





G.N. Watson [3] treat a more general case - as we will also, in Theorems
2 and 3 - but for the case above:

If fis C? and
F(@o)(z - 7o) ( f(=) — f(2o) )*
fi(z) 3(zo)(z — z0)?

is of bounded variation (B.V.) in [a, b], the limit (1) above holds with (g(z3)+
g(z5)/2) in the place of g(z). (In fact, it is enough that f is C' and f’ need
be differentiable only at z,.) Note, if f is a nontrivial quadratic polynomial,
then G = g.

We will prove (special case of Theorem 2) the limit (1) also holds if G is
Hélder continuous with exponent a > } (of class C*) - for example, if g is

!
C"a.ndfjsC""orzb—)(f( z) is C® - or if G is of class C* + B.V., the

z — G(z) = g(z)

— 2o
sum of one of each type. We also show the Limit (1) may fail for G of class
C= with a < }. Specifically (Example 1, following Theorem 2) for every a in
0 < a < 1, there exists a real-valued G,, locally of class C*, with G,(0) =0
and such that, for any a < b,

b
w” / e Gy (z)dz

is bounded but has no limit when w — +oo. (Neither the real nor the
imaginary part has a limit). The method of stationary phase would say, if
b

a <0 < b, that \/u_z/ €' G,(z)dz tends to zero as w —+ +oo. In fact it

a

does if @ > 3, but it has no limit if & <  and is unbounded if a < 1 1. (This
is true for both the real and imaginary pa.rts )

We will also treat “Watson’s lemma” in a half-space { Rez > 0}, Theorem
3, rather than the usual restriction {|argz| < constant < £} (for example,
[2]) This reduces to the method of stationary phase on the imaginary axis
and the argument near the imaginary axis is similar to that case. The corol-
lary to Theorem 3 gives sharp results for higher-order smoothness in the
method of stationary phase. (Example 2, 3 and (2+3) prove necessity.)

We begin with a simpler case: no stationary point.



Theorem 1 Let f : [a,b] & R be C with f'(z) # O ina < z < b and

suppose T ~» j!,(( )) [a,8] = C is of class C* (0 < @ < 1) for B.V.]. Then

as w — 400,

b
/ eélg = O(w™) [or Ow™), respectively] .

For 0 < a < 1, the function g, defined by

oo

ga(z) = E 27k cos(2%z)

k=1

s of class C* and for any a < b,

b
w* / €2 g, (z)dz

is bounded but has no limit as w — +oo. If a + b # 0, neither the real or
the imaginary part has a limit. Thus the estimate of the first part cannot
generally be improved.

Remark 1 As en immediate consequence, galap i not of bounded varia-
tion; in fact, it is not of class C# + B.V. for any B > a. (Otherwise
b

w* | €“Tga(z)dr = O(W*? +w*!) = 0 as w = 400, which is false.)
This holds for any a < b; the singularity of g, is not localized.

If g is Lipschitzian, Hélder continuous with exponent 1, it is locally BV. If
g is a nontrivial step function (such as g = 1), it is easy to see w f e“?g(z)dz
is bounded but has no limit as w — +o0.

®)
Proof: /b elg = ./j:¢: e“*§(z)dz, where §(f(z)) = f'(( )), so § is equally

of class C or B.V.; it suffices to treat the case f(z) = z.
If g is of bounded variation,

b b
iw / e“*g(z)dz = [e"“”’g(z)]: - / e““dg(z)

is bounded as w — +o0.



Ifgis C* a.udhz%soe““"=—1,
I a+h b ] b—h
2/ e“Tg(z)dz = (/ + ) e“*g(z) + / e (g(z) — g(z + h)) dz
a a b=h, a

which is O(h + k%) = O(w™) as w — +co.
I 0 < |y| < =, define the integer p > 0 by 2°|y| < 7 < 2P*!|y|; Then

19a(z +y) — gulz - y)| = | -2 Z n~%sinnzsinny| <
n=3%>2
P o
<2 (Z 2k(l-a)ly| I 22—160) < La|y|°
1 p+l

for a constant L, depending only on a, 0 < a < 1. Since g, is 2r—periodic,
the inequality holds for all z, y.

