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Abstract
In earlier works, we proposed a model for the nuclear potential of the α + α
and α + 12C systems. This theoretical model successfully described data
related to the elastic and inelastic scattering processes as well as resonances
that correspond to the capture reaction channel. In the present work, we extend
the same model to obtain bare nuclear potentials for several α-nucleus sys-
tems. We adopt this interaction to analyze fusion, elastic, and inelastic scat-
tering data within the context of the coupled-channel formalism. Our results
indicate that, for these systems, the absorption of flux of the elastic channel at
internal distances of interaction is not complete. In addition, we present new
experimental angular distributions for the +2 inelastic target excitation of α on
120,130Te.

Keywords: nuclear reactions, elastic scattering, optical models

(Some figures may appear in colour only in the online journal)

1. Introduction

The optical potential (OP) is a fundamental component of nuclear reactions theory. Several
models have been developed to describe the OP, mostly for its real part, such as the proximity
potential [1, 2], the double-folding (DF) of Satchler and Love [3], the variety of density- and
energy-dependent interactions (e.g. [4, 5]), the parameter-free São Paulo potential (SPP) [6],
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etc. Apart from a few more fundamental theoretical models (e.g. [7–9]), the imaginary part of
the OP is usually treated within some phenomenological approach, mainly when the purpose
is for data analysis. In this context, several systematics have been proposed for the OP
parameter values (see e.g. [10–12] for nucleon–nucleus, alpha-nucleus and heavy-ion
systems).

The coupled-channel (CC) formalism (see e.g. [13]) is often assumed to describe the
nuclear reactions. In this approach, a few states from the set of direct channels are included in
the coupled equations. The effect of all the remaining states and channels, which, in principle,
can be simulated by a complex local-equivalent polarization potential, should be entangled in
the real and imaginary parts of the OP. Nevertheless, the polarization potential presents a
complex structure, with strong energy and angular momentum dependence, and with a quite
complicated shape (see e.g. [14]). Even so, most data analyzes found in the literature have
been performed with imaginary potentials that do not exhibit the angular momentum
dependence, and assume a simple shape to describe them such as the Woods–Saxon function.
On the other hand, when all the important states of the direct channels are explicitly con-
sidered in the coupled equations, the respective polarization can be neglected. In this case, the
imaginary part of the OP must simulate only the absorption of flux by the fusion process,
while the real part can essentially be associated to the bare nuclear force between the nuclei.

Alpha-nucleus scattering has been extensively studied (e.g. [11, 15, 16]). The low-lying
states of 4He present high excitation energies and this nucleus has a large binding energy in
comparison with its neighboring nuclei. For these reasons, the α particle is almost inert in a
nuclear collision. This characteristic makes the scattering of systems involving 4He as a
projectile particularly interesting. In fact, due to the small number of reaction channels, for
these systems the imaginary part of the OP should play a minor role and, therefore, the study
of the real part can be performed much more accurately than with heavy-ion systems. A clear
example of this behavior corresponds to the α + α system. In this case, for bombarding
energies below 34.6MeV, the only open reaction channel is 4He(4He,γ)8Be which has a very
small cross section. Thus, the elastic scattering is the only relevant channel in this energy
range, and the corresponding OP must have a vanishing imaginary part. Based on this
important feature, in [17] we proposed a model for the real part of the OP in the case of α + α.
The theoretical results obtained with this model are in good agreement with the phase-shifts
obtained from elastic scattering data analyzes. Also the s-wave resonance of 8Be is repro-
duced by our model. In a recent paper [14], we applied the same model to the α + 12C system.
Again, due to the lack of significant reaction cross sections at low energies, the imaginary part
of the OP for this system was assumed to be perturbative. In this case, however, our cal-
culations were performed within the CC formalism, considering the coupling between the
elastic and the 12C 2+ inelastic channels. In this approach, we obtained a good agreement
between data and theoretical results, for phase-shifts from elastic scattering and for 12C 2+

inelastic excitation cross sections. Furthermore, this system presents resonances for the
capture process, 12C(α,γ)16O, which were also well described by our theoretical calculations.

In the present work, we extend the model for the bare potential to heavier α-nucleus
systems ( ⩾A 58). We take into account the couplings to the low-lying target states through
CC calculations. To simulate the fusion process, we assume an internal shape for the ima-
ginary part of the OP, with parameter values adjusted to obtain complete absorption of the
flux that surpasses the ℓ-wave barriers, but without affecting the corresponding phase-shifts of
the elastic S matrix. This behavior is consistent with the idea behind the barrier penetration
model (BPM). In this context, our calculations do not involve any adjustable parameter and,
therefore, we deal with theoretical predictions instead of data fits. We test the limits of the
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model in the description of elastic, inelastic as well as fusion cross section data for several
systems.

2. The bare nuclear potential and the CC calculations

The nuclear potential assumed in the present work for the real part of the OP is given by
[14, 17]

∫ ρ ρ= ⃗ − ⃗ + ⃗ ⃗ ⃗( )V R r r v R r r r r( ) ( ) ( ) d d , (1)N 1 1 2 2 1 2 1 2

with

⃗ = − −( )v r U e , (2)r a
0

( )2

where =U0 87.226MeV, =a 0.95 fm, and the ρ r( )i i represent the matter densities of the
nuclei. As we have done in [14, 17], for the α particle we associate the matter density to the
corresponding 4He charge distribution (from [18]) multiplied by two (due to the
normalization). We assume the systematics of the matter distributions of [6] for the heavy
nuclei. We also calculate the Coulomb interaction through the DF method.

As an example, figure 1 (top) presents the nuclear potential for the α + 208Pb system.
Besides the present results (solid line), those from the SPP and Satchler and Love’s DF
potentials are shown. The DF was calculated assuming nucleon densities obtained with the
Dirac–Hartree-BCS model [19]. At the region of the s-wave barrier radius (arrow in the
figure), the three models provide similar shapes, with diffuseness values of about 0.64, 0.60

Figure 1. Top—modulus of the nuclear potential for the α + 208Pb system according to
the following models: present work, São Paulo potential (SPP) and Satchler and Love’s
double-folding (DF). The arrow indicates the approximate position of the s-wave
barrier radius. Bottom—sum of the nuclear, Coulomb and centrifugal potentials for

=ℓ 0, 10 and 20. Also the imaginary part of the OP is shown in the figure.
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and 0.74 fm, but with strength values that differ by a factor of about 2.6 (between DF
and SPP).

