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Abstract 

We introduce a new skew-probit link for binary response by considering an 
accumulated skew-normal distribution. Thll81 an skew-item response model, 

that extends the symmetric probit-norma.l model, is derived by considering a 
new item parameter for the item characteristic curve. A special interpreta­
tion is given for this parameter, and a latent linear structure is indicated for 
the model when an augmented likelihood is considered. A Bayesian MCMC 
inference approach is developed and the study of efficiency in the estimation 
of the parameters of the model is undertaken for data set from 'Dumer (1996, 
p. 190) by using the notion of effective sample size (ESS) as defined in Kass 
et al. (1998) and the sample size per second (ESS/s) as OODBidered in Sahu 
(2002). The methodology is illustrated using the data set corresponding to 
the Mathematics 'lest applied in Peruvian schools and a sensitivity analysis 

for the chosen priors is conducted. 
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1 Introduction 
Item Response Theory (HIT) is used to model a set of multivariate dichotomous 
responses from n individuals that a.re submitted to a test with k items. This type 
of model involves latent variables that explains individuals' ability and a set of 
parameters associated with the items under consideration. It operates by modelling 
the probability of success (correct response) p;; asp;; = F(m;;), where F is called 
the item characteristic curve (ICC), p-1 is called the link function and m;; = 
a;U; - b;,i = 1, .. , n, j = 1, ... , k, where a; and b; are parameters associated to the 
items and U; is a parameter associated with the individual abilities. 

One special case follows by considering that F(.) = <P(.), where <I>(.) is the 
cumulative distribution function of the standard normal distribution. In this ~ 
the model is usually called the probit-normal IRr model or the ogive normal model 
(Albert, 1992; Bazan et al., 2004). A logit link function has also been considered in 
the literature (see Birbaum, 1968). A special feature of both models is the symmetric 
nature of the link function and the ICC. 

However, Chen et cu. (1999) emphasize that symmetric links, such as logit and 
probit links, do not always provide the best fit available for a given data set. In 
this case the link could be misspecified, which can yield substantial bias in the mean 
response estimates (see Czado and Santner, 1992). This is true, when the probability 
of a given binary response approaches O at a different rate than it approaches 1. Also, 
Sa.mejima (1997) indicated the necessity of a departure from normal assumptions 
in developing psychometric theories and methodologies. Thus, Samejima (2000) 
proposed a family of models, called the logistic positive exponent family, which 
provides asymmetric item characteristic curves and includes the logistic model, and 
suggested that asymmetric ICCs are more appropriate for modelling human item 
response behavior. 

We propose an asymmetric link function by using the skew normal distribution 
(Azzalini, 1985). It .defioo. a skew- probit IRr model that includes the probit­
normal model as special case. Recent developments of asymmetric-normal models 
in statistical literature can be seen in Azza.lini and Dalla Valle (1996), Azza.lini and 
Capitanio (1999), Sahu et al. (2003) and Genton (2004). 

The paper is organized as follows. Section 2 introduces the skew-probit IRr 
model by considering a skew-pro bit link for the item characteristics curve of the IRr. 
In the third section, a Bayesian estimation approach, based in two data augmenta­
tion approaches are considered. In the fourth section, a study on the efficiency in 
the estimation of the pars.meters in the skew-probit IRr model is presented. Com­
putation is developed by using the MCMC methodology for simulating from the 
posterior distributions of item parameters and latent variables. In section 5 an ex­
ample of possible application is presented illustrating the usefulness of the approach 
and the more general cla.58 of models considered. 
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2· .. The skew-probit IRT model 

2.1 The skew-normal distribution 

As considered in Azzalini (1985}, a random variable Z follows a standard skew 

normal distribution if its probability density function (pdf} is given by 

</J(z, >.) = 24>(z)4>(>.z). 

where rp(.) and 4>(.) denote the standard normal pdf and cumulative distribution 

function {cdf), respectively. We use the notation Z ~ SN(>.). The parameter >. 
controls skewness, which is positive when >. > 0 and negative when >. < 0. The 

standard normal distribution is recovered with >. = 0. The skew normal cdf is 
defined by 

4>(z,>.) = 1~ 2</J(u)4>(>.u}du. 

