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A B S T R A C T  

Computing the agree me n t betwee n 2 con tin uous seque nces is of gr ea t in te res t in s tatis tics whe n compa ring 2 ins trume n ts or one ins trume n t 
with a gold s ta nda r d. The pr obability of agr ee me n t qua n tifies the simila rity betw e e n 2 va riables of in te res t, a nd it is useful for determining what 
const itutes a pract ically importa n t diffe re nce. In this a rticle, we in troduce a ge ne ralization of the PA for the tr ea tme n t of spati al v ari ab les. Our 
proposal makes the PA depe nde n t on the spatial lag. We e st ablish the conditions for which the PA decays as a function of the dis ta nce lag for 
isotr opic sta tionary and nonsta tionary spa tial pr oce sse s . Estim a tion is addr es s ed thr ough a first-or der appr oxima tion tha t gua ra n tees the asymp- 
totic normality of the s amp le version of the PA. The s en sitivity of the PA with respect to the cov ari ance parame ter s is stud ied for finite s amp le 
size. The new method is described and i l lustra ted with r eal da ta inv olving autumn al ch anges in the gre en chrom atic c oordin ate ( G cc ) , an index 
of “greenne ss ” tha t captur es the p heno lo gical stage of tre e leav es, is as s oci ated with carbon flux from e c osys te ms, a nd is es tim ate d from repeate d 

images of forest canopies. 

KEY W OR DS : biv ari ate gaus si an spati al proces s; cov ari ance function s; G cc index; spa tiotemporal pr ocess. 
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1 I N T R O D U C T I O N 

he comparison of 2 se quenc es is a funda me n tal proble m in
 everal s c ienti fic disc iplines, and it can be addres s ed in many
iffe re n t ways. For exa mple, the Stude n t’s t -tes t, the corre la -

ion coefficie n t, a nd the W ilcoxon 2-s amp le ra nk tes t a re 3 tech-
iques that, under different as sumption s, pr ovide informa tion
bout some aspects of comparis on s be twee n 2 indepe nde n t pop-
l ation s ( Lin e t al., 2012 ) . When the goal is to measure the
gree me n t betwee n 2 va riables to validate an assay, a process,
r a newly dev elope d ins trume n t, it may be releva n t t o evaluat e
hether its perform anc e is c onc ordant with other existing ones
r a “gold s ta nda rd” ( Lin et al., 2002 ) . 
T he proba bility of agree me n t ( PA ) meas ures the lev el of agre e-
e n t betw e en 2 c on tin uous seque nces. It was firs t in troduc e d in

 series of papers by Stevens et al. ( Stevens and Anders on-Coo k,
017 ; Steven s e t al., 2017 ; 2018 , 2020 ; Steve ns a nd Lu, 2020 )
s an altern ativ e approach to some existing agreement measures,
ncluding the c onc ordanc e c orr ela tion coefficie n t betwee n mea-
ure me n ts ge ne rated b y 2 diffe re n t methods ( Lin, 1989 ) and its
xten sion s. Subs eque n tly, Leal et al. ( 2019 ) s tudied the PA in a
ontext of local influence and de Castro and Galea ( 2021 ) de-
 elope d Bayesian PA methods to compare measure me n t sys te ms
ith either homosc e das tic or hete rosc e dastic meas urement er-

ors. We note that the literature on PA is exte nsive a nd ma ny rel -
e c eiv e d: D e c e mbe r 20, 2022; Revise d: O ctober 7, 2023; Ac c epte d: Ja n ua ry 17, 2024 
The Author ( s ) 2024. P ublished b y Oxford Unive rsity Pre ss on be half of The In te

ourn als .permis sion s@oup.com 
va n t uses for it in diffe re n t sce na rios have bee n published. Ho w -
ver, in all cases, the ge ne ral definition is always the probability
hat the diffe re nc e betw e e n 2 s tatis tical qua n tities is negligible
 nd not s tatis tically dis tinguishab le. A s alie n t exa mple is b y Pon-
e t e t al. ( 2021 ) , who adapted the probability of c onc ordanc e or
-index to the spec i fic needs of a dis cre te freque ncy a nd seve r-

ty model that is typically used during the technical pricing of a
onlife ins uranc e product. 
In this pa pe r, we ge ne r aliz e the PA ( s en su Lin e t al., 2002 ;

teve ns a nd Ande rson-Cook, 2017 ; Steve ns et al., 2017 ) to the
ase of 2 geor efer enc e d se quenc es in the p l ane, s e quenc es th at
ls o may v a ry in time. We we r e motiva t ed t o ext e nd a nd ge n-
r aliz e the PA into the spatiotemporal domain because of the
idespread ne e d to an alyze near-Earth remotely s en s ed d ata

ha t ar e use d to m ake infe re nces about on goin g clim atic ch ange
nd its effects on e nvironme n tal dyna mics at a ra nge of spatial
xte n ts ( e g, Rich ards on e t al., 2007 ; 2018 ; Yang e t al„ 2013 ) .
ur exemp l ar is the pro b lem of comparing and as s es sing the

A of r epea te d im age s t aken from fixed p l atform s to de termine
hanges in the times of yea r whe n trees in the northern hemi-
phe re e me rge from dorma ncy a nd produc e new leav es ( “spring
ree n-up”) a nd whe n the leaves of thes e s ame trees s enes ce in the
all before the trees go dorma n t for the win te r. The re is subs ta n-
ial evidenc e th at be cause of on goin g, a n thropoge nically drive n
 rn ation al Biome tric Socie ty. All ri gh ts rese rv e d. For permis sion s, p leas e e-mail: 
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FIGURE 1 A . The Phe noCa m image taken by a stationary camera from the EMS tower at Harvard Forest, Mas s achus e tts, USA on October 15, 
2008 at 13:31 ( UTC-4 ) . A recta ngula r section ( 570 × 660 pixels ) of the image was clipped ( B ; b l ack outline in A ) and then down-scaled ( to 

38 × 44 ) pixels ( C ) for est imat ion of the spatial PA. Note that our recta ngula r image is diffe re n t from the clipped “region of in te res t” ( ROI; 
unm aske d area in D ) an alyze d by the PhenoCam network. 
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clim ate ch an ge, sprin g gre en-up is, on av erage, oc c urring earl ier
in the year ( e g, Rich ards on e t al., 2007 ; Ke en an et al„ 2014 )
and leaf s enes c enc e is occurring later in the fall ( eg, Moon,
2022 ) . During the “growing s eas on” be tw e en spring green-up
and fall lea f sene sc enc e, forests in the northern hemisphere re-
move a subs ta n tial a moun t of ca r bon d ioxide fr om the a tmo-
sphe re ( Ba richivich et al., 2012 ) . Changes in the carbon cycle
h av e importa n t imp lication s not only for e c o lo gical dynamics
a nd fores t proces s es, but als o for e c onomic act ivit ies including
tourism and markets for carbon offs e ts ( eg, Le Quéré et al., 2009 ;
P ia o et al., 2019 ) . Our spatiotemporal generalization of the PA
provides a method to qua n tify whethe r these cha nges a re non-
negli gible a nd mea ningful a nd tes t their s tatis tical si gnifica nce. 

The ge ne ralization we describe he re make s the PA de pe nde n t
on a spatial lag, similar to how the va riogra m a nd the cova ria nce
function s are us ed in spati al s tatis tics . Spe cific c onditions for the
v ari ance of the difference between the 2 sequences are imposed
so that the PA is a decreasing function when the norm of the spa-
ti al l ag increas es. This monotonic fea tur e of the PA is e st ablished
for the biv ari a te Ma térn a nd We ndla nd cova ria nc e functions . We
the n exte nd the PA for the case of spatiote mporal proces s es s o
th at tw o im ages of the s ame s cene taken a t differ ent times—such
as a nn ual im ages of tre e s lea fing out or sene scing—can be com-
p ared. In our sp atiot emporal ext ension of the PA, we consider
tha t the pr oce ss include s a te mporal a nd, pe rha ps, a spa tial tr end,
a nd ra ndom noise. The r esulting pr oces s is non s tationa ry in the
mea n a nd is flexible e nough to ac c oun t for a n umbe r of diffe re n t
trends in time. 

