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ABSTRACT. In this work, we present results on stability and hyperbolicity of
equilibria for a scalar nonlocal one-dimensional quasilinear parabolic problem.
We show that this nonlocal version of the well-known Chafee-Infante equa-
tion bares some resemblance with the local version. However, its nonlocal
characteristic requires a fine analysis of the spectrum of the associated linear
operators, a lot more elaborated than the local case. The saddle point property
of equilibria is shown to hold for this quasilinear model.

1. INTRODUCTION
In this work, we consider the asymptotic behavior of solutions of the initial
boundary value problem
ut = a(||uz]|*)ues + Af(u), z € (0,7), t >0,
(1.1) u(0,t) = u(mw,0) =0, t >0,
u(+,0) = uo(-) € Hg(0,7),

where A > 0 is a parameter, a : RT™ — [m, M], for M > m > 0, is a globally
Lipschitz continuous and non-decreasing function and f € C?(R) is odd and satisfies

f(0) =1,
(1.2) lim sup @ <0 and f"(u)u <0, u#0.

|u|—+o00

Before we proceed, let us make a simple remark about the well-posedness of the
problem (1.1). Consider the auxiliary initial boundary value problem

Af(w)
Wy = Way + —7——5, x € (0,7), 7 >0,
a(flwz|1?)

w(0,7) =w(m,7) =0, 7>0,
w(-,0) = ug(-) € Hy(0, 7).

Note that the problem (1.3) is locally well-posed and the solutions are jointly
continuous with respect to time and initial conditions. Namely, the results of [2,

(1.3)
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Section 6.7] can be applied with the same proofs, even though the nonlinearity in
(1.3) is nonlocal in space.

Now, making the change of variables t = [ a([|w.(-,0)||*)"'df we have that
u(z,t) = w(z, ) is the unique solution of (1.1). This ensures that (1.1) is globally
well-posed (the same reasoning has been used in [3] to ensure well-posedness). If
u(-,up) : RT — HE(0,7) denotes the solution of (1.1), we define the continuous map
T(t): H3(0,7) — HE(0,7) by T(t)ug = u(t,ug), t > 0. The family {T'(¢) : t > 0}
is a semigroup and it has a global attractor A, that is, a compact invariant subset
of H}(0,7) which attracts bounded subsets of H}(0,7) under the action of {T'(t) :
t > 0}. The proof of that can also be achieved by employing the usual techniques
of semilinear parabolic problems to (1.3) and observing that the attractor of (1.3)
is also the attractor for (1.1).

A global solution of {T'(t) : t > 0} is a continuous function & : R — Hg(0,7)
such that £(t + s) = T(¢)€(s) for all ¢ > 0 and for all s € R. It is well-known that
(see, for example, [12, 2, 1])

A={£(0):¢:R— Hy(0,7) is a global bounded solution of {T'(t) : t > 0}}.

Furthermore, this semigroup is gradient and the continuous functional
V : H}(0,7) — R given by

fl[1 T pu(z)
(1.4) Vu) = %/0 a(s)ds — )\/0 /0 f(s)ds dx

is its Lyapunov functional. We also denote ||u'[| by [lul| gz (0,x)-

As a consequence, we have that {T'(¢) : ¢ > 0} is a gradient semigroup (see, for
example, [12, 2, 1]) and if £ denotes the set of equilibria of (1.1), that is, the set of
solutions of

(0) = p(m) =0,
then £ C A and A= W*(E), where

{a(llso’|2)so” +Af(p) =0, 2 €(0,m)

W(E) = {u € Hy(0,) : there exists a global solution ¢ : R — H(0,7)
satisfying £(0) = w and inf [|£() — &l g1 (0,x) b2oge O}.
pel o

We also know that

t—o0

T(t)’u,o — €.
When the set € has finite number N of elements, that is £ = {¢1,--- , dn }, more
can be said of the asymptotics of (1.1). Namely,

N
(1.5) A= w(gn),

n=1
for any global bounded solution ¢ : R — HJ(0,7) there are n~ and n™, 1 <
n~,nt < N, such that

¢n* t?:m g(t) tioo ¢n+'
and, for any ug € Hg (0, ), there exists n, 1 < n < N, such that T(¢)ug oo O

It has been proved in [3] that, assuming that a is non-decreasing, the number of
equilibria for (1.1) is finite. In fact, the analysis done in [3] is for f(u) = \u — bu?,
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b > 0, but it holds, without any change in the proofs, for the class of functions
considered here.

Several aspects of the well-known theory for the corresponding semilinear prob-
lem (e.g. a = 1) is yet to be unraveled in the quasilinear nonlocal case associated to
a non-constant function a. For semilinear problems, with the aid of the variation of
constants formula, one can prove important results like the saddle point property
of hyperbolic equilibria, that is, the local stable and unstable manifolds are graphs
tangent to the linear stable and unstable manifolds associated to the linearization
around the equilibrium. The simple notion, hyperbolicity of equilibria of semilin-
ear problems, becomes quite challenging in the quasilinear context. The Kirchhoff
type diffusivity is yet a nonlocal term which tends to complicate the analysis of
the model. In this paper we aim to consider the questions of stability and hyper-
bolicity of equilibria and start consolidating the notion of hyperbolicity for general
systems for which a linearization process may not be available to interpret the local
dynamics (at least not directly).

Our analysis of the model (1.1) is inspired by the local case (a = 1) for which
a lot is known. Also, some analysis of these problems have been started from the
point of asymptotics [8] exploiting the gradient structure of the model and from
the point of view of finding solutions for the associated elliptic problem [7].

Models of this type arise, for example, in microwave heating of a thin ceramic
cylinder (see [14]), see also [8] for additional references on applications of the model.
In the words of [8], equilibria may appear in a much more complicated fashion
than in the semilinear case, making the study of the asymptotic behavior of these
problems interesting and challenging.

Before we proceed, let us explain the meaning of hyperbolicity in the general
context of a semigroup for which we may not be able to do a linearization process.

Let ¢ be an equilibrium for (1.1), that is, a solution of (1.5). The notion of
hyperbolicity of an equilibrium ¢ carries the idea that solutions starting near ¢
must converge to ¢ as t — 400, or converge to ¢ as t — —oo or may not stay near
the equilibrium for an infinite interval of time.

