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The Method of Stationary Phase with 
Minimal Smoothness 

Daniel B. Henry• 

The method of stationary phase treats the behavior of oscillatory integrals 
when the frequency of oscillations tends to infinity. H f, g ; [a, b] ➔ JR are 
sufficiently smooth and the derivative f'(x) #- 0 in a S x S b with the 
exception of one point z0 in a < z0 < b where f'(z0 ) = O, f"(x0 ) f O, then 
as w ➔ +oo 

or, more explicitly: as w ➔ +oo, 

(1) 

= g(xo) 
2,r ±ll. 

lf"(xo)I e • 

where±= sgn f"(x0 ). In the first approximation, only the behavior near x0 

(where the phase/ is "stationary") is important, provided f,g are smooth. 

How much smoothness js sufficient? Or necessary? 

Erdelyi [l] pag. 52, referring to the one-dimensional method of stationary 
phase, says "Perhaps the best available theorem is one given by Watson 
(1920)". The author has found no reason in later literature to modify that 
judgement. 

• Depto. Matema.tica Aplicada - IME - USP 
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G.N. Watson [3] treat a more general case - as we will also, in Theorems 
2 and 3 - but for the CaBe above: 

ff/ is C 2 and 

1 

G( ) _ ( )f"(xo)(x - xo) ( f(x) - f(xo) ) 2 

x t-+ x - g x f'(x) ½f"(xo)(x - xo)2 

is of bounded variation (B.V.) in ra, b], the limit (1) above holds with (g(xt)+ 
g(x0)/2) in the place of g(x0 ). (In fact, it is enough that f is C 1 and f' need 
be differentiable only at x0 .) Note, if f is a nontrivial quadratic polynomial, 
then G =g. 

We will prove (special case of Theorem 2) the limit (1) also holda if G is 
Holder continuous with exponent a > ½ ( of class ca) - for example, if g is 

O' and j is c2,a or X t-+ { f'(x)) is ca - or if G is of class ca + B.V., the 
X-Xo 

sum of one of each type. We also show the limit (1) may fail for G of class 
C"' with a :S ½· Specifically (Example 1, following Theorem 2) for every a in 
0 <a< 1, there exists a real-valued Ga, locally of class ca, with Ga(O) = 0 
and such that, for any a < b, 

wa 1• i•••z2Ga(x)dx 

is bounded but has no limit when w -+ +oo. (Neither the real nor the 
imaginary part has a limit). The method of stationary phase would say, if 

a< 0 < b, that ,/w 1• i"'.?Ga(x)dx tends to zero as w -+ +oo. In fact it 

does if a> ½, but it has no limit if a ::5 ½ and is unbounded if a< ½· (This 
is true for both the real and imaginary parts.) 

We will also treat "Watson's lemma" in a half-space {Rez;:: O}, Theorem 
3, rather than the usual restriction {largzl ::5 constant < fl (for example, 
[21). This reduces to the method of stationary phase on the imaginary axis 
and the argument near the imaginary axis is similar to that case. The corol­
lary to Theorem 3 gives sharp results for higher-order smoothness in the 
method of stationary phase. (Example 2, 3 and (2+3) prove necessity.) 

We begin with a simpler case: no stationary point. 
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Theorem 1 Let f : [a,b] ➔ R. be C1 with f'(x) ¥- 0 in a ~ x ~ b and 
g(x) 

suppose x ~ f'(x) : [a,b] ➔ C is of class ca (0 <a~ I} {or B. V.j. Then 

asw ➔ +oo, 

lb i"'1 g = O(w-a) [ or O(w-1 ), respectively] . 

For O < a< 1, the function 90 defined by 

00 

Ya(x) = L rka cos(2kx) 
t=l 

is of class ca and for any a < b, 

is bounded but has no limit as w ➔ +oo. If a+ b f. O, neither the real or 
the imaginary part has a limit. Thus the estimate of the first part cannot 
generally be improved. 

Remark 1 As an immediate consequence, Yal[ .. .6] is not of bounded varia­
tion; in fact, it is not of class Cf1 + B. V. for any {3 > a. (Otherwise 

w0 lb ei"':1:g0 (x)dx = O(w0 -f1 + w0
-

1) ➔ 0 as w ➔ +oo, which is false.) 