Some important properties of the skew-normal distribution are the following (see 
Azzalini 1985, Henze,1986}: 

1. The mean and variance are given by 

E[ZJ = fI_ >. . y;~, 
2).2 

Var[Z] = 1 - 1r(l + >.2)" 

2. The asymmetry and kurtosis indexes a.re given by 

1 [ E2[Z] ] 3/2 
1' = 2(4 - 1f}sign(..X) Var[Z] ; ( 

E2(Z] )2 
,c = 2(1f - 3) Var(Z] , 

implying that -0.9953 < 'Y < 0,.9953 and O < 1,, < 0.8692. where sign(.) is a 
sign function that takes value 1 when >. is positive and -1 in otherwise. 

3. The density of Z is strongly unimodal, i.e. log</>(z; >.) is a concave function of 

z . . 

4. An important stochastic representation (Henze, 1986} states that, if X ~ 
HN(0, 1) and Y ~ N(0, 1), the standard half normal distribution and stan­
dard normal respectively, are independent random variables then, the marginal. 
distribution of Z = fJX + (1 - fJ2)1l2Y is SN(>.(6)), with ..\ = ~-

5. The stochastic representation in 4 can be represented hierarchically by consid­
ering that, the conditional distribution of ZIX is a normal distribution with 
mean fJx and variance 1 - 62, i.e. ZIX ~ N(fJx, 1 - 62

). and X ~ HN(0, 1). 
This represents an important hierarchical representation of the skew-normal 

distribution similar. 
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Proposition 1. The cumulative distribution of Z ~ SN(>..) is given by 

(1) 

where o = (1+~)17, and <1>2(.) denotes the cumulative distribution function of the 
bivariate standard normal distribution with correlation coefficient -o, which for eas­
iness of notation, we denote as <I>2((z, of, -o). 

Proof. Use directly the result of Parrish and Bergmann (1981) that consider that 
the standard normal bivariate distribution with correlation p evaluated at the points 
(h, k) can be written as ,:P2(h,k;p) = t

00 
¢,(w)<I>(p)dw. 

This result indicates that the skew-normal distribution evaluated at a point z 
can also be obtained by considering the bivariate standard normal distribution with 
correlation -o evaluated a the point (z, 0). This result is important since several 
efficient computational algorithms are available for computing integrals related to 
the bivariate normal distribution (see Genz 1992, 1993). Another algorithm for the 
cdf of the skew normal distributions is based in the use Owen's function (Azzalini, 
1985 and Dalla Valle, 2004} and are available for Rand Matlab programs. 

More generally, a random variable X follows a skew-normal distribution with 
location parameter µ and scale parameter u 2, if the density function of X is given 
by 

2 (x-µ) ( x-µ) fx(x) = ;<l>i - u- ~1 A- u- , (2) 

with the notation X ~ SN(µ, u2, >..) used in this paper. The density (2) is denoted by 
¢,(x; µ, u2

, >..). If>.= 0, the density of X in (2) reduces to the density of the N(µ, u 2). 

Remark 1. By applying the properties of the skew-normal distribution and using 
variable transformation it follows that, if Z ~ SN(µ, u, >..), then Z- = aZ + b ~ 
SN(aµ+b,a 2u 2,sign(a)>..), where sign(.) was defined before. 

2.2 The Asymmetrical item characteristic curve 
The item characteristic curve (ICC) for the conditional probability p,; of a correct 
response for an item j given the latent variable U; corresponding to the ith examinee 
is given by 

p;; == P[y; = 1 I Ui, a;, b;, >..;] = ll>[m,j; >..;] = 2<I>2 [(m;;, of; -o;] (3) 

with 6; = (l+;jl172 ,i = 1, ... ,n and j = 1, ... ,k 
In the above expression, the probability p,; is expressed as a function of the 

quantity u. and the parameters T/; = (a;, b;)T and >..,, which are parameters associ­
ated with item j. Note that for A; = 0, (3) reduces top,;= ~(m;;), as considered 
in the probit-normal model. 
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Figure 1 shows ICCs for different values of u and considering a= I, b = 0 fixed 
with varying asymmetric parameter values. Five different characteristic curves are 
considered for >.; = -2, -1, 0, 1, 2. In the ICC of the skew probit IRT model, when 
.>. > 0, the probability of success starts with a slow growth for low values of the 
latent variable u. On the other hand, when >. < 0 the probability of success starts 
with a quick growth for low values of the latent variable u. By considering this fact, 
>. can be interpreted as a penalization parameter. 

