





P(A) will denote the set of parts of A. For the set {a1,a3,. .. ,@n}, 8(1) and a(,) will denote
respectively its minimum and maximum. Finally, we will represent Borel o-field on RY by
B(RM), the Lebesgue measure on (R™,B(R™)) by An, N € IN, and the Lebesgue measure
on ((IR*)™, B((R))™)) by A"

2 Discrete uniform distributions

In this section , we will present characterization theorems for uniform discrete independent
and identically distributed random variables and bivariate random vectors. First, we present
the results relative to the uniform distribution over {0,....0}, for some 8 € N, and second
to the uniform distribution over {6;,6, +1,...,6}, for 8,6, € Z, with 6; < 8,. Posteriorly,
we present results for uniform i.i.d. random vectors uniform on the discrete isosceles triangle

{(a,b)eN?:a 45 <8}, 8€N.

2.1 The Univariate case

Let us consider the following subset of NV, for N >2and m e N
xY ={(z1,...,zv) EN" s gy =m}.

The random vector (X3, . . ., Xn) is said to be uniformly distributed over xN (Iglesias, Tanaka
and Pereira (1998)), with probability law denoted by Qnm, if

P(X: =z1,..., XN = z28) = QNm((21,-- - 2N)) = (_r%’ (1

where the denominator in the right-hand side of the above equality is simply the cardinality
of x¥.

Iglesias, Pereira and Tanaka, (1998) proved that if (Xi,...,Xn) is uniformly distributed
over xY, then the n-dimensional marginal (X,,...,Xn),n < N, has law Q%,, given by

1 [@ERY
(m+1)" {T(—f_r_'ll_—)ﬂ'} v if I(N) <m

" m+1
QNm(Ilv cooy 3,,) =
i (g} e =m

This last result and a little manipulation of the total variation distance properties provided
the basic results (Iglesias (1993)) for obtaining both finite and infinite forms of de Finetti’s



type theorem for the discrete uniform model (the latter being derived from the former by
fixing n and taking limits when N — oc).

The first aim here is to give a characterization of probability measures which are mixtures, in
the usual sense, of the elements of the family {Qnm : m € N}. We then consider the class Cy
of probability measures on (N, P(NV)) obtained by mixing the elements of {Qnm : m € N}
in m, denominated the radial variable.

Proposition 2.1 A probability measure P belongs to Cy if, and only if, for each (z,,. .. ,IN) €
NV

P({(z1,...,zn)}) = onlem) (2)
for an appropriate non-negative function py.

Proof: From definition we have that if P belongs to Cy, then for (z;,...zy) € NV,

P(enamh) = X 800 G

where u is a probability measure on (N, P(N)). Consequently, by considering the non-
negative function ¢ : N+ R, defined by

)= O mpten,
m=1

we conclude the first part of the proof.

On other hand, let us suppose that for each (z,,...,zn5) € NV,

P({(z1,...,2zn5)}) = p(zm))

Then. by simple calculations, we have that

P(Xy = m) = p(m)|xN] ,

where |A| denotes the cardinality of A. From this we have that



Iimy(z(w))

P(X) =g,...,Xn =, 2n|Xny = m) = = Qnm(21, .., 2N)

Ixnl
and consequently P € Cn. n
In the following we show that the unique product measure in Cy is the distribution of N
independent and identically distributed random variables uniform on {0,...,6}, for some
6eN.

Theorem 2.1 If X, Xa,..., Xn are independent random variables taking values in N such
that

P(Xl = zl)“',XN = $N) = (loN(z(N))

for an appropriate non-negative function py, then X; is uniformly distributed on {0,...,0}
for some 6 € N, i=1,...,N.

Proof: If X,,...,Xn are independent random variables, then

H‘-’i, PT(X] = a:.-)I{,,,)(:t(N))

Pri¥a = 2aee X = anlXn =m) = oG < ¥ — (Pr(X, <m - DF

@)
But, by hypotheses, X, ..., Xy, given X(n) = m, is uniformly distributed over xV, yielding

H?_’__lPrgXl = I,‘)[{m}(Z{N)) e I{m}(Z(N))
[Pr(X; <m)]¥N —[Pr(X; <m =1V~ (m+1)N —m/’

Thus, by setting N = 2 and taking z; = z; = m, it follows that

_ [Pr(Xy, = m)]? el ey W
[PrX; <m)P—[Pr(Xi <m-1)]2 (m+1)2-m?’

implying that

PT‘(X] = m) 1

Pr(X;<m) m+1’

Evaluating the above equality for m = 1,2, ..., we have that

P(X;=0)=P(X,=1)=P(X;=2)=...=P(X,=2), z€N
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This implies that there is § € N such that P(X; > 8) = 0, completing the proof. [ ]

Let us now consider the uniform distribution on the following subset of NV, for N >
3,my, 1y, € Z, with m; < m,

xﬁlm = {(z,,...,zN) e ZV ., Ty =My, I(N) = mg}

The random vector (Xj, ..., Xn) is said to be uniformly distributed over x% . , with prob-
ability law denoted by Q%"™?, if

P(X,::rl,..,,XszN) = Q’Nm’mz((ftl,...,IN)) =

Lm) (B ) ma) (2) @
{mz = mq + 1)V = 2(my ~m)¥ 4 (mg —m; - DV

where the denominator in the right-hand side of the above equality corresponds to the
cardinality of x¥ .

In the following we present a characterization of probability measures which are mixtures of
the elements of the family {QN'™ : (m1,m2) € Z% m; < my}. We then consider the class

Cn of probability measures on (Z", P(Z")) obtained by mixing the elements of {Q%""™ :
(mi,m2) € Z?, my < my} in (my, my).

Proposition 2.2 A probability measure P belongs to Cy if, and only if, for all (z1,...,2zN) €
zv,
P((z1,-..,zn)) = on(z), zovy),

for an appropriate non-negative function py.

Proof: As in the previous proposition, we can note that if P belongs to Cn,, then, for
(z1,-.-,2z8) € ZV,

P{{(z1,-- s zmD = Y elzqay zmui{{a,8)}),

(a.b)€Z?

where g is a probability measure on (Z2,P(Z?%)) and ¢ : Z? —+ R, is defined by



. Ti(a ) (u, v)
olu,v) = (GEZZ B at )V —26—a +(b—ac 1),\,;L({(a,b)}), (u,v) € 2%,

concluding the first part of the proof.

The reciprocal follows in a similar way to proposition 2.1. =

Theorem 2.2 If X1, X3,...,Xn are independent random variables taking values in Z such
that

P(Xi=2z1,...,Xn =zn) = on{za)p 2vy) »

for an appropriate non-negative function gy, then X; is uniformly distributed on {61,0, +
l,.. o ,02}, fOT‘ some 91,02 € Z, 01 < 02, i=1,...,N.

Proof: If X;,..., Xy are independent and identically distributed random variables, we have
that

P(X] =T1,.. .,XN = ZN|X(1) = ml,X(N) = mz) =

_ L P(Xa = ) {imy ma)} (B (1), T())
DP(ml,ﬂh) - DP(ml,mg i 1) !

where DP(a,b) = [P(a < X; < BV —[Pla+1 < X; < b)]¥. But, conditionally on
Xy = my and X(ny = ma, (X1,..., Xn) is uniformly distributed over Xﬁ.,mg- Then

0L, P(X1 = 2)lmymp)) (0 Ze8) _ Tgmi ma)} (202), Z(V))
DP(ml,mg) == DP(m,,mg — 1) (mz —-my + 1)N — 2(m; - m;)" + (mz —-m; — 1)N.

Evaluating the above expression for N = 3 with z; = m;, 23 = myand 23 = z, z €
{a,...,b}, we obtain, after some calculations, that

P(Xl=3)=c>0 forze{ml,---amz}

As my, m, are arbitrary, 3 6,,0; € Z, 0; < 8, such that

Lo, 0, 41,...8,} (%)
P(Xl = I) = (05:1:101 2}1( E]



that is, X is uniformly distributed on {6;,6; + 1,...,8;}, for some 6,6, € Z, with 8; < 6,.
The reciprocal follows by computing the conditional probability. [ ]

2.2 The Bivariate Case

Let us consider then the following subset of (N*)¥, for N > 2 and me N

xm = (@1 3), o (en,uw) € NV : (2 + y)my = m}

where (z+y)(v) = max,cicn {z:+3:}. Then (X1, Y1), ..., (XN, Yn)) is uniformly distributed
over xN, with probability law denoted by Qum, if ‘

P{(X1,11) = (z, ;). -, (XN, YN) = (s yn)}) = @ua(((z1,30), - - (z8,Yn))) =

_ temy((= +v)w))
- N N
") =)
where the denominator in the right-hand side of the above equality is the cardinality of x .

Esteves et al. (2001) verified that if ((X1,Y1),--., (XN, Yw)) is uniformly distributed on 2,
then the n-dimensional marginal ((X1,Y1),...,(Xa, Ya)), n < N, has law Q%,, given by

mi)F-n_ mpyNon
K—L——N—L—lp—, if(z+y)m <m

PP

mi2yN-n )
%)_Nz oy if(z+y)my=m

(%)=

Q}:’m({((zl’yl)a LRS! (Iﬂv yﬂ))}) =

The last result, together with properties of the total distance, provided the basic inequalities
{Esteves, Wechsler and Iglesias (2001)) to the obtainment of both finite and infinite version
of the Finetti’s type theorem for the discrete uniform model on the isosceles triangle {(z,y) €
N? : z 4+ y < 0},0 € N (the later being derived from the former fixing the value of n and
taking limits when N — o0).

As before, we present in the sequel a characterization of probability measures which are
mixtures of the elements of the family {Qnm : m € N}. We then consider the class Cy of
probability measures on ((N?)¥,P((N*)")) obtained by mixing the elements of {Qnm : m €
N} in the radial variable.



Proposition 2.3 A probability measure P belongs to Cn if, and only if, for al ({(z1 1), - s
(zn,yn)) € (N)V,

P({((z1,11), -+ (28, 98))}) = enl(z + Y)y) ()

for an appropriate non-negative function on.
Proof: Similar to proposition 2.1. ]

Theorem 2.3 If(X1,Y1),(X2,Y2), .-, (Xn,Yn) are independent random vectors taking val-
ues in N such that

P((X1,1h) = (z1.1),-- . (XN, Ya)= (zn,uN)) = on((z + y)(N)) )

for an appropriate function @y, then (X;,Y;) is uniformly distributed on {(a,b) € N? : a+b <
0}, for some 8 € N, i=1,...,N.

Proof: By definition and considering the independence of the bivariate random vectors, we
have

P((X1,Y1) = (1, 01),- -, (XN, Yov) = (zm, yn))[(X + Yy =m) =

I, Pr((Xy, Y1) = (i, ya)) Igm) (2 + 9) (V)
[Pr(Xi + Y <m)]¥ — [Pr(X, + Vi <m =~ 1)V

But, conditional on (X + Y)n) = m, the joint distribution of ((X1,%1),...,(Xn,Yn)) is
defined by the law Qn,,. Thus,

ML Pr((X, W) = @0 s ez +9)en)  _ Tem((@+9)owy)
[PriXi+Nh <m)¥N - [Pr(X;+h <m—1)]¥ (m;-Z)N I (m-;l)N.

Taking N = 1 and z,,y; € N such that z; + 3 = m, we have from the previous equality
that

P(X1=.1:1,Y1=y1)= 1
PX,+Yi=m) m+1

Consequently, we need only obtain the distribution of X; + Y; to determine the law of
(X1,Y1). Taking now N =2 and z1,y € N such that z; + y; = m, we obtain that



_ [P((X1, Y1) = (71, 1)))? _ 1
PXi+Y1=m)P(X1+ Y1 <m)+ P(X1+ Vi <m—1)]  (m+1)?

Using now the fact that P((X,,Y1) = (z1,1)) = ﬂX'T*f:—:ﬂ, we obtain in the above equality
that

PXi+Y1<m)-P(X,+Yi<m-1) 1
PXi+h<m)+ P(X;+Yi<m—1) m+1

Denoting P(X; +Y; < m) by f(m), it follows that

fom) =" 22 fm 1),

implying that

s = ("3 )@ w21

Then,

POG+¥i=m)= (") 2)f(0) - ("3 e = ("o

Since f(0) = P(Xi + Y1 <0) = P(X; + Y = 0), as X; + Y is a non-negative random
variable, it follows that

P(Xi+Y=m)=(m+1)P(X,+ Y, =0),

From the last equality, we conclude that the probability mass function of X; 4Y] is increasing.
Therefore, there is # € N such that for each m > 8, P(X1 + Y; = m) = 0. Thus

+1
P(X,+K=m)=%, me {0....,8}.
2

Consequently

)

P((X1, Vi) = (z1,3) = (+ 2 +me{0,...,6),
2



that is, (X1, Y;) is uniformly distributed over {(a,b) € N*:a+b<#6},0 € N.

The reciprocal may be obtained calculating conditional probabilities. [ ]

3 Continuous uniform distributions

In this section, we consider continuous versions of the theorems presented in the previous
section.

3.1 The Univariate Case

Here, we consider first absolutely continuous random variables (X1, ..., Xn) with joint prob-
ability density function given by

fonvan) = o 1) (6)

1<iEN

for a non-negative function ¥ such that

/ TN tgude = o (7)

Using the language of Fang et al. (1990), we call ¥n(-) the density function generator of
the l.-spherical distribution. The variable R = max;<icn{|Xi{} is called radial variable.
Moreover (see Iglesias et al. (1998)), if g(-) is the density function of R, then

g(r) = N2V r¥1pn(r)lp,c0p(T) - (8)

Note that condition (6) implies that the density of the border of the N-dimensional hipercube
centered at the origin is constant and the quantity in the right-hand side of the equality (7)
corresponds to the (V — 1)-dimensional volume of this hipercube with radius 1.

The next result provides a characterization of independent random variables with joint den-
sity function of the form (6).

Theorem 3.1 If Xi,...,Xn, N > 2, are independent random variables with joint density
function given by (6), then X; is uniformly disiributed on (—0,0), for some 8 > 0, i=1,...,N.
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Proof: Let T = maxici<n{|Xi|}. Then

fr(t) = N2V n (1) 0,00)(2) -

On the other hand, if X,,..., X are independent and identically distributed (by exchange-
ability), then

fr(t) = N[G() — G(=t)]""[g(t) + 9(-1)] ,

where g(G) is the probability density function (distribution function) of X;. Thus, for each
t>0

Yn(2N (2" = N[G() - G(-1)]"[g(t) + o(-1)] -

As g is symmetric, we obtain that

wnIV2N@)N T = N[G() - G(=1))" "24(2) -

But ¢n(t) = f(t,...,t) = [g(+)]", which implies that

ig(t) = G() —G(0),

for each ¢ > 0 such that g(t) > 0. Now, solving the differential equation

tG'(t) = G(t) — %

and considering the fact that G(t}) — 1 as t — oo, we have that there is § > 0 such that
P(X; > &) = 0. Consequently

0, if t < -8
G(ty=4 3+45 if —0<t<8
1, ift> 0.

for some & > 0, concluding the proof. L

In the following, we consider the uniform distribution depending on two parameters, fy, 6;,
01 < 85.

11



Theorem 3.2 If Xi,...,Xn, N > 3, are independent random variables taking values in R
with joint densily function given by
fzy,- 5 zn) = 9w (2 aey) (9)

for some appropriate non-negative function Yn such that

[ [ oW - 1ty - 2V razay =1,
then X; is uniformly distributed on (6,,8;), for some 0,0, € R, with 6, < 6,, i=1,...,N.

Proof: If X,,..., Xy are random variables satisfying (9), then standard computations lead
to the joint density function of (X(1), X(n)), given by

h(z,y) = Yn(z,y)) NIN -1 (y - 2)V? |, z<y. (10)

On the other hand, as X),..., Xy are independent and identically distributed, we have that

h(z,y) = N(N = D)[G(y) - G(=)]"g(y)g(=) , (11)

where g(G) is the probability density function (distribution function) of X,. Thus

¥n(z,y)(y — 2)V? = [Gly) — G(=)]V2g(y)g()-

Now, for each t € {z,y] we have that

(e, y) = f(z,t,...,t,y) = g(2)g(y)lg(t)]V 2

From this we obtain

oty = L=,

for each t € [z,y] and z,y such that g(y),g(z) > 0. The proof is completed from the last
equality. [
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Note from (9) that the generator function ¥y satisfies (Gnedin (1995))

B 1
/:m [m un(z.y)(y — 2)V 2dedy = NN=1)"

In the next subsection we extend the previous results to the bivariate case.

3.2 The Bivariate Case

Here we consider bivariate random vectors (X1,Y;),...,(Xn,Yn), N > 2, taking values in
IRi, with joint probability density function f satisfying

fl{zv, ). (2N, yN) =¢N(lr§$§{z;+y«}), (12)

for some appropriate non-negative function ¥y on IRy. Computing the total probability
integral, we see that such ¥ must satisfy

2N—1

/0‘1 wN "2y (u)du = N (13)

0

Moreover, the density function of R = max;<icn { Xs + Y;} is given by

N
-1

Jr(r) =¥n(r)oy rN g, (). (14)

Theorem 3.3 If (X1, Y})....,(Xn,Yn), N > 2, are independent absolutely continuous ran-
dom vectors taking values in IR?,, with joint probability densily function f given by (12), then
(X4, Y;) is uniformly distributed on {(z,y) € lRi iz +y <0}, for some 0 >0, i=1,... N.

Proof: First, we should note that (X;,Y;),...,{(Xn,Yn) are exchangeable and that if g is
the density function of (X;,Y;), then

gla,t —a) = g(0,t) = h(t),

for each a € [0,t] and each ¢ > 0. On the other hand, (X,,Y1),...,{Xn, Yn) are independent,
which implies that

fr(t) = N[P(X1 + Y2 < )V fx,4ni(t)
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and

2C

fXH'Yx(t) = / g(a~t—a)da = /Og(aat_a)da = th(t) - (15)

-0

Thus, from (14) we have that

Sr (DT = NP(X; + Y < 01" th(0).

But, from the hypotheses we have that
o (t) = (9(0, )N = [M(BO)Y
This yields

(PCX, +¥; <ot = BOIETT

aN-1 ?
for all ¢ > 0 such that A(t) > 0. Then,
h(t)t?
P +vi<h) = "0

and, consequently,

Fromlt) = th(t) + SH()

The last equality and (15) yield

Ly =0
2 - k]

for each ¢ > 0 such that h(t) > 0. That is, h(t) = ¢, for some ¢ > 0, for each ¢ > 0 such that
h(t) > 0, implying that

2

ct
PG +Yi<t) = T

From this we have that there is § > 0 such that P(X; + Y; > @) = 0. Noting now that
g(z,y) = h(z + y) = ¢, we conclude the proof. ]
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4 Conclusions

In this work. we present characterizations of uniform distributions, discrete and continuous,
univariate and bivariate, within classes of multivariate distributions satisfying specific sym-
metry conditions. In the discrete case, specification of multivariate probability distributions
depending only on the maximum, the minimum and the maximum, and on the maximum
of sums of components and the additional assumption of independence provide a character-
ization of uniform models on {0,...,8}, 6 € IN, on {8y,...,8:}, 01,0, € Z, 6, < 6, and
on {(z,y) € N* : z + y < 8}, 8 € IN, respectively. In the continuous case, the consider-
ation of similar conditions on the probability density functions of multivariate symmetric
distrubtions in addition to independence characterize the uniform models on (—4,4), 8 > 0,
on (01,63), 61,6; € R, 6; < 6, and on {(z,y) € R% : z + y < 8}, § > 0. However, some
questions on characterizations of uniform medels have not been considered in this paper
and, no doubt, may be investigated futurely. Among others, we mention the possibility (or
not) of characterizing random vectors X with distributions belonging to the classes of mul-
tivariate symmetric distributions considered here through a stochastic representation of the
form X = RU, for some non-negative random variabel R independent of a random vector U
uniformly distributed over a specific region of RN ((IR?)") (in the case of n-variate spherical
distributions, n € IN, it is well-known that a characterization in this fashion exists, with U
being uniformly distributed over the surface of the n-dimensional sphere of radius 1).
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