The CC calculations were performed in the context of the rotational model, using the
FRESCO code [20], mostly considering the first 2+ (quadrupole) and 3− (octupole) target
excited states. In some cases, we also included other states of the quadrupole band in the CC
calculations. A few nuclei, among those that we have studied, are not well represented by the
rotational model. Even so, as we will see, the effects of the inelastic couplings on the elastic
and fusion channels are small in most cases. Thus, we consider that the assumption of the
rotational model provides a reasonable estimate of the effects of the couplings even for nuclei
that can not be considered as rotors.

The nuclear deformations, δ β= R2 2 0 and δ β= R3 3 0, were calculated from the corre-
sponding Coulomb transition probabilities, B E( 2) and B E( 3), obtained from [21, 22], con-
sidering the correction due to the finite value of the diffuseness of the densities [23]. Table 1
provides the excitation energies of the 2+ and 3− states for the heavy nuclei studied in this
work, and the corresponding values adopted for B E( 2), B E( 3), δ2 and δ3. Also the values of
the s-wave barrier radius RB0, height VB0 and curvature ℏw0 of the α-nucleus systems are
presented in table 1.

Table 1. Values of the excitation energies (MeV), deformation parameters (fm), B E( 2)
(e b2 2) and B E( 3) (e b2 3) for the 2+ and 3− excited states of the heavy nuclei studied in
this work. Also the values of the barrier radius (fm), height (MeV) and curvature
(MeV) for the corresponding α-nucleus systems are presented in the table.

Nucleus E2
* E3

* B E( 2) B E( 3) δ2 δ3 RB0 VB0 w0

58Ni 1.454 4.475 0.0695 0.0176 0.84 0.86 8.57 8.73 4.01
64Zn 0.992 2.999 0.16 0.034 1.15 1.05 8.72 9.35 4.05
70Ge 1.039 2.561 0.176 0.064 1.10 1.32 8.86 9.68 4.10
90Zr 2.186 2.748 0.061 0.098 0.48 1.09 9.23 11.63 4.40
92Mo 1.510 2.850 0.097 0.07 0.57 0.86 9.25 12.19 4.47
106Cd 0.633 2.379 0.41 0.16 0.98 1.04 9.48 13.62 4.64
110Cd 0.658 2.079 0.45 0.115 1.02 0.87 9.56 13.50 4.64
116Cd 0.513 1.922 0.56 0.1 1.12 0.79 9.69 13.34 4.58
112Sn 1.257 2.355 0.24 0.087 0.71 0.80 9.58 14.05 4.69
118Sn 1.230 2.325 0.209 0.115 0.65 0.80 9.71 13.87 4.63
124Sn 1.132 2.602 0.166 0.073 0.57 0.63 9.83 13.71 4.59
120Te 0.560 2.083 0.77 0.06 1.19 0.53 9.72 14.41 4.71
130Te 0.839 2.527 0.295 0.06 0.73 0.53 9.92 14.14 4.63
132Ba 0.465 2.069 0.86 0.18 1.14 0.83 9.90 15.25 4.80
138Ba 1.436 2.881 0.23 0.133 0.58 0.70 10.01 15.09 4.77
140Ce 1.596 2.464 0.298 0.202 0.64 0.82 10.02 15.61 4.84
144Sm 1.660 1.810 0.262 0.31 0.55 0.93 10.05 16.65 4.95
184W 0.111 1.221 3.78 0.082 1.62 0.34 10.58 18.93 5.14
208Pb 4.086 2.614 0.3 0.611 0.40 0.78 10.86 20.47 5.24
209Bi — — — — — — 10.86 20.71 5.29
238U 0.045 0.732 12.09 0.58 2.14 0.62 11.17 22.35 5.41
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3. The imaginary part of the OP and the BPM

As already commented, in most of the practical applications the imaginary part of the OP is
treated phenomenologically. However, it has a significant effect on the cross sections
obtained from optical model (OM) calculations. Thus, in data analyzes, realistic models
should be assumed for the imaginary potential, otherwise important characteristics of the
underlying fundamental physics might be hidden under the OM results. Indeed, this effect is
not always taken into account. In this section, we discuss the criteria that we have adopted to
determine the imaginary potential.

Assuming that all direct reaction channels with relevant cross sections are included
explicitly in the coupled equations, the absorption of flux by the imaginary part of the OP
should only correspond to the fusion process. Thus, we define the parameter values of the
imaginary potential with the aim of reproducing the constraints involved in the hypotheses
behind the BPM, as described below.

The BPM has been extensively used in fusion data analyzes (e.g. [24, 25]). The cross
section is obtained from the barrier transmission coefficients through:

∑σ π= +
k

ℓ T(2 1) . (3)ℓBPM 2

In the present work, the transmission probabilities are calculated from

=
+ ( )

T
C

1

1 exp
. (4)ℓ

ℓ

For ℓ-waves whose corresponding height is below the center of mass energy, the Cℓ

coefficients are calculated from the Hill–Wheeler formula for a parabolic barrier [26]

π
=

−


( )
C

E V

w

2
, (5)ℓ

Bℓ

ℓ

where VBℓ and wℓ are the height and curvature of the barrier, respectively. The curvature is
related to the second derivative of the potential (nuclear + Coulomb + centrifugal) at the
barrier radius RBℓ through

μ
= − 

w
V

R

d

d
. (6)ℓ

2 2

2

In the other case, <E VBℓ, Cℓ is calculated from the WKB approximation:

∫ μ= −


C V R E R
8

[ ( ) ] d , (7)ℓ
R

R

2
in

out

where Rin and Rout are the inner and outer classical turning points, respectively.
Expressions (3)–(7) involve only the real part of the OP. On the other hand, within the

OM, without couplings, the reaction cross section corresponds to the absorption arising from
the imaginary part of the potential, and it is given by:

∑σ π= + −( )
k

ℓ S(2 1) 1 , (8)R ℓ2

2

where

= δS S e (9)ℓ ℓ
i2 ℓ
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is the elastic S matrix. The S matrix, and consequently the reaction cross section, depends on
both the real and imaginary parts of the OP.

