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Figure 1: The sub- and supersolution for ¢ = 2.1.
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Attractors for Parabolic Problems with Nonlinear
Boundary Conditions in Fractional Power Spaces
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Abstract

In this work we prove existence of global attractors for reaction-diffusion problems
with nonlinear boundary conditions in fractional power spaces.

Introduction

Let Q be a bounded smooth domain of R™. In this paper we consider reaction diffusion
systems with dispersion of the form

u, = Div(aVu) = ) Bj(a:)?l — A+ f(u), in §,
i=1 aIJ (1)
du _ g(u), on 0.

On,
where u = (uy,---,un)T, N > 1, a(z) = diag(a:i(z),---,an(z)), a; € c'(Q), ai(z) >
mg >0,z € N, 1<171< N, a%u_a = (aVu,7), 7 is the outward normal, X is a
positive constant and B; = diag(b},~~-,b§v) is continuous in Q, j = I,---,n. Let
f=n)T:RY=RY, g=(g1,--,9n)" : RY — R" be smooth functions.

It has been shown by Pao [12] that if f is a source of heat and if g = 0 then we have
blow up i finite time. Our aim is to control the increase of heat by means of a dissipative
flux through the boundary. To accomplish this goal we need to introduce some kind of
“competition” between f and g ( see condition H2 below for the precise condition). In
fact one of the basic questions is: If g dissipates heat through the boundary, can we find
a relation between the dissipation g and the source of heat f in such a way that we can
assure the existence of global attractors?

In [2] the existence of the global attractor is proved for n = 2, assuming only dissipative
properties on f and g. The key idea is to restrict the space of initial data in such a way
that no growth assumptions are needed for local existence of solutions for (1)

Our goal here is to extend this result to arbitrary dimensions. To accomplish this we
work in L? spaces for a suitable choice of 1 < p < oo, instead of L?(f2), and then follow the
general approach developed by Amann [1]. The main difference is that, in our approach,
instead of working in the Sobolev spaces W¥*?(f), we work in the fractional power spaces
associated to the operator defined by the linear part of (1) with homogeneous boundary
conditions. These fractional power spaces turn out to be the so called “Lebesgue Spaces”
H3(Q) (see Triebel [14], for a general discussion about these spaces and their relation
with differential operators and interpolation theory). In this way we are able to use the

2Supported in part by CNPq Conselho Nacional de Desenvolvimento Cientifico e Tecnolégico
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well developed theory of sectorial operators as described, for example, in Henry [5]. This
approach leads, in our opinion, to a considerable simplification in Amann’s arguments.

We will only sketch the argument here. Detailed proofs can be found in [10].
Hypotheses

In this Section we fix the hypotheses to be used throughout this paper.

(H1)
Moreover, if f,g satisfy (H1), and given the eigenvalue problem
Div(aVv;) + }5 B;(z) B + Mv; — i = piv in
—DiviaVv; j a i — GV = [fili, ’
j=1 J 615 (3)

g—:—l"'- = d¥v; on 0N
we will assume the following,

(H2) & and d? are such that the first eigenvalue (in the sense defined by Remark 1), p1,
of the problem (8) is positive.
Finally, as mentioned before, we will assume that

(H3) X is such that the linear part of the operator in (1), with Neumann Boundary con-
dition, is a positive operator (the operator A will be defined precisely in the next section).
If B=0, then X can be any positive value.

Remark 1 From the results of Protter & Weinberger [11], and Krein & Rutman [7], we
have that the first eigenvalue of (8) is always real. Here, we mean first, in the sense that
all the others have greater real part. See Carvalho, Oliva, Pereira and Rodriguez-Bernal
(2] for a proof of this in our case.

Remark 2 To avoid notational complications we will treat only the case N = 1, but the
results remain true in higher dimensions and the same arguments apply if we assume (H1)

(see [10]).

Remark 3 (H1) is-the dissipation condition on the equation. Note that we allow either
co or do to be positive. In other words, we allow either f or g to be a source of heat.

Remark 4 (H2) is a precise formulation of the “competition” between f and g that we
mentioned in the Introduction. Notice that we cannot have both co and do positive. More-
over this condition states that our problem “hehaves” as an intermediate case between the
Dirichlet case (do = 00) and the Newmann case (do=0).

Negative Fractional Power Spaces

Here we define the fractional power spaces related to the operator defined in (1),
including negative powers. Let us mention that if we work in L?, these negative frac-
tional powers can be easily defined using duality and Fourier transforms (see for example,
Rodriguez-Bernal [13]), but in L? things are more delicate.
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Denote by B the boundary operator Bu = Ban% and let H,f‘w)(ﬂ) be the Lebesgue
space with boundary condition B (see [14]).

Consider A = diag(Ay,---,An) in LP(£); cM), the operator defined by
D(A;) = H:,{B}(Q); Aiu= —Dwv(a;Vu) + 37, b}(z)%‘; + Au.
1 Llet A" = diag(AY,---,A)) (the dual operator) be the operator in L7 (Q; V), where
%+ =1, defined by D(A}) = H} (y(Q);  Alw = —Div(a;Vv) — div(vB;) + A,
where C is the boundary operator Cv = 36—:— +vB-1i.

We have that (see Triebel [14], pag. 401) A’is an isomorphism from H:,‘{C)(Q;CN)
onto L”(Q;CcN); A” (the dual operator of A’) is an isomorphism from LP(Q;c") onto
(H2 1cy( cM)) and A" = A, in H} (5(; cM).

With this, let us define the operator A_; in (H;,,(c}(ﬂ; cM)) by
D(A_y) = LP(;€V);  Aqu = Au, for all u € LP(; cM). The following results hold
(see [10] ).

Proposition 91 A_y is a