This holds for any a < b; the singularity of g0 is not localized. 
!Jg is Lipschitzian, Holder continuous with exponent 1, it is locally B. V. If 

g is a nontrivial step function ( such as g = I), it is easy to see w J: e;,_ g{ x )dx 
is bounded but has no limit as w ➔ +oo. 

l b _ J,J(b) _ g(x) 
Proof: e""lg = e"":,;g(x)dx, where g(J(x)) = f'( )' so g is equally 

G ~ X 

of class C 0 or B.V.; it suffices to treat the case f(x) = x. 
Hg is of bounded variation, 

is bounded as w ➔ +oo. 
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If g is C" and h = .!. so e;..,,. = -1 
"' ' 

21b eii.n:g(x)dx = (1"+" + [~,.) eiwz:g(x) + lb-h. i"'., (g(x) - g(x + h)) dz 

which is O(h + h") = O(w-0
) as w ➔ +oo. 

If O < IYI $ 1r, define the integer p ~ 0 by 2l'IYI $'II"< 2P+llyl; Then 

lg,.(x + y) - g,.(x -y)I = -2 L n-0 sinnxsinny < 
r=:l~~:l 

$ 2 (t2A:(l-a)IYI + f:~-A:a) $ L,.lyl" 
l J>+l 

for a constant L,. depending only on o:, 0 < o: < 1. Since g,. is 211"-periodic, 
the inequality holds for all z, y. 

On the sequence w = 2A: or 2.1: + m (fixed m -::/: O) or w = 3 • 2.1:, we have 
for large k {2A: > 41ml) 

. 1 . 12' -wl ~ 4max{2',w} 

for every integer j -/:- k (and also j = k, if w = 3 · 2.1:). This implies, as 
w ➔ +oo on these sequences, 

,ifw=2A: 

0 

and completes the proof. 

■ 

Watson [3] treated general stationary points where 

f(x) = f(xo) + L(x - zo)P + o(z - zo)P, as z ➔ zt (L-/:- O,p > 1) 

4 



with analogous behavior as x ➔ x0- (but perhaps different L, p), also al­
lowing an algebraic singularity in g at the point x0 • Clearly it is enough to 
consider only one side (x > xo) and to suppose x0 = 0, /(x0) = 0. 

Theorem 2 Suppose f : [O, a] ➔ R is continuous, /(0) = 0, f is continu­
ously differentiable with f'(x)-::/: 0 in 0 < x 5 a and for some L -::f: 0, p > 0, 
as X ➔ O+ 

f(x) ➔ L and f'(x) ➔ pL. 
xP xP-1 

(The second limit implies the first.) 
Further assume q E C with p > Re q + 1 > 0, g : (0,a] ➔ Chas a 

right-hand limit g(O+) at 0, and let r = (9;
1
), so O < Re r < 1. Let 

pLxP-1 (f ( X)) 1-r 
G(x) = g(x) f'(x) LxP , 0 < x :5 a, 

(note G(O+) = g(O+)J and assume G is of class B. V. + C0 with a > Re r. 
( A sufficient condition: both g and x 1-t fJ.:,l are C" or both are B. V.). Then 
asw ➔ +oo, 

where±= sgn L. (For 1° x9g(x) sin(wf(x))dx, we may allow -1 < Re r < 
1 by the same argument.) 

Remark 2 Away from O, G(x) = (;,f ;J x ( nonzero C 1 function), so 

this part of the integral is O(w-0
) comparatively small, by Theorem 1. 

1a . 1 [' . If f(x) = Lx", g(x) = 1, wr e""Lz'x9dx = - tr-1
e•L

1dt has a 
0 p 0 

finite limit as w ➔ +oo only when O < Re r < 1. 
Example 1 bellow shows the conclusion may fail for real r and Holder 

exponent a= r when p ~ r (for example, p;?; 1). 
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Watson's theorem [SJ assumes G is B. V. and assumes more smoothness 
for f. 