The first constraint that we impose on the imaginary part of the OP is that, when the
couplings are turned off, σ σ≈R BPM. More precisely, we force the ∣ ∣Sℓ values obtained from
the OM calculations to be consistent with the transmission probabilities Tℓ of the BPM, for all
(or the more important) ℓ values. Thus, the strength of the imaginary potential, W(R), should
be large enough at internal distances to absorb all the flux therein, but small at the surface
region, since the barrier transmission should be mostly related to the real part of the
interaction.

As a second constraint, we impose the phase-shifts, δℓ of (9), to be mainly related to the
refraction due to the real part of the OP, so that the phenomenological imaginary part does not
affect them significantly. Indeed, from a semi-classical point of view, the phase-shifts are
related to the deflection function (or scattering angle, see e.g. [27]) through

Θ Θ
δ

= +ℓ ℓ
ℓ

( ) ( ) 2
d

d
, (10)C

ℓ

where Θ ℓ( )C is the Coulomb deflection function. Classically, the deflection angle can be
obtained from an integral involving only the real part of the potential:

∫Θ π= −
− −

∞
b

b R

b R V R E
R( ) 2

1 ( )
d , (11)

R

2

2 2out

where b is the impact parameter. Consequently, even in a quantum mechanical calculation, if
the effect of the couplings is negligible, it is quite reasonable to require that the
phenomenological imaginary part of the OP, which should only simulate the absorption of
flux by the fusion, does not significantly affect the phase-shifts.

A rough estimate of the effect of the imaginary potential on the phase-shift can be
obtained by considering the solution of the one-dimensional Schrödinger equation corre-
sponding to uniform potential − +V W( i )0 0 :

μ
ψ ψ ψ ψ− − + = ⟹ = ( )

x
V W E x

2

d

d
i ( ) e , (12)kx

2 2

2 0 0
i

where

μ
=

+ +


( )
k

E V W2 i
. (13)

0 0

2

For small W0 values, (13) can be Taylor expanded to second order:

μ
≈

+
+

+
+

+
( )

( )
k

E V W

E V

W

E V

2
1

1

8
i
2

, (14)
0

2

0

0

2
0

0

⎪ ⎪
⎪ ⎪

⎧
⎨
⎩

⎡
⎣⎢

⎤
⎦⎥

⎫
⎬
⎭

which results in

ψ = γ− ′x( ) e e , (15)x k xi

γ =
+( )

k
W

E V2
, (16)0

0

0
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′ = +
+

k k
W

E V
1

1

8
, (17)0

0

0

2⎪ ⎪
⎪ ⎪

⎧
⎨
⎩

⎡
⎣⎢

⎤
⎦⎥

⎫
⎬
⎭

μ
=

+


( )
k

E V2
. (18)0

0

2

An inspection of (15) and (16) shows that the term of first order, +W E V2( )0 0 , provides
absorption of flux along the x-axis. On the other hand, the term of second order of (17),

+W E V[ ( )]1

8 0 0
2, affects the real part of the phase-shift. Thus, to fulfill the condition of

keeping the phase-shifts invariable, we should impose + ≪W E V[ ( )] 11

8 0 0
2 . In practice, if

< +W E V( ) 30 0 the modification is smaller than 1.4%.
We have assumed the Woods–Saxon shape for the imaginary part of the OP:

= −
+ −( )

W R
W

R R a
( )

1 exp
, (19)

I I

0

0
⎡⎣ ⎤⎦

with = +R r A A( )I i0 0 1
1 3

2
1 3 . With the aim of obtaining the conditions commented above, we

performed many tests to define the corresponding best parameter values. They are: =W 600

MeV, =r 0.8i0 fm and aI = 0.25 fm. We define this potential as the standard imaginary
potential. As illustration, figure 1 (bottom) presents a comparison between W(R) and the
effective potentials (sum of the nuclear, Coulomb and centrifugal parts) for =ℓ 0, 10 and 20,
in the case of α + 208Pb.

As an example of our tests, in figure 2 we present some results from BPM and OM
(without couplings) calculations, obtained for the α + 208Pb system at =ELab 27.6MeV. The
OM calculations were performed with the standard imaginary potential. Figures 2(a) and (b),

Figure 2. Transmission coefficients from BPM and OM calculations as a function of ℓ
in (a) linear and (b) logarithmic scales, for α + 208Pb at =ELab 27.6 MeV. (c) Nuclear
phase-shifts from OM calculations. (d) Coulomb and total, from (10), deflection angles,
as well as the classical results from (11).
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in linear and logarithmic scales, show that the Tℓ results (from BPM) are very similar to the
− ∣ ∣S1 ℓ

2 ones (from OM). The grazing angular momentum, for which =T 1 2ℓ , is ≈ℓ 11g .
Figures 2(c) and (d) present the nuclear phase-shifts and the deflection function, respectively.
In (d), also the Coulomb and the classical deflection functions are shown. Clearly, the semi-
classical deflection function, from (10), is similar to the classical one. This is an indication
that the imaginary potential does not affect the phase-shifts.

Figures 3 and 4 illustrate the behavior of − ∣ ∣S T(1 )ℓ ℓ
2 and δ δℓ ℓ

S( ) as a function of the
values of the imaginary potential parameters, where δℓ

S( ) is the phase-shift obtained with the
standard values for the complete set of parameters. The results presented in these figures
correspond to the case of α + 208Pb, at =ELab 27.6 MeV, for ℓ values around the grazing. The
calculations of Sℓ and δℓ were performed with standard values for two parameters (among W0,
ri0 and aI) and varying the value of the remaining one. In figure 3 (top), we see that the
absorption becomes approximately constant, and consistent with the BPM results, for

>W 200 MeV. On the other hand, for large values ( >W 1000 MeV), the imaginary potential
affects the phase-shifts significantly (see figure 3—bottom), and therefore this region is not
compatible with our criteria for the OP. The arrow in this figure indicates the standard value
adopted for W0. Figure 4 was obtained with similar calculations as those of figure 3, but
varying the ri0 and aI parameters. Again the standard parameter values, indicated with arrows
in the figure, are in regions which are in accordance with the criteria adopted for the ima-
ginary part of the OP. In fact, these standard values were determined considering several
similar tests performed for other energies and systems. The standard value adopted for the

Figure 3.Values of − ∣ ∣S T(1 )ℓ ℓ
2 (top) and δ δℓ ℓ

S( ) (bottom) as a function of W0, for α
+ 208Pb at =ELab 27.6 MeV. The results correspond to ℓ values around the grazing
value. See text for details.