Est imat ion of the PA is addres s ed vi a p lug-in s and the de lt a
me thod, as s uming th at the e stimate s of the pa ra mete rs of the co-
v ari ance function exist and are asymptotically normal ( Mardia
a nd Ma rshall, 1984 ) . A simp le expres sion for the asymptotic
v ari ance of the s amp le PA is also deriv e d. To assess the proper-
ties of the PA for finite s amp le sizes, we carried out 2 n ume rical
expe rime n ts: a se nsitivity s tudy that i l lustrates th at PA de creases
as a function of the norm of the spatial lag, and a Monte Carlo
sim ulation s tudy to es timate the PA a nd the releva n t pa ra mete rs
of 2 spatial cova ria nc e models . We the n a pp lied our spati al PA to
a te mporal seque nce of images of a fores t ca nop y a nd es tim ate d
the PA of a se quenc e of image s t aken of the s ame s cene at dif-
fe re n t times ( described in Section 2 ) . Images like these are used 

routinely to ide n tify s eas on al ch anges in the unfolding, matura- 
tion, a nd se nesce nce ( with accompa nying fall colors ) of individ- 
ual trees and entir e for e st canopie s and to e stimate fluxe s of car- 
bon, w ater v apor, and other gas es be tw e en the forest and the at- 
mosphere ( e g, Rich ards on e t al., 2018 ) . 

In Se ction 3 , w e giv e some addition al, albeit brief, background 

on PA. We the n in troduce the idea of PA for spatial proces s es 
a nd es tablish the main theor etical r e sults for st a tionary pr o- 
ces s es ( Section 4 ) a nd spatiote mporal proces s es ( Section 5 ) . 
Section 6 d isc usses the est imat ion of PA, which is then i l lus- 
trated with n ume rical sim ulation expe rime n ts ( Section 7 ) and 

a n a nalysis of the fores t-ca nop y im ages ( Se ction 8 ) . We c onclude 
with an outline for futur e r esear ch and developments in this area 
( Section 9 ) . Pr oofs of the main r esults ar e give n in the Appe ndix, 
the rest of the proofs are rele gate d to the Supplemen ta ry Mate rial 
of this pa pe r. 

2 I M A G E RY  

We an alyze d a se ries of 15 a nn ual images of the s ame s ce ne take n 

in mid -Octobe r from 2008 to 2022 ( Figure 1 A ) . Thi s i s the time 
of year when leaves of deciduous trees are s enes cin g, which lea ds 
to the spectacular disp l ay of fall colors in New England ( USA ) , 
Ja pa n, a nd othe r pa rts of the northern hemisp here. We chos e im- 
age s t aken in a 3-day windo w e ach ye a r ( Octobe r 12-15 ) , as this
r epr ese n ts the a ppr oxima t e hist orical “peak” of fall colors in New 

England. As the re gion al clim ate h as warme d, how ev er, this peak 
h as be gun t o shift t ow ard l ater d ates. Ide n tifying the rate a nd spa- 
tial pa t ter ning of this shi ft is of in te res t to e c o lo g i s ts, fores te rs,
touri sm board s, and e c onomists ( e g, Moon, 2022 ) . 

The 15 images we used were taken from the d atabas e of the 
Phe noCa m Network, ( Richa rds on, 2023 ) a ne twork of more 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae009#supplementary-data
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han 700 fixed o bs erv a tion sites acr oss North Ame rica a nd else-
here in the world that since 2008 has collected hi gh-freque ncy
 nd hi gh- re s o lution imagery with netw orke d di gital ca me ras to
ra ck the timin g of v e getation ch a nge ( “phe nology”) in a ra nge
f e c osys te ms ( Seye dn asrollah, 2019 ) . We use d im ages from the
a rva r d For es t, whe re they h av e be e n ca ptur ed a t 30-60-minute

n te rvals since 2008 with a 2048 × 1636-pixe l C MO S s en s or
n an outdoor StarDot NetCam XL 3MP camera ( Richardson,
023 ) . 
Our in te res t is in cha nge s in the fore s t ca nop y, so we

lipped a 570 × 660-pixel recta ngula r section from e ach imag e
 Figure 1 B ) . The e dges of the clippe d im age ( b l a ck rectan gle in
i gure 1 A ) we re chose n to maximize the size of the clipped im-
ge while avoiding sky ( top ) , wires ( left ) , and other instrumen-
ation on the extended boom ( lower right ) . The high- re s o lution
lippe d im age ( Figure 1 B ) w as then down s caled ≈ 200-fo ld ( to
8 × 44 pixels; Figure 1 C ) for further analysis and est imat ion of
patiotemporal PA. Down s caling w as done b y ras te rizing the im-
ge using adjoining 15 × 15-pixel windows; we used the mean
 ed, gr ee n, a nd b lue ( RGB ) v alue from thes e windows in the ras-
erize d im ag e ( Figure 1 C ) . This do wn s caling w as done for 2 rea-
 on s. First, “reas onab le” v alues of the spatial lag ‖ h ‖ ( ie, < 15 )
 ould h av e be en within a single leaf of the high- re s o lution im-

ge, and it is of more interest to look at changes among leaves
 nd a mong e n tir e tr e es . Se c ond, w e determine d th at estim ating
he PA of the 2 high- re s o lution clipped images would r equir e ≈6
B of RAM, whereas the est imat ion of the down s caled images,
hich were close to the same size as those used for our simula-

ion studies ( Figures S4 and S5 ) , preserv e d s u ffic ient visual dif-
e re nces a mon g trees, while bein g c omputation ally more m an-
g e able. 
We note that our clipped rectangle is different in shape from,

ut appr oxima tely the same size as, the “r egion of in te res t”
 ROI ) defined a nd a nalyzed b y resea rche rs who us e thes e im-
ges for p heno lo gical studies ( the unm aske d area in Figure 1 D ) .
he ROI for each Phe noCa m site is ide n tified as the area of the

m age th at m aximizes the a moun t of v e getation of in te res t ( ie,
eciduous forest at Ha rva rd Fores t ) while avoiding the sky, to-
o grap hic fea tur e s, instrument ation, other human artefacts ( eg,
uildings, wires, etc ) , a nd othe r a re as of the imag e th at c ould giv e
 eas onally bi as ed results ( eg, soil covered by snow ) ( Richardson
t al., 2007 ) . The origin al, clippe d, a nd ras te rize d im ages and the
 ode use d for ras te rizing a nd a n alyzing these im ages are al l avai l-
ble on GitHub at Acosta ( 2024 ) . 

3 M AT H E M AT I C A L  B A C KG R O U N D  A N D  

P R E L I M I N A R I E S  

ollo wing Le al e t al. ( 2019 ) , we as s ume th at ( X 1 , Y 1 ) � , …, ( X n ,
 n ) � is a random s amp le from a biv ari ate normal distribution
ith mean v e ctor μ = (μX , μY ) � , and cov ari anc e m atrix 

� = 

(
σ 2 

X σXY 
σXY σ 2 

Y 

)
, 

he re ( ·) � mea ns tra nsposition. The n, a method to qua n tify the
e gre e of agre e me n t betw e e n the va riables X a nd Y re lie s on the
iffe re nc es ( D i ) betw e en their corre sponding value s: D i = X i −
 i , i = 1, …, n . The PA is defined as: 

ψ c = P (| D i | ≤ c ) , c > 0 , ( 1 )

he re c de notes the maxim um ac c e pt able diffe re nce from a prac-
 ical perspect ive, also called the equivalence margin. In such a
ase the in te rval ( − c , c ) is often called the region of practical
 quivalenc e ( ROPE ) . In cl inical stud ies this interval is called the
linically ac c e pt able diffe re nce ( CAD ) . 
The selection of c is an importa n t de cision th a t r equir es car eful

onside ration a nd domain expe rtise. In ge ne ral, the value of c is
hose n b y the pract it ione r a nd is depe nde n t on the spec i fic ap-
lication and the relative risks tha t ar e being consider ed. In any
pec i fic s tudy, the inves ti ga tor should evalua te the s en sitivity of
he PA to the chosen value of c . Stevens et al. ( 2017 ) cr ea ted an
 Shiny app that enables a user to evaluate the sensitivity of the
A to the chos en v alue of c . Plotting the PA as a function of the
a ra mete rs of the model, including the value of c , also can pro-
ide v aluab le information . Likewis e, kno wledg e acquir ed fr om

on te Ca rlo sim ulation s tudies ca n be hi ghly v aluab le in under-
 ta nding the depe nde ncy of the PA on c in various sc en arios . Fur-
he r a nalysis a nd crite ria rega rding the use of clinical tole ra nce
imits t o evaluat e agree me n t h av e re c e n tly bee n explored b y Taffé
 2022 ) . 
Because of the normality assumption, the PA as given in ( 1 )

 ake s the form 

ψ c = �

(
c − μD 

σD 

)
− �

(
− c + μD 

σD 

)
, ( 2 )

he re �( ·) de notes the cum ulative dis tribut ion funct ion of the
 ta nda rd normal dis tribution, μD 

= μX − μY a nd σ 2 
D 

= σ 2 
X +

2 
Y − 2 σXY . Ho w larg e the PA should be to consider the v ari ab les

n te rcha ng e able is up to the pract it ioner ; Steven s e t al. ( 2017 )
u gge st using ψ c ≥ 0.95 as a guideline. 

