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AllsTRACT. Using ma.rtingale methods in reliability theory we develop a dis­
crete version of the Barlow and Proechan reliability importance of a pattern 
to the system reliability under dependence conditions. We give an estimator 
for BU ch a measure. 
keywords: Ma.rtingale methods in reliability theory, compensator procees, re­
liability importance measure, empiric <listribution function. 

INTRODUCTION 

For a coherent system of independent components with absolutely continuous 
diatribution, Barlow and Proschan (1975) defined the reliability importance of com­
ponent i to the system reliability as the probability that the i-th component causes 
system failure. Iyer (1993) generalized this concept to the case where the compo­
nent lifetimes are jointly continuous, but no necessarily independent. 

Using martingale methods in reliability theory Bueno and Menezes (2004), de­

veloped the Barlow and Proschan reliability importance of a pattern to the system 
reliability under dependence conditions. Their definition generalizes the Iyer con­
cept allowing simultaneous failure of a set of components. They specialize in the 
case where the component lifetimes are totally inaccessible stopping time, in which 
case their compensator process, relative to the component failure's counting, are 
continuoUB. In this paper we developed the reliability importance of patterns to the 
system reliability in the case where the component lifetimes have discrete diatribu­
tions, with supports in the set {1,2, ... } = N and, are not necessarily independent. 

1. PRELIMINARIES 

This section serves as background for next sections. For detailed presentations 
of this framework we reco=end Dellacherie and Meyer (1982). 

We are given a. discrete probability space (0, 'l, P) with an increasing family 
of u-fields (s:!'n)nez+. A process (V,.),.ez+ is called 'ln-predictable if Vo is 'lo­
measurable and Vn is s:l'n-1-measurable for all n E z+. If X is an adapted process 
and V a predictable process, we shall denote JV dX the process (~o.n] V dXi)nez+ 
defined by: 

(1.0.1) f VdXi = VoXo + Vi(X1 -Xo) + ... + V,.(X,. -Xn-1)­
/10,nJ 

Key worn, and phnue,. Martingale methods in reliability theory, compensator procees, reli­
ability importance measure, empiric distribution function. 
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The process (1.0.1) is sometime called the transform of X by V. It is just the 
discrete form of the stochastic integral J V dX. We use the following notation: 

f VdX1, = f: V1:(X1: - Xi-1)-
J[o,oo] •=o 

Theorem 1.0.1. Let X = (Xn)nez+ be a martingale and V = (Vn)nez+ a pre­
dictable procu11. If the mndom variable, fro,n] V dX1, are integrable, them JV dX ill 
a martingale. 

Theorem 1.0.2. (Doob- Meyer decompoaition, diacrete caae) Let X = (Xn)nez+ 
be a aubmartingale with respect to a filtration (9n)nez+. Then we define 

(1.0.2) 

where 

A,. = A..-1 + E[XnlO'n-1] - Xn-1, 

Mn = Xn - A,., n E z+. 
The procea11 M ia a 9n -martingale and A i, nondecreaaing and 9n -predictable pro­
cea11, with Ao = 0. 

Remark 1.0.3. The decomposition in the theorem above is unique and the process 
A is often called compensator. 

2. MATHEMATICAL FORMULATION: 

We consider a collection of components, C1,C2, ... ,Cn- These are often assumed 
to form a large system ~- Ea.ch component Ci has a positive lifetime T; after 0, 
where O can be thought of as the time at which ~ is installed. We let T;, i = 1, ... , n, 
random variables in a discrete probability space (0, 9, P), whose distribution Fi, i = 
1, .•. , n has support contained in the set {0, 1, •.. } = z+. Our aim is to derive the 
failure rate process for the lifetime 

T = in/{k E z+: ~(Xk) = O} 

with respect to the filtration F given by 91= = a(X.,a = 0,1, ... ,k), where X. = 
(X1 (l),X1 (2), ... ,X1 (n)) and X,(i) = I(T, > s),i = 1, ... n. We call this filtration 
the complete information filtration or filtration on the component level. Each 9• 
is assumed to be completed with the null sets of (9i)•ez+. 

