained by the AHM-FEM approach
to the literature data. In addition, it is verified that the fiber distribution
within the UC influences the effective properties of the media. This
behavior is expected since the homogenized properties are dependent
on the properties of the base materials, their volume fractions, and
spatial distributions, as one can understand by analyzing Egs. (34) and
(39). Thus, one has to take into account the fiber distribution pattern
on the media for modeling the UC, otherwise, some deviations in the
results may be found.
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Table 7

Mechanical properties of the SiC and Glass fibers [48].
Material properties SiC Glass Fiber
E [GPa] 450.0 73.1
v 0.17 0.22

y2

A

ys Y1

Fig. 20. Embedded UC model for the metamaterials. The outer portion represents a
homogenized fiber reinforced composite, whilst the inner portion represents the matrix
and different fibers (SiC and glass fiber) added to the metamaterial.

5.3. Applications to metamaterials

In this section, the AHM-FEM approach is applied to obtain the
effective fourth-order elasticity tensor of metamaterials (mechanical
properties). It is considered a unidirectional composite media com-
prised of a polymeric matrix reinforced by two different types of
fibers.

An embedded UC, as shown in Fig. 20, is considered for all analyses.
The outer portion of the UC is comprised of a homogenized material,
whose properties were obtained in Table 6 using the Unit Cell desig-
nated of UC 1. The inner portion of the UC is comprised of the same
matrix used in the previous case, but with a different type of fiber.
We want to investigate the effect of adding a different material to the
media on the homogenized mechanical properties. Thus, two different
types of fiber are considered to be added to the media, silicon carbide
fibers (SiC) and glass fibers, whose mechanical properties are given in
Table 7, with a fiber volume fraction of 0.62. In addition, we also vary
the volume fraction of the added material (matrix and new fibers) from
10% to 90% about the portion of the original material.

Fig. 21 shows the variation of the homogenized mechanical prop-
erties of the metamaterials as a function of the volume fraction of SiC
and Glass Fibers obtained by the AHM-FEM approach.

Here, the AHM-FEM approach is used as a tool to assess the effective
properties of a metamaterial, in which all independent elastic constants
are obtained. The AHM, solved by the finite element method, can
be used to obtain the effective properties of any kind of material,
regardless of the properties of the base constituents, or their spatial
distribution within the domain.

In addition, this approach can be combined with a least square
method to obtain the spatial distribution and/or constituents of a UC
to obtain a metamaterial with pre-defined mechanical properties.

6. Conclusions

In this work, an AHM-FEM approach is considered for simulating
a virtual tensile test of a fiber-reinforced composite. The equilibrium
relations are obtained by the Asymptotic Homogenization Method and
solved within the Finite Element Package Abaqus™ to obtain the
complete homogenized fourth-order elasticity tensor.

Initially, the elastic modulus in the fiber direction is investigated
using several types of Unit Cells and convergence analyses are carried
out to compare the computational efficiency of each case. All analyses
converge to literature data. In addition, the effect of fiber failure and
resin and void pockets within the domain is investigated. It is shown
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that multiscale embedded UC models are a good alternative to standard
UC models when computational efficiency is considered.

In further analyses, the complete homogenized fourth-order elas-
ticity tensor of the media (mechanical properties) is investigated by
considering the fibers as isotropic and as transversely isotropic. It is
shown that an isotropic fiber is not a good approximation to esti-
mate the effective properties of the media. On the other hand, for
transversely isotropic fibers, the homogenized properties of the media
approach literature data.

The approach is extended to obtain the mechanical properties of
metamaterials, in which a composite reinforced by two types of fibers is
considered. The AHM-FEM approach, as implemented in this work, may
be used to assess the effective properties of any kind of metamaterial,
regardless of the base materials, and their shapes, comprising the
media.

The analyses show how robust the AHM-FEM approach is to assess
the effective properties of a fiber-reinforced composite and how it
may be used to improve the computational efficiency of the numerical
simulations.
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