The usual case of stationary phase hasp = 2, q = 0, r = ½· S'IIppose 
f(0) = 0, f'(0) = 0, f"(0) = 2L =f 0 and f'(x) -:f 0 in 0 < x :5 a. Then if 

f"(0)x ( 2/(x) ) ½ 
x H g(x) f'(x) f"(0)x2 

is of class C" + B. V. with a > ½, as w ➔ +oo 

w½ 1,. ge;..,1 ➔ g(0+) 100 

ii"(O)~ dt. 

(If the stationary point O is an interior point, there is a similar contribution 
from the other side, x < 0. This is the case mentioned in the introduction.) 

Proof: Suppose I ~P~{ - pLI $ e when O < x :5 J; then in O < x :5 J, 

lf(x)-LxPI :5 r etp-ldt = exP_ Thus ~'kl ➔ pL as X ➔ o+ (with 
lo P 

/(0) = 0) implies ~ ➔ Las x ➔ o+. ff !J.:l == rp(x), we have ~ == 
fo1 cp(Ox)(}P-1dO, which is C" or B.V. when cp is C" or B.V., respectively. 

Define h(x) ~ 0 for 0 :5 x $ a by f(x) = Lh(x)P; h(0) = 0 and ¥ ➔ 1 
as x ➔ o+. For x > O, h(x) > 0 and his differentiable with 

h'(x) = ( f'(x) ) (f(x))!-1 
pLxP-1 LxP 

so h'(x) ➔ 1 = h'(O) as x ➔ o+, h'(x) ~constant> 0 in O :5 x :5 a. 
We have 

1• xqg(x)ei<.,f(:,:)dx = 1h(,.) ywg(y)ei"'L!I' dy 

where g(h(x)) = G(x) = h,f;)l~:)q' and g is equally C" + B.V .. Thus it is · 

sufficient to treat the case where f(x) = LxP, h(x) = x, g = G = g, and in 
fact we may suppose g(O+) = 0: 

w" 1,. x'g(x)e;..,1.z, dx - g(0+) 1"" yqeiLII' dy = 

= w" L' x'(g(x) - g(o+))i"'l,:,:I' dx + O(w"-1 
). 
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We show: if g is ca + B.V., o > p = Re r (0 < p < 1), with g(O+) = 0, 
then as w --t +oo, 

1,. x9g(x)e;..,L:,;P dx = ; 1"'P g(x;)xr-1e""L"'dx = o(w-P). 

• Let F..,(x) = J.,00 tr-teiwLtdt = w-r F1(wx); it is easy to see IF1(Y)I < 
Cmin{yP-l, 1}, p = Re r, for y > 0 and a constant C. Thus if g is B.V. with 
g(0;,) = 0, waP > 1, 

lwr 1a'I' g(x¼)xr-leiwLxax l = 1-Fi(waP)g(a) + 1:" Fi(wx)d.,g(x¼) I 

'.5 Clg(a )l(waP)P-1 + CVar g(0, b'] + Var g(&, a](w<l'Py-1
, 

for any o in O < o < a. Since Var g(O, o] --t O as o --t o+, choose o small and 
then w large to show the limit is zero. 

Now suppose g is ca, o > p =~er, g(0) = O; say lg(x)-g(y11 $ Bjx-yla 
for O $ x,y $a.Leth= ..,jLI so e""Lh = -1; then ifO < h < a,, 

21,.,. g(x¼)xr-le""'L"dx = (12h + lh + 1;:J g(x¼)xr-lei<.114 

so 

+ 1"'-h B ( xl'-1 (ih (x¼-1 + (x + h)¼-1
)) a+ x:-h(l - p)xP-~) 

= O(h + h0 + hi>+~) 

plus O(h0 l log hi) if o = p +;,plus O(hl log hi) if p +; = l. In any case, if 
o > p = Re r, w,. Jo"" g(x~)xr-le..,L:,;dx --t Oas w--+ +oo, and the proof of 
Theorem 2 is complete. 

■ 
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Example 1 Suppose O <a< 1, 0 < r < 1, p > 0, 9a is the function defined 

in Theorem 1, and let 

Ga(x) = pxp(l-r)(Ya(xP) - 9a(0)), for X 2'. 0. 