We next describe the failures of C1,C2, ... ,Cn as they appear in advancing time, 
as a discrete stochastic process. This is conveniently done in terms of a discrete 
multivariate (or market ) point process ( see Bremaud (1982), pg 69). The failure 
a of system consisting of C1,C2 , ••• ,C,. can then be thought of as a simple point 
process derived from the multivariate process. 

For any outcome T1 (w), T2(w), ... , Tn(w) ofthe lifetimes of C1,C2, ... , Cn, Jet q(w) 
be the number of distinct values in the set {T,(w);i = 1, ... ,n}. We denote the 
strictly increasing order statistics of this set by T(1=J, having then 

Tei) < Tc2) < ... < T(9(111)l· 

Also let 
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be the index set of the components failing at the kth smallest failure time T(A:)· If 
there are no multiples failures, the value of J(A:) is one of the singletons { i}, i = 
1, ... , n. In general, however, J(A:) is a A-valued random variable, where A is the 
power set of {1, 2, ... , n }. We call T(A:) the kth failure time and J(A:l the kth failure 
pattern. 

The random sequence (T(A:}, J(A:))i=l, ... ,9 (of random length q)describes com­
pletely how the components C1 , ... , Cn fail. We let 

T(,+i} = Tc,+2> = ... = oo 

and 

J(q+l) = 1(9+2) = ... = 0 
and call the discrete multivariate point process (T(A:), J(i.J)A:eN the failure process 
of Ci, ... ,Cn. 

Another equivalent way to describe the failures is by a discrete multivariate 
counting process: For each fixed J EA, let Ti and Ni(w;k) be defined by 

Ti= inf{Tci.) : Jci.J = J}, 
where inf 0 = oo and 

{ 
0 if k < Ti(w) 

Ni(w,k) = I(Ti $ k) = l if k ~ Ti(w). 

Each (T;(w)h<i<n determines a sample path of the process (Ni(k); J E Ah,ez+ 
and conversely. Th~efore 

U-1, = u(N1(s);s = 0, ... ,k, J EA) 
is equivalent to 

U'.t = u(X., s = 0, 1, ... , k). 
The stoping times T; or Ti are rarely of direct concern in reliability theory. 

One is more interested in system failures times, which depend on the cumulative 
pattern offailed components. In more detail, let t a monotone ( or coherent) system 
with lifetime T. For x E {O, l}n and J = {ii,h, ... ,jr} EA, the vectors (lJ,x) and 
(OJ, x) denote those n-dimensional state vectors in which the components x;,, ... , x;. 
of x are replaced by l's and O's, respectively. Let D(k) be the set of components 
that have failed up to time k, formally 

D(k) = { J(1) U ... U J(1), ~ T(1) = k 
0 1f k < T(l)· 

We can therefore think that the point process with its only point at T, or equiva­
lently the counting process 

N♦(k) = I(T $ k),k E z+, 
has been derived from the multivariate point process (T(.t}, J(i.) ).teN. 

Then we define a pattern J to be critical at time k, if 
l(J n D(k) = 0)(t(lJ, Xk) - t(OJ,Xk)) = 1 

and denote by 

r.(k) = {J EA: /(JnD(k) = 0)(t(lJ,Xk) - c)(OJ,Xk)) = 1} 
the collection of all such patterns critical at k. We see that k ➔ r.(k) is increasing 
in the natural partial order of A fork$ T. 
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Changing the point of view slightly, we can fix a time k e z+ and then look 
what immediate failure patterns iD k would result iD a system failure. Note that, 

(2.0.3) {T = k} = LJ {TJ = k}, 
Jer.(11) 

where the events {T1 = k} are disjoint. 
It will be convenient to define the critical level of the failure pattern J, the 

time from which onwards a failure of pattern J leads to system failure, that is, the 
~rstopping time Y.(J) by 

Y.(J) = inf{k E z+: J e r.(k)} 

= inf{k e z+: D(k) u J EA.}, 

where~ is the collection the cut sets of~-
We clearly see that 

{J E f•(k)} = {Y.(J) < k $ T} 
(2.0.4) = {w: k $ T1(w) = T(w)}. 