Thus, when an item has associated >. > 0 we say that the probability of correct 
response is penalized for low values of the latent variable. A fixed change on the 
latent variable implies in smaller (bigger) changes in the probability of success for low 

(high) values of the latent variable. On the other hand, when an item has associated 
>. < 0, we say that the item is penalized for high values of the latent variable. A fixed 
change of the latent variable results in smaller (bigger) changes in the probability of 
success for high (low) values of the latent variable. The interpretation is the same 

when the parameterization o = (l+~)i/:i is used. 
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Figure 1: ICC for a = 1, b = 0 and different values of the asymmetry parameter 
>. = -5,-2,0,2,5 

As a consequence of the properties of the cumulative skew-normal distribution, 
it can be verified that the ICC is a monotone increasing function of the quantity U; 

which is considered as a latent variable. This means that the skew probit IRT model 
is an unidimensional monotone latent variable model (Junker and Ellis, 1997). 
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2.3 Skew-probit IRT Model 
Formally, the skew probit IRT model is defined by considering that 

Y,;lu, a;, b;, >.; ~ Bern(p,;) (4) 

(Bern: Bernoulli distribution) with p,; defined in (2), i = 1, ... , n and j = 1, .. . ,k. 
Moreover, the IRT model satisfies the latent conditional independence principle, 
which considers that for the ith examinee, !/;; are conditionally independent given 
t/.i, j = 1, . .. , k. It is also considered that response from different examinees are also 
independent. 

In the following, we use the notation a = (a1, ... , a1cf, b = (bi, ... , b1c)T, >. = 
(>.1 , •.. , >.1cf,t1 = (y11 , •.• ,y1m)T. Let Do1,o = y denote the observed data, so that 
the likelihood function for the skew probit normal IRT model is given by 

" /c 
L(u, a, b, AIDoba) = IT II q,sN(m.;; >.;)11

' 1 (1 - ~sN(m.;; >.;))1
-lli1, (5) 

and using the representation of the cumulative distribution function of the skew­
normal distribution in (8), we can write 

n /c ll<J l-11<; L(u, a, b, AID,_.) = II II [2~2 [(m;,, of; -6;)] [ 1 - 2~2 [(m.;, O)r; -6;]] . 
i=ij=l 

(6) 
Note that the skew-probit IRT model defined in (5) or (6) includes the probit­

normal IRT model (Albert, 1992; Bazan et al. 2004) as particular case when>.= 0 
is considered. The skew-probit model involves a total of n+3k unknown parameters 
being thus overparametrized. Also, for a fixed number of items, item parameters are 
structural parameters and the latent variables are known as incidental parameters. 
In IRT, generally the analyzes is focused on item parameters and the number of 
parameters increases when n increases.The model is also llllidentifiable,since it is 
preserved under a special class of tra.nsformations of the parameters (see Albert, 
1992). One way of contouring such difficulties is to impose restrictions on the item 
parameters as considered, for example, in Bock and Aitkin (1981). Another way 
follows by specifying a distribution for the latent variables. As in Bazan et al., 
(2004), we consider U, ~ N(O, 1),i = 1, ... , n. This assumption establishes that it 
is believed that latent variable are well behaved and that the abilities are a random 
sample from this distribution. 

2.4 Data augmentation approach 
Our approach is motivated by using the latent variable method of Albert and Chib 
(1993), where the underlying latent variable has a skew distribution such as the so 
called standard skew-normal distribution (Azzalini, 1985). The result we present 
next is an extension of a similar result in Albert (1992) for the case of the Skew­
probit HIT model. 
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Proposition 2 The Skew-probit IRT model, involving k items and n examinees, 

with Y;; ~ Ber(p;;) and P;; = <li{m.;, ,½) in which m.; = OfU; - b;, is e([Uivalently 
defined by considering that 

_ { 1, Z;; > O; 
Y;;- z 0, ij ~ 0, 

(7) 

where Z;; ~ SN(m.;, 1, ->.i), j = l, ... , k and i = 1, ... , n. 

Proof The proof uses the fact that 1 - <I>(z; ->.) = 4>(-z; >.) (see property E in 
Azzalini, 1985) and is similar to that given in Albert (1992) . 

