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Item Response Theory for Longitudinal Data: 

Item Parameter &timation 

Heliton R. Tavares and Dalton F. Andrade • 

Abstract 

In this paper we deal with the problem of calibrating it.em parameters in longitudinal studies 

where a group of respondents is 111bmitted to different tests along the time, having or not common 

items. Sefflral covariaoce structun,e are explored to model the poa,ible dependency amoug the 

abilities of the IIIIIDe zespoodeot, memrured at different instants. Maximum likelihood equations and 

1101De simulation results are presented. It is .stimed that the ability distribution of the population, 

from where the nlllp<XKleot.s -re randomly selected, is known. 

Key words: Logistic model, covariance structures, multiwriate latent distribution, repeated memmre, 

binary response. 

1 Introduction 

It.em Response Theory (IRT) has been widely applied in mental measurement. (See Lord (1980), 

Hambleton et al (1991) and Andrade et al. (2000), among others for details on the fundamentals and 

applications of DU). The major results presented in the literature are appropriate for the situations 

wher-e the examinees belonging to one population or two or more populations are evaluated at only one 

instant in time. The reader is referred to Baker {1992) for details on the major estimation methods 

inIRT 
In this paper we present a method to estimate the items parameters when the group of examinees, 

selected randomly from a population of examinees, is designed to be 8\l&luated at T pre-tipecified 

instaots. For instance, one group of students evaluated at the end of 5th to 8th grades. We consider 

that at pr&6pecified instant t, t = 1, 2, · · • , T, the group of examinees is submitted to a Test t 

composed of Rt items corrected as rif:jat/u,nmg. The total number of items n will be 1- then or equal 

to nc = }:~1 Rt, allowing for common items among the tests. It will be 888UIIled. that the ability 

distribution of the population, from where the examinees wtre randomly 11elected, is known. 
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2 The Model 

2 The Model 

Let 

2 

P;,t = P(Ujit = 1l9;t, ,.) 

be a twice-differentiable item response function (IRF) that describes the conditional probability of a 
correct response to item i, i = 1, 2, • • • , n, of individual j, j = 1, 2, • · • , N, in test t, t = 1, 2, • • · , T, 
where U;u represent.s the (binary) response, 9;, the ability (latent trait) and '• the vector of the 
item parameters. Examples of such function would be the logistic 1, 2 and 3 pare.meters models (see 
Hambleton et al. (1991) for details). Asswning the conditional independence of the responses to the 
items at test t, given flt, we have that 

P(U;.,19i. '): fl P(U;.,19,, ,,), 
iEI, 

where I, is the set of the indexes of those items presented in Test t, UJ.t = (U1u, U;2t, • •, , U;n.,)1 is 
the (ne x 1) vector of responses of individual j at Test t and,= (,~,,2, · · · .,~)'. Notice that, for 
convcnicnoc and without 1068 of generality we dropped index j from the ability po.rameter becaUBe 
we are interested in the distribution of the ability at each instant t and not in any particular 8;t­
Furthennore, assuming the conditional longitudinal independence of the responses to the items a.long 
the T tetits, given the abilities in the T tests, we will have 

P(U;..19,,) 
T 

II P(U;.,18,, ') 
t=ol 
T 

II II P(U;;,18,, ,.). 
t-1 iEI1 

(1) 

with U ; .. "" (Uj.l • Uj_2, · · · , U';.N )' being the (nc x 1) vector of resporuies of individual j in all tests and 
9 = ( 81, 92, • · • , fh, )'. Finally, assuming that 9 follows a. known multivariate continuoUB distribution 
with parameters '1 of finite elements, the unconditional, or marginal, probability of pattern U; .. can 
be written as 

(2) 

The above probability will depend on the items parameten and on 9 only through its distribution. 
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3 The Likelihood Equations 3 

3 The Likelihood Equations 

Let index j represent one of the s different response patterns, s ~ min(N,2""), instead of just in­

dividual j, r; > 0 be the number of occurrences of the response pattern j, j = 1, 2, • • - , s, and 

R = (rt, r2, · · · , r.)' be the (s X 1) vector of frequencies of the observed pattern U; .. - From the indtr 

pendence among the responses of the different individuals, R follows a Multinomial distribution, that 

is 
N' • 

P(RIC,7'1) = TT;=:r;! ]1 (P(U; . .IC,"l)ti. 