Having treated the component and system failures as discrete point processes, 
a reader familiar with martingale methods in point process theory already ex­
pects that the notion of hazard will be in terms of the stocliastic intensity of 
such processes, or, in an integral form, the compensator of the counting process 
(NJ(k); J E A)1,ez+ ( or of (N.(k)h,ez+ ). This notion of hazard is developed in 
the following. We remark that little of what follows depends on the particular 
structure we have postulated for the mark space A, the family of all subsets of 
{1,2, ... ,n}. 

We start by considering a fixed pattern J E A and introduce the corresponding 
pattern-specific hazard process. The family of such processes, indexed by J E A, 
is called the multivariate hazard process. We then go on by studying an arbi­
trary system lifetime and derive the connection between its hazard process and the 
multivariate process. 

The ~r compensator (A1(k))1,ez+ of the univariate discrete counting process 
(NJ(k))1,ez+ is the a.s. unique increasing predictable process such that, for each 
l E N, the difference process stopped at T(IJ, 

A1(k I\ T(I))) - N1(k I\ T(I)), 

is an (~,)-martingale (see theorem 1.0.2). In view of the fact that Tc,+1) = oo then 
we have that NJ(k) - AJ(k), is an (~1,)-martingale, in particular 

M1(k) = N1(k I\ T) - AJ(k I\ T) 

is an (~,)-martingale. 
The compensator, when understood as a measure on the real line, is well known 

to have the interpretation 

dA1(k) = P(T1 = kl~11-1). 
Considering then~. =a(NJ(s);s = 0,1, ... ,k and J EA), (see Arjas 1989), on the 
set {T ~ k}, we write: 

~ (J)I(T > k) = dA (k) = P(TJ = k,J E r.(k)) J(T > k) 
' 

1 
- J P(TJ ~ k, J E f•(k)) J - ' 
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and 

1 ~ P(TJ = s,J E f+(s)) AJ(k) = dAJ(s) = L, P(T > J r ( )/(TJ ~ s), [O,kJ •=l J _ 8, E + 8 

where (),.(J)) be the F-failure rate process corresponding to TJ. Intuitively, this 
corresponds to predicting if TJ is going to occur "now", based on all observar­
tions available up to the present, but not including it. Motivated by this we call 
(AJ(k))1oez+ the hazard process of failure pattern J and (AJ(k); J E Ahez+ the 
multivariate hazard process. 

We now go on by studying the !J'1r-compensatorof the counting process (N+ (k) )iez+ 
of system failure, denoting it by (A+(k))1oez+. For obvious reasons we call this com­
pensator the system hazard process. 

It is natural to ask what is the contribution of the failure's component propensity 
for predicting the system's failure propensity. To answer this question, in Theorem 
2.0.4 below, Aven and Jensen (1999)(discrete version) characterize the relation­
ship between the component's ~.- compensator and the system's ~,.-compensator 
processes. 

Theorem 2.0.4. Let (.X1,(J)) be the F-failure rote process corresponding to TJ, J E 
A. Then for all k EN on {T ~ k}: 

At= L l(JnD(k) = 0)(1)(11,Xk)- l)(OJ,Xk))A1(J) = E .X,.(J), a.e. 
JEA Jer.(t) 

where .x,. be the failure procus corresponding to T. 

Proof. We show that the coodition 

E[l g(k)dN+(k)] = E(Eg(k) L .x.(J)J 
[O,oo) t=l Jer.(t) 

(2.0.5) 

holds for all predictable process g : n X z+ ➔ z+. By general results of point 
process theory this then certifies that LJer.(I,) dAJ(k) is the compensator measure 
of N+(k). 

By specializing in Theorem 1.0.1, we see that condition 

00 

(2.0.6) = EIL L f (k, J).X1,(J)] 
k=l JEre(lr) 

is valid for all predictable process f ; n X z+ X A ➔ z+. Choosing in particular a 
predictable g and 

f(k, J) = g(k)I(J E r+(k)) 
and using (2.0.3) we see that (2.0.6) reduces to (2.0.5) (f is predictable since g is 
predictable and I(J E r+(k)) is predictable). We write 

(2.0.7) At = L .Xt(J}. 
Jere(k) 

D 
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Remark 2.0.5. 

i: As {J E r.(k)} ~ {T ~ k} E ~ 1 - 1 and {T ~ k} is an atom of ~1-1 (see 
Aven and Jensen (1999), pg. 71} we have I(J E r.(k)} is 91o-1-mensurable 
and therefore predictable. 