Clearly, in the special case of >.; = 0, j = 1, ... , k, the corresponding result in 
Albert (1992) for the symmetric probit-normal model follows. The latent variable Z;; 

is introduced to avoid working with Bernoulli type likelihoods. Furthermore, notice 

that the asymmetry parameter with the auxiliary latent variable is the opposite 

of the asymmetry parameter of the ICC. In the following, we use the notation 
Z = (Zu, . .. , Z1mf. The complete-data likelihood function for the Skew-probit 
IRT model with D = (ZT,1lf and a and bis given by 

" k 

L(u, a, b, .\ID)= II II <psN(Z;;; m.;, 1, ->.;)I(Z;;, Y;;), (8) 
t=l j=l 

where m.; = a;u.. - b;, and I(Z;;, Y;;) = I(Z;; > 0)J(y;; = 1) + I(Z;; ~ 0)l(Y;; = 0), 
j = 1, ... , k and i = 1, ... , n correspond for the conditional density p(Y;;IZ;;). use 

for derivation of (8). Note that, if>..; = 0 then the likelihood function (14) is similar 
to the one given in Albert (1992). 

An alternative way of writing the skew probit IRI' model is presented next. 

Proposition 3. The skew-normal IRT model, with k items and n subjects, with 
Y;; ~ Ber(p,;) and p;; = <I>sN(Tni;, >.;) in which '11ii = a;U; - b;, is equivalent to 
considering that 

. __ { 1, Z,~- > O; 
Y,, - 0 Z~- < 0 ' , ., - , 

with z:; ~ N(-c5;X;; + m.;, 1- c5;), and X;; ~ HN(0,1), j = l, ... ,k and 
i= 1, ... ,n. 

Proof Considering z:; = Z;;IX;.; and the stochastic representation for the skew­
normal distribution (Henze, 1986) for Z;;, where Z;; ~ SN('11i; , 1, ->.;), j = 
1, ... , k, i = I, ... , n, as given in Proposition 2. Then, the proof follows by us­
ing Remark 1 with the skew-normal distribution. 

We consider now the complete data likelihood function involving the latent 
data z• = (Zi1, ... , z;..f. Let 6 = (c51, . .. ,c5kf- The likelihood function of 
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.. " 
L(u,a,b, 6jD) = nn 4>(Z;; ;-6;X;;+11'4;, 1-6J)I(Z:; ,Y,;)¢(X,.; ;0, l)I(X,; > 0) 

i=l j=l 

(9) 
in which 11'4; ::=: a;'Ui-bJ and J(c, cf) is equal to 1 when {c > 0, d = 1} or { c S 0, d = 0} 
and zero otherwise. 

3 Bayesian Estimation 

3.1 Prior Distribution 
To implement a Bayesian estimation procedure we have that incorporating prior dis­
tributions for u, a, b and .\. We consider the following general class of independent 
prior distributions: 

(10) 
Since independent priors are considered in (10) we can chooee priors for 1r1(-), 1r3(.) 
and 7r3(.) given in the probit-normal model Thus, following proposals usually con­
sidered for the probit-normal model (see Sahu, 2002; and Bazan et aL, 2004), we 
take conjugate normal prioni, that is, 

. iid . 
• U; ~ N(0, 1),i = 1, ... ,n, 

• a;~ N(µ,., q~)I(a; > O),j = 1, ... , k, and 

iid . • b; ~ N(0,~),J = 1, ... ,k. 

By considering the results of Albert and Ghosh, (1999) and Ghosh et al. (2001) the 
distribution of the discrimination parameter must be proper to guarantee a proper 
posterior distribution and values of µa and q~ should be informative. Already, in 
the common situation where little prior information is available about the difficulty 
parameter, one can chose o-i to be a large value. AB is mentioned in Albert and 
Ghosh (2000) and Sahu (2002) for the probit-norma.l model, this choice will have a 
modest effect on the posterior distribution for non extreme data, and will result in a 
proper posterior distribution when extreme data (where examinees a.re observed to 
get correct or incorrect response to every item) is observed. Thus, vague priors can 
be admissible for the difficulty parameter. We consider µ.,s!,s~, as known values. 
In more general situations, the prior structure needs to be enlarged so that hyper 
prior information can be also considered for those parameters. 
We can use the following prior for a and b parameters: a) a; ~ N(0, l)I(a; > 0) 
and b; ~ N(O, 10000), as in Spiegelhalter et al. (1996) orb) a;~ N(l,0.5)I(a; > 0) 
and b; ~ N(0, 2) as in Sahu (2002) . Although the use of another prior available in 
the literature lead to similar posterior analyzes for the probit normal model, Bazan 
et al. (2004) find that the priors above are more appropriate because they result in 
greater precision for discrimination estimates and difficulty parameters. 
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Further, we can consider the skew probit !RT model in terms of 6; = (1+~~)172 , 

j = 1, . . . , k, taking values in the interval (-1, 1) this define the delta parametrization 
of the skew-probit IRT model, so that we can consider that. In this case 

• <l';~U(-1,1). 