Definition 1.1 (Topological Hyperbolicity). We say that ¢ is topologically hyper-
bolic if {¢} is an isolated invariant set. In other words, there exists a 6 > 0 for
which any global solution ¢ : R — H3(0,7), with sup,g [|£(t) — Ol i) < 0,
satisfies £(t) = ¢, for all t € R.

As a consequence of that (see, [1]), any solution n* : J* — H}(0,7), with
Jt = [tg,00) or J~ = (—00,tg], such that ||n*(t) — Ol 1 0,xy < 6 forall t € J*E,
satisfies n (t) o @.

Definition 1.2 (Local Stable W} _(¢) and Unstable Sets W}“_.(¢)). Given a d—neigh-
borhood Os(¢) = {u € Hg(0,m) : [ju — Ol 0,x) < 6} of ¢, the associated local
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stable and unstable sets of ¢, respectively, are given by
W3 (¢) ={u € HY(0,7) : T(t)u € O; for all t >0, and T(t)u =5 ¢},
VVlZf(gb) ={u € H§(0,7) : there exists a global solution ¢ of {T'(t): t > 0}
with £(0) = u, &(t) € Oy for all < 0 and £(t) "2=5° ¢}.

When ¢ is topologically hyperbolic and VVZZ’C‘S(qﬁ) = {¢} we say that ¢ is asymp-
totically stable otherwise it is said unstable.

Definition 1.3 (Strict Hyperbolicity). We say that ¢ is hyperbolic if there are
closed subspaces X, and X, of Hg(0,7) with H}(0,7) = X,, & X, such that

e {¢} topologically hyperbolic.

e The local stable and unstable sets are given as graphs of Lipschitz functions
0, : Xu — X5 and 6, : Xy — X, with Lipschitz constants Lg, L,, in (0, 1)
and such that 0,(0) = 05(0) = 0 and, there exists dp > 0 such that, given
0 < 0 < dp, there are 0 < ¢’ < §’ < § such that

{6+ (@ Ou(20)) 120 € X, [|2all 113 0.0y <8} C W (0)

C{d+ (2w, Ou(T0)) 1 70 € X, ”Iu”H(%(O,w) <4}
(D (Os(s), 25) 25 € X, |ll 12 0.0y < 0"} W ()

C{d+(Os(xs), 75) 105 € X, |5 || 13 (0,m) <O}

Since {T'(t) : t > 0} is gradient, for topological hyperbolicity is enough to en-
sure that ¢ is an isolated equilibrium (see [, Lemma 2.18]). Strict hyperbolicity
for semilinear problems is usually a consequence of dichotomy for the semigroup
obtained by linearization around the equilibrium (the spectrum of the solution op-
erator of the linearized equation is disjoint from the unit circle (see [1, Section 4.1])
and the saddle point property (see [Theorem 4.4][1]).

Remark 1.4. Obtaining strict hyperbolicity for nonlocal quasilinear problems is a
difficult task. The above definition is the only sensible one when the saddle point
property is not available. There are some interesting results in the literature for
situations where the linearization can be done directly on the right hand side of the
equation (see the very nice monographs [16, Section 9.1.2] or [18, Section 6.8]). In
those cases, under suitable assumptions, the saddle point property can be proved. In
both references [16, 18], if we establish H}(0,7) as a natural phase space for (1.1)
and consider the operator H}(0,7) : D(A(u)) 3 u — A(w)u = —a(||uz||*)tzs €
(H}(0,7)), where

Hy(0,m) 3 2 = (2, A(w)u) g (0,m),(H1 (0,m)) = /0 a(|lug|*)uz2e € R

the conditions for local existence and regularity of solutions of Section 5.1.1 in [18]
(in our case Y = H(0,7) = D(A(u))) or in Section 8.1 in [16] are not satisfied.

Apart from the difficulties that arise from the quasilinear structure of the model,
its nonlocal characteristic makes the proof of hyperbolicity quite challenging. Given
the importance of hyperbolicity, we hope that our results can give rise to further
studies of it for nonlocal models.
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In this paper, we consider the quasilinear, nonlocal, scalar, one dimensional
parabolic problem (1.1) and show that we can still obtain strict hyperbolicity of
equilibria. This is a particularly interesting problem for which one may change
from finitely many equilibria to a finite number of clusters (containing possibly a
continuous of equilibria) by changing only the assumptions on the function a.

Before we proceed, let us briefly recall a little of what is known for the case

a = 1. That corresponds to the well-known Chafee-Infante equation, given by

Up = Uge + Af(u), € (0,7), t >0,
(1.6) w(0,¢) = u(m, t) =0, t >0,

u(+,0) = uo(-) € Hy(0,7).
In [6] and [5], the authors constructed a bifurcation sequence of the zero equilibrium
for (1.6). There, the authors also present results on stability of the equilibria for
(1.6), in the sense of [13]. The hyperbolicity of the nontrivial equilibria can also be
proved for all values of the parameter using the results in [17].

Suppose that ¢ is an equilibrium of (1.6). Since (1.6) is a semilinear problem,
studying the stability and hyperbolicity of ¢ is the same as localize the spectrum
o(L) of the operator

Lu=u" + Af'(¢)u,
which is called the linearization around ¢. In [13], we see that ¢ is stable if all
the eigenvalues of the linearization are non-positive and ¢ is hyperbolic if none
eigenvalue is in the imaginary axis. We can summarize the results on (1.6) in the
following

Theorem 1.5. Consider N =1,2,---. If N> < X < (N +1)2, then
Ezistence: There are 2N + 1 equilibria of the equation (1.6)
{0yu{er:j=1,...,N},
where ga;r and @, have j +1 zeros in [0,7] and p; = —<p;r.
Stability: When X\ < 1, 0 is the only equilibrium of (1.6) and it is stable.
When A > 1, the positive equilibrium cp;r and the negative equilibrium i
are stable and any other equilibrium is unstable.

Hyperbolicity: For all A > 0, the equilibria are hyperbolic with the exception
of 0 in the cases A = N2, for N =1,2,---.