~ ii: Considering (2.0.4} and (2.0.7) we write: 

A+(k) = 1)AJ(k AT) - AJ(Y•(J))]+ a.e .. 
JEA 

3. IMPORTANCE OF PATTERNS. 

Under the assumption previoll8 of section follows that a pattern J is critical to 
the system at time k if 

I(J e D(k))(+(I,,Xk)- +(o,,Xk)) = 1. 

Clearly, we have the equivalence 

(3.0.8) {w: k $ TJ(w), J E r.(k}} = {w: le ':5 T(w), J E r.(k)} 

and an the set {TJ = k} we can define: 

Definition S.0.6. • The reliability importance of the pattern J ( on the set {TJ = 
k}), to the system's reliability at time k Is the probability that J is critical LO 

the system at time k, that is 

1g (J, k) = P(J E r.(k)ITJ = k). 

Remarl: 3.0.7. In the case where simultaneous failure are ruled out, the values of 
J(I,) is one of the singletons {i}, i = 1, ... , n, and 

IS({i},k) = P{+(l1,Xk) - •(01,Xk) = 11:n = k), 

which is a discrete version of the result from Iyer{1992). If the components are 
independents, IS({i}, k) is the Birnbaum reliability importance. 

We apply the notion of criticality to generalize the Barlow and Prosch.an impor­
tance of component's reliability for the system's reliability in one discrete case. 

Definition S.0.8. Let T be the lifetime of a coherent system and let TJ be the 

pattern lifetime, with 9,-compensator processes AJ(k) = }:~1 I(TJ ~ a)~.(J). 
The reliability importance of pattern J for the system reliability is defined by 

00 

P(J) = '2:JS(J,k)P(TJ = k). 
lo=l 

In other words, the reliability importance of pattern J for the system reliability is 
the probability that the pattern J causes system failure, i.e: 

00 

P(J) = L P(TJ = k, J e r.(k)). 

Proposition 3.0.9. Under the aasumption above, we have: 

EP(J)= 1, 
JEA 

thu i.,, ~ ( J), J e A ia a. probability measure. 
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Proof. Not that, from Theorem (2.0.4), we have: 

Therefore 

Remark 3.0.10. 

P(T ~ k) = E(A+(k)) 

= LE[ f I(J E r.(,))dAi(•)l 
JEA j(l,.t] 

.. 
= L E[2)(J e r.(,))A.(J)J 

JEA r-=1 

.t 

L 1:E[I(J e r.(,)}A,(J)} 
JEA r.=1 

le 

= LL P(TJ = ,, J E r+(s)) . 
JeAr-=1 

00 

E(A+(T)) = EE P(TJ = k, J E r+(k)) 
JEAi=I 

= :E r+cJ) = i. 
JEA 

□ 

i: For a coherent system 4i the reliability importance of the component i to 
system reliability, at time k, is the probability that the component i causes 
the system failure, i.e.: 

I(i, k) = P(system failure in time k due to componet i) . 

In other words: 

I(i,k) = E I8(J,k)P(TJ = k). 
{i}EJ 

ii: For a coherent system 41 the reliability importance of the component i to 
system reliability is the probability that the component i causes the system 
failure, i.e.: 

J♦ (i) = P(B11stem failure due to componet i). 

In other words: 

Example 1: 

rci) = E rcJ). 
{i}eJ 

We analp.e a system of two dependent components C1,C2. To this we con­
sider "the two-dimensional geometric distribution of Marshall and Olkin" 
with parameters given by O < Pl,P2 < 1 and O :S P12 < 1. Let T1 and 
T2 component's lifetimes. An interpretation of this distribution is 1111 fol­
lows. Three independent geometric random variables Z1, Z2, Z12 with cor­
responding parameters PI, Pl and PJ.2 describe the time points when a shock 
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causes failure of component 1 or 2 or all intact components at the same time 
respectively. Then the components lifetimes a.re given by T1 = Z1 /\ Z12 
and T2 = Z2AZ12- The three different patterns to distinguish are {l}, {2}, 
{12}. Note that T{t} =/; T1 as we have for example T{l} = oo on {T1 = T2}, 
i.e., on {Z12 :5 Z1 A Z2}. 