The prior above is equivalently to >-., ~ T(O, 0.5, 2), where T(µ, a2, 11) denote the 
student-t distribution with location µ, scale c,2 and II degrees of freedom. When 
considered this prior, this define the lambda parametrization of the skew-pro bit IRT 
model. 

3.2 MCMC implementation 

Using the likelihood in (5) or (6) and the prior distribution in (10) to implement 
a Bayesian estimation procedure involving a Bernoulli likelihood it is complicated 
since the integrals involved to obtain the marginal posterior distributions are difficult 
to deal with. Two approaches based on data augmentation as considered in Albert 
(1992) was introduced in the Section 2.4. This approach allows the implementation 
of Markov Chain Monte Carlo methods which simplify efficient sampling from the 
marginal posterior distributions. 

By considering this latent structure, the full conditionals for the skew probit IRT 
model using the first augmented likelihood function in Section 2.4, Bayesian infer­
ence via MCMC follows without complications as reported in Johnson and Albert 
(2000). Moreover some of the full conditionals can not be directly sampled from, 
requiring algorithms such as the Metropolis-Hastings (Chib and Greenberg, 1995). 
To overcome the difficulties described above we can use the second augmented like­
lihood function that consider extra latent variables by modifying the latent variable 
Z;;, j = 1, . . . , k and i = 1, .. . , n. 
In the remainder of this section we -develop a computational procedure for the skew 
probit IRT model based in this second augmented likelihood function. Two parame­
terization can be used. The full likelihood specification for the delta parameterization 
is given as follows: 

X;; ~ HN(O, 1); 

a,~ HN(µa,CTb); 

b; ~ N(O,ut); 

and 

6; ~ U[-1, l]. 

The full likelihood specification for the lambda parameterization is given as fol­
lows: 
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X;i ~ HN(0, 1); 

a; ~ H N(µa., CTb)i 

b; ~ N(0, u:); 

and 

A~ T(µ, u2, v). 

This hierarchical structures can be easily introduced in WinBugs software. Note 
that all of the full conditional distributions for Gibbs sampling are straightforward to 
derive and to sample from. Also note that when 6; = 0, the hierarchical structure of 
the augmented likelihood corresponding to the probit-normal follows by eliminating 
the second and fifth lines in the above hierarchy. 

4 An study on the efficiency in the estimation of 
the parameters of the skew-probit IRT model 

We consider in this section an investigation on efficiency in the estimation of the 
parameters of the skew-probit IIIT model using a data set previously analyzed in 
the literature. The aims of the study are a) to evaluate the behavioral of the auto­
correlation of the parameters of the model when a data augmentation approach is 
considered, and b) to evaluate the use of the delta and lambda parameterizations in­
troduced in the Section 3.2 for the penalization parameter. We consider a reanalysis 
of the data set taken from Tanner (1996, page 190) which includes k = 6 items and 
n = 39 examinees. 

When using MCMC, the sampled values for initial iterations of the chain are 
discarded because of their dependence on starting states. But, presence of auto­
correlations between chain values is expected when latent variables are introduced 
{Chen et al., 2000) as is the case of the data augmentation approach. AB such it, 
is convenient to perform an analysis of the autocorrelations for the parameters in 
the skew-probit IRr model introduced. In order to make fair comparisons between 
efficiency in the estimation of the parameters we use the notion of effective sample 
size (ESS) as defined in Kass et al. {1998) and the sample size per second (ESS/s) 
as considered in Sahu {2002), that is ESS divided by the running time. ESS is de­
fined for each parameter as the number of MCMC samples drawn, B, divided by the 
parameter's autocorrelation time, 'Y = 1+21::1 p., where p. is the autocorrelation 
at lag s. Estimation of 'Y using sample autocorrelations is problematic because fewer 
MCMC samples are used in estimating p. ass increases. We uses= 49. Thus, Sahu 
(2002) points out that the ratio of the means of ESS/s of the parameters analyzed 
can be considered one measure of efficiency in its estimation. We use this concept 
for studying efficiency in estimation for the skew-probit and probit-normal models. 
This concept also can be used for the comparison of the efficiency in the estimation 
of the parameters of the skew-probit model when delta or lambda parameterization 
introduced in Section 3.2 is considered. 
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For this study, it is considered the priors ai ~ N(l, 0.5)J(a; > 0),b; ~ N(0, 2), 
and 6; ~ U(-1,1) [or>-.;~ T(0,0.5,2)]. We consider, as in Spiegelhalter (1996), 
initial values a; = 1, and b; = 0, j = 1 ... , k. Initial values for the asymmetry 
parameter '5; can be randomly generated, but on Winbugs it is preferable to choose 
fixed ones. We propose as initial value, 6; = 0 or A; = 0. Initial values for U; 
the la.tent variables and auxiliary la.tent variables such as Z;; and X;; are randomly 
generated by considering the corresponding distributions. 