With respect to problem (1.1), the authors in [3] proved, using variational tech-
niques and symmetry properties of solutions, the following bifurcation result

Theorem 1.6. If a(0)N? < X\ < a(0)(N + 1), then there are 2N + 1 equilibria of
the equation (1.1); {0} U {(b]i cj=1,.. .,N}, where (b;r and ¢; have j + 1 zeros
in [0,7] and ¢; (z) = —(b;r(:zr) for all x € [0, 7] and (b;r(:zr) >0 for all x € (0, %).

In this paper, our main result is the following

Theorem 1.7. The sequence of bifurcation given in Theorem 1.6 satisfies:
Stability: If X < a(0), 0 is the only equilibrium of (1.6) and it is stable. If
A > a(0), the positive equilibrium ¢ and the negative equilibrium ¢; are
stable and any other equilibrium is unstable.
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Hyperbolicity: For all A > 0, the equilibria are hyperbolic with the exception
of 0 in the cases A = a(0)N?, for N =1,2,---.

Observe that, Theorem 1.6 assures that we have the existence of a sequence of
bifurcation of equilibria for (1.1). Here, our aim is to obtain information about the
asymptotic behavior and try to formulate a result for the equilibria of (1.1) such
as Theorem 1.5.

Since (1.1) is a quasilinear nonlocal problem, linearization procedures leading to
interesting information about the original systems are, in general, not available (for
the local case, see [15]). Hence the techniques used in Theorem 1.5 will not apply.

Notice that (1.1) is a quasilinear problem, so we cannot immediately apply the
techniques used in (1.6). To circumvent this inconvenience we will work with (1.3)
instead and then re-interpret the result for (1.1). We remark that the time change
of variables involved will be different for each solution and one must be careful
when transferring results between the two formulations.

Clearly, if ¢ is an equilibrium of (1.1), then ¢ is also an equilibrium of (1.3).

Therefore, for the equation (1.3), we can talk about linearization around some
equilibrium and make a spectral analysis of the resulting linear operator. If ¢ is
an equilibrium of (1.3), then this linearization procedure results in the operator
L:D(L) C H}(0,7) — H(0,7), with D(L) = H?(0, 7r) N H}(0,7) and

!
o f'(¢) 20 (16/))%) ¢
(1.7) Lv=v +/\a(||¢’|\2)v_ UEEIBE f

Observe that the linearization around ¢ is a self—adJomt operator with compact
resolvent having a nonlocal term. Because of that, its spectrum consists only of
eigenvalues, which are not necessarily simple.

We start Section 2 showing that there exists a linear operator L whose spectrum
carries the information about the stability, instability and hyperbolicity of equilibria
for (1.3). Then we present some existing results for nonlocal linear operators and
also some facts about eigenvalues and eigenvectors of (1.7). In section 3, we develop
the results on stability of equilibria of (1.1). In Section 4, we finally conclude the
proof of Theorem 1.7 by showing the hyperbolicity of the equilibria of (1.1). In
Section 5, we discuss the results in this paper.

2. THE LINEARIZED OPERATOR AND SOME SPECTRAL PROPERTIES OF
ASSOCIATED NONLOCAL OPERATORS

Again, the linearization of (1.3) around ¢ is given by

!
(2.1) L¢v =" + f(/ v—i—sf / f(o
a(ll¢'11?)
in the particular case € = —% < 0.

In fact, we have

Futh)  f) _ fueh) = ) () - a( + B
a( + W) a(l B~ a(lw + 72) +< o+ W )a(]?) >f (w)
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Now, for u,h € H}(0,m), and o; : [0, 7] — (0,1), i = 1,2,
flusth) = fu) = f'(utorh)h
and
a(||u'[*) = a([lu’ + 1'|]*) = =a'((1 = o2) [0/ [|*+ 02| + }'[|*) (J|u’+H/|]* ~[]/]]?) -
Define D € L(H{(0,), L?(0,)) by
"(w)h  2a’(|||)? T
i AR R
It follows, from the above, that

1 fluth) — flw)
T | aQre =2~ a(r sy ~ "

h'||—0
’| 10 .

Therefore, the linearization of (1.3) around ¢ is given by the equation
vy = Lo
where D(L) = H?(0,7) N Hg(0,7) and
A (9) 2xd'(I¢'1%) ([T
Lv=1v"+ v+ / ¢"v | f(¢), ve D(L).
a(ll¢'|1?) a(lle'l?)* \Jo

Since ¢ is an equilibrium, we conclude that L = L¢.

We recall that, from the above, we may infer that the stability, instability and
hyperbolicity of the equilibrium solution ¢ of (1.3) from the analysis of the spectrum
of L?. In fact, if all the eigenvalues of L? are negative, ¢ is exponential stability, if
at least one eigenvalue of L is positive, ¢ will be unstable and, if 0 does not belong
to the spectrum of L?, ¢ is hyperbolic (see [13, Sections 5.1 and 5.2]).

Since the change of variables that allows us to relate solutions of (1.3) with
solutions of (1.1) does not interfere with the state variable, the local unstable and
stable sets for (1.3) and (1.1) will also have the same invariance properties. Also,
if a solution converges to an equilibrium of (1.3) its corresponding solution of (1.1)
will also converge to the same equilibrium (as ¢ tends to plus or minus infinity).
The rate of convergence is scaled by the change of variables (bounds on a). Hence,
the unstable and stable sets remain the same. In particular, stability and instability
properties are the same. For hyperbolicity, if zero is not an eigenvalue of L, the
linear stable and unstable manifolds associated to L are the spaces X and X,, of
Definition 1.3 (we will return to this in Sections 3 and 4).

Having established that, the knowledge of the spectrum will provide full infor-
mation about the stability, instability and hyperbolicity of equilibria we set out to
analyze it.

For € € R, define the operator L. : H*(0,7) N H}(0,7) € L*(0,7) — L?(0, )
(2.2) Lou(z) = u" + p(z)u + ec(z) / c(s)u(s)ds.
0

where p,c: [0,7] = R are continuous functions with ¢ # 0.
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When ¢ = 0, the operator Lou = u” + p(x)u is a Sturm-Liouville operator.
Hence, Lj is a self-adjoint with compact resolvent and its spectrum consists of a
decreasing sequence of simple eigenvalues, that is,

U(LO):{’Yj :j:17273"'}

with, v; > vj41 and v; — —o0 as j — +o0.