On the sequence w = 2* or 2F + m (fixed m # 0) or w = 3- 2%, we have
for large k (2% > 4|m)|)

127 —w| > %max{?',w}

for every integer j # k (and also j = k, if w = 3-2¥). This implies, as
w — 400 on these sequences,

( (b—a) 1 o
2 , fw=2

b
Cg _/n €% ga(z)dz ~ 1 exp (%(u + b)) %sin —’g—(b —a) ,iffw=24+m

. 0 ’ ifw=3-2"
= O(w™ ™)

and completes the proof.

Watson [3] treated general stationary points where
f(z) = f(zo) + L(z — zo)? + o(z — z0)?, as ¢ = z¢ (L # 0,p > 1)
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with analogous behavior as z — ;- (but perhaps different L, p), also al-
lowing an algebraic singularity in g at the point zo. Clearly it is enough to
consider only one side (z > zo) and to suppose zo =0, f(zo) = 0.

Theorem 2 Suppose f : [0,a] = R is continuous, f(0) =0, f is continu-
ously differentiable with f'(z) # 0 in 0 <z < a and for some L #0, p> 0,
asz — 0%

f(=)

“zP
(The second limit implies the first.)

Further assume ¢ € C withp > Re q+1 > 0, g : (0,a] = C has a
right-hand limit g(0*) at 0, and let r = 1"—?, so0< Rer < 1. Let

f'(=)
- L and F - _pL.

_opLar (F)\T
o) = s (1) 0<a<a

(note G(0%) = g(0t)) and assume G is of class B.V. + C* with a > Re r.

(A sufficient condition: both g and & — i—’,(i—’} are C* or both are B.V.). Then
as w — 400,

a (>
w"/ zg9(z)e =y — g(0+)/ e L dt
0 0

— ei;rgg(o"')['(")
plLI

where £ = sgn L. (For/ z9g(z) sin(wf(z))dz, we may allow -1 < Re r <
1 by the same amument.}0

g(z)
f'(=z)
this part of the integral is O(w™") comparatively small, by Theorem 1.

td
If f(z) = La%, g(=) = 1, w’/ el 2%z = %-/—w t"e'l*dt has a
0

Remark 2 Away from 0, G(z) = ( x ( nonzero C! function), so

finite limit as w - +oo only when 8< Rer<1.
Ezample 1 bellow shows the conclusion may fail for real v and Holder
ezponent a = r when p > r (for ezample, p 2 1).



Watson’s theorem [3] assumes G is B.V. and assumes more smoothness
for f.
The usual case of stationary phase hasp =2, ¢=0,r = % Suppose
f(0)=0, f/(0)=0, f"(0) =2L #0 and f'(z) # 0 in 0 <z < a. Then if
f'(0)e ( 2f(2) \*
fi(z) \f"(0)z?

is of class C* + B.V. witha > }, asw — +00
" 00 i d
w%/ ge! —bg(0+)/ " OF 1.
(1] 0

(If the stationary point 0 is an interior point, there is a similar contribution
from the other side, z < 0. This is the case mentioned in the introduction.)

z+ g(z)

Proof: Suppose -‘2}%)- —pL\ <ewhen 0 <z <§;thenin0 <z <4,

] ol P ,
|f(z) = Lz®| < / et?ldt = e%. Thus £&) - pL as 2 — 0* (with
()
F(0) = 0) implies Lgl —+ Lasz - 0. If L(—)z;f = (z), we have ﬂjl =
j: (0z)6P2df, which is C” or B.V. when ¢ is C* or B.V., respectively.

Define h(z) > 0 for 0 £ z < a by f(z) = Lh(z)?; h(0) = 0 and ﬂtﬂ -1
as z = 0%, For z > 0, h(z) > 0 and 4 is differentiable with

so h'(z) =+ 1 = h'(0) as z = 0%, h'(z) 2 constant > 0in 0 < z < a.
We have

o A h(a) .
/ 29g(z)e @z = / y'g(y)e ™ dy
o 0

e
where g(h(z)) = G(z) = %’%i(tz_)'” and § is equally C* 4 B.V.. Thus it is

sufficient to treat the case where f(z) = L2®, h(z) =2,9=G =g, and in
fact we may suppose g(0%) = 0:

W' / zg(z)e™L*" dz — g(0*) / Yl dy =
0 °

=i / 2(g(z) - g(0*))e“E="dz + O(w™).
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We show: if gis C* + B.V.,,a > p=Re r (0 < p < 1), with g(0*) = 0,
then as w — 400,

a aP
/ z'g(z)e“ dz = l/ g(z#)a eI dg = o(w™).
0 PJo
Let F(z) = [Tt'e“Mdt = w™" Fy(wz); it is easy to see |Fi(y)| <
C min{y*~!,1}, p = Rer, for y > 0 and a constant C. Thus if g is B.V. with
g(0%) =0, wa®? > 1,

o [ atehe et = |- Feaio@) + [ Roidholed)
0 ot

< Clg(a)|(wa?)*! + C'Var g(0,8] + Var g(é, a)(wd?)*"?,

for any § in 0 < & < a. Since Var g(0,8] — 0 as § — 0%, choose & small and
then w large to show the limit is zero.