In Table 1 we report the mean and standard deviation of the estimated of ESS 
and ESS/s for each type of parameter for the skew-probit ( delta or lambda parame­
terization) and probit normal models over the number corresponding parameters. 

Table 1: Performance in the parameter estimation for the Tanner's data example 
(Std: standard deviation) 

Model Parameter ESS ESS/s 
Mean Std. Mean Std. 

Skew-probit a 260.7 125.9 3.7 1.8 
(delta parametrization) b 157.6 20.9 2.2 0.3 

0 137.3 16.7 1.9 0.2 
).. 121.4 13.7 1.7 0.2 
u 582.9 165.5 8.2 2.3 

Total 425.3 245.6 6.0 3.5 

Skew-probit a 182.8 93.8 2.3 1.1 
(lambda parametrization) b 100.2 9.7 1.2 0.1 

0 76.4 7.6 0.9 0.1 
). 71.1 8.4 0.9 0.1 
u 509.4 199.9 6.3 2.5 

Total 356.4 254.4 4.4 3.1 

Probit normal a 307.9 127.5 3.8 1.6 
b 905.2 338.8 11.2 4.2 
u 783.5 236.5 9.7 2.9 

Total 741.9 287.7 9.2 3.5 

Figures 2 and 3 shows the error bar of the ESS/s of each parameter for each 
model. Using the concept of efficiency defined above and forming the ratios for each 
parameters in the models we note that: 

• They are a ranking of efficiency in the estimation of the parameters in the 
models. The estimation is more efficient for the u parameters, followed by the 
a parameters, which are followed by the b parameters, and, finally, o following 
the ).. parameters. 

• In the skew-probit model, the delta parameterization is two times more efficient 
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in the estimation of the 6 and the A parameters than the lambda parameteri­
zation. 

• When a probit-norma.l model is appropriate for a data set (as is the case with 
the data set analyzed) it is noted to exist a reduction in the efficiency of 
the estimation of the b parameter when the skew-probit model is considered, 
especially when using the lambda parameterization. 

Other data sets (the known LSAT example and the Math example in Section 5) 
present similar behavior as described above. 

18 

16 --
14 

12 
ll 

10 I 
8 I I 

-- -T- c Skew-problt (delta) 6 ¢ 

LI -~-
c]5 

~ 
J 

Cl) 4 
c Skew-problt (lambda) w 

13 2 I I -;II. I =m= 
IC) 0 C Probit-normal a, 

a b u 

Parameters 

Figure 2: Performance of the parameter estimates a and b for the Tanner's data 
example using 95 % Confidence interval of sample size per second (ESS/s) 

By considering the presence of autocorrelation in the Skew-probit model, thin 
values up to 100 are recommended. Consequently a large number of iterations are 
necessary for inference based on the joint posterior density. This kind of behavior was 
observed for other models es well. Jackman (2004) considering the Probit-norma.1 
model, run half a million iteratiollB retaining only every thousandth iteration so as 
to produce an approximately independent sequence of sampled values from the joint 
posterior density. 

In addition, Chen et al. (2000) mentioned that when the sample size n is large 
(n 2::- 50), slow converge of the Albert-Chib algorithm (data augmentation approach) 
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Figure 3: Performance of the parameter estimates o for the Tanner's data example 

using 95 % Confidence interval of sample size per second (F.SS/s) 

may occur. Slow convergence of the chain corresponding to the asymmetry par&­

meter is detected speciality in the lambda parameterization. Some algorithms to 

improve convergence of the Gibbs sampler in the second data augmentation ap­

proach are suggested in Chen et aL (2001) and must be explored in subsequent 

works. 