Therefore, the log-likelihood function is given by 

and the set of estimating equations for the parameters of item i by 

8logL(<) . 
B(, - 0 j I - 1, 2, · · · , n. 

The evaluation of (3) involves some intermediate results that follow. First of all, notice that 

where 

8logL(C) 
8(; 

(3) 

(4) 

and T, is the set of the indexes of the tests that contains item i. The interchange of the differential 

and the integral signs was done baBed on the Dominated Convergence Theorem of Lebesgue (see Chow 

and Teicher, 1978). Writing 
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3 The Likelihood F.quatiom 4 

it follows that 

(5) 

The last equality foilow!I from the fact that the term between brackets is 1 when U;;t= l a.nd-1 when 
U;it=O. Finally, noticing that 

it follows from (4), (5) and (6) that 

if U;,t = 1 
if Ujlt = o, 

From the above intermediate results the estimating function can be rewritten as 

with 

Notice that the probability in the numerator is given by (1). 
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3.1 Application to Model LM3 5 

3.1 Application to Model LM3 

AJS illlllitration, we will present the estimating equatioIIB for the parameters of the Logistic 3 Parameter 

Model {LM3), which is considered in most of the applications of the ffiT and is given by 

Pu = P(U;it = llBt, (,) 
Cj + {1 - <;){l -f e-De;(B,-1>;)} - l 

= Cj + (1 - <;)~~ 

where a., bi and <; are the 3 parameters of item i, D is a constant equal to 1 and i:: = {1 + 
exp[-Da.(Bt - b.)]}-1. The value D = 1.7 is used when someone wants that the Logist Model gives 

results close to the Normal Model. See Hambleton et al. {1991) for details. Differentiating Pu with 

respect to each one of the 3 parametera we will have 

8Pu 

8Cl.i 
{}Pu 

8b. 
8Pu 

8c. 

Therefore, from (7), (8), (9), and (10) it follows that 

= tr1 !~ {Ewjit - Pu) c::) :~;} gj(B)dB 
1=1 ten 

-DCl.i(I-i;ff:r1 L {E<uJit-P;t)Wu}g;(o)dB 
j=l E(1' te-r, 

and 
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3.2 The EM algorithm 

with 

8logL{C) 
Be. 

Wu= .P;Qtt. 
PitQit 

The estimating functions for the 3 P_arameters can then be written as 

Cli: D(l-c.)tr; f {L(U;u-Pu)(8t-~)wit}9;(9)d9=0, 
j=l j 1(1' tET, 

bi: -D~(l - c.) tr; f { L(U;it - Pu)W;t} gj(9)d9 = 0, 
i=l lw te..-, 

Ci: tr; { {E(U;u-Pit) ~!t}gJ(8)d9 =0. 
;=1 lw te..-, it 

8 

There is no closed form solution for these equations and some iterative method, such as Newton­
Raphson or Fisher Scoring algorithms, needs to be considered in order to solve them. We will consider 
in this work the EM algorithm as suggested in Bock and Aitkin (1981). 

3.2 The EM algorithm 

To shortly describe the EM algorithm to our problem, let us consider 

• • 
/(8) = L r;g;(o) and r;t(9) = L r;U1;eg1(9), 

jzl j=l 

respectively, the number of individuals that have vector of abilities 8 and the number of such in­
dividuals that answered item i correctly in Test t. In the EM algorithm setup, (U'. .. , f', r')', with U ... = (UL,U2 .. ,·· · ,Ur.J', I= (/(8)) and r = (rit(8)}, will represent the complete data, and 
U ... the incomplete data. Notice that only U ... will be observed. Tho estimating function (7) can be 
rewritteJl as 
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4 Nwoerical Results 1 

In practice, the integrals are approximated through one of the many available methods in the 

literature. In IRT, it has been frequent the application of the method Hermite-Caws (see Stroud and 

Secrest, 1966), UBu.ally refened as _qaussian quadroture method. A.ssuming that for ea.ch one of the T 

dimensions we have 'lt, t = 1, · • · , T, quadrature points with AI,t. lt = 1, • · · , 'lt, associated weights, 

in the multidimensional setup the total number of quadrature points will be q = fi~1 qt, indicated by 

91 = (8111, 8122, · · · , fJITT ), with A,= [1~1 At,t, l = l, · · · , q, 8BBOCiated weights. 