Under the assumption of normality, infe re nce for μ and � can
e addres s ed vi a maximum l ikel ihood ( ML ) ( Anderson, 2003 ,
ection 3.2 ) . By subst itut ing such est imat es int o ( 2 ) , an ML es-
imate for ψ c , denoted by ̂ ψ c , can be obtained. Under mild as-
umption s, Leal e t al. ( 2019 ) e st ablished the asymptotic normal-
ty of ̂ ψ c , which re lie s on the asymptotic distribution of the ML
nde r normality a nd the de lt a method. It is the n s trai gh tforwa rd

o obtain appr oxima te c onfidenc e in te rvals a nd tes t hypothe se s
bout ψ c . 
A ra ndom field, de noted b y { Y ( s ) : s ∈ D ⊂ R 

d } or Y ( s ) , is a
 olle ction of random variables indexed b y D, whe re each s ∈ D
s a location ( C ressie, 1993 ) . The me an of Y ( s ) is the func-
ion μ : R 

d → R defined through μ( s ) = E ( Y ( s )) and the co-
 ari ance function C : R 

d × R 

d → R is defined as C( s 1 , s 2 ) =
ov ( Y ( s 1 ) , Y ( s 2 ) ) . Y ( s ) is called a weakly s tationa ry ra ndom
eld if the mean function is cons ta n t, that is, μ( s ) = μ ∈ R , and
he cov ari ance function s atisfies C( s 1 , s 2 ) = C( s 1 − s 2 , 0 ) =
 0 ( s 1 − s 2 ) . The cov ari ance function of a stationary process
i l l be denoted as C( h ) , where h = s 1 − s 2 . Thus, var ( Y ( s )) =
( 0 ) = σ 2 > 0 , and ρ( h ) = C( h ) /C( 0 ) is the corr ela tion

unction. Y ( s ) is said to be an intrinsically stationary random
eld if Y ( s + h ) − Y ( s ) is s tationa ry. For in trinsically s tationa ry
a ndom fields, the ma pping 2 γ ( h ) = var ( Y ( s + h ) − Y ( s ) )
s the v ario gram . For a stationary random field, the r ela tion-
hip γ ( h ) = C( 0 ) − C( h ) holds. The random field is called
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isotropic if the cova ria nce function ( or the va riogra m ) depe nds
exclusively on the dis ta nc e betw e en the spa tial loca tions . In s uch
a case, we write C(‖ h ‖ ) or γ (‖ h ‖ ) , where ‖ · ‖ denotes the
Euclidean norm. The sill r epr ese n ts the va ria nce of the random
field, and it is obtained through lim ‖ h ‖→∞ 

γ (‖ h ‖ ) = C(0) =
σ 2 . The range is the dis ta nce for which any pair of o bs erv ation s
are not c orrelate d, and is obtaine d as the sm allest u such that
γ ( u ) = sill . In situations when u → ∞ , it is useful to define
the pr actical r ange as the s malle st u for which the s emiv ario gram
reaches the 95% of the si l l; that is, the value of u that satisfies
γ ( u ) = 0.95 σ 2 . 

4 P R O B A B I L I T Y  O F  A G R E E M E N T F O R 

STAT I O N A  RY  P R O C E  S S E  S  

In this section, we introduce the PA in the context of georefer-
enc e d v ari ab les, where X ( s ) and Y ( s ) are the v ari ab les of inter-
es t a nd s r epr ese n ts the spatial c oordin ates in the p l ane. Formally,
let Z ( s ) = ( X ( s ) , Y ( s )) � , s ∈ D ⊂ R 

2 , be a biv ari ate s e c ond-
orde r s tationa ry ra ndom field with s , h ∈ R 

2 , mean ( μX , μY ) � ,
a nd cova ria nce function 

C ( h ) = 

(
C X ( h ) C XY ( h ) 

C Y X ( h ) C Y ( h ) 

)
, 

where C X ( h ) = cov ( X ( s ) , X ( s + h )) , C Y ( h ) =
cov ( Y ( s ) , Y ( s + h )) and C XY ( h ) = C Y X ( h ) =
cov ( X ( s ) , Y ( s + h )) . Define the diffe re nce 

D ( s , h ) = X ( s ) − Y ( s + h ) . ( 3 )

This diffe re nc e meas ur es the discr epancy betw e en the proc es s es
whe n the re is a separation v e ctor e qual to h betw e e n the m. In
pa rticula r, if h = 0 the usual diffe re nce is re c ov ere d and the PA
that uses the diffe re nce X ( s ) − Y ( s ) ca nnot cha racte rize the
spatial depe nde nc e effe ctiv ely. 

Ass ume th at Z ( s ) is a Gaus si an proces s with mean
μ = (μX , μY ) � a nd cova ria nce function C ( h ) , h ∈ D.
Then, D ( s , h ) ∼ N (μD 

, σ 2 
D 

( h )) , where μD 

= μX − μY
and σ 2 

D 

( h ) = C X ( 0 ) + C Y ( 0 ) − 2 C XY ( h ) . Then, the PA
betw e en proc e sse s X ( s ) and Y ( s + h ) is 

ψ c ( h ) = P ( | D ( s , h ) | ≤ c ) , ( 4 )

which t ake s the form 

ψ c ( h ) = �

(
c − μD 

σD 

( h ) 

)
− �

(
− c + μD 

σD 

( h ) 

)
, ( 5 )

T he proba bilities in ( 4 ) and ( 5 ) ca n be writte n, without loss
of ge ne rality, as ψ c ( h ) = ψ c (‖ h ‖ ) , indicating the depe nde ncy
of the PA on the norm of h when proces s es X ( s ) and Y ( s ) ,
a nd also σD 

( h ) , a r e all isotr opic. In tha t case, the PA can be
plotted as a function of ‖ h ‖ in a similar way as the cova ria nce
function is plotted for several parame tric proces s es. Then, the
PA in ( 1 ) can be obtained as a particul ar cas e of ( 4 ) . In fact,
ψ c = ψ c ( 0 ) . 

In the re mainde r of this se ction, w e emph asize the monotonic-
ity of the PA as a function of the spatial lag h . If the PA exhibits a
decr easing tr e nd, we ca n dete rmine the minim um value of || h ||
at which PA stab ili zes or i s neglig ible, ak in to how the spatial
range is defined for the s emiv ario gram . More ov er, the mono-
tonicity of the PA allows us to construct hypothesis tests about
the true PA for a fixed h . As we wi l l see in Section 6 , the mono-
tonicity of the PA allows us to simplify the test. 

We firs t conside r the Matérn cova ria nce function ( Matérn, 
1986 ) to i l lustrate ( 5 ) . Thi s function i s widely us ed in spati al 
s tatis tics because of its theor etical pr ope rties a nd its flexibility 
for modeling local behavior of spatial corr ela tions ( Stein, 1999 ) . 
The Matérn cov ari ance function t ake s the form 

M( h , ν, a ) = 

2 

1 −ν

�(ν) 
(a ‖ h ‖ ) νK ν (a ‖ h ‖ ) , ( 6 ) 

whe re �( ·) de notes the ga mm a function, K ν( ·) is the modifie d 

Bes s el function of the se c ond k ind, a > 0 i s a pa ra mete r th at c on-
tr ols the ra te of decay of the corr ela tion, and ν > 0 is the smooth- 
ing pa ra mete r that is r ela t ed t o the behavior of the corr ela tion
near the origin . A speci al cas e of the Matérn function is whe n ν

= m + 1/2, m ∈ N ∪ { 0 } . Then, 

M( h , m + 1 / 2 , a ) = exp (−a ‖ h ‖ ) 

×
m ∑ 

k=0 

(m + k)! 
(2 m )! 

(
m 

k 

)
(2 a ‖ h ‖ ) m −k . 

( 7 ) 

By choosing m = 0, we have the simplest form M( h , 1 / 2 , a ) =
exp (−a ‖ h ‖ ) . 