Now suppose g is C*, a > p = Rer, g(0) = 0; say |g(z)—g(y)| < Blz—yl|*
for0<z,y<a. Let h= ﬁ so e“I* = _1; then if 0 < h < a3,

aP N . 2h h aP L .
2/ g(z?)a levleds = (/ +/ +/ )g(x’)z"le‘“’L’
1} ] 0 a®—h

+ ‘/,:a,—h ets (9(3:5)3"1 —g((=+ ")z + h)r-l)

80
aP L X 2h h a? a
2 ‘/ g(z;)a:'“‘e"""’dz‘ < (/ +/ +/ )Bz”"ldx
0 ) o oP=h
a?-h a
+/ B (z"'l (:—)h (z%_l +(z+ h)';_l)) + zgh(l -—p)x"‘z)
A

= O(h + h* + **%)

plus O(h|log hl) if @ = p+ &, plus O(hlloghl) if p+ 2 = 1. In any case, if
a>p=Rer, v fo°’ g(z%)z"'le“"l“dz — 0 as w — +o0, and the proof of

Theorem 2 is complete.
]



Example 1 Suppose0 < a<1,0<r <1, p>0, g, is the function defined
in Theorem 1, and let

Go(z) = P-'cp(l—r)(ga(zp) — 9a(0)), forz20.

Then G, is locally C* if p > 1 or generally Corvlatl=r) (5 0) with Go(0) =
0 and ifg=pr—1,a>0,

w® /a G (z)e" dz = w” /n (ga(z) — gul(0))e“"dz
0 o

= w* /‘ ga(z)e“"dz 4 O(w™™!)
0

so neither the real nor the imaginary part has a limit as w — +o0. In
particular, if p > r, G, is locally C" but " [ 29G,(z)e™*" dz has no limit as
w — +00, so the Holder condition of Theorem 2 is sharp, at least forp 2> r.

In the usual method of stationary phase, p=2,g¢=0,r = 3. If Ga(z) =
2]2|(9a(?) — ga(0)), Ga is locally C° with Ga(0) = 0 and in fact |Ga(z)| =
O(|z|**?*) asz — 0, and fora <0< b

o /: Ga(z)e“" dz = u® (/:’ +/:) ga(z)e“%dz + O(w™™)

has limit points ﬁzﬂ’- (ifw=2% > 00) and 0 (ifw =3-2F = 00) and the
2\ 2 2 2
imaginary part has limit % ((sin %) + (sin %) ) on the sequence

w=2F4+m (fizedm #0). Ifa < b but ab > 0, we still conclude neither the
real nor the imaginary part has a limit as w — +00.

Now we will study [;° e~ t7g(t)dt = %fo“ e"’z"lg(a:%)d:t as |z| = o0
in Re z > 0, where p > 0, r = 1:—1-, 0 < Re r < 1. There are possible
difficulties near 0, for positive finite z, and near infinity; we concentrate on
the first two, assuming g has compact support except in the final remark.

Lemma 1 Let ¢ : R — R be a C® “cutoff”, having compact support and
¢(t) =1 for all t near 0. Then for any N > 0 and r € C with Re r > 0,

/ " emr=1o(t)dt = T(r)z~" + O(2|™)
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as |z] — oo with Re z > 0. (We use the principal branch of z™" since
larg z| < %.} If r is restricted to o compact set in {Re r > 0}, the estimate
is uniform in r,

Proof: Choose a positive integer n sufficiently large; integration by parts
(for z > 0, r > 0) shows

/om e Yp(t)dt — D(r)z™" = 27 fom e (c%)nt"“‘(so(t) -1).

By analytic continuation, this holds for Re z > 0, 0 < Re r < n, and by
continuity, also for Re z > 0, z # 0, which gives the result, provided n > N,
n > Re z.