J. Phys. G: Nucl. Part. Phys. 42 (2015) 055102 L C Chamon et al

8



diffuseness of the imaginary potential, aI = 0.25 fm, is small compared with that obtained for
the real part at the surface region (which is, for instance, 0.64 fm in the case of 208Pb). A
much larger value adopted for aI would demand a smaller value for ri0, and we have not found
a set of values in this condition that works well for all systems analyzed here. The standard
imaginary potential, obtained from tests considering only OM calculations without couplings,
was then assumed in our CC calculations. Of course, within the CC calculations, due to the
effect of the couplings, the reaction and the fusion cross sections are no longer equal, and they
are not expected to be similar to the BPM one either.

4. Data analyzes

With the exception of the 209Bi, we have chosen systems involving even–even nuclei as
targets to perform our analyzes (see table 1). These nuclei have +0 ground-states, and low-
lying +2 and −3 excited states that we associate with the quadrupole and octupole bands.
Besides these states, in a few cases we have also considered other states of the quadrupole
band ( +4 , +6 , etc) in the CC calculations. We have selected elastic and inelastic scattering
data, as well as experimental data related to the fusion process, for energies around the barrier,
i.e. from sub-Coulomb to about 10MeV above the s-wave barrier height. The total data set
included in our analyzes is quite large, but we present here only a few figures with typical
examples of the results obtained in our work.

Most of the elastic scattering data considered here have already been very well described
in other works, through OM calculations with OP adjusted to fit the corresponding angular
distributions. The idea employed in the present work is to analyze the data using a more
fundamental approach. As earlier commented, our calculations do not involve any adjustable
parameter to fit the data. Indeed, we perform CC calculations considering the more significant
direct channel states, and assuming a model for the imaginary part of the OP with the

Figure 4. The same of figure 3, for the ri0 and aI parameters.
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particular characteristics discussed in the last section. The real part of the OP was successfully
adopted in earlier analyzes for the α + α, 12C systems, and here it is extended to heavier nuclei
through the use of a realistic systematics of matter densities. Thus, we do not deal with data
fits, but with comparison between theoretical predictions and experimental data. The goal of
the work is thus to study the limits of the application of the theoretical model.

4.1. Fusion process

We associate the fusion cross section with the absorption of flux by the imaginary part of the
OP. This theoretical cross section corresponds to the difference between the total reaction and
the inelastic excitation cross sections. In the case of the α-nucleus fusion, the compound
nucleus can decay through different modes: fission, evaporation of light particles, γ-rays. The
main contribution among these modes depends on the bombarding energy, on the corre-
sponding Q-values, as well as the total angular momentum distribution. Data are available for
many of these decay modes for several α-nucleus systems. Hereafter, we discuss a few cases.

In figure 5, we present data of fission cross sections, for the case of α + 238U [28–32], and
of evaporation of one neutron, for α + 132Ba [33]. The energy scale in this figure corresponds
to the reduced energy that we define as:

≡ −E E V . (20)c m Bred . . 0

We also show, in the figure, the fusion cross sections from the CC and OM (no couplings)
calculations. Two types of CC calculations were performed: (i) considering only the +2 and −3
states; and (ii) with a larger set of states ( +2 , −3 , +4 and +6 ). In the case of 238U, the results of
these two CC calculations are almost identical. At 8 MeV below the barrier, = −E 8red MeV,
the CC cross section is about 50% larger than the OM one, a difference almost
indistinguishable in the scale of figure 5(a). At about 14MeV above the barrier, the CC
cross section is slightly smaller (≈5%) than that of the OM, and this difference is responsible
for a better agreement between the CC and experimental results than in the case of the OM
(see figure 5(c) at the region of high energies). The agreement between data and theoretical
predictions is also good in the case of 132Ba. Here, a quite small difference between the results
of the two types of CC calculations can hardly be observed in figure 5(d).

The 238U and 132Ba nuclei have quite large nuclear deformations and small +2 excitation
energies, and therefore the effect of the couplings for these nuclei should be more significant
than in the cases of the other nuclei of table 1. Even so, as shown in figure 5, the effect of the
couplings on the fusion cross sections for 238U and 132Ba are small. In fact, this effect is even
smaller for the other systems. Thus, in the next figures we only show the results of the CC
calculations, since they are almost indistinguishable from the OM ones.

Data for 209Bi [34–39] and 208Pb [34, 40, 41] are presented in figure 6 top and bottom,
respectively. In the case of 209Bi, the main contribution to the fusion process corresponds to
the evaporation of neutrons (the respective thresholds are indicated by arrows in the figure).
The CC results for fusion account for the data in the entire energy range. For 208Pb, the
theoretical calculations agree with the one neutron evaporation cross sections at the sub-
barrier energy region. However, at the region ≈E 3.5red MeV, the sum of the one and two
neutrons experimental cross sections (star symbols in the figure) is significantly smaller than
the theoretical fusion cross section. On the other hand, these theoretical values are in
agreement with the reaction cross section data of [41] (open circles in the figure). Note that
the calculated inelastic cross sections (dashed orange line in the figure) are very small in this
energy region and, therefore, the fusion and reaction cross sections should be practically
identical, as in fact they are. Thus, the sum of the one and two neutrons cross section data
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from [34, 40] seems to be inconsistent with the reaction data of [41]. Perhaps, another
evaporation mode has significant contribution to the fusion cross section in this energy region.