5 An application 

We illustrate the Bayesian approaches developed in this paper for the Skew-probit 

IRT model, using the data set corresponding to the Mathematics Test applied in 

Peruvian schools. The data set is describe in Bazan et aL {2004) and corresponds 

for the application of 14 items of the Mathematical Test available for download at 

http:/ /wwv. minedu. gob . pe/umc/ applied to 131 students of high social-economical 

status. 
Figure 4 shows how scores present negative asymmetry in the behavior of sixth 

grade students for the mathematical test. The sample skew indexes is -0.804. The 

distribution of the scores presents a mean value of 10.84 and a standard deviation 

12 



of 0.449. By considering this asymmetry we can explore the use of the Skew-probit 
IRT model for this data set. 
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Figure 4: Histogram for scores corresponding to the mathematics test for n=131 
individuals a.nd k=l4 items 

In order to for use the skew-probit model we use two different combinations of 
prior distribution for the item parameters as suggested in Section 3.1. They a.re: 
Priors A: a;~ N(0, l)I(a; > 0), b; ~ N(0, 10000), 6; ~ U(-1, 1) and 
Priors B: a;~ N(l, 0.5)I(a1 > 0), b; ~ N(0, 2), 6; ~ U(-1, 1) . 

The MCMC procedure described in Section 3 was implemented using Winbugs soft­
ware. The Skew-probit model involves 42 item parameters: (a;,b;,>..;(6;)),j = 
1, ... 14. The approach also allows us obtaining individual traits for the 131 ex­
aminees in the sample (U;, i = 1, ... , 131), but we are interested only in the mean 
and standard deviation of the latent traits. As remarked in Section 4, since a great 
number of cha.ins must be generated for the model due to the presence of auto­
correlation, the MCMC procedure becomes slow. For inference purposes about the 
four proposed models, we generate 304000 iterations and discard the 4000 initial 
ones. Using a thin of 150 an effective size of 2000 was considered. The lambda 
pammeterization was used. 

Several criteria computed using the CODA package, including the ones proposed 
by Geweke (1992) were used to evaluating convergence. Estimates of model para­
meters are computed from these iterations. 

To compare the probit-normal and skew-probit model, we computed the posterior 
expected deviance (Dbar), the deviance of the posterior means (Dhat), the effective 
number of parameters PD and deviance information criterion (DIC), as presented 
by Spiegelhalter et al. (2002). Dbar, is the posterior mean of the deviance that is 
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defined as -2* log{likelihood). Dhat is a point estimate of the deviance obtained 
by substituting in the posterior means estimates of model parameters. PD is given 
by PD = Dbar - Dhat. DIC is given by DIC = Dbar + PD = Dhat + 2 * PD· 
The model with the smallest DIC is estimated to be the model that would best 
predict a replicated dataset of the same structure as that currently observed. As 
Bazan et aL {2004) observed, in the presence of auxiliary latent variables, marginal 
DICs for the observed variables must be considered since the focus of the analysis 
is p(yju, a, b, 6). 

From DIC values shown in Table 2, we see that skew-probit model, improve 
the corresponding symmetric probit-normal model for any of the prior distributions 
considered. Spiegelhalter et al. (2002) mentions that PD can be negative and it 
can indicate conflict between prior and data. This problem can be important in 
the skew-probit models when prior information is not available. Informative prior 
elicitation using historical data, as proposed by Chen, et al. (2001) can be explored 
in subsequent studies. 

Table 2: Comparison of the Skew-probit and probit-normal IRT models using DIC 

models 

Probit-normal 
Skew-probit (A priors) 
Skew-probit (B priors) 

parameters 

159 
173 
173 

Dbar Dhat 

1446.17 1358.13 
1315.88 1370.39 
1330.97 1367.5 

PD 
88.04 

-54.511 
-36.528 

DIC 

1534.21 
1261.37 
1294.44 

On a preliminary analysis, Bazan et al. (2004), using prior scenarios A and 
B specified for the a and b parameters in the probit-normal model, indicated that 
the probit-normal model is insensitive to the prior specification. This result is not 
observed for the skew-probit model, which is sensitive for the specification of more 
diffuse priors. 