Note that, for all € € R, we can decompose L. as sum of two operators
L.u= Lou+eBu

where Bu = c(x) [ c(s)u(s)ds, for all u € H?*(0,7) N H(0,7), is a bounded
operator with rank one. It is easy to see that L. is also self-adjoint with compact
resolvent.

Then, we write {p;(e) : 7 = 1,2,3,---} to represent the eigenvalues of L.,
ordered in such a way that, for j = 1,2,3,---, the function R 3 ¢ — p,;(e) € R
satisfies p;(0) = ;.

Throughout this paper we will use, in an essential way, the Theorems 3.4 and
4.5 of [9]. We summarize these results in the following

Theorem 2.1. Let L. and {u;(e) : j = 1,2,3,---} be as defined before. The
following holds:
i) For all j =1,2,3,---, the function R 5 ¢ — p;(e) € R is non-decreasing.
ii) If for some j =1,2,3--- and e € R, p;(e) ¢ {yw : k=1,2,3,---}, then
wi(e) is a simple eigenvalue of L.

So far as we can tell, there are several works exploring properties of operators
such as L. (see, for example,[11, 4, 9, 10]).

Suppose that a(0)N? < X\ < a(0)(N + 1)?, for N = 1,2,---. In that case,
Theorem 1.6 ensures that the set of equilibria is given by

{¢7 :0<j < N} where ¢; = —¢] and ¢5 = 0.

According to Theorem 1.6, if ¢ is an equilibrium of (1.3) then ¢y = —¢ is also an
equilibrium. Since f is odd and f’ is an even function, we have f(¢) = —f(¢) and
f'(¥) = f'(¢). Hence, the linearization around ¢ and around 1 are the same and
we can restrict our analysis to one of them.

As a consequence of that, for j = 1,--- , N, we only need to study the stability
and hyperbolicity of (b;r and the same result will hold for ¢;, automatically. For
this reason, in what follows, we write ¢; to denote gbj and restrict our analysis to
this case.

We start with some facts about the local part of Lg. Note that, if ¢ is an
equilibrium for (1.3),

!/ !/ !/
flolr —2) _ [0 _ L0 o
a((|¢']?) a([l¢'?)  a(ll¢']?)
where we have used the following facts:
i) ¢j(r—z)=(-1)"t¢;(x), z €[0,n], j=1,...,N, and
i) f'(—u) = f'(u) for all u € R.
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3. STABILITY AND INSTABILITY OF THE EQUILIBRIA

Let ¢ # 0 with ¢/(0) > 0 be an equilibrium solution of (1.1) and consider the
semilinear problem

U = QUgy + Af(u), € (0,7), t >0,
(3.1) u(0,t) = u(m,0) =0, t >0,
u(-,0) = uo(-) € Hg(0,m),
with @ = a(||¢’||?). Note that ¢ is also an equilibrium of (3.1) and the linearization
of (3.1) around ¢ is given by
wy = Wy + AN (P)w, z € (0,7), t >0,
(3.2) w(0,t) = w(w,0) =0, t >0,
w(-,0) = wo(-) € Hy (0, ),
The following result synthesizes the spectral properties of the linearized operator
Lemma 3.1. The spectrum of the operator
L : D(LY) € L2(0,7) — L*(0, ),
D(Lg) = H*(0,7) N H(0,7),
A ()

Liv ="+ 22— v ve D(LY).
’ a(ll¢[1?) !

(3.3)

satisfies
i) If ¢(x) > 0 in (0,7) then Lg) has only negative eigenvalues.
i) If ¢(z) = 0 for some z € (0,7) then LY has at least one positive eigenvalue.
iii) 0 is always in the resolvent of Lg.

The parts i) e ii) were proved by [6] and can also be found in [13, Section 5.3].
Part 4i4) is a consequence of the results in [17, Section F of Chapter 24].
Our goal is to show that, the conclusion of Lemma 3.1 remains the same when

Lg’ is replaced by L¢, with ¢ = _%,

3.1. Stability and hyperbolicity of the equilibria 0 and ¢;.
If ¢ =0, since f(0) =0, f/(0) = 1, the operator L2 reduces to

Its spectrum is given by {—n2 + ﬁ tn=12,--- } In particular, we have that
when A < a(0), 0 is exponentially stable, and it is the only equilibrium solution (with
the assumption that a is non-decreasing) of (1.3). Hence, 0 is globally exponentially
stable.

Thus, there is a neighborhood V' of 0 and constants K, 5 > 0 in such a way that,
for all solutions w of (1.3) with w(-,0) = ug € V we have

[w(T) = Oll 30,0y < Ke T uoll 0,0y, V7 > 0.

Now, recall that, given a solution u of (1.1) we have u(-,0) = ug € V, u(t) = w(r)
where t = [ a(||wg(+,0)||*)'df, hence &7 <t < Z.
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Therefore, for all ¢ > 0,
() 12 0,0y < N[w(T) = Oll gz 0,0y < KT uoll g 0,0y < K™ o]l 2 0,m) -
Therefore, 0 is an equilibrium exponentially stable of (1.1).

Remark 3.2. Observe how interesting the previous result is. The problem (1.1) is
a quasilinear problem for which we are not able to talk about linearization around
an equilibrium. Despite that, we can obtain a result on stability using the related
semilinear problem (1.3). The exponential rate of attraction is different for each
solution starting in V' but it has a common bound in the case considered here.

Suppose that A > a(0). Clearly, the equilibrium 0 is unstable in this situation,
that is, there exists a dg > 0 and constants K, > 0 in such a way that, for each
§ < 8o, a0 <’ < § and a global solution of (1.3) n: R — H}(0,7) such that

ug € H(} (va)v HUOHH(}(O,W) < 5l7
7(0) = ug and HT](T)HH(}(OJ) <4, forall 7 <0,
() = Oll e 0,my < KeT||ug — Oll 72 (0, for all 7 < 0.

as before, making the change in the time-variable t = [ a(||n.(-,0)||*)~1d6, £(t) =
n(7) is a global solution of (1.1) and, in this case, = <t < ;. Therefore, for all
t <0,
€@z 0.7 < I0(7) = Oll 20,7y < KGBTHUOHHg(o,w) < Keﬁmt”UO”H(}(o,w)-

Also, from Theorem 1.6, there exists a positive equilibrium ¢f (and also ¢] =
—¢]) for (1.3), that is, ¢i (z) > 0 em (0,7) and ¢ (0) = ¢, () = 0. As remarked
before, the linearization around both equilibria (qﬁ[) are the same, so we consider
only the case gbf and denote both by ¢;.