The E and M steps can be written as 

FrStep 

To UBe the quadrature points 81J.. l = 1, · · · , q, the weights A1, l = 1, · · · , q, and initial estimates 

of the parameters of the items, '•• i = 1, · • · , n, to generate g;(81) and, later, r 1it = r;t(91) and 

/1 = /(81) . 

M-Step 
With r, f obtained in the E-Stcp, to solve the estimating cquatioI18 for '•' i = 1, • • • , n, using 

the Newton-Raphson or Fisher Scoring algorithm. 

These step& composes ea.ch iteration of the EM algorithm, which will be repeated until some stop 

criterion is reached. 

4 Numerical Results 

In this section we present one application of the proposed methodology in simulated data. The data 

where generated basod on N = 1000 individuals submitted to T = 5 tosts. The total simulation 

consisted of 500 replications. The known ability distribution and the compo8ition of each one of the 

5 tests are discussed below. All the calculations were done via. a. computer program developed by the 

authors uamg the computer language Ox (see Doomik, 2000). 

4.1 Ability distribution 

It was assumed that the vector of abilities 8 = ( 61, 6-i,, • • · , 65)' followed a 5-variate normal distribution 

with parameters 11 = (µ, E), whereµ is the (5 x 1) mean vector and I: is the (5 x 5) covariance matrix. 

Tavares, H. R., Andrade, D. F. 



4.1 Ability distribution 8 

Five different covariance structures where considered for illustration. Details on covariance structures 
can be found in Graybill (1969) . 

4.1.l Diagonal C4W&riance matrix 

This would be the simplest structure for the covariance matrix. It implia9 that the abilities of any 
given exa.minee along the time are independent, a pattern not expected in our problem. The main 
reaBOn to introduce this structure is to show how our proposition parallels the work by Bock and 
Z-unowski (1997). From the independence, we can write the joint distribution of the abilitie:i in the T 
instants of observation as the product of the marginal distributions, i.e. 

T 

g(Bl11) = n 9t(8t,,,t), (11) 
t=l 

where 1J = ('ft, · · · , ,tT )', with 'lt = (}.ti, ~)', the mean and the variance of the distribution of the 
abilitiag at instant t, respectively. Applying (1) and (11) in (2), one can sec that 

and 

with 

P(U; .. l,,71) = f lfl P(U; . .18,,)g(61'1)d8 

T 

= TI P(U;.tl{,'11), 
t,,.l 

T 

gi(8) = Ilgjt{Bt), 
t=l 

• (8) - P(Uj.tl81, {)9t(81l'11) 
Y;t 1 

- P(U;.tl{, '1t) . 

Therefore, expression (12) can be written as 

fJlog L({) 
fJ{; 

where r ;t represents the number of occurrences of pattern j and s1 the number of patterns with r it > 0 
in Test t. ThiR result is exactly the same as the one obtained by Bock and Zimowski (1997). 

Tavares, H. R ., Andre.de, D. F. 



4.1 Ability distribution 9 

4.1.2 Uniform covariance matrix 

This type of structure haa been considered in many longitudinal studies (see Singer and Andrade, 
2000 for details). Ii asmmes that the variances are all equal and the covariances between pair (0t, 0t1) 
are equal too. This covariance structure can be represented by 

p) p 
~ . : , 
. . . 1 

with p E (-1, 1). 

4.1.3 Bands covariance matrix 

This strncture, also called Toeplitz strncture, is different from the uniform strncture in the sense that 
only the covariances between the abilities in two consecutive instants are not null. It is given by 

p 1 p 0 

(

1 p O 0 

E=u2 ~ ~ 1 P 

0 0 0 0 

with p E (-½, ½)-

4.1.4 AR(l) covariance matrix 

This structure assumes that the correlations between the abilities decrease as long as the distances 
between the instants of observations increase. As in of above structures, the variances are a.ssumed to 
be the same at all the instants. The form of this covariance matrix is 

with p E (-1, 1). 