For a biv ari ate Gaus si an random field, the Matérn cov ari ance 
function has been extended ( Gneiting et al., 2010 ) as 

C X (‖ h ‖ ) = σ 2 
X M( h , νX , a X ) , 

C Y (‖ h ‖ ) = σ 2 
Y M( h , νY , a Y ) ( 8 ) 

and C XY (‖ h ‖ ) = ρXY σX σY M( h , νXY , a XY ) , ( 9 ) 

where σ 2 
X > 0 , σ 2 

Y > 0 , and ρXY is the c o-locate d c orr ela tion 

coefficie n t betwee n X ( s ) and Y ( s ) . Spec i fic conditions for the
pa ra mete rs a r e r equir ed so that the cov ari ance model described 

in ( 8 ) and ( 9 ) is positive definite. In this model, we have that 
σ 2 

D 

(‖ h ‖ ) = σ 2 
X + σ 2 

Y − 2 ρXY σX σY M( h , νXY , a XY ) . 
For i l lustrativ e purposes, c onsider σ X = 1, σ Y = 2, σ XY = 

1.8, a XY = 2, ρXY = 0.9 and ν = νXY = {0.5, 1.5, 2.5}. We plot 
ψ c (‖ h ‖ ) v ers us ‖ h ‖ for ‖ h ‖ ∈ { 0 , 1 , . . . , 15 } , c = {1.5, 2, 2.5},
and using the Matérn cov ari ance function ( Figure S1 ) . In all 
cas es, ψ c (‖ h ‖ ) decreas es as a function of ‖ h ‖ and the curves de- 
cay more rapidly to 0 as ν de creases . Thi s i s a con s equence of the 
monotonic property of the Matérn cov ari ance as shown in the 
fo llowing examp le. 

Example 1 Let Z ( s ) be a bivaria t e se co nd-o rder s ta t io nary Gaus-
si a n pro cess wit h t he Matérn cova ri a nce fu nct io n giv en i n ( 8 ) and
( 9 ) . Ass ume tha t νXY = m + 1/2 and , w ithout loss of generality, as-
s ume tha t the Gaussi a n process has mean 0 and a = 1 in ( 7 ) . Then,

ψ c (‖ h ‖ ) = �

(
c 

σD 

(‖ h ‖ ) 

)
− �

(
− c 

σD 

(‖ h ‖ ) 

)

= 2�

(
c 

σD 

(‖ h ‖ ) 

)
− 1 . 
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T h is imp l ies that 

ψ 

′ 
c (‖ h ‖ ) = 2 ϕ 

(
c 

σD 

(‖ h ‖ ) 

) (
− c 

σD 

(‖ h ‖ ) 

)

× 1 

2 

√ 

σ 2 
X + σ 2 

Y − ρXY σX σY M( h , νXY , a XY ) 

×{−ρXY σX σY M 

′ ( h , νXY , a XY ) } , ( 10 ) 

where ϕ ( ·) is the pro b abilit y densit y funct io n of a st an dard norm a l 
ra ndom va ri ab le . Because the right h an d side of ( 10 ) is posit ive, t o 
prove that ψ c (‖ h ‖ ) is decre asi ng as a function of ‖ h ‖ , it is enough to 
get the sign of the deriva t ive of M( h , νXY , a XY ) with res p e ct t o ‖ h ‖ . 

It should be noted that ψ c (‖ h ‖ ) wi l l not neces s arily 
be a decreasing function of ‖ h ‖ . As an example, con- 
sider a biv ari a te pr ocess with mean ( μ, μ) � and an 

is otropic s eparab le cov ari ance function C (‖ h ‖ ) , where 
C X (‖ h ‖ ) = C Y (‖ h ‖ ) = σ 2 (φ/ ‖ h ‖ ) sin (‖ h ‖ /φ) , and 

C XY (‖ h ‖ ) = ρXY σ
2 ( φ/ ‖ h ‖ ) sin ( ‖ h ‖ /φ) . For simp licity, s e t 

σ 2 = 1 and φ = 1. Then, σ 2 
D 

(h ) = 2 ( 1 − ρXY sin (‖ h ‖ ) / ‖ h ‖ ) . 
For c = 1 and ρXY = 1/2, ψ c ( π/2 ) = 0.6082, ψ c ( 3 π/2 ) = 

0.4986 and ψ c ( 5 π/2 ) = 0.5351, hence ψ c (‖ h ‖ ) is not decreas- 
ing in ‖ h ‖ . 

How ev er, for c ert ain parametric mode ls, as in Example 1, 
ψ c (‖ h ‖ ) is a monotonic function. A su ffic ie n t condition for a 
pa ra me tric cov ari anc e model th at ens ures th at ψ c (‖ h ‖ ) is a de- 
creasing monotonic function is given in the following result. 

T heore m 1 Su ppose t hat ψ c (‖ h ‖ ) is as in ( 5 ) . If σD 

(‖ h ‖ ) is an 

i ncre asi ng funct io n of ‖ h ‖ , then ψ c (‖ h ‖ ) is a decre asi ng funct io n of 
‖ h ‖ . 

Theorem 2 shows that for the biv ari ate Matérn cov ari ance func- 
tion in ( 8 ) and ( 9 ) , σ 2 

D 

(‖ h ‖ ) is an increasing function of ‖ h ‖ . 

T heore m 2 Su ppose t hat σ 2 
D 

(‖ h ‖ ) is ob tai ne d usi ng the Matérn 

cova ri a n ce m o del an d assume that ρXY ≥ 0. Then σD 

(‖ h ‖ ) is an 

i ncre asi ng funct io n of ‖ h ‖ . In conseq u ence, the co ndit io ns of Theo- 
rem 1 are sa t isfied and ψ c (‖ h ‖ ) is a decre asi ng funct io n of ‖ h ‖ . 

Exa mple 1, the r efor e, is a dir e ct c on s e quenc e of The orems 1 

and 2. More ov er, in The orem 2 it is not ne c es s ary to restrict the 
s moothne ss pa ra mete r of biva ria te Ma térn cova ria nce model, 
νXY = m + 1/2, as in Example 1. 

The ge ne r aliz ed We ndla nd fa mily of cova ria nce functions 
( Gneiting, 2002 ) is defined, for an integer κ > 0, as 

GW (h ; κ, μ) = 

⎧ ⎨ 

⎩ 

1 

B (2 κ, μ + 1) 

∫ 1 

h 
u (u 

2 − h 

2 ) κ−1 (1 − u ) μdu, if 0 ≤ h < 1 , 

0 , if h ≥ 1 , 

( 11 ) 
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whe re B ( ·, ·) de note s the bet a function a nd μ m us t be positive
ith a lower bound as given in Gneiting ( 2002 ) . By con tin uity,

or κ = 0, we have 

GW (h ; 0 , μ) = 

{
(1 − h 

2 ) μ, if 0 ≤ h < 1 , 

0 , if h ≥ 1 . 

pec i fic conditions for μ can also be found in Bevilacqua et al.
 2019 ) . 
For a biv ari ate Gaus si a n ra ndom field, the We ndla nd -Gneiting

ov ari anc e function h as be e n exte nded ( Daley et al., 2015 ) and
s defined as: 

C X (‖ h ‖ ) = σ 2 
X c 11 b ν+2 κ+1 

11 B (ν + 2 κ − 1 , γ11 + 1) GW 

× ( ‖ h ‖ /b 11 ; κ, ν + γ11 + 1 ) , ( 12 ) 

C Y (‖ h ‖ ) = σ 2 
Y c 22 b ν+2 κ+1 

22 B (ν + 2 κ − 1 , γ22 + 1) GW 

× ( ‖ h ‖ /b 22 ; κ, ν + γ22 + 1 ) , ( 13 ) 

C XY (‖ h ‖ ) = ρXY σX σY c 12 b ν+2 κ+1 
12 B (ν + 2 κ − 1 , γ12 + 1) GW 

× ( ‖ h ‖ /b 12 ; κ, ν + γ12 + 1 ) , ( 14 )

here σ 2 
X > 0 , σ 2 

Y > 0 and ρXY is the c o-locate d c orrelation c o-
fficie n t betw e e n X ( s ) a nd Y ( s ) . Spec i fic conditions for the pa-
a mete rs c ii , b ii , γ ii , i = 1, 2, b 12 , c 12 , γ 12 , ν a nd κ a re ne e de d so
hat the cov ari ance model described in ( 12 ) - ( 14 ) is positive def-
nit e ( D aley et al., 2015 ) . In this model, we have that 

σ 2 
D 

(‖ h ‖ ) = σ 2 
X + σ 2 

Y − 2 ρXY σX σY c 12 b ν+2 κ+1 
12 

× B (ν + 2 κ − 1 , γ12 + 1) GW 

×
(‖ h ‖ 

b 12 
; κ, ν + γ12 + 1 

)
. ( 15 )

 heore m 3 Su ppose t hat σ 2 
D 

(‖ h ‖ ) is as in ( 15 ) , and assume that
XY ≥ 0 and c 12 ≥ 0. Then, σD 

(‖ h ‖ ) is an i ncre asi ng funct io n of
 h ‖ . In conseq u ence, the co ndit io ns of The o rem 1 are sa t isfied and
 c (‖ h ‖ ) is a decre asi ng function of ‖ h ‖ . 