Theorem 3.3. Assume that a is also a non-decreasing function. Then ¢1 expo-
nentially stable and, consequently, hyperbolic.

Proof. Consider the operators L?ll and Lg ! given by (1.7) and (3.3) with ¢ replaced
by #1. Denote the spectrum of L by o(L%') = {uk(e) : n=1,2,3,---}. Observe
that L2 can be written as

L = L u+ 1 f(n) / Fér)u,

where €1 = _2Xa(oy]1%) Since a is non-decreasing €1 < 0
A R ge1 = U

Observe that Lg ! has only negative eigenvalues since ¢ is an equilibrium of the

equation

W
(3.4) = e @0

The linearization around ¢ of (3.4) is given by
Up = Lg) L.

Recall that ¢; is the positive equilibrium of the Chafee-Infante equation (3.4) and
its stability is well-known (see [6]). Therefore, we have that

s < i (0) < g (0) < -+ < p3(0) < i (0) < 0.
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Then, applying Theorem 2.1, the eigenvalues are non-decreasing functions of ¢.
Since, €1 < 0, we conclude that

M}l(gl)gu%(o)<07 V’I’L:l,2,3,"'

and follows the stability and hyperbolicity of ¢; for (1.3). Now, we need to transfer
this information to (1.1).

We have that the equilibrium ¢; (1.3) is exponentially stable by linearization
(see [13, Section 5.1]). Therefore, there is a neighborhood V' of ¢, and positive
constants K and (3 such that, for each ug € V, the solution w of (1.3) through wg
satisfies

lw(r) = ¢1ll 2 0,m) < Ke Tluo — ¢1HH1 ) VT 2>0.

Therefore, the solution of (1.1) is given by u(t) = t= [y alllwa(-,0)]2) " a8,
where w is the solution of (1.3) with the same in1t1al cond1t1on Hence, for ug € V,

[u() — é1ll 0,0y = lw(T) = d1llHa 0,7y < Ke P|lug — o1l 1 (0,m)

< Ke P™|lug — ¢l mpo,my,  VE>0.
0

3.2. The instability of the sign changing equilibria. Let a(0)N? < \ <
CL(O)(N =+ 1)25 N = 273547 U

For ¢; = ¢j, j€42,..., N}, consider the operators L?j and ng given by (1.7)
and (3.3) with ¢ replaced by ¢;. Hence,

, f(¢
L?fu:ull+ (/]) u+e;f(o;) f¢a Ju(s)ds
a(||#511%)
2 7 12 .
with €; = —% Denote by U(ng) = {7 :k=1,2,3---} the spectrum
of ng. Then, 7%4—1 < ”yi, for all k =1,2,3, -, ”yi is a simple eigenvalue and we

denote by wuy, its associated eigenfunction that satisfies u}.(0) = 1. We know that
uy, has k + 1 zeros in [0, 7].

Since ng is a Sturm-Liouville operator, its eigenvalues are all simple. Hence,
for all z € [0, 7],

uk(w —

{uk(x), if k is odd,
x) =

] = ur(z), if & is even.
Consequently, for all z € [0, 5],

up(5 — ), if k is odd,
ug(z+ %)= 2
b 2 —up(5 —x), if k is even.

Lemma 3.4. The following holds
i) If j is even, vék 1 is an eigenvalue of L?j and usi—1 1S an associated
ezgenfunctzon k=1,2,3,-

ii) If j is odd, ~3, is an ezgenvalue of LEJ and usg 18 an associated eigenfunc-
tion, k =1,2,3,-

Proof. In both cases we prove that f(¢;) is orthogonal to uj and that will imply
the desired results.
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i) Recall that f is an odd function and since j is even, we have that ¢, (z+ %) =
—¢j(§ —x), for z € [0, §]. Then, for & odd we have that

/O F(65(5))un(s)ds = / £(65(5))un(s)ds + / £(65(5))ur(s)ds
[ resomsids+ [ rests+ Duns + s
OW O1
| r@sehuts + [ 7 f-o5(5 - hun(s - s)ds
OW O1
/ © F(5(5)un(s)ds — / F(65(% — 9)ur(Z — s)ds
0 01
| 1@sehunts = [ fo(s)unts)s =0
0 0

Hence
2)\2 ’ ¢
L¢Juk L¢Juk _ %‘f ij / f qﬁj Uy = ”ykuk,
proving the result.

ii) If j is odd, we have that ¢;(x + §) = ¢;(5 — x), for x € [0, §]. Then, for k
even we have that

/O F(65(5))un(s)ds = / £(65(5)un(s)ds + / £(65(5))ur(s)ds
[ rosopms+ [ et + Byt + s
0 0

/ © F(65()un(s)ds — / Y F65(E — 8))un(E — s)ds
07\- 01

/ * F((5)ur(s)ds — / F(65()yun(s)ds = 0
0 0

. i 2X%a’ (||} 11%)
L?juk = nguk — W ng / f( ij Nuk(s)ds = ”quk,

proving the result. 0

Hence

Observe that the previous result helps us to identify part of the spectrum of L? 7
We can now prove the following

Theorem 3.5. The equilibria ¢; are unstable, for j > 2 even.

Proof. Tn this case, we can find 29 € (0,7) such that ¢;(xo) < 0 and ¢’ () = 0.

Observe that ¢} (zo) = _7{{((&5@))) > 0.

Consider w the solution of

Af'(5)
a([|¢511%)
w(0) =0, w'(0) = 1.

w’ + w=0, z€(0,m),
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Observe that v = (;5;- is also a solution of the above problem. In fact,

o =6 = e = e 0% = s e
Hence, their Wronskian W (w, v) is constant and is given by
W(w,v) = w'(z)v(z) — w(z)v'(z) = ¢;(0) >0
and for = xy we have
w'(z0)v(x0) — w(wo)v' (z0) = w'(w0)¢}(x0) — w(xo)d] (x0) > 0 = w(xo) < 0.