Figure 7 exhibits cross section data for some modes of decay of the compound nucleus in
the cases of α impinging on 144Sm [42, 43], 106Cd [44] and 112Sn [45–47]. For these three
systems, at low energies the largest contribution to the fusion arises from the capture process,
i.e. from the decay through the emission of gamma rays. For energies above the corre-
sponding threshold (arrows in the figure), the one neutron evaporation becomes the dominant
process (see figures 7(a) and (b)). In the case of 112Sn, there are data for the capture process at
low [45, 46] and high [47] energies, represented in figure 7(c) by closed and semi-closed
stars, respectively. Clearly, these data sets present discrepancies of about one order of
magnitude. Large differences of normalization relative to the data of [47] were already
reported in [48]. In figure 7(d), we have re-normalized the data of [47] by a factor of 10. With
this, an inspection of figures 7(a), (b) and (d) shows that the theoretical fusion cross sections
are in good agreement with the data for the three systems.

The theoretical fusion cross sections agree with the data of the capture process [49], in
the case of 70Ge at sub-barrier energies (see figure 8(a)). For this system, there are data sets
for one neutron evaporation at high energies from [50] and [51], represented by closed and
semi-closed circles in figure 8(a), that significantly differ from each other. This fact makes it
difficult to ascertain the quality of the theoretical predictions at these energies. The case of
64Zn, for which there are data for the fusion process [52, 53] besides those for evaporation
[54–57], is shown in figure 8(b). The theoretical fusion cross sections agree well with the one
proton channel at sub-barrier energies, except for very low energies where the capture process
probably plays an important role. Also for this case of 64Zn, different data sets at higher
energies present some discrepancies. As shown in figure 8(c), and in the magnification of the

Figure 5. Cross section data for fission in α + 238U [28–32] and one neutron
evaporation in α + 132Ba [33], as a function of the reduced energy. Note the change
from logarithmic (top) to linear (bottom) scales. The lines correspond to the theoretical
predictions for the fusion cross section, from CC and OM (no couplings) calculations.
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figure 8(d), the theoretical predictions are in good agreement with the data of [55, 58–61] in
the case of 58Ni.

4.2. Inelastic scattering process

Figure 9 presents data [62–64] and theoretical cross sections for the inelastic excitation of the
−3 state of 208Pb at several reduced energies. Considering the lack of adjustable parameters,
the agreement between data and predictions is quite good, for below-barrier as well as for
above-barrier energies.

In figure 10, we show data for the inelastic excitation of 184W [65] and 138Ba [66]. In the
case of 184W, besides the +2 and −3 states, there are also data for the +4 quadrupole band state.
The corresponding theoretical calculations result in a reasonable description of the data sets
for both nuclei.

Data [65, 67] and theoretical predictions for the inelastic excitation of the first +2 state of
64Zn and 58Ni are presented in figure 11. There is a good agreement between the theoretical
and experimental results at the region of forward angles, but the data present much larger
cross sections in comparison with the theoretical values at backward angles. Similar behavior
is also found in the case of the elastic scattering process, as discussed in the next subsection.

Figure 6. Cross section data for neutrons evaporation in (top) α + 209Bi [34–39] and
(bottom) α + 208Pb [34, 40]. The star symbols in the figure represent the sum of these
different contributions to the fusion cross sections. The lines correspond to the CC
results for fusion and inelastic (2++ 3−) cross sections. In the case of 208Pb, we also
present data for the reaction cross section [41]. The arrows in the figure indicate the
approximate positions of the energetic thresholds for the respective neutrons channels.
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Figure 7. Cross section data for some modes of decay of the compound nucleus for α
on (a) 144Sm [42, 43], (b) 106Cd [44], (c) and (d) 112Sn. The lines correspond to the
theoretical fusion cross sections and the arrows represent the thresholds of some modes.
In (c), the closed symbols correspond to the data of [45, 46], while the semi-closed ones
are from [47]. In (d) the data of [47] are re-normalized by a factor of ten.

Figure 8. Cross section data for some modes of decay of the compound nucleus for α
on (a) 70Ge [49–51], (b) 64Zn [52–57], (c) and (d) 58Ni [55, 58–61]. The lines
correspond to the theoretical fusion cross sections and the arrows represent the
thresholds of the neutron and multiple neutron evaporation energies.
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In figure 12, we present new data for the +2 inelastic excitation of 120,130Te at =E 17Lab

and 27MeV. These data were obtained from re-analyzes of the spectra of the experiments
reported in [68]. The overall agreement between data and theory (solid lines in figure 12) is
good, except at the backward angular region for the higher energy: =E 27Lab MeV.

Figure 9. Experimental angular distributions [62–64] and corresponding theoretical
predictions for the inelastic excitation of the −3 208Pb state at several reduced energies.

Figure 10. The same as figure 9, but instead for the +2 , −3 and +4 states of 184W [65],
and for the +2 and −3 states of 138Ba [66].
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Figure 11. Experimental angular distributions [65, 67] and corresponding theoretical
predictions for the inelastic excitation of the +2 state of 64Zn and 58Ni at several
reduced energies.

Figure 12. Experimental angular distributions and corresponding theoretical predictions
for the 120,130Te +2 inelastic excitations at =E 17Lab and 27 MeV. The corresponding
reduced energies are indicated in the figure.
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4.3. Elastic scattering process

Figure 13 presents elastic scattering data [11, 34, 64, 69, 70] and corresponding theoretical
predictions for several systems, at the region of low reduced energies (from below up to the
barrier height). In order to not overwrite the results, for several angular distributions the cross
sections are shifted by a constant value. Except in the case of 112Sn at = −E 0.2red MeV, the
theoretical OM results without couplings are almost indistinguishable from the CC ones. As
can be observed in the figure, at this low energy region the CC results are in quite good
agreement with the data, except by small discrepancies at backward angles for 58Ni at

=E 0.2red MeV, which corresponds to the distribution measured at the highest reduced
energy shown in the figure.

Figure 14 presents excitation functions of elastic scattering at backward angles for
several systems: 90Zr and 92Mo at θ ≈ 170c m. .

o [71], 110Cd at θ ≈ 175c m. .
o [72], 116Cd, 112Sn,

124Sn, 130Te and 208Pb at θ ≈ 179c m. .
o [73]. Apart from the case of the 90Zr, the data sets are

well described by the theoretical cross sections. The CC predictions slightly underestimate the
cross sections at the higher energies, a region where the cross sections are small compared to
Rutherford scattering.