5 P R O B A B I L I T Y  O F  A G R E E M E N T F O R 

S PAT I OT E M  P O R A L  P R O C E S S E S  

ss ume th at, Z( s , t ) , s ∈ D ⊂ R 

2 , t ∈ Z 

+ 

0 is a s tationa ry
aus si a n spatiote mporal process with mean 0 a nd cova ria nce

unction C( h , u ) = cov ( Z( s , t ) , Z( s + h , t + u )) , where s =
(s 1 , s 2 ) � r epr ese n ts the spatial c oordin ates, a nd t de notes the
emporal c oordin ate. 

The corr ela t ion funct ion a nd the se miva riogra m of the spa-
iotemporal process are define d an alogously to the spatial case,
hat is, ρ( h , u ) = C ( h , u ) /C ( 0 , 0) , and γ ( h , u ) = C( 0 , 0) −
( h , u ) ( She rma n, 2011 ) . The practical spatial range, in this

ase, is the value of || h || at which the se miva riogra m reaches
he 95% of the sill ( i.e. C( 0 , 0) = σ 2 ) ; that is, the value of || h ||
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tha t sa tisfies σ 2 { 1 − ρ(|| h || , u ) } = 0 . 95 σ 2 , where ρ(|| h || , u )
denotes the corr ela t ion funct ion of the spat iotemporal proc ess . 

Let Y ( s , t ) = μ( s , t ) + Z( s , t ) , whe re the mea n func-
tion μ( s , t ) = F ( s , t ) � β, with F ( s , t ) known and β

is a v e ctor of unknown pa ra mete rs. For exa mple, if
F ( s , t ) = (1 , s 1 , s 2 , t ) � and β = (β0 , β1 , β2 , β3 ) � , then
μ( s , t ) = β0 + β1 s 1 + β2 s 2 + β3 t r epr ese n ts a linear trend in
the spatial and temporal c oordin ates . 

Similarly to the spatial case, let us look at the incre me n ts in
time and space, defining the diffe re nce 

D ( s , t, h , u ) = Y ( s , t ) − Y ( s + h , t + u ) . ( 16 )

The qua n tity define d in ( 16 ) meas ur es the discr epancy
betw e en the process and itself for a spatial separation h
a nd te mporal sepa ration u . The n, unde r the Gaus si an as-
sumption, D ( s , t, h , u ) ∼ N ( μD 

( h , u ) , σ 2 
D 

( h , u )) , where
μD 

( h , u ) = { F ( s + h , t + u ) − F ( s , t ) } � β, σ 2 
D 

( h , u ) =
2 C( 0 , 0) − 2 C( h , u ) := 2 γ ( h , u ) , and γ ( h , u ) is the
spatiote mporal se miva riogra m ( She rma n, 2011 ) . Con s e-
que n tly, a natural extension of the PA betw e en Y ( s , t ) and
 ( s + h , t + u ) is 

ψ c ( h , u ) = P ( | D ( s , t, h , u ) | ≤ c ) . ( 17 )

Ther efor e, the PA t ake s the form 

ψ c ( h , u ) = �

(
c − μD 

( h , u ) 
σD 

( h , u ) 

)
− �

(
− c + μD 

( h , u ) 
σD 

( h , u ) 

)
, 

( 18 )

where �( ·) is as in ( 2 ) . As an i l lustration, if μ( s , t ) =
β0 + β1 t ( linea r tre nd in time ) a nd C( h , u ) =
σ 2 exp ( −‖ h ‖ /φs ) exp ( −| u | /φt ) ( s eparab le exponenti al
cov ari ance model ) the mean and the v ari ance are 

μD 

( h , u ) = β1 u and σ 2 
D 

( h , u ) 

= 2 σ 2 
[

1 − exp 

(
−‖ h ‖ 

φs 

)
exp 

(
−| u | 

φt 

)]
. 

Thus, ( 18 ) can be written as: 

ψ c ( h , u ) = �

(
c − uβ1 

σD 

( h , u ) 

)
− �

(
− c + uβ1 

σD 

( h , u ) 

)
. 

No ma t te r the si gn of β1 , ψ c ( h , u ) decr eases as u incr eases,
which is in agree me n t with the fact that the PA be c ome sm aller
whe n sepa ration ove r time is e nla rged. 

Note th at w e can als o us e Theorem s 1-3 and ( 18 ) to con sider
2 diffe re n t spati al proces s es in time. In this cas e, the cov ari ance
function has the same structure: C X ( h ) = C Y ( h ) . Inde e d, by re-
p l a cin g σD 

(‖ h ‖ ) by σD 

(‖ h ‖ , u ) in The orem 1, w e obtain the
same result if σD 

(‖ h ‖ , u ) is a increasing function of ‖ h ‖ for fixed
u . More ov er, for fixe d ‖ h ‖ , if σD 

(‖ h ‖ , u ) is an increasing func-
tion of u then ψ c (‖ h ‖ , u ) is a decreasing function of u . The proof
is virtually ide n tical to that of Theorem 1. 

In pa rticula r, for the sepa rable expone n tial cova ria nce model,
the ne gativ e expone n tial function is always strictly decreasing.
Ther efor e in this case, σ 2 

D 

( h , u ) is a strictly increasing function
of ‖ h ‖ for any fixed u , and u similarly increases for any fixed h . 
6 E ST I M AT I O N  

The purpose of this section is to describe the est imat ion of 
the PA defined in ( 5 ) . Here, we emphasize that the v ari ance 
of the diffe re nce depe nds on the pa ra mete rs of the corr ela tion 

structure, which we denote as σD 

( h ) = σD 

( h , θ) , where θ ∈ 

R 

q , and q ∈ N is a pa ra mete r v e ctor as s oci ated with the cova ri -
ance function. The next definition stres s es the depe nde nce of 
the PA on θ. 

Definition 1 Su ppose t hat ( X ( s ) , Y ( s )) � is a biva ri a t e se co nd-
o rder s ta t io na ry ra ndom field with s , h ∈ R 

2 , mean ( μX , μY ) � , and
pa ra metric cova ri a nce fu nct io n C ( h ; θ ) . The PA between proce sse s
X ( s ) and Y ( s + h ) is define d th roug h 

ψ c ( h ;μD 

, θ) = �

(
c − μD 

σD 

( h ; θ) 

)
− �

(
− c + μD 

σD 

( h ; θ) 

)
, 

where μD 

= μX − μY and σ 2 
D 

( h ; θ) = C X ( 0 ; θ) + C Y ( 0 ; θ) −
2 C XY ( h ; θ) . 

If ̂  μD 

and ̂

 θ are estimators of μD 

and θ, respe ctiv ely, obtaine d 

from the s amp le ( X ( s 1 ) , Y ( s 1 )) � , …, ( X ( s n ) , Y ( s n )) � , then
the plu g-in e stimator of ψ c ( h ;μD 

, θ) is denoted as ̂ ψ c ( h ) := 

ψ c ( h ;̂ μD 

, ̂  θ) . 

Lemma 1 If V 

−1 / 2 
θ

( ̂  θ − θ) is consistent and V 

−1 / 2 
θ

( ̂  θ −
θ) d −→ N q ( 0 , I q ) as n → ∞ , then ̂ σD 

( h ; θ) = √ 

C X ( 0 ;̂ θ) + C Y ( 0 ;̂ θ) − 2 C XY ( h ;̂ θ) is co nsis t ent 
a nd asympto ticall y Gaussi a n with E ( ̂  σD 

( h ; θ)) ≈√ 

C X ( 0 ; θ) + C Y ( 0 ; θ) − 2 C XY ( h ; θ) and 

var ( ̂  σD 

( h ; θ)) ≈ 1 

4 σ 2 
D 

( h ; θ) 
∇σ 2 

D 

( h ; θ) � V θ∇σ 2 
D 

( h ; θ) , 

( 19 ) 

where V θ is a q × q definite positive matr i x, I q is the identity matr i x 
of order q, and ∇ is the gradient opera t o r. 