Series System: (T = Ti I\ T2) 
On the set {T ~ k,TJ ~ k} 

A (k) _ (1,i2 + PIP'J(l - P12))[(l - Pt)(l - P'J)(l - P12)J"-1 . 

{12} - 1- (1,i2 + PIP'J(l - P12)) [1- ((1- Pt)(l - P'J)(l - P12))'-l]]' 
1 - (1- Pi}(l - PJ)(l - P12) 

A (k) = CP1 (1 - P12)(l - PJ)((l - Pt)(l - P'J)(l - P12)J"-1 . 

{1} 1- (p1(l - P12)(l - P'J)) [1- [(1- Pt)(l -P'J)(l- P12)]"-1]]' 
1 - (1 - PI)(l - P'J)(l - P12) 

A{ (k) = CP2(1 - P12)(l - Pt)[(l - Pt)(l - P'J)(l - P12)J"-1 . 

2} 1- CP2(1 - P12){l - Pt)) [1 - [(1 - Pi)(l - p;,)(1 - P13)Jk-lJ]' 
1 - (1- Pt)(l - P'J)(l - P12) 

{ 

{12}, ~ {Z12 ~ k,Z1 II Z2 ~ k}U{Z12 > k,k :5 Z1 = Z2 :5 Z12} 
r.{k) = {1}, m {Z1 ~ k, Z2 I\ Z12 > Z1} 

{2}, in {Z2 ~ k, Z1 I\ Z12 > Z2}, 

Therefore: 

~( {l2}) = P12 + P1P2(l - P12) 
1 - (1 - Pt)(l - P2){l - Pu) 

~({l}) = PI{l - P12)(l - P2 
1 - (1 - P1)(l - 112)(1 - P12) 

~({2}) = 112(1 - P12)(l - Pl . 
1 - (1 - P1)(l - 112)(1 - P12) 

Parallel System : (T = T1 V T2) 

On the set {T ~ k,TJ ~ k} 

A (k) _ (1,i2 + Ptl'2(1 - P12))[(l - Pt)(l - 112)(1 - P12)]'=-1 . 

{12} - 1 - CP12 + P1P2(l - P12)) [1- [(l - Pt)(l - PJ)(l - P12)]"-l]] ' 
1 - (1 - Pt)(l - 112)(1 - P12) 

= (Pi + P12 - P1P12)[(l - P1)(l - P12)J"-1 

1-B 

+ CPlP12 - P1P12)[(l - Pt)(l - P12)(l - 112)]"-1 . 
1-B ' 
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where: 
i:-1 

B = }::[<Pi.+ P12 - P1P12)[(l - PJ.)(1- P12)]1-1) 

i: - 1 

+ l)CPi.P12 - P1P12l[<1 - P1)(1 - Pl.2)(1 - P2w-11. 

where: 

•=1 

= (P2 + P12 - P2P12)[(l - P2)(l - PJ.2))1- 1 

1-C 
+ CP2P12 - P2P12)[(l - PI)(l - P12)(l - P2)Jk-l. 

1-C ' 

i:-1 

C = }::[(P2 + PI2 - P2P12)[(l - P2)(l - P12)i--1] 
o=l 

A:-1 

+ l)CP2P12 - P2PI2)[(l - PI)(l - P12)(l - P2)J•-11. 
•=1 

{ 

{12}, in {Zr.1?: k,Zi A Z2?: k} LJ{Z12 > k,k :5 Z1 = Z2 :5 Z12} 
r~(k} = {l}, in {Zi A Z12?: k, Z2 < k} 

{2}, in{Z2AZ12?:k,Z1<k}. 
Therefore: 

.r+({l2}) = P12 + P1P2(l - PI2) 
1 - (1 - PI}(l - P2}(l - P12) 

.r+({l}} = UJl +P1:1-P1Pi2) + CP1P12 -PI -Pi2) 
1 - (1 - Pt)(l - P12) 1 - (1 - PJ){l - P2}{l - P12) 

.,.({2}) = (P2 + P12 - P1Pi2) + CP2P12 - P2 - P12) . 
1 - (1 - P2)(l - P12) 1 - (1 - p1)(l - P2)(l - P12) 

4. A ESTIMATOR FOR IMPORTANCE OF PATTERNS . 
We beginning byconsideringtherandom variable (r.v.) f' = L-.1eAT.1I(T.1 = T). 