Tavares, H. R., Andrade, D. F. 
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4.2 The T tests 10 

4.1.5 Hankel's covariance matrix 

Differently from the four structures presented, this structure allOWB for that the variance varies along 
the instants of observation. It 8S8Wlles that all the covariances are the same but not the correlations. 
It is given by 

C112) 
0-12 

• t 

u2 
T 

4.1.6 Simulated d~rlhution parameters 

Table 1 contains the values for the ability distribution parameters used in the simulation process. 
These values where stated take into account the standard normal distribution . We selected two 
populations with variances below and two variances above the unit. The values for the means where 
selected to ha.ve populations close to each other and also apart from each other. It was also considered 
low and high correlations among the abilities, keeping in mind the restrictions on these values in order 
to guarantee positive definite covariance matrix. 

Table 1: Values of the ability distribution parameters used in the simulations 

Covariance Location parameters Disperaion parameters 
structure µ1 µ2 /JS ,.. ,.. p or <112 <r" or <ri "• <13 "• <re 
Diagonal 0 1 2 3 4 1 0.8 0.9 1.1 1.2 
Uniform 0 1 2 3 4 0.25 , 0.75 1 
Banda 0 l 2 3 4 0.25 , 0.75 l 
AR(l) 0 1 2 3 • 0.25 , 0.75 l 
Hankel 0 1 2 3 4 0.:15 , 0.75 1 0.8 0.9 1.1 1.2 

4.2 The T tests 

In order to generate the data it was assumed that at each one of the five instants of evaluation, 
the examinees where submitted to a test oomposcd of 24 items with 6 common items between two 
consecutive instants. The items were of multiple choice with five categories of response. The total 
number of diJferent items oonsidered in the live tests was 96. Their parameters values and distribution 
a.long the tests are presented in Appendix A. The values for parameter 11 (disc:rimi.nation) va.ried from 
0.6 (low discrimination) to 1.4 {high discrimination) and the values for parameter b (difficulty) varied 
from -0. 7 to 4. 7. As the degree of difficulty of one item depends on the ability of the respondent, the 

Tavares, H. R., Andrade, D. F. 



4.3 Results and comments 11 

items with higher (lower) values of b where allocated to examinees with higher (lower) abilities. This 
was done in order to avoid estimation problems. For the guessing parameter c it was considered only 
one value (0.20). It W86 considered the 3 parameter logistic model (LM3) with D = 1.7. 

4.3 Results and comments 

From the results of the 500 iterations of the simulation process, it was calculated the mea.n of the 
estimates, for each one of the 96 items and 3 parameters. The sum of the squares of the deviations 
of these means from the true values and their variances, were than evaluated and aggregated by each 
type of parameter (discrimination, difficulty and guessing). The results are presented in Tables 2 
and 3. 

In Table 2 we have a measurement of the bias and in Table 3 a measurement of the precision of 
the estimates. In both cases we got small values, indicating that the proposed methodology provides 
good estimates of the item parameters when the ability distribution is known. In genera.I, the bias 
wB>I a. little higher for the discrimination and guessing parameters in the highly correlated Bituation. 

Table 2: Sum of the squares of the deviations 

Covariance p= 0.25 p = 0.75 (or p = 0.45) 
structure a b C a b C 

Diagonal* 0.1444 0.0761 0 .0078 
Unifonne 0.3290 0.0561 0 .0092 0.4483 0.0470 0.0121 
Band.as*• 0.3294 0.0561 0 .0095 0.3429 0 .0478 0.0089 
AR(l) 0.3305 0.0583 0.0097 0.4216 0.0466 0.0106 
HffJlkel 0.3542 0.0564 0 .0096 0.5441 0.0520 0.0123 

* 1 lll8 structure lOellll t depeoa on p 
•• In tbia cue it - conaldered p = 0 .46 instead of p = 0. 7/i 

Table 3: Sum of variances 

CAvarlance I p= 0.25 p = 0.75 (or p = 0.45) 
structure : a b C a b C 

Diagonal 2.8221 4.0138 0.5348 
Unifonne 1.9250 3.2079 0.4012 1.8898 3.4182 0.4246 
Bandas"" 1.9095 3.1904 0.3977 19050 3.2658 0.4074 
AR(l) 1.8995 3.li09 0.3934 1.9288 3.3900 0.4205 
Hankel 1.9238 3.2366 0.4062 1.8633 3.4m 0.'285 

• oup 
•• In thla case Ii wao cona.idered p = 0.45 inatead of p = 0. 75 

Tavares, H. R .. Andrade, D. F. 
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A Appendix 