Then Ga is locally ca i/ p 2'. 1 or generally caAp(a+l-r) (p > 0) with Go(O) = 

• 

0 and, if q = pr -1, a> 0, • 

wa La x9Ga(x)ei,-J' dx = wa 1aP (90 (x) - 9a(0))ti"':i:dx ._ 1 

= w0 1•" 9a(x )i"':i:dx + O(w0
-

1
) 

so neither the real nor the imaginary part has a limit as w ➔ +oo. In 

particular, if p ~ r, Gr is locally er but wr J0° x9Gr(x )ei=" dx has no limit as 

w ➔ +oo, so the Holder condition of Theorem 2 is sharp, at least for p ~ r. 

In the usual method of stationary phase, p = 2, q = 0, r = ½- If Ga(x) = 
2l;i;l(9a(;i;2

) - 9a(O)), Ga i.ts locally 0° with G 0 (0) = 0 and in fact IG .. (z)j = 

O(Jxll+'.la) as z ➔ O, and for a< 0 < b 

wa 1• Ga(x)e""r dx = w0 (l"2 

+ 1•2) g0 (x)i',.,.,dx + O(w0
-

1
) 

has limit points 02f 2 
( if w = 2• ...... 00) and O (if w = 3 . 2k ➔ 00 J and the 

imaginary part has limit ~ ( (sin m
2
a2

) 

2 

+ (sin m:2

) 2) on the sequence 

w = 2k + m (fixed m f: OJ. If a< b but ab~ 0, we still conclude neither the 

real nor the imaginary part has a limit as w ➔ +oo. 

Now we will study Jo e-st"t9g(t)dt = ! Jo"° e-"xP--1g(x¼)dx as lzl ➔ oo 

in Re z ~ 0, where p > O, r = ~. 0 < Re r < 1. There a.re possible 
difficulties near 0, for positive finite x, and near infinity; we concentrate on 
the first two, assuming g has compact support except in the final remark. 

Lemma 1 Let cp : R ➔ R be a C 00 "cutoff", hauing compact support and 

cp(t) = 1 for all t near 0. Then for any N > 0 and r E C with Re r > O, • 

100 

e-"t'"-1cp(t)dt = r(r)z-r + O{lzi-N) 
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• 
• 

• 
as lz/ ➔ oo with Re z ~ 0. {We use the principal branch of z-r since 
larg zl $ }.) If r is restricted to a compact set in {Re r > 0}, the estimate 
is uniform in r. 

Proof: Choose a positive integer n sufficiently large; integration by parts 
(for z > 0, r > 0) shows 

100 

e-1ztr-1cp(t)dt- f(r)z-r = z-" 100 

e-tz (!)" t"-1(cp(t)-1). 

By .analytic continuation, this holds for Re z > 0, 0 < Re r < n, and by 
continuity, also for Re z 2: 0, z =/: 0, which gives the result, provided n ~ N, 
n > Re z. 

■ 

~ Lemma 2 Let g ; [O, oo) ➔ C have compact support and for certain con­
stants a> 0, f3 and 1 with O :5 1 < f3 :5 1, suppose 

lg(t)I = OW), lg(t + h) - g(t)I = O(hfJr"), 

for O < h :5 t. {The second condition with g(0+) = 0 implies the first with 
a= f3 - 1, so we might suppose a 2: /3- -y.) Further assumes> 0, r EC 
with Re r + sa > 0 and Re r + a(/J - 7) > O. 

Th.en as lzl ➔ oo, with Re z ~ 0, 

[ e-tztr-lgW)dt = O(lzl-") 

whereµ= m.in{Re r + as, 1,/3, Re r + (/J- -y)s}, 1Jnless Re r +as= 1 = µ 
or Re r + (/3 - -y)s = f3 = µ, when the estimate is O(lzl-" log lzl). 

For example, if g is ca (0 < a $ 1) we may take /3 = a, 1 = 0, 
µ = m.in{Re r+as,a}. Hg is C 1 on R+ with lg(t)I = O(ta-1

) and g(O+) = 0, 
take f3 = 1, 'Y = 1- a andµ= min{Re r + as, 1}. (In either case the "log" 
appears in case of equality.) 