T heore m 4 Su ppose t hat ( X ( s ) , Y ( s )) � is a biva ri a t e s ta-
t io na ry Gaussi a n ra ndo m field. Ass ume tha t ̂ μD 

is co nsis t ent,
( ̂  μD 

− μD 

) / 
√ 

V μD ( θ) d −→ N (0 , 1) , ̂  θ is co nsis t ent, V 

−1 / 2 
θ

( ̂  θ −
θ) d −→ N q ( 0 , I q ) and ̂ μD 

is independent of ̂ θ. Then, ̂ ψ c ( h ) 
is co nsis t ent and asympt ot ic ally G aussian wit h E ( ̂  ψ c ( h )) ≈
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 c ( h ; μD 

, θ) and 

var ( ̂  ψ c ( h )) ≈ 1 

2 πσ 2 
D 

( h ; θ) 
exp 

{
− (c − μD 

) 2 

σ 2 
D 

( h ; θ) 

}

×
{

V μD + 

(c − μD 

) 2 

σ 2 
D 

( h ; θ) 
V σD 

}

+ 

1 

2 πσ 2 
D 

( h ; θ) 
exp 

{
− (c + μD 

) 2 

σ 2 
D 

( h ; θ) 

}

×
{

V μD + 

(c + μD 

) 2 

σ 2 
D 

( h ; θ) 
V σD 

}

− 1 

πσ 2 
D 

( h ; θ) 
exp 

{
− c 2 + μ2 

D 

σ 2 
D 

( h ; θ) 

}

×
{

V μD −
c 2 − μ2 

D 

σ 2 
D 

( h ; θ) 
V σD 

}
. 

s a con s equence of the l imiting d is tribution es ta blished in T he-
re m 4, a n a ppr oxima t e hypothesis t es t for the PA ca n be con-
 tructed. Conside r the null hypothesis H 0 : ψ c (‖ h ‖ , μD 

, θ) =
 

(0) 
c , 0 ≤ ψ 

(0) 
c ≤ 1 , v ers us one of the following three alterna-

ive hypothe se s H 1 : ψ c (‖ h ‖ , μD 

, θ) � = (> or < ) ψ 

(0) 
c , this

ypothe sis te st is re leva n t be cause it c ompares the PA with the
ominal value su gge s ted b y Steve n s e t al. ( 2017 ) for a fixed h .

n practice, under the conditions of Theorem 1, the test of H 0 :
 c (0 , μD 

, θ) = 0 . 95 v ers us H 1 : ψ c (0 , μD 

, θ) < 0 . 95 can be
 onsidere d; if H 0 is reje cte d, then H 0 : ψ c (‖ h ‖ , μD 

, θ) = 0 . 95
s reje cte d for all ‖ h ‖ , because of the monotone property of the
A. 
In a spatiotemporal cont ext, denot e the cov ari ance func-

ion pa ra mete rized b y θ as C( h , u ; θ) . Then, the PA in
his case is ψ c ( h , u ; β, θ) , similar to that defined in ( 18 ) ,
ith σD 

( h , u ) = σD 

( h , u ; θ) . The plu g-in e stimator of
 c ( h , u ; β, θ) is ̂ ψ c ( h , u ) = ψ c ( h , u ;̂ β, ̂  θ) . Thus, if ̂ β and
 a re consis te n t es timators of β a nd θ, respe ctiv ely, The-
rem 4 applies to 

̂ ψ c ( h , u ) considering X ( s ) = Y ( s , t ) and
 ( s ) = Y ( s , t + u ) for a fixed u . The analogous hypothesis test-

ng pro b lem in this context is H 0 : ψ c (‖ h ‖ , u, β, θ) = ψ 

(0) 
c ,

 ≤ ψ 

(0) 
c ≤ 1 , v ers us one of the following thre e altern ativ e

ypothe se s H 1 : ψ c (‖ h ‖ , u, β, θ) � = (> or < ) ψ 

(0) 
c . 

7 N U M E R I C  A L  E X P E R I M  E N TS  

e carried out 2 numer ical exper iments to gain more insights
n to the prope rties of the PA for finite s amp le sizes. The first w as a
 en sitivity analysis that examined how v ari ation s in key parame-
 ers affect ed the est imat ion of the PA for Gaus si a n ra ndom fields
ith a spec i fic cov ari ance function . The s e c ond was a Monte
a rlo sim ulation s tudy, bas ed on 500 run s, th at c onsidere d spa-

iotemporal proces s es with a linea r tre nd a nd eithe r sepa rable
r non s eparab le cov ari anc e structures . In all cases, the estimates
 ere obtaine d using a pairwis e ML me thod imp le me n ted in the
 pro gramming l anguage version 4.0.5 ( R Core Team, 2022 ) .

he code is av ail ab le at Acosta ( 2024 ) . T  
7.1 B ivari ate gaussi an random field 

et Z ( s ) = ( X ( s ) , Y ( s )) � be a biv ari a te sta tionary Gaus si an
andom field with a Matérn cov ari ance function as in ( 8 ) and
 9 ) , where σ 2 

X = 1 , νX = νY = νXY = 0.5, a X = a Y = 1, a XY ∈
0.1, 0.15, 0.2, 0.25, 0.3}, μX = 1, μY ∈ {0, 0.25, 0.5, 0.75, 1},
XY ∈ {0, 0.25, 0.5, 0.75, 1}, and σ 2 

Y ∈ { 0 . 8 , 0 . 9 , 1 , 1 . 1 , 1 . 2 } .
ss uming th at c = 1 and a fixed cov ari ance parame ter, we ex-

mined the behavior of the PA, ψ c (‖ h ‖ ) ( Figure 2 ) . In all cases,
e o bs erved that ψ c (‖ h ‖ ) is a decreasing function of ‖ h ‖ and

or large ‖ h ‖ , reaches a fixed value corresponding to the uncorre-
 ated cas e. As expected, for a fixed ‖ h ‖ , PA increases with the cor-
 ela tion in the data ( ρXY ) . Finally, as either μD 

or σ D 

increases,
A de creases . 
Based on 1000 runs of a bivariate Gaussian random field with

 eparab le and non s eparab le Matérn cov ari ance function s, the
ize and the power of the test H 0 : ψ c ( h , θ ) ≥ 0 . 95 v ers us
 1 : ψ c ( h , θ ) < 0 . 95 were evaluated for several different sce-
 arios, c onsidering a w ell/misspe c i fication of cov ari ance func-

ion s. Tab les S1 and S2 show the est imat ions, and Figures S1
nd S2 show the rejection rates, in all cases the misspec i fication
as a hi ghe r r ejection ra te. Mor e details of the expe rime n t ca n be

ound in Appendix C.1. 

7.2 G auss ian spat iote mpo ral p rocess 
he Monte Carlo simulation study c onsidere d a spatiotempo-

al process as described in Section 5 . For the purposes of this
tudy, w e ass ume d th at μ( s , t ) = a 0 + a 1 t and for the corre la -
ion structure, we considered both s eparab le and non s eparab le
ases: 

Expone n ti al (s eparab le): ρ( h , u ) 

= exp 

(
−‖ h ‖ 

φs 

)
exp 

(
−| u | 

φt 

)
, 

Iac oc es are (non-s eparab le): ρ( h , u ) 

= 

{
1 + 

(‖ h ‖ 

φs 

)αs 

+ 

( | u | 
φt 

)αt 
}−β

. 

he re αs , αt , a nd β a re positive pa ra mete rs for Iac oc e-
are model ( D e Iac o et al„ 2002 ) . Because ρ( h , u ) is a
trictly decreasing function in h and u , Iac oc es are’s non s ep-
rab le cov ari ance function imp lies tha t σ 2 

D 

( h , u ) is incr eas-
ng in ‖ h ‖ for any fixed u , and increasing in u for any fixed
 . In the absence of a nugget, the cova ria nce function is
( h , u ) = σ 2 ρ( h , u ) . 
The e stimate s of the spati al s cale ( exte n t ) pa ra mete r φs in the

ov ari ance term s had very large ran ges, extendin g from < 0 to
r ea te r tha n the maxim um size of the grid. Th us, we only es ti -
 ate d PA for values of φs such that 0 < φs < the maximum size

f the grid ( in this cas e, 50 ) . More de tails of the Monte Carlo
imul ation s are given Appendix C.2. 

The pa ra mete r es timates for the spatiotemporal process with
 s eparab le cov ari ance structure and 2 different values for the
re nd pa ra mete r a 1 ( −0.1 a nd 0.1 ) a re give n in Table 1 ; the es-
im ators w ere practically unbi as e d and c onsistent. The c orre-
ponding e stimate s of PA for diffe re n t values of h , u a nd c , a nd
xed pa ra mete rs give n in Table 1 are shown in Figures S4- S7.
he corr esponding r esults fr om the simula tions of a spatiotem-
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FIGURE 2 The effect of variation in ρXY ( top left ) , μD 

( top ri gh t ) , φXY ( bottom left ) , and σ Y ( bottom ri gh t ) , on the behavior of PA as a 
function of lag ‖ h ‖ in a bivariate Gaussia n ra ndom field with a Matérn cova ria nce s tructure. Note diffe re nces in range limits of the y -axis among 
the 4 panels. 
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poral process with a non s eparab le cov ari ance structure and iden-
tical values for the trend parameter a 1 ( −0.1 and 0.1 ) are given,
respe ctiv ely, in Table 1 and Figures S8-S12, and in Table 1 and
Figure 3 . As with the s eparab le cas e, the estim ators w ere prac-
tically unbi as e d and c onsis te n t. The model with the Iac oc esare
cov ari anc e h ad a sli gh tly bette r pe rforma nce tha n the model with
the expone n tial -sepa rable cova ria nce a nd a hi ghe r pe rce n t of
v alid cas es us e d for estim ating the pa ra mete rs. In Tables S6-S12
we show that the PA is decreasing as a function of || h || for the
sp atiotemporal Ga us si an proces s es. 