In figure 15(a), we show data [74] and theoretical CC results for the excitation functions
at θ ≈ 72c m. .

o, 92o, 122o and 165o in the case of α + 124Sn. Again the agreement between the
data and theoretical cross sections is reasonable, and the CC results are slightly smaller than
the data for the backward angles at the higher energies. Indeed, there is a correlation between
the absolute value of the cross section and the discrepancy between theoretical and experi-
mental results. We illustrate this behavior in figure 15(b), where the ratio between

Figure 13. Experimental [11, 34, 64, 69, 70] and CC theoretical angular distributions, at
the region of low reduced energies, for the elastic scattering of α on the target nuclei
indicated in the figure. In the case of 112Sn, we also show the theoretical results
obtained from OM calculations (dashed red line). For several angular distributions, the
cross sections are displaced by a constant value.
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experimental and theoretical cross sections σ σExp. Theo. is presented as a function of the
theoretical σ σEl. Ruth. values. One can see a smooth behavior of this ratio, which seems to be
independent of the angle and energy. For example, the arrows in the figure indicate points that
correspond to different energies and angles, which have approximately the same ratio values

Figure 14. Experimental [71–73] and theoretical excitation functions for the elastic
scattering of several systems at backward angles. In several cases, the cross sections are
displaced by a constant value.

Figure 15. (a) Experimental [74] and theoretical excitation functions at several angles
for the α + 124Sn system. (b) The ratio between the experimental and theoretical cross
section values as a function of the CC cross section.
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(and similar theoretical and experimental cross sections). This is an indication that our the-
oretical predictions fail when dealing with quite small elastic scattering cross sections.

Experimental angular distributions [34, 63, 75] for α + 208Pb at energies above the barrier
are presented in figure 16, in (a) linear and (b) logarithmic scales. To avoid superposition, the
cross sections for =Ered 2.6 and 6.6 MeV are (a) displaced and (b) multiplied by constant
factors. The solid black and dashed red lines in the figure represent the CC and OM results,
respectively. The theoretical predictions agree with the data over the region where the elastic
cross section has the same order of magnitude as Rutherford scattering. On the other hand, the
CC predictions underestimate the data where the cross section is small, with larger dis-
crepancies for smaller cross sections. Other examples for several systems and energies with
similar behavior are presented in linear and logarithmic scales in figures 17 and 18,
respectively (data from [11, 65–68, 70, 76, 77]).

5. Discussion

As reported in the last section, the overall agreement between theoretical predictions and data
related to the fusion process is quite good for all systems studied in this work. Similar results
have also been obtained for the +2 and −3 inelastic target excitations, except for some
discrepancies observed at high energies and backward angles. In the case of elastic scattering,
the data are well described by the theory where the experimental cross section has the same
order of magnitude of the Rutherford one, but the CC predictions are significantly smaller
than the data over the region of very small cross sections. Certainly, the failure in describing
inelastic cross sections at high energies and backward angles is related to the similar results
concerning the elastic scattering, since there is a strong correlation between these two pro-
cesses. In this section, we investigate the reasons for this failure. There are three fundamental

Figure 16. Experimental angular distributions [34, 63, 75] for the α + 208Pb system at
three reduced energies. The solid black and dashed red lines represent the results of the
CC and OM calculations, respectively. Note the change from (a) linear to (b)
logarithmic scale. To avoid superposition, the cross sections for =Ered 2.6 and 6.6 MeV
are (a) displaced by 0.2 and 0.5, and (b) multiplied by 10−1 and 10−2, respectively.
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components in the theoretical model: (1) the nuclear interaction, (2) the absorption related to
the imaginary part of the OP, and (3) the couplings. Something is wrong or missing in one (or
more) of these components. In what follows, we discuss each of them separately.

5.1. The nuclear interaction

First, we focus on the real part of the interaction. We choose, as illustration of our analyzes,
the case of the α + 208Pb system, for which fusion, inelastic and elastic scattering data are
shown in figures 6, 9, 13 and 16. As is often done in data analyzes, we have adjusted the
shape and normalization of the nuclear potential in order to fit the elastic scattering data set of

=E 27.6Lab MeV ( =E 6.6red MeV). In our calculations, the shape was varied by considering
the diffuseness of the 208Pb matter distribution as a free parameter. We obtained a diffuseness
value of 0.35 fm (for the 208Pb matter density) with a normalization factor of 3.7 for the
potential. This diffuseness value is much smaller than the realistic average value adopted in
the systematics of densities of [6]: 0.56 fm. The corresponding diffuseness of the nuclear
potential at the barrier radius is about 0.45 fm, again a small value in comparison with those
from the realistic potentials shown in figure 1 (from 0.60 to 0.74 fm). In figure 19, we present
three elastic scattering angular distributions for the α + 208Pb system. The black lines in this
figure correspond to the CC cross sections obtained with the standard nuclear potential, while
the red ones arise from the calculations with the adjusted potential. Parts (a) and (c) of the
figure correspond to the adjusted distribution of =E 6.6red MeV, in linear and logarithmic
scales, respectively. The adjusted potential provides a good description of the data for this
energy, with some discrepancy at the region of the Coulomb rainbow (see figure 19(a) at
θ ≈ 50o), which, on the other hand, is well described by the standard calculations. However,

Figure 17. Experimental angular distributions for the elastic scattering of α on 92Mo
(two different reduced energies) [76], 90Zr [70], 70Ge [70], 144Sm [11], 184W [65],
112Sn [77] and 138Ba [66]. The solid black and dashed red lines represent the results of
the CC and OM calculations, respectively. To avoid superposition, the cross sections
are displaced by constant factors.
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the predictions resulting from the adjusted potential clearly fail when extrapolated to other
energies, as illustrated in figures 19(b) and (d). Furthermore, as shown in figure 20, the
predictions for the fusion cross sections at sub-barrier energies obtained with the adjusted
potential are significantly worse than those from the standard potential. Thus, we conclude
that a modification only in the real part of the OP can not improve the description of the
complete data set.