Proof: Say g(t) = 0 fort 2: C, jg(t) :5 Bt0
, jg(t + h) - g(t)I :5 Bh/Jt-"t for 

0 < h :5 t, and let µ 1 = Re r + as. 
For Re z > 0 

11"" e-t.,tr-lgW)dt l :5 B 100 

e-t& 
1 t"1

-
1dt = O((Re zr"1 

). 
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We use thls estimate when Re z ~ llm zl, so 1 :S ~ :S 2. 
lfO :S Re z < llm zl, leto = 11.: .. 1 so e-S. = -e-M" .. and O :S oRe z $ 71", 

1r $ olzl $ 271". Then 

(I + e°R" ") loo e-tstr-lg(t')dt = ( e6Re .. 126 + 1) e-tztr-lg(t')dt 

1 

+ 1•• e-tzw-1g(t') - (t + or-1g(t + o)') 

80 
l 1100 

e-t.str-lgW)dt ' = 0(0"1 ) + 0(1c• (ot"1 -
2 + o/Jt1J2-fJ-1

) 

where µ 2 = Re r + (/3 - 1)s. It is easy to see for any real >. and J3 > O, as 
o ➔ O+, 

unless ). = J3 when it is 0( o/J log o-1 ). This gives the result. 
■ 

Theorem 3 (Watson's lemma in a half-space) Suppose O < a :S 1, in­
teger m ~ 0, s > 0, Re r > 0 and g : [0, oo) ➔ C is cm.a (i.e. m th-derivative 
of class ca) with compact support. Then as lzl ➔ oo with Re z ~ 0, 

whereµ = min{m + a,Re r + (m + a)s}, except that the final term is 
O{lzl-" log lzl) in the case m + a = Re r + (m + a)s or Re r + (m + a)s is 
an integer $ m. 

Remark 3 Examples £,9 bellow showµ is sharp for 0 < a < l; it is not 
known if 'fog lzl" is necessary. 
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Proof: Let '{) be any C00 cutoff, i.e. 'P = 1 near 0 but 'P has compact 
support, and let G(tJ = g(t) - '{)(t) ~~ g(j)(0)~. G is cm,a with compact 

J. 

support a.nd G(il(t) = O(tm+a-j) as t -+ o+ for O :5 j :5 m. By lemma 1 

for any N, so it suffices to prove the result when all gW(0) = 0, g = G, as 
we now assume. 

Let Re r + s(m +a)= k* + a• (integer k*?:: 0, 0 < a* :5 1). 
First suppose k* ?:: m; for appropriate constants Cf 

(!) m (t•-lgW})) = t CJ'tr-1-m+jag(j)(t6). 

m (j)( ) 11 m-1 (1 or-1-; 
If g(x) = "'C"!'~ = cmg<ml(x) + dO"' - . C"!'g<m>(xO) 

~ 1 xm-J m O LJ (m -1 - 3)! J 
,=o o 

for x > 0, g(O) = 0, then g is ca with compact support and 

100 e-tztr-lgW)dt = z-m 100 e-tztr"-lg(t•)dt 

where r'' = r + ms - m, Re r" + sa > 0. Then we may apply lemma 2 to 
see this is O(lzl-") or O(lzl-" log lzl). 

Now suppose k* < m. We have g(t) = tm-•g1c(t) where 9m = g and 

11 (1 - or-/c-1 
g1;(t) = ( k )'g(m-"l(IJt)dO, for any k in O :5 k < m; 91c is C"·0 

0 m- -1. 
with compact support and g_ti>(t) = o(t"-i+0

) as t -+ o+, 0 :5 j :5 k. Note 
tg1c(t) = 91r+i(t) is at least c"+1.a, fork< m and tgl"+il(t) + (k + l)gi">(t) = 
Yi!-i;1>(t) = O(t0

), gl"+l)(t) = o(t°-1 ) as t -to+, ff r' = r + s(m - k) 