As a con s equence of the n ume rical expe rime n ts ca rried out
in Sections 7.1 and 7.2 and Appendices C.1 and C.2, the value
of c is strictly r ela t ed t o the scale of the data, thus we su gge st
that c should be proportional to the scale. That is, c = 

˜ c ∗ σ ,
where σ is the scale of the random field, and 

˜ c ∈ [ l, 2 . 0] , with
l = 1.6 ( non s eparab le cas e ) or l = 1.7 ( s eparab le cas e ) . In prac-
tice, this simple rule mi gh t be e m ulated for othe r cova ria nce

structures. 
8 P R O B A B I L I T Y  O F  A G R E E M E N T O F  T H E  

F  O R E ST  I M A  G E S  

8.1 Va lues u s ed fo r the co mpa ris o ns 
We calculated the green chrom atic c oordin ate ( G cc ) of each pixel 
in the ROI of the images ( Figure 1 C ) . G cc is an index of “green- 
ne ss ” tha t captur es the p heno lo gical stage of tree leaves, is as s o-
ciated with carbon flux from e c osys te ms, a nd is es tim ate d from 

r epea te d im age s of fore s t ca nopies ( Richa rds on e t al., 2018 ) . For
a pixel in an RGB im age, G cc is calculate d as G cc = G DN 

/ ( G DN 

+ R DN 

+ B DN 

) , where ( ·) DN 

is the digital number of the green 

( G ) , red ( R ) , a nd blue ( B ) cha nne ls, re spe ctiv ely, assigne d to
each pixel in a digital im age. The P he noCa m network calculates 
G cc for each pixel and reports the mea n, a nd the 50th, 75th, and 

90th pe rce n tiles of the G cc for the ROI of each image, and their 1- 
day and 3-day running mea ns a nd pe rce n tiles ( Richa rds on e t al., 
2018 ) . Our e stimate s of the mean G cc calculated b y the Phe no- 
Cam network for the corresponding ROI fell within the range 
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TABLE 1 Mean and SD of the e stimate s for the spatiotemporal process with a n expone n tial sepa rable a nd a non s eparab le Iac oc esare c ov ari ance 
structure. 

Cova ria nce Pe rce n t 
model ( N S , N T ) a 0 a 1 φs φt σ2 αs αt β valid 

Expone n tial True 0.500 −0.100 6.676 1.000 0.100 
( 20,10 ) Average 0.510 −0.101 7.714 0.789 0.090 77.6 

SD 0.145 0.023 3.342 0.231 0.014 
( 50,10 ) Average 0.504 −0.101 7.944 0.952 0.097 74.0 

SD 0.070 0.011 3.816 0.126 0.008 
True 0.500 0.100 6.676 1.000 0.100 

( 20,10 ) Average 0.511 0.098 7.437 0.830 0.090 82.4 
SD 0.145 0.024 2.974 0.226 0.014 

( 50,10 ) Average 0.506 0.099 7.548 0.940 0.096 84.4 
SD 0.063 0.010 3.706 0.113 0.007 

Iac oc esare True 0.500 −0.100 6.676 1.000 0.100 1.000 1.000 2.000 
( 20,10 ) Average 0.513 −0.102 7.250 0.987 0.091 1.891 2.180 2.534 62.0 

SD 0.132 0.019 2.475 0.887 0.009 2.246 2.106 1.730 
( 50,10 ) Average 0.506 −0.101 7.092 1.104 0.096 1.698 1.358 2.268 85.6 

SD 0.086 0.011 2.407 0.750 0.005 1.738 0.895 1.209 
True 0.500 0.100 6.676 1.000 0.100 1.000 1.000 2.000 

( 20,10 ) Average 0.493 0.099 6.896 0.979 0.090 1.485 2.413 2.881 67.2 
SD 0.132 0.020 2.272 0.641 0.009 2.009 2.173 2.299 

( 50,10 ) Average 0.504 0.101 6.778 1.051 0.096 1.452 1.497 2.217 82.8 
SD 0.082 0.012 2.072 0.579 0.005 1.765 1.128 1.055 

The cases of positive and negative slope are included. “Pe rce n t valid” is the pe rce n tage of simul ation s for which estimates of φs were greater than 0 and less than the maximum size of 
the grid. 
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f G cc values for each pixel of our clipped a nd ras te rize d im ages
 Figure 4 ) . 

8.2 Est imat ing th e PA of th e for est im ages 
he e mpirical va riogra m of the original data showed strong tem-
oral depe nde nc e, so w e use d linear re gre ssion inde pe nde n t of
pati al cov ari anc e to remov e the effect of a deterministic trend
 slope = 0.00235, in te rcept = 0.3854; P -value < 0.0001 for
oth ) . This change in G cc corresponds to a delay in leaf senes-
 enc e on the order of 0.5-0.7 days/yr, m argin ally larger th an the
e lay e stim ate d through 2010 by Gi l l et al . ( 2015 ) when climat ic
 arming w as s omewh at slow er th an it is now. Figure S13 shows

he m argin al empir ical var io gram s after this trend had been re-
ov e d ( ie, the empirical v ario gram of the residuals of the simple

inear r egr ession ) . 
To model G cc , we assume that G cc is a realization of a spatiotem-

oral pr ocess, wher e the spa tial coor dina tes, s = (s 1 , s 2 ) � are
he pixel positions, and t is the te mporal ins ta n t whe n the photo
 as taken . We als o as s ume th at the me an is line a r a nd the co-
 ari ance function is isotropic a nd s tationa ry. That is, G cc :=
 cc ( s , t ) = β0 + β1 t + Z ( s , t ) , where Z ( s , t ) is a s tationa ry
aus si a n spatiote mporal process with mean 0 a nd cova ria nce

unction C(‖ h ‖ , u ) of the spatial lag ‖ h ‖ and the temporal
ag u . In this case, F ( s , t ) = (1 , t ) � and β = (β0 , β1 ) � , so

( s , t ) = β0 + β1 t . We c onsidere d diffe re n t cova ria nce mod -
 ls ( se pa rable a nd nonsepa rable ) , each with fixed nugget effect
qual to 0. 
The values that maximize the o bj ect ive funct ion ( log com-

osite l ikel ihood ) for the expone n tial a nd Iac oc e sare mode ls,
espe ctiv ely, w ere 19668351.95 and 19682852.64, and the val-
es of the as s oci ated ps eudo- Akaik e information cr iter ion were,
espe ctiv ely, −39336693.90 and −39365689.29. These results
u gge sted a better fit to the data when using the Iac oc esare non-
 eparab le cov ari ance model. The parameter e stimate s ( and the
alues we used to initialize the est imat ion rout ine ) for the tem-
oral trend and the cov ari ance model are given in Table 2 . 
The practical spatial range, defined as the dis ta nce at which

5% of the si l l ( ie, σ 2 in this case ) is reached, wi l l depend on the
e mporal sepa ration. For the Iac oc esare c ova ria nce model, this
is ta nce ca n be obtained b y using the es timates of the pa ra me-

ers in this equation: 

Pr actical r ange = φs 

{
20 

1 /β − 1 −
( | u | 

φt 

)αt 
}1 /αs 

, 

20 

1 /β − 1 −
( | u | 

φt 

)αt 

> 0 . 