5.2. The absorption

Now we focus on the absorption provided by the imaginary part of the OP. We still analyze,
as an example, the case of α + 208Pb at =E 6.6red MeV. At this energy, the total inelastic
cross section is very small (see figure 6 bottom) and, therefore, the reaction and fusion cross
sections have practically the same values. As illustrated in figure 16(b) for =E 6.6red MeV,
the experimental elastic scattering cross sections are much larger than the CC ones at the
region of backward angles. This means that the theoretical model slightly overestimate the
absorption of flux from the elastic channel to the fusion. We evaluated the integral of the
difference between the data and the CC elastic scattering cross sections at this backward
angular region ( θ⩽ ⩽65 180o o). We obtained a value of about 50 mb. One could raise the
hypothesis that this ‘extra’ cross section is related to the fusion-elastic process (elastic channel
as result of the decay). In order to check this possibility, we estimated the corresponding
contribution to the elastic scattering cross section using the Empire code [78, 79]. We
obtained 1.43 mb (1.395 mb from pre-equilibrium and 0.035 mb from the compound-elastic),

Figure 18. Experimental angular distributions for the elastic scattering at different
reduced energies of α on 58Ni [67], 92Mo [76], 106Cd [68], 118Sn [68], 120Te [68] and
130Te (five energies) [68]. The solid black and dashed red lines represent the results of
the CC and OM calculations, respectively. To avoid superposition, the cross sections
are multiplied by factors of ten.
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a value almost two orders of magnitude smaller than the above commented 50 mb and,
therefore, that hypothesis is discarded.

The value of 50 mb evaluated for the integral of the difference between data and CC
elastic scattering cross sections corresponds to approximately 5.6% of the theoretical fusion
(or reaction) cross section. As the reaction cross section is related to the modulus of the S
matrix through (8), we have an indication that the detected problem with the description of the

Figure 19. Elastic scattering angular distributions for the α + 208Pb system at three
different energies. Note the change from linear (top) to logarithmic (bottom) scales.
The black lines correspond to the CC predictions obtained with the standard nuclear
potential, while the red ones are related to the results obtained with the potential
adjusted to fit the data of =ELab 27.6 MeV.

Figure 20. Cross section data for evaporation of one neutron in α + 208Pb. The black
line corresponds to the CC fusion cross sections obtained with the standard nuclear
potential, while the red one is related to the results obtained with the potential adjusted
to fit the elastic scattering data set of =ELab 27.6 MeV.
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elastic scattering could be associated with the ∣ ∣Sℓ values, i.e. with the absorption. The
parameters of W(R) were adjusted to produce total absorption of the flux that surpasses the ℓ-
wave barriers. Thus, we consider, as described below, the possibility that the absorption can
be incomplete.

In figure 21, we show the phase-shifts (top) and the reflection coefficients (bottom) as
functions of ℓ, for α + 208Pb at =E 6.6red MeV. In the BPM approach, the reflection coef-
ficient is obtained from = −R T1ℓ ℓ, while within the CC and OM formalisms we have

= ∣ ∣R Sℓ ℓ
2. According to the discussion above, we tried to fit the elastic scattering data set at

=E 6.6red MeV, by increasing the ∣ ∣Sℓ values (and, therefore, increasing Rℓ) relative to the
CC results, in a region of ℓ which is discussed below. In these fits, the theoretical cross
sections were calculated directly from the S matrix, assuming the phase-shifts obtained from
the CC calculations, and with ∣ ∣Sℓ values which were allowed to vary with the purpose of
adjusting the data.

In the calculations of elastic scattering cross sections, we can split the angular momenta
into two regions: <ℓ ℓg (for which >E Vc m Bℓ. . ) and ⩾ℓ ℓg ( ⩽E Vc m Bℓ. . ), where the grazing
angular momentum is defined from = =R T 1 2ℓ ℓg g . For α + 208Pb at =E 6.6red MeV, ℓg is
between 11 and 12. The experimental fusion and elastic scattering cross sections are very well
described by the CC predictions at the sub-barrier energy region ( <E Vc m B. . 0), which is an
indication that the theoretical model provides good results for ℓ values with ⩽E Vc m Bℓ. . , i.e.
for ⩾ℓ ℓg. Thus, in the data fits, we assumed the CC results for the ∣ ∣Sℓ in the region of ⩾ℓ ℓg,

Figure 21. Phase-shifts (top) and reflection coefficients (bottom) as functions of ℓ for α
+ 208Pb at =E 6.6red MeV. The figure contains the results from the BPM, OM and CC
approaches, as well as the adjusted values obtained from the fit of the corresponding
experimental elastic scattering angular distribution. The arrow indicates the
approximate position of the grazing angular momentum. The solid line in the figure
corresponds to the results of the function (21) with =P 0.03521 , =P 0.60722 and

=P 2.5323 .
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and we allowed variations of the ∣ ∣Sℓ values only for <ℓ ℓg, i.e. for ⩽ℓ 11 in the case of 208Pb
at =E 6.6red MeV.

In principle, all the twelve values of ∣ ∣Sℓ for ⩽ℓ 11 could be be considered as free
parameters in the fit of the experimental angular distribution. Nevertheless, this procedure
would certainly result in ambiguities in the determination of the best parameter values, and it
also could provide unrealistic sharp structures in the behavior of ∣ ∣Sℓ as a function of ℓ. Thus,
we have adopted another method to fit the data, with a smaller number of degrees of freedom,
that provides a smooth behavior of the ∣ ∣Sℓ values. As illustrated through the solid line in
figure 21 (bottom), the ∣ ∣Sℓ obtained from the CC calculations are described well (for ⩽ℓ 11)
by the function (21) with the following parameter set: =P 0.03521 , =P 0.60722 and

=P 2.5323 .

= + −S P P e . (21)ℓ
ℓ P

1 2
( 11) 3

Thus, we have assumed this function, with adjustable parameters P1, P2 and P3, to fit the data
and obtained a reasonable data fit with the following values: =P 0.0711 , =P 0.61442 ,

=P 2.883 . The data fit is illustrated by the red line in figure 22. The figure also contains the
CC results (black line). The corresponding adjusted Rℓ values are presented as star symbols in
figure 21 (bottom).