From the above considerations and using the results in [13, Page 122], the first
eigenvalue ~{ of ng is positive. From the previous theorem, we have that 77 is also
an eigenvalue of Lg7. It follows that v{ > 0 which implies that ¢; is unstable. [

We also have that
Theorem 3.6. The equilibria ¢; are unstable, for j > 3 odd.
Proof. The idea here is to analyze the problem D; : H*(0,%)NH;(0,%) — L*(0,%)
defined by
A5
a(ll¢511?)
Now, observe that if 7% is the second eigenvalue of Lf; 7 with associated eigenfunction
uy then 77 is the first eigenvalue of D; and its eigenfunction is given by uQ}[O x
2

Dju=u"+

Now we will use the same idea as before to assure that 43 is positive. Remember
that ¢;(x) > 0 in (0, %) and we have that

¢J(2J_Tr - ‘T) = _¢j(‘r)7 x € [07 231]7 ¢j(0) = (bj(W) =0, (¢j)l(0) >0
Also, observe that (¢;) (—) =0 and ((;5])”( T) = —)\f(¢j(3—”)) > 0.

Consider the unique function w € H 2( ) that satisfies

A(9))
(|\¢’H )"
w(0) =0 w'(0) = 1.

w4 L) =0,

Observe that w and ¢’ are both solutions of the same equation and then the
Wronskian determined by the solutions must be constant

(6) (@) () = (6;)" (z)w(z) = (¢;)'(0) > 0
Taking o = 3%, we have (¢;)'(z)w’(z) — (¢;)" (2)w(x) = —(6;)" (F)w () > 0.

Then, w(gﬁ) < 0 and 3” < 5. Then, we have there exists at least one z* < 5

such way that w(z*) = O, thus, v) > 0.
The instability of ¢; for now follows by Lemma 3.4. O

The results proved in this section ensure that, for any sign changing equilibria
@, there exists a §y > 0 and, for each § < &y, a 0 < § < § and a global solution of
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(1.3) n: R — H}(0,m) such that
ug € Hy(0,m), [luo — ¢l 2 0,0y < ',
9(0) = o and [(7) — 03 0.0y < 6. for all 7 <0,
I0(r) = @l 13 0,0y < KeT|Juo = @l 2 0, for all 7 < 0.

as before, making the change in the time-variable t = [ a(||nz(-,0)||*)~'d0, £(t) =
n(7) is a global solution of (1.3) and, in this case, = <t < ;. Therefore, for all
t<0,

€6 =l m12 0,0y < 10(T) =@l 2 (0.7) < K€ luo=ll 2 (0.7) < K™ luo—|l 11 (0,)-
4. HYPERBOLICITY OF THE SIGN CHANGING EQUILIBRIA

Recall that, as seen in the beginning of Section 2, the hyperbolicity of the equi-
libria will follow if we prove that 0 ¢ o(L?), for all equilibrium ¢ of (1.1), where

L? is given by (1.7). We already know, from Lemma 3.1, that 0 ¢ O'(Lg).

4.1. Hyperbolicity of ¢5. As we have seen in Section 2, the linearization around
¢ of Wy = Wy + a(Hw( ”) 7 is given by

L Af(u 22 (|411)
L2y = 2
A A DD A / J(@als

We want to prove that 0 is not an eigenvalue of L?j By contradiction, assume
that 0 is an eigenvalue of Lg’; Hence, there exists a 0 # v € H?(0, m)NHZ (0, ) such
that Lg’;v = 0. By Theorem 2.1, 0 is a simple eigenvalue of L?; and, consequently,
either ’U(ﬂ' — ) = v(x), for all z € [0,7], or v(7m — ) = —v(x), for all x € [0,n].
Since fo (¢2)v # 0, the second alternative holds. In particular, v(5) = 0. Using
the symmetry properties verified above,

/ﬂf<¢2< ds—2/ F(als

For ¢ € R, consider the operator M. : D(M.) C H}(0,Z) — Hg(0,%) defined
by D(M.) = H*(0,5) N Hy(0,%) and

Mew=a+ 2O i) [ poatopuas, e D),
Now, for u = v|jo, 2] we have u € D(M.,) and M.,u = 0, where = Xdalsal)
0,%] = = ' 2 a(ll$5117)°

and then 0 € o(M.,). By Theorem 2.1 and the fact that 2 < 0, this would imply
that there exists v > 0 such that v is an eigenvalue for Mj.

But, this leads to a contradiction, since M corresponds to the linearization of
the semilinear problem

A
e € 08050
(4.1) u(0,t) =u(3,t) =0, t>0,

u(+,0) = uo(-) € Hy (0, Z)
around its positive equilibrium ¢ = ¢2| o]
This concludes the proof that ¢- is hyperbolic.
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4.2. Hyperbolicity of ¢; for j odd. Again, we wish to prove that 0 ¢ U(L?j),
2 1 712
where L?j is given by (1.7), with ¢ replaced by ¢, and &; = —% By
J
contradiction, assume that we can find 0 # u € H{(0,7) N H?(0,7) such that

Lelu = 0. The simplicity of the zero eigenvalue (see Theorem 2.1), implies that
u(z) = u(r — x), for all z € [0, 7).

There are two possible cases: Either u(%) =0 or u(%) # 0.

Case u(%) = 0: In this case, u will have the same symmetries that ¢; has. In

fact, define
ul(ar) _ {u(g - I)a T e [07 %]

—u(x—=7%), wx€[f

Observe that Le]u; = 0 and, using the simplicity, we have that u; = +u. Let
us show that u; = —u is not possible. If that was the case u(z) = —u(Z — z) for

J
z € [0, 5] and u(z) = u(5 + ), x € [0,m — F]. This would lead to

Awfwﬂﬁﬁdﬁds=0

and that 0 is an eigenvalue of L“b which is a contradiction.

Hence u = w; and u(z) = u(; —x) for all z € [0, 5] and u(z) = —u(z —
z €[5, 7.