Fortunately {T = k} = LJ {T.1 = k}, and the events {T.1 = k} are disjoint, 
.1er.(t) 

that is, for almost all w E n fixed there exist only one pattern J E A where 
T.1(w) = T(w). Therefore T = T a.e. and F(x) = P(T :5 x) = P(T :5 x), for all x . 

Let {Tn, n ?: 1} be a sequence of independent and identically distributed r.v.'s 
with the common d.f.F. This is sometimes referred to as the "underlying" or "the­
oretical distribution" and is regarded as "unknown" in statistical lingo. For each w 
the values T(w) are called "samples" or "observed values", and the idea is to get 
information on F by looking at the samples. For each n, and each w E n, let, either 
n E N and {'.t'i:, k = 1, ... , n} be arranged in increasing order as 

Yn1 (w) :5 Yn2(w) :5 ... :5 Ynn(w) . 



10 JOSE ELMO DE MENEZES 

Now define a discrete d.f.Fn(.,w) as follows: 

{ 

0, if0 < x < Yni(w), 

Fn(x,w) = ~. if Y,..(w) < x < Yn,H1(w), 
n -
1, if X ~ Ynn(w). 

For each x, nFn(x,w) is the number of values of k, 1 $ k $ n, for which T1,(w) $ x; 
or in other words, Fn(x,w) is the observed frequency of sample values not exceeding 
x. The function Fn{-,w) is called "empiric distribution function based on n samples 

from F". Fbr each x, we have 

1 n 
Fn(x,w) = n :£I(T1,(w) $ x) 

•-1 
1 n 

= n LL I(Tj(w) = T(w) $ x), 
l&=lJEA 

(4.0.9) 

where {TJ, k ~ l} be a sequence of independent, identically distributed r.v.'s with 
the common d.f. FJ. Note what the strong law of large number applies, and we 

conclude that 

(4.0.10) F.,(z,w) ➔ F(z) a.e .. 

Under the above assumptions, Glivenko and Cantelli (see Chung (1968)) proYed: 

Theorem 4,0.11. We have aa n ➔ oo 

sup IFn(x,w) - F(:z:)I ➔ 0 a.e. 
0<2'<00 

Definition 4.0.12. Under the above assumptions, we defined the estimate of/+ ( J) 
as 

1 n 
(4.0.11) f:(J) = n L I(Tj(w) = T(w)), 

lo=l 

where {T}, k ~ l} be a sequence of independent, identically distributed r.v.'s with 
the common d.f. FJ. 

Remark 4.0.13. 

i: By (4.0.9) and Theorem (4.0.10) is easy see what: 

lim li!(J) - J+(J)I = 0 a.e 
n➔oo 

for all J EA. 
ii: H we are working with a model where the positive lifetimes T;'s not nec­

essarily independents, but T = ~(T1, .. ,,Tn) = ~(Z1,Z2, ... ,Zm), where Zi 

are independents, then t:(J) is easy to implement. 

Example 2: ( In continuation of Example 1). 
Considering in the model of Example 1, the parallel system T = T1 V T2 

we compute the values of i!(J),J E {{l},{12},{2}}. We take o value of 
n = 10000 and for some values of P1,P'l,P12- See the table below: 
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Pl, P'J, P12 1•({12}) P({l }) P({2}) ~ ({12}) 1:({1}) J! ({2}) 
0.5,0.3,0.5 0.697 0.0909 0.2121 0.6963 0.0871 0.2146 
0.5,0.3,0.1 0.3431 0.1971 0.4599 0.3441 0.1946 0.4613 
0.1,0.2,0.2 0.5094 0.3396 0.1509 0.5045 0.3410 0.1545 

0.3,0.9,0.05 0.3283 0.6411 0.0305 0.3326 0.6360 0.0314 
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