B

Lemma 2 Let g : [0,00) = C have compact support and for certain con-
stants a > 0, B and v with 0 < v < § < 1, suppose

lg(®)] = O(t*), lg(t + k) — g(t)] = O(RPt™),

for 0 < h <t. (The second condition with g(0%) = 0 implies the first with
a = —~, s0 we might suppose a > 8 — v.) Further assume s >0, r € C
with Rer +sa > 0 and Re r + s(8—7) > 0.

Then as |z| = oo, with Re z > 0,

[ eertaena = oger)

where p = min{Re r +as,1,8,Re r + (8 — v)s}, unless Rer +as =1=p
or Re r + (8 — v)s = B = u, when the estimate is O(|z|™* log |z]).

For example, if g is C* (0 < ¢ < 1) we may take 8 = o, 7 = 0,
# = min{Re r+as,a}. If g is C! on R* with |g(t)| = O(t™1) and ¢(0*) = 0,
take =1,7=1—a and y = min{Re r + as,1}. (In either case the “log”
appears in case of equality.)
Proof: Say g(t) = 0 for t > C, |g(t) < Bi®, |g(t + k) — g(t)] < BRPt™ for
0<h<t and let yy = Rer + as.

For Re 2 >0

| / e"‘t"lg(t')dt‘ <B / ¢~tRe *p1=1dt = O((Re 2)™).
0 [+}
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We use this estimate when Re 2 > |Im z|,80 1 < A-}Lf_e 2.
KO < Rez<|Imz|letd = tErs0e” I fand0 < dRez < m,

7 < 8]z| < 2r. Then

o 25 )
(I Ju eme z)/ e-tztr—lg(ta)dt = (eJRe x/ +/ ) e_"t'_lg(i')dt
0 0 o

H
+ / e~ (" g(t*) - (¢ + 8) g(t + 6)")
)

1
o0 ce
‘ / e“‘t"lg(t‘)dt‘ = 0(6") + O( / (6172 4 Ppra=P1)
0 §
where p; = Re r + (8 — 7)s. It is easy to see for any real A and 8 > 0, as
§— 0t
&8 / P-4 — O(Jmin{k.ﬂ}),
]

unless A = B when it is O(8% log §~!). This gives the result.
|

Theorem 3 (Watson’s lemma in a half-space) Suppose 0 < a < 1, in-
tegerm > 0,3 >0, Rer > 0andg: [0,00) = CisC™ (ie. m®R_ derivative
of class C*) with compact support. Then as |z} = oo with Re z > 0,

/ et (t')dt Z g (0) F r+ .73) O(lzl-u)

J=0 z'+1'
where p = min{m + a,Re r + (m + a)s}, ezcept that the final term is

O(|z|™log |2]) in the case m + a = Rer +(m+ a)s or Re r +(m + a)s is
an tnleger < m.

Remark 3 Ezamples 2,8 bellow show y is sharp for 0 < a < 1; it is not
knoun if “og|z|” is necessary.
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Proof: Let ¢ be any C* cutoff, i.e. ¢ = 1 near 0 but ¢ has compact
support, and let G(t] = g(t) — ¢(t) 3¢ g(-7)(0)“J G is C™* with compact
support and GU)(t) = O(t™t*7) as t —+ 0t for 0 < j < m. By lemma 1

m

2 s Gy B D),
/; e lq:(t );gb)(g)]__! = Zo:g(’)(O)%;r—‘—) + O(|7| N)

for any N, so it suffices to prove the result when all g(j)(O) =0,9g=0G, as
we now assume.

Let Re r 4+ s(m + a) = k* + o® (integer k* >0, 0 < a* < 1).

First suppose k* > m; for appropriate constants CT*

(g)"‘ (tr“g(t'))) — Z C;"tr_l_m+j'g(j)(t").
13(:) = 3 0p L = ozge) + [ i? O ™(e

3=0
for z > 0, g(0) = 0, then § is C* with compact support and

00 00 "
/ e—tztr—lg(ta)dt = =™ / etz '—lg(t')dt
0

()
where "' = r + ms — m, Re r" + sa > 0. Then we may apply lemma 2 to
see this is O(|z]|™#) or O{|z|~*log|z}).