Therefore, u has the same symmetry as ¢;. Because of that, we can guarantee
v= u|[0)§] satisfies

S

);

A (i)
a([|#511%)

and we can apply the same reasoning employed in the case j = 2 to arrive at a
contradiction.

o+ v+0%f%./ F(65(5))0(s)ds = 0

Case u(g) # 0: We define the following auxiliary functions

u(z + 2), z € [0, =11
up(z) = { / G-umy e [(j—l)fr

—u(z — ¥

and us(z) = ui(m —x) for all z € [O 7).
We know that [ f(¢;(s))u( = —Jo/f = —fO (¢j)uz(s)ds.
We observe that, despite uy, us ¢ HO( ) we have Laj 1= ng 2 = 0 (here we

use the extension of L?j to H?(0,7)).
Next we use the construction done in [4] to obtain solutions of the local operator

ng using linearly independent solutions of the operator L?j .
Then, vy (x) = u(z) + ui(x) and va(z) = u(x) + uz(z) satisty,

AL(9))

AR

Let us prove that {v1, v} defines a fundamental set of solutions for (4.2). In fact,
if vi = avy, then 0 # v1(0) = u(}) = av2(0) = —au(%). Hence a = —1 and

(4.2) v+ == = 0.
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2u 4+ uy + ue = 0. Computing this identity at k? fork=1,2,---,j5 — 1 we obtain
the formula

09 () () (20 oo

which leads to LU = 0, where

2 1.0 ... ... 0 0 0] [ ouw(5) ]
121 ... ...000 u(Zx)
01 2 ... ...000 u(Fx)
J
= . . . . . . . . and U — 7
000 ... ... 210 u({=2T)
000 ... ...1 21 u({=2T)
0 0 0 0 1 2 Lu(U=Hm |

J
consequently, since det(L£) = j # 0, we have that u(k?) =0,k=1,2,---,7—1,
contradicting the assumption that u(75) # 0. This concludes the proof that {vy, vz}
defines a fundamental set of solutions for (4.2).

Since (¢;)" also satisfies (4.2), there are real numbers o and § such that (¢,)" =
avy + Bus.

Recall that,

(4.0 (65)/(0) = (~1)¥(y) (K% for all k € {1,..., .
Observe that, for all z € [0, 7],
(¢;)'(m =) = =(¢;)'(x) and
vi(m—2) =u(r — ) +ur (7 — x) = u(z) + uz(x) = va(x).

Therefore, avy (z)+ fve(x) = —avs(x) — foi(x), that is, (a+ ) (vi(x) +ve(x)) =0,
for all 2 € [0, 7]. Since vy + v2 # 0, we conclude that 5 = —«. Hence,
(¢5)" = avi + Bvz = a(ur — ug).
Now,
o) () = au(0m) (@) (1< k<)
Then, from (4.4) and (4.5), noting that o # 0 (otherwise, (¢;)" = 0), we have

(4.6) 2(—1)ku<§> —u(@)+u<(k—jﬂ) =0, k=1, ,j—1.

Next we consider, separately, the cases: j =3, j=5and 5 > 7.

For j =3, we can apply (4.6) for k = 1 and, since u(%) = u(%), we have that

u(%) = 0, which is a contraction. For j = 5, using (4.6), with k£ = 1,2, we obtain
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371')

Now, since u(22) = u(2E), the above equations can be written as

-2 1| |u(%) _ 10
30 -1 [u(3) 0
Therefore, u (%) U (2”) = 0. This contradicts our assumption that

5 ( 5 )
For values of j = 2n+ 1, n > 3, using (4.6) and the fact that u(z) = u(m — )
for all = € [0, 7], we obtain

[ -2 -1 0 0 ... ... 0 0 0 0] w% 0
30 -1 0 0 0 0 0f uX 0
2 1 0 -1 0 0 0 0f u 0
2 0 1 0 0 0 0 0 u(%) 0
(4.7) S . N
2-1)"20 0 0 0 -1 0 0 (niz),, 0
2-1)"20 0 0 1 0 -1 0 ”((n_jl)w) 0
2-1)"1 0 0 0 0 1 0 —1[[u(=") 0

L 21" 0 0 0 0 0 1 —1f[ w*) ] [0

1L ul
This n x n matrix defines a relation between the values of u(Tﬂ) fork=1,---,n.

Next we prove that this matrix is non-singular.

Lemma 4.1. Consider the matrix Ay = [ 2 :1} and, for n € N, define A,, as the
n X n matric give in (4.7). Then, for all n > 2, det(A,) = (2n +1)(—1)™.

Proof. The proof is done by induction. Note that, det(As) = 5. Assume that
det(4,) = (=1)"(2n + 1) and let us prove that det(A4,+1) = (—=1)""1(2n + 3).
Consider the auxiliary matrix

-2 -1 0 0 .. .. 00 0 0
3 0-1 0 .. .. 00 0 0
-2 1 0-1 .. .. 00 0 0
2 0 1 0 .. .. 00 0 0

Bn+1 = . .

2(— 1)”*3 0 0 0 .. .. 0-1 0 0
2-1)""%20 0 0 .. .. 1 0 -1 0
2-1)""t0 0 0 . .. 0 1 —-1-1

L 2-1)" 0 0 0 .. .. 00 0 -1 ]

Note that, det(A,+1) = det(Bp4+1) since B, 11 can be obtained from A, 1 (by
adding the last column to the second to the last column of A, 11). Now, B,4; can
be written as

- - C -
3
. —2 T,
Bn+1 = An : Bn+1 =
0 :
~1 2(-1)"
L 21" 000..000 | —1 | | 2™t 000...00 -1 |

where T;, is a triangular matrix of order n with —1 in the diagonals entries.
Hence, using the Laplace expansion related to the last line, we arrive at

det(Bp41) = —det(A,) — 2det(T,).
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Now, using the induction hypothesis and making some calculations, we conclude
that det(A4, 1) = det(Bny1) = (=1)"*1[2(n + 1) + 1] as desired. O

From Lemma 4.1, A,, is non-singular and, consequently, u(g) = 0, which is a
contradiction. We conclude that there does not exist a non-zero function u satis-
fying L?ju = 0. Hence 0 ¢ O'(L?;) for all j = 2n + 1 for n € N. Therefore, ¢; is

hyperbolic.

4.3. Hyperbolicity of ¢; for j even. Suppose that, there exists 0 # v € H' (0, 7)N
H}(0,7) such that L?ju =0.
Since j is even, there are non-negative integers n > 1 and £ > 0 such that
j=2"2k+1).
Lemma 4.2. If u is an eigenfunction associated to the eigenvalue O of L?j, the
following holds:
u(g —a) = —u(x), z€[0,5], 1<i<n.