100 e-tztr-lgW)dt= z-" 100 e-tz (:t)" (t•'-1g1cW)) dt 

and 
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k (j) 

with r" = r + ms - k and g(x) = I: Cfg:k~:); g is C 0 and (when k < m) 
;=0 

lff(t)I = o(t°-1). Then 10Q e-btr-lgW)dt = z-k fo00 

e-htr"-19W)dt = 
O(lzl-k-") where v = min{ Re r" + as, 1 }, for any k < m, k < k• + a•, 
by lemma 2. We choose k = k*; then k + v = min{Re r + (m + a)s, k* + 
1} = min{k*+a•,k•+l} = Rer+(m+a)s ($ m < m+a). Thus 
in every case the estimate is O(lzl-") - or perhaps O(lzl-" log lzl) - with 
µ = min{m + a, Re r + s(m + a)}. 

■ 

Corollary 1 Suppose g is C"'•0 with compact support, L -:/: 0 and p > 0 real, 
q E C with O < Re q + 1 < p. Then as w ➔ +oo 

·exp(±i;q+ ! + 1) + O(w-") 

where ± = sgnL, µ = min{m + a, & ,+~+m+a}, plus O(w-" logw) when 
these are equal (or if & g+~+m+a = interger $ m). 

Proof: Hz = -iwL, tP = x, r = i±!., p 

1
00 

e""Lfl'tPg(t)dt = !100 

e-:r:i:xr-19(11:¼ )d:r 
0 p 0 

and Theorem 3 applies with arg z = -Jsgn L. 
■ 

Remark 4 The uual method of stationary phase has p = 2, q = 0 or r = 
8 =! 3. 

Example 2 Let g(t) = t"'+0 cp(t), with cp a C00 cutoff, BO g is cm,a with 
compact support. By lemma 1, if Re r > O, s > O, 

{OQ e-t:rtr-lgW)dt = r(r + s(m +a))+ O(lzl-N) Jo zr+•lm+a) 

for any N as lzl ➔ oo, Re z :?: 0. 

12 



Example 3 Let 0 < er < 1, integer m ;?: 0; suppose g0 is the Junction 
defined in Theorem 1, 0 < a < b. For an appropriate polynomial P ( of 
degree2m+l) define Ga(x) = P(x)+90 (x)-9a(a) in [a,b] i/m = 0, or 

1"' (x-yr-l 
form;?: 1 Ga(x) = P(x) + " (m - l)! (9a(Y)- g0 (a))dy in a~ x ~ b, 

with G 0 (x) = 0 outside [a, b]; then Ga is cm,a with compact support. Let 
1= I 

Re r > O,ii > 0 and 9(t) = t • Ga(t•), so 9 is cm,a with compact support 
[a•, b•]. Then as lzl ➔ oo with Re z ~ 0 - in particular, on the imaginary 
axis -

is of exact order O(lzl-m-a), i.e. lzjm+a fo00 

e-tzt•- 19(t")dt is bounded but 

does not tend to zero. 

Example 4 (Combining the previous examples) The sum of the above 
"9" gives an example of class cm,a {O < er < 1) with compact support and 
with an integral of exact order O(lzl-"), µ = min{m + er, Re r + s(m + a)}, 
as lzl ➔ oo with Re z ~ 0. 

Remark 5 With appropriate hypotheses (see Theorem 1 and 2) we may treat 100 

e-•J(:,:)x99(x)dx as lzl ➔ oo in Re z ~ 0. (Here f(x) ~ 0 for all x ~ 0.) 

If 9 does not have compact support, suppose 9 is Ck+l outside a neigh­

borhood of zero, -y(t) = t•-1g(t") ➔ 0 as t ➔ +oo and f 00 l'Y(k+l)(t)ldt < oo. 

Then -y(k)(t) ➔ 0 and the interpolation inequalities show 7U>(t) ➔ 0 as 
t -+ +oo for 0 :5 j :5 k. Choose a C00 cutoff function r.p so that 92 = 
(1 - <.p)g is Ck+1 and !h = 0 near O while 91 = r.p • 9 has compact support 

[

treated as in Theorem 9}, 9 = g1 + !h· Then integration by parts shows 100 

e-tzt•-192W)dtl = O(lzl_,._1
) as lzl ➔ oo with Re z ~ 0. 
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