Now suppose k* < m. We have g(t) = t™ *gx(t) where g, = g and

A= en , ko
ax(t) = —ﬁg (6t)db, for any k in 0 £ k < m; g is C*
with compact support and g¥)(t) = O(t*~+2) as t — 0+, 0 < j < k. Note
tgr(t) = grsr(t) is at least C**+1, for k < m and tg“‘“’(t) +(k+ 1)9(*)(t) =
E+HD (1) = O(t), g (t) = Ot ) as t = 0. H ' =r + s(m — k)

41
o o0 d k
—tzyr~1 40\ 1y . ,—k —tz [ & r~1 )\ dt
./0 et ig(t)dt = 2 ‘/; e (dt) (t ar(t ))

dk 4 : r'=1—k+je (J) 18 r'—1~(48
(5) (riae) = Y crermmseingde) = " 5(e)

j=0

and
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with r” =r + ms — k and §(z) = ZC"‘g" e ), G is €* and (when k < m)

lc]’
j=0

|#(¢)] = O(t*~*). Then / et g(t)dt = 27* / e "t G(t0)dt =

O(|z]*-") where v = min{Re r" + as,1}, for any k < m, k < k* + o*,
by lemma 2. We choose k = k*; then k + v = min{Re r + (m + a)s,k* +
1} = min{k* +a*,k*+1} = Rer+ (m+ a)s (S m < m+ a). Thus
in every case the estimate is O(]z|™) - or perhaps O(|z|™*log|z|) - with
p = min{m + o, Re r + s(m + a)}.

|

Corollary 1 Suppose g is C™* with compact support, L # 0 and p > 0 real,
q€ECwith0<Req+1<p Thenasw — +oo

/o L Hg(t)dt = Z 2O P(etat ) (| L))

wq+1+1

rexp(Liz )+ 0w™)

where £ = sgnl, g = min{m + a, M}, plus O(w™* logw) when
these are equal (or if &’-%"m = interger < m).
Proof: If z = —iwL, ¥ = z,r = 91,

® Lt TOPe st = A
e iPg(t)dt = — e g g(aF)de
0 PJo

and Theorem 3 applies with arg z = —3%sgn L.
|

Remark 4 The usual method of stationary phase hasp =2, q=0 orr =
1

s=:

Example 2 Let g(t) = t™*2p(t), with ¢ a C* cutoff, so g is C™° with
compact support. By lemma 1, if Re r > 0, s > 0,

[ emetgyan = AR A | o,pom)

zr+i(mta)

Jor any N as|z| 5 o0, Re 2 > 0.
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Example 3 Let 0 < o < 1, integer m > 0; suppose g, ts the function

defined in Theorem 1, 0 < @ < b. For an appropriate polynomial P (of

degree 2m + 1) define Go(z) = P(z) + go(z) — gu(a) in [a,b] if m = 0, or
T — 2 ym-1

form > 1 Gu(z) = P(z) +/ (—:E—m—f)—l)'—(ga(y) —ga(a))dy ina <z < b,

with Ga(z) = 0 outside [a,b]? then G, is C™* with compact support. Let

Rer > 0,5 >0 and g(t) = t!:_rG,,(t%), so g is C™* with compact support

[a°,b°]. Then as |z| — oo with Re z > 0 - in particular, on the imaginary
aris -

00 b b
/ et g(1%)dt = / e Go(t)dt = 2 / e ga(t) + O()2I™™)
0 a a

00
is of exact order O(|z| ™), i.e. Iz]"‘"’"/ et 1 g(t*)dt is bounded but
0

does not tend to zero.

Example 4 (Combining the previous examples) The sum of the above
“9” gives an ezample of class C™* (0 < a < 1) with compact support and
with an integral of exact order O(|z]™*), 4 = min{m + a, Re r + s(m + a)},
as |z| = co with Re z > 0.

Remark 5 With appropriate hypotheses (see Theorem 1 and 2) we may treat
/m e~ z2ig(z)dz as |z| = oo in Re z > 0. (Here f(z) 20 forallz > 0.)

’ If g does not have compact support, suppose g is C':':l outside a neigh-
borhood of zero, y(t) = t""1g(¢*) =+ 0 ast — +o0 and [y *+D(2)]dt < o0.
Then v(9)(t) — 0 and the interpolation inequalities show Y9(t) - 0 as
t —+ 400 for 0 < j < k. Choose a C* cutoff function ¢ so that g =

(1 — ¢)g is C**! and g; = 0 near 0 while g, = ¢ - g has compact support
(treated as in Theorem 3), g = g1 + g2. Then integration by parts shows

/ e 1 g (1*)dt| = O(|z]*"") as |z| = oo with Re z > 0.
o
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