Table 3 shows estimated correlations between the posterior means of the para­
meter corresponding to the two priors considered. Note that all item parameters 
are correlated under prior scenario B. Note that for priors A and B, parameters a 
and b present somewhat strong correlation among themselves. But it is important 
to observe that 6 (or >.) in the two priors are not correlated. Estimates of 6 or >. 
are different when the priors A and B are considered. The use of prior A impliffi 
that the posterior mean of 6 (or >.) is closed to zero. We prefer to present inference 
results for prior B. Additionally, we choose to work with asymmetry parameter 6 
because it offers the same interpretation as the parameter >, in a simpler scale. 

Estimate'!! of item discrimination and difficulty parameters for the probit-normal 
and skew-probit models using prior B are presented in Figures 5. The two types 
of parameters are equally interpretable under both models. Item 11 is the most 
discriminative while item 9 is the least. Also, item 11 is the easiffit while item 12 
is the most difficult. So, the Skew-probit model is a model that offers the same 
conclusions about difficulty and discrimination parameters as the Probit-normal 
model. In Figure 6 we present differences between probit-normal and skew probit­
normal models (sum of absolute value of differences in a; and b; parameters) for the 
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Table 3: Correlation of posterior means for item parameters under the two prior 
scenarios 

A prior B prior 
a b 5 a b 5 A 

A prior a 1 
b -0.71 1 
5 -0.31 -0.32 1 
A -0.23 -0.39 0.92 1 

B prior a 0.99 -0.70 -0.31 -0.22 1 
b -0.64 0.99 -0.38 -0.45 -0.65 1 
5 -0.90 0.88 0.09 0.02 -0.87 0.83 1 
A -0.91 0.74 0.27 0.19 -0.87 0.67 0.97 1 

new item parameter 6;-
As expected, the difficulty and discrimination parameters in the probit-normal 

model and skew-probit-normal model are approximately equal when the asymmetry 
parameter is close to zero. This is not the case with items 11 and 4, which present 
penalty parameter estimates (5 or A) large and negative (negative asymmetry on the 
item characteristic function), while discrimination and difficulty parameters differ 
in the two models. In the special case of items 11 and 4, the difference between 
models as consequence of the asymmetry parameter affects the difficulty parameter. 
The other items present penalty parameter estimates around zero indicating that a 
probit-normal model is adequate for explaining the behavior of the items. 

6 Discussion 

This article proposes a new asymmetrical item response theory model. It consider·s a 
new asymmetric item characteristic curve by considering the cumulative distribution 
of the standard skew-normal distribution (Azzalini, 1985). This extends the work 
of Albert (1992) to fit asymmetrical IRT models and includes the symmetric probit­
normal model as a special case. Two data augmentation approaches are proposed 
by implementing a Bayesian estimation approach by using the MCMC methodology 
for simulating from the posterior distribution of item parameters and latent vari­
ables. Notion of effective sample size (ESS) as defined in Kass et aL (1998) and 
the sample size per second (ESS/s) as considered in Sahu (2002) is considered for 
the study of efficiency in the estimation of the parameters of the model introduced. 
We call attention to the importance of investigating such quantities when the data 
augmentation approach are used in the skew-probit model and there is strong evi­
dence of autocorrelation in the parameter estimated that follow from the generated 
chains. However, ergodicity of the Markov chain follows from the regularity con­
ditions required for the convergence of the Markov chain. But, one consequence 
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Figure 5: Discrimination and Difficulty parameter under probit-norm and skew 
probit-norm models 

of this is that large number of iterations are necessary for assessing the variability 

of the estimates (sample mean, sample mode, quantile) . This can be achieved by 

careful subsampling from the Markov chains, which also is a useful tool to minimize 

storage requirements. With the data set used in the Section 5, it was not possible 
to detect asymmetry when a vague prior was considered for the parameter b, as was 

the case with more precise priors. Subsequent studies on the study of sensitivity of 
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Figure 6: Differences in probit-norm and skew probit-norm models for delta para­
meter 

the posterior of 5 (or A) with respect to prior choice is called for. 
Another contribution of this article is the introduction of a skew probit link with 
a general representations for the likelihood of the data, which is not the case in 
Chen et al (1999). Comparison of symmetrical a.nd asymmetrical ffiT models are 
presented by using the Deviance Information Criterion (DIC) described in Spiegel­
halter et aL (2002). Finally, from the point of view of the test designer, the presence 
of a new item parameters that can explain the asymmetric behavior of ICC in term 
of variations on the probability of success for different ability levels can be used on 
the development of more precise tests for the estimation of examines' s ability. An 
example is give for illustration. 
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