Using the e stimate s given in Table 2 and s e tting u = 0 ( no time
ag ) , the estim ate d pr actical r ange i s 22.1 pixel s. In addition, for
 = 8 the practical range was appr oxima tely 0. 
F inally, F igure 5 illustrates estimates of the PA of the G cc be-

w e en im ages as a funct ion of spat i al l ag ‖ h ‖ for 4 diffe re n t time
ags ( u ) a nd four diffe re n t maxim um ac c e pt able diffe re nces c .

egardless of the values of u and c , PA decreases with increas-
ng ‖ h ‖ , but the rate of de crease de clines rapidly with increas-
ng u . We note that if u = 0, we are working with a single im-
ge ( not comparing two images at diffe re n t times ) ; in such a case
A computes the probability that the leaves have the same color
 t differ ent spa tial loca tions in tha t im age. In c on tras t, whe n u
 0, we are comparing images through time, and inde e d, the

A ( ie, color of a leaf either at the same location or at differ-
 n t location s ) ge t wors e as u increas es. The PA is more s en si-
ive to u than ‖ h ‖ because the mean of the process has a lin-
a r te mporal tre nd. Thi s i s consi s te n t with the hypothe sis te st
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FIGURE 3 Estimates of the PA as a function of ‖ h ‖ , u and c for a spatiotemporal Gaus si an proces s with a positive linea r tre nd a nd a 
non s eparab le Iac oc esare c ova ria nce s tructure with fixed pa ra mete rs give n in Table 1 , a nd for N s = 50. Note diffe re nces in ra nge limits of the 
y -axis among the 9 panels. 
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described in Appendix C.3. In all cases the P -value is 0 ( see
Fi gure S15 ) , he nc e the hypothesis th at ψ c (‖ h ‖ , u ) is e qual to
0.95 is reje cte d, exc ept for u = 0, where, for example, for c =
0.04 the null hypothesi s i s not reje cte d until ‖ h ‖ ≈ 4 . The ob-
serv e d res ults imply th at the timing of lea f sene sc enc e is ch ang -
ing ( as indicated by lack of agree me n t in G cc at a given location
through time ) . In this cas e, becaus e G cc is increasing through
time ( F igure 4 ) , lea ves a re s taying gree ne r late r a nd se nesce nce
is de layed re lative to previous years. We note that for u > 1,
PA is practically cons ta n t as a function of ‖ h ‖ , which we in te r-
pret to mean that the PA of the spatiotemporal proces s es s epa-
rated by 2 or more years is not affe cte d b y te mporal or spatial
ch anges . 

9 D I S  C U S S  I O N A N D  F U T U R E  W O R K 

The PA has been gener aliz ed for the analysis of concordance
betw e en 2 geor efer enc e d v ari ab les. This exten sion pos s es s es
monotonic propertie s—the PA decline s as a function of the
norm of the spatial lag—a nd th us qua n t ifies the effect ive
( or pract ical ) spat ial range. Our spat ial PA i s meaning ful for 
isotr opic pr oce sse s. The hypothe sis te sting deve loped in Sec - 
tion 6 allows the estimation of the PA as a function of the spa- 
tial ra nge, a nd pr ovides a way to rule out spa tial agr ee me n t whe n
the null hypothesis is reje cte d for all ‖ h ‖ . Our theoretical ex- 
tension of the PA also works for spatiotemporal proces s es with 

a trend, allowing for the analysis of nonsta tionary pr oces s es in 

the mean. 
The monotonic properties of the PA for finite s amp le size were 

s upporte d b y Mon te Ca rlo sim ulation expe rime n ts, which also 

show e d th at the pa ra mete r es timates using the composite like- 
lihood h av e a sm all bi as and low v ari ance. The v alue of c p l ays
a crucial role in the est imat ion and the PA is s en sitive to the 
choice of it. In practice, the value of c needs to be scaled by the 
squar e r oot of the si l l in order to ac c ount for the scale of the
data. 

The application prese n ted in Section 8 i l lustra ted tha t the PA 

can describe the change of a spatiotemporal v ari ab le in time 
while ac c ounting for spatial and temporal dependence. In this 
pa rticula r case, the PA also provide d inform ation about the de- 
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FIGURE 4 Green chromatic indices ( G cc ) of each of the ras te rs in the 15 down s cale d im ages ( gray symbols ) a nd the mea n G cc es tim ate d for 
the e n tir e r egion of in te res t ( R OI; mask ed area in Figure 1 D ) by the PhenoCam network. Shown are the slopes and intercepts of the temporal 
trend in the G cc by the PhenoCam network ( Richardson et al., 2018 ) ( red line ) , and using our spatiotemporal PA with s eparab le ( green ) , and 

non s eparab le ( b lue ) spati al cov ari anc es . 

TA BLE 2 Init i al v alues a nd pa ra mete r es timates for the linear temporal trend and the Iac oc esare c ov ari ance structure. 

̂ a 0 ̂ a 1 ̂ αs ̂ αt ̂ β ̂ φs ̂ φt ̂ σ2 

Initial 0.50000 0.01000 1.00000 1.00000 2.00000 6.67616 1.00000 0.00100 
Estimate 0.38453 0.00258 1.06297 0.95371 1.94867 6.53170 2.08316 0.00044 
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e nde nce of the trend on the spatial information of the past re-
lizations of the proc ess; s uch inform ation m ay be of value in
odeling the trend and developing such models should be a

ocus of future work. Although pa ra mete r es tim ates w ere not
e ry se nsitive to the choice of the cov ari ance function, iden-
 ificat ion of the best cov ari ance model ( eg, s eparab le or non-

s eparab le, and types of each ) can sti l l be improv e d. If the trend
annot be modeled easily with a well-known function, prior
xploration wi l l be ne e de d to ch a racte rize a pa ra metric func-
ion that accurately ide n tifies o bs erv e d pa t tern s. Nonparame t-
ic tre nd es t imat ion ( eg, Stra ndbe rg et al., 2019 ) could also
e used. 
The c omputation al efficiency of the composite l ikel ihood
e thod us e d in Se ction s 7 and 8 des erves a t te n tion. The com-

utational imple me n tation s us ed in this article w orke d w ell for
mages of the order of size 50 × 50; w e h ad to ras te rize a nd
own s cale the origin al im ages use d in Se ction 8 b y 2 orde rs of
agnitude before we could estimate the releva n t pa ra mete rs.
v erc oming memory limitations to enable parameter e stima -

ion from much larger images ( more than 10 

6 pixels ) wi l l r equir e
nnov ative parallelizab le algorithm s. 
We also note that the Monte Carlo simul ation s and the ap-
lica tion wer e dev elope d and i l lustrated using spatial proces s es
 im ages ) define d on regular grids. Howeve r, the re is no a ppa re n t
 eason tha t the pr opos ed me thod s could not al s o be app lied to
rre gularly spac e d spati al d ata. 

The normality assumption of the biv ari a te pr ocess is a chal-
en gin g aspect because the available data consists of a single
 ealiza tion of a biv ari ate Gaus si an proces s, as is typically as-
 ume d in spatial s tatis tics . Base d on this information, only the
 argin al norm al dis tributions ca n be exa mined using s ta nda rd

 tatis tical tools . How ev e r, this a nalysis does not provide use-
ul information for as s es sing the biv ari ate normality of the v e c-
or ( X ( s ) , Y ( s )) � . The re a re exte n sion s in the litera tur e of
he Ko lmo g orov -Smirnov test for the m argin al distributions
hen the data ar e spa tially corr ela te d ( se e for ins ta nce, Pa rdo-

gúzquiza and Sowd, 2004 ) . If the v ari ance of ̂ ψ c is large, the
orm al approxim ation w ould not be s uitab le for v alues near the
ounda ries. An alte rnative nonpa ra metric es tim ator c ould be

mple me n ted for ψ c . 
For practical app lication s of the PA, w e re c ommend c ompre-

en sive exp loratory d ata analysis t o det ermine the feasibility of
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FIGURE 5 PA as a function of ‖ h ‖ for four time lags u with diffe re n t maxim um ac c e pt able diffe re nces c . 
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using linea r tre nds in time a nd to measure the se nsitivity of the
cov ari ance structure under different parametric models. 

Fin ally, a n a tural but unexplor ed extension of the prese n t work
is the definition of the PA for spatiotemporal m arke d point pro-
ces s es . Be caus e the randomnes s in point proces s es is in the lo-
cation ( as well as in the ma rks ) , a nd r epea ted o bs erv ation s of a
give n poin t process wi l l yie ld a ne w s e t of location s, it is of the-
oretical in te res t to es timate the PA of point patterns that ev olv e
through time. Such est imat ion would have immediate a pplicabil -
ity to e c o lo gical spati al d atas e ts, which ar e pr e domin a n tly sa m-
ples of point proces s es, not ras te rs ( e g, P la n t, 2019 ) . 
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A P P E N D I X 

roof of Th eo rem 1 

W ithout los s of ge ne rality, w e ass ume th at the Gaus si an pro-
 ess h as mea n 0 a nd h = ‖ h ‖ in ( 5 ) . First notic e th at 
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ow, let h 1 > 0 and h 2 > 0 be such that h 1 ≤ h 2 . By hypothesis,
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Ther efor e, ψ c ( h 2 ) ≤ ψ c ( h 1 ) for all h 1 ≤ h 2 . �
Proof of Lemma 1 Let ̂  σD 

( h ; θ) = g ( ̂  θ) . Applyin g a Taylor
expa nsion of orde r 1 for g( ̂  θ) around θ, w e h av e th at ̂  σD 

( h ; θ) ≈
g( θ) + ∇g( θ) � ( ̂  θ − θ) . Then, E ( ̂  σD 
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Proof of Th eo re m 4 D enote σD 
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Applying expe cte d value and va ria nce in both sides of ( A1 ) , the 
res ult follows . �
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