Proof. This result is a consequence of the symmetries of ¢;. For j even, with
j=2"(2k+ 1), we have, for 1 <i < n,

0j(gr —x) = —dj(z), z€[0,5]

We know, from Theorem 2.1, that 0 is a simple eigenvalue of ij Thus,

either u(m — z) = wu(x), for z € [0,7] or u(r — x) = —u(z), for x € [0,7].
Since foﬁ f(o;(s))u(s)ds # 0, for 0 is not an eigenvalue of ng, we have that
u(m —x) = —u(r), x € [0,7] and u(F) = 0.

Now,
/0 £(65(5))u(s)ds = / £(65(5))u(s)ds + / £(65(5))u(s)ds
- / © (65(5)uls)ds + / * Hy(m — a))ulm — x)da
0 . 0
=2 [ f(6,(s)utis

Define the auxiliary function

() = wf —xz), x€l0,5
1) {—u(x—%), x €[,

Since ¢; is antisymmetric in [0, 5], u1 is an eigenfunction of L?j associated to the

zero eigenvalue, we have v = +u;. In particular, we have either u(§ — z) = u(z),

for x € [0, 5], or u(§ — x) = —u(x), for € [0, F]. Since fog flo;(s))u(s)ds # 0,

the second alternative occurs.
By induction, using auxiliary functions

u(x) _ u(z_ﬂ; - .I), 07
’ —u(z — ), =€ [F,n],

the result follows for ¢ =1,2,--- ,n — 1. (I
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We can use the symmetries provided by Lemma 4.2, in order to conclude that

/f@ / F(5(5))u(s)ds

Defining v, :¢j|[0 ) and ’U=u|[0 = and noting that ve H?(0, =) N H§ (0, #)
and satisfies

N e L DN
%1;%0—2 +1Wf(7/)g) ) f(;(s))v(s)ds = 0.

Observe that v; is an equilibrium of
wp = d(||ug||})tes + Af(u), z € (0, %), t>0,
(4.9) u(0,t) = u(gr,t) =0, t >0,
u(-,0) = uo(") € Hy (0, 3%),
where d()) = a(2") and ||ug||2 = & u.(s)|*ds.

If or 41 Tepresents the equ111br1um of (4.9) that has 2(k+ 1) zeros in [0,

is such that ¢2k+1( ) >0,z €0, 5
Now, (4.8) implies that v satisfies

(4.8) "+

7] and

2], then we have ¢; = ¢2k+1

. J \2d j —
L= Lo~ B ) [ sus(opetsris =0

Consequently, 0 is an eigenvalue of sz and v is a corresponding eigenvector.
Now, we can apply the reasoning of the case j odd to arrive at a contradiction.
This completes the proof that ¢; is hyperbolic for j even.

5. CONCLUSION

In this article we study the problem (1.1), where a is globally Lipschitz non-
decreasing function and f has the profile of a cubic function of the form u — u?.
In that case, the semigroup (solution operator) associated to (1.1) has a global
attractor. Also, (1.1) has a Lyapunov function, given by (1.4), and, for a(0)N? <
A < a(0)(N+1)% (1.1) has 2N + 1 equilibria (Theorem 1.6), this and [12, Theorem
3.8.6] implies that the global attractor has the structure seen in (1.5). This also
proves that each equilibrium is topologically hyperbolic in the sense of Definition
1.1, from the results in [1, Lemma 2.18].

We prove that these equilibria are also strictly hyperbolic in the sense of Def-
inition 1.3. Taking advantage of the ‘change of variables’, that transforms the
quasilinear problem (1.1) into the semilinear problem (1.3), we apply semilinear
techniques to ensure strict hyperbolicity for the equilibria of (1.1), through a spec-
tral analysis of a nonlocal linear operator. The spectral analysis of this operator
is very interesting and challenging. It allows us to deduce that the local stable
and unstable manifolds of the equilibria of (1.3) are given in the form expressed
in Definition 1.3 (see below). Since the change of variables (one for each solution)
does not affect the state variable, the same holds for (1.1).

For a(0)N? < A < a(0)(N + 1)2, given an equilibrium ¢ of (1.3), consider the
operator L? given by (2.1). We have proved that 0 is not in the spectrum o(L?)
of L?. Let P, be the spectral projection, associated with the part of o(L?) to the
right of the imaginary axis, and P be the spectral projection, associated with the
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part of o(L?) to the left of the imaginary axis and define X,, = P,(H2(0,7)) and
X = Ps(H}(0,7)). Now, [1, Theorem 4.4] ensures the existence of 5 and 6,, with
the properties required in Definition 1.3.

Hence, there is a dg > 0 and constants K, > 0 in such a way that, for each
0<d<dpal<d <d,such that, if ngHHg(o,w) < ¢', there is a global solution
ns R — HY(0,7) of (13) with n(0) = (&30, (22)), [1n(r) — dlly0m < 7> 1(7) =
¢+ (Pu(n(7)),04(Py(n(r)))) for all 7 < 0 and, for some 5 > 0,

19(r) = 8l 2 0.7y < KeTNE(0) = dllmyo.m)s  ¥T 0.

also if ||$2||H5(0,7r) < ¢, the solution w : RT — H}(0,7) of (1.3) such that
w(0) = (29, 0,(22)) satisfies |Jw(r) — Ol < 0, forall 7 > 0, w(r) = ¢ +
(Ps(w(T)), 04 (Ps(w(7)))), for all 7 > 0, and, for some S > 0,

lw(r) = ¢l gy 0.m) < Ke " T[w(0) = dlluy0.m, ¥ 2 0.

Changing the time-variable to t = [ a(|[7(-,0)|*)'df and making &(t) = n(7),
in the first case, or to t = [ a(||wz(-,0)||*)'df and making u(t) = w(r), in the
second case, we have also the result for (1.1)

I1€(t) = Dl (0.m) < KP™[€(0) = bl i o,m)s  VE <O,
and also
[u(t) = &l 20wy < Ke ™ [[w(0) = @ll sz 0,2y, VE > 0.
We emphasize that a general method to prove strict hyperbolicity for quasilinear
problems (that include the example presented here) is not yet available. In the

example shown in this paper, that can be accomplished trough its relation with a
semilinear problem.
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