The reaction cross section obtained with the adjusted S matrix is 4.3% smaller than that
arising from the CC calculations. Small differences like this are difficult to detect through the
comparison between theoretical and experimental results for fusion cross sections. On the
other hand, if reliable theoretical predictions for cross sections are available, the corre-
sponding effect on the elastic scattering at backward angles can be clearly observed.

Thus, we consider that the detected failure in describing the elastic scattering data with
our CC calculations could be associated with the incomplete absorption of flux (that surpasses
the barrier) from the elastic channel to the fusion. The reason for this slight nuclear trans-
parency in frontal collisions ( <ℓ ℓg) may be related to the polarization arising from the
couplings between the fusion and the elastic scattering channels. Indeed, through the dis-
persion relation, it is expected a short-range real potential connected with the short-range
fusion absorption. Besides the absorption, the compound-nucleus formation should involve
virtual excitation processes, from which a repulsive short-range contribution to the real
potential should emerge. This might slightly modify the ion–ion potential at small

Figure 22. Elastic scattering angular distribution for α + 208Pb at =E 6.6red MeV. The
black line represents the CC results while the red one corresponds to the cross sections
obtained with the adjusted S matrix.
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internuclear distances, affecting the trajectories of low partial waves. This effect is often
neglected since the absorption is only used to simulate an irreversible nature of the fusion
process at short-range distances, as we have also assumed in the present work. On the other
hand, the nuclear transparency may also be related to the couplings between the elastic and
low-lying inelastic channels, as discussed below.

5.3. The couplings

The effect of the +2 and −3 couplings on the elastic (and fusion) cross sections is very small,
as illustrated in figures 16–18. We have verified, in several cases, that the effect on the cross
sections of including other states of the quadrupole band in the CC calculations is negligible.
As already commented, due to the large binding energy of 4He relative to its neighboring
nuclei, the effect of the transfer processes should not be significant either. Thus, although not
formally proved, it is reasonable to assume that the effect of any particular coupling on the
cross sections should be quite small. In any case, the comparison between data and theoretical
predictions shows a behavior quite similar for all systems studied here. This is strong evi-
dence that the failure in describing the elastic process is not related to the coupling to a
particular reaction channel since, in this case, it would obviously be dependent on the system.
Although the effect of each individual coupling is small, it is still possible that the problem of
describing the elastic scattering data set is related to the overall effect of a myriad of couplings
to a large number of states (complete inelastic bands, many states of the transfer chan-
nels, etc).

To investigate this hypothesis, we performed tests to determine the sensitivity of the
elastic cross section to the inelastic couplings of states with high excitation energies. Again,
we consider the example of α + 208Pb at =E 6.6red MeV. We calculated elastic scattering
cross sections considering the effect of the coupling to only one target state ( +2 or −3 —see

Figure 23. Elastic scattering cross sections for the α + 208Pb system at =E 27.6Lab

MeV, for four different scattering angles, as a function of the excitation energy of the
inelastic state. The solid and dashed lines represent the results obtained with the
coupling to the −3 and +2 states, respectively. For comparison, the dotted lines represent
the cross sections obtained without couplings.
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table 1), as a function of the excitation energy of this state (the excitation energy was
considered as a variable parameter). Figure 23 shows the results obtained for four different
scattering angles (the quarter-point angle for this angular distribution is θ ≈ 871 4

o). Clearly,
the effect of the couplings on the cross section at the forward angles is significantly smaller
than that in the backward region. For instance, in the case of the −3 coupling, for θ = 80o the
maximum value of the cross section is about 3% larger than that without couplings (dotted
lines in figure 23), while for θ = 170o the difference reaches about 17%. More important,
figure 23 also shows that the forward angles are sensitive to the region of small excitation
energies, while the backward angles are mostly affected by states with energies around

≈E* 6 MeV. It is known that the density of the energy levels increases exponentially with
the excitation energy (see e.g. [80]). Indeed, there are 7 208Pb excited states known in the

region of ⩽ ⩽E3 * 4 MeV, approximately 40 with ⩽ ⩽E4 * 5 MeV, about 120 states at the

⩽ ⩽E5 * 6 MeV range, and so on. Therefore, even if the effect of the coupling of each
particular state is small, the overall effect of hundreds of states with high excitation energies
may be quite significant for the elastic scattering cross sections at backward angles.

6. Summary and conclusion

We have analyzed the elastic, inelastic and fusion processes for α-nucleus systems, con-
sistently, within the same context. The purpose here was not to pursue perfect data fits, since
this was already done in other works through the adjustment of the OP. We tried to describe
the data, without the use of adjustable parameters, by assuming some constraints in the
calculations that are based on fundamental grounds. As reported, for α-nucleus systems the
couplings to the low-lying excited target states, and probably also those to any other particular
direct channel, do not significantly affect the elastic and fusion cross sections. This char-
acteristics is quite important because it allows an unambiguous and quite accurate study of the
OP for these systems. We assumed a nuclear interaction that had already been successful for
the α + α, 12C systems, and we extrapolated the model for several heavier nuclei making use
of a realistic systematics of nuclear densities. Furthermore, the parameters of the imaginary
potential were also fixed by considering realistic arguments: (1) total absorption of the
penetrating wave, (2) no interference on the barrier tunneling, and (3) no effect on the real
part of the phase-shift.

The CC predictions are in good agreement with the complete data set, except in the cases
of the elastic scattering with very small cross sections. In these cases, the theoretical cross
sections are smaller than the data, and systematically larger discrepancies occur for smaller
cross sections. We provided a meticulous analysis of the possible sources of this behavior.
We have concluded that there is evidence of a slight nuclear transparency in the alpha-nucleus
systems. This incomplete absorption of the flux of the elastic channel in frontal collisions
( <ℓ ℓg) could be related to the effect of inelastic couplings to a very large number of states
with high excitation energies. The natural next step of the present study should be provided
by quantitative analyzes of the ‘extra’ elastic cross section and its relation with the ∣ ∣Sℓ values
for other energies and systems. This goal requires considerable effort and will likely be the
subject of further works.
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