Table A: Simula~ item parameters 

II= Tun; "" "' "' Item Tuat a, "' "' Item 1'oot °' "' "' l 1 0.6 -0.7 0.2 33 2 1.4 I.I 0.2 65 4 1.0 3.0 0 .2 

2 1 1.0 -0.7 0.:1 34 2 0.8 1.3 0.2 66 4 u 3.0 0.2 

3 1 1.4 -0.T 0.:1 35 2 0.6 1.5 0.:1 67 4 0.8 3.1 0.:1 
4 1 0.11 -0.6 0.2 36 2 0.6 1 .7 0 .2 118 4 1 .0 3.1 0 .2 

5 l 1.0 -0.5 0.:1 37 2,3 1.0 1.3 0.2 GIi ' 1.4 3.1 0.2 
6 1 1.4 -0.11 0.2 38 2,3 1.0 1.5 0.2 70 4 0.6 3.3 0 .:1 

7 l 0.6 -0.3 0.2 39 2,3 1.0 1.7 0.2 71 4 0.6 3.5 0.2 
8 1 1.0 -0.3 0.2 40 2,3 u 1.3 0.2 n 4 0.6 3.7 0.2 
II l 1.4 -0.3 0.2 '1 2,3 u 1.5 0.2 73 4,5 1.0 3.3 0.2 

10 1 0.6 -0.l 0.:1 42 2,3 1.4 1.7 0.2 1-4 4,5 1.0 3.S 0.2 
11 l 1.0 -0.1 0.2 '3 3 0.6 1.9 0.2 75 4,6 1.0 3.7 0.2 
12 l 1.4 -0.l 0.2 -U 3 1.0 1.9 0.2 76 4,5 u 3.3 0.2 
13 l D.6 0.1 0.2 45 3 u 1.9 0.2 77 4,5 u 3.5 0.2 
14 l 1.0 0.1 0.:1 48 3 0.11 2.0 0.2 78 4,5 u 3.7 0.2 
15 l u 0.1 0.:1 47 3 1.0 2.0 0.2 79 5 0.6 3.11 0.2 
16 l 0.6 0.3 0.2 '8 3 u 2.0 0.2 80 5 l.O 3.9 0.2 
17 1 0.6 0.5 0.2 49 3 0.6 2.1 0.2 81 5 u 3.11 0 .2 
18 l 0.6 O.T 0.2 50 3 1.0 2.1 0.2 82 5 0.6 4.0 0 .2 
19 1,2 1.0 0.3 0.2 51 3 u 2.1 0.2 83 5 1.0 4.0 0.2 
20 1,2 1.0 0.5 0.2 52 3 0.6 2.3 0.2 84 5 1.4 4.0 0.2 
21 1,2 1.0 0.7 0.2 53 3 0.11 2.5 0.2 85 5 0.8 -U 0.2 
22 1,2 u 0.3 0.2 54 3 0.6 2.7 0.2 86 6 1.0 4.l 0.2 
23 1,2 u 0.5 0.2 56 3,4 1.0 2.3 0.2 87 5 u 4.1 0.2 
:u 1,2 u 0.7 0.2 &6 3,4 1.0 2.5 0.2 88 5 0.6 4.3 0.2 
25 2 0.6 0.9 0.2 57 3,-6 1.0 2.7 0.2 89 5 0.6 -6.S 0.2 
26 2 1.0 0.9 0.2 S8 3,-4. 1.4 2.3 0.2 90 5 0.6 -4..7 0.2 
27 2 1.4 0.9 0.2 59 3,4 1.4 2.S 0.2 91 5 1.0 4.3 0.:1 
28 2 0.6 1.0 0.2 60 3,4 u 2.T 0.2 92 5 LO 4.5 0.2 
29 2 1.0 1.0 0.2 61 4 0.6 2.9 0.2 93 5 LO 4.7 0.2 
30 2 1.4 1.0 0.2 62 4 1.0 2.9 0.2 94 6 1.4 4.3 0.2 
31 2 0.6 1.1 0.2 63 4 u 2.9 0.2 116 II 1.4 u 0.2 
32 2 1.0 1.1 0.2 84 4 0.6 3.0 0.2 911 5 1.4 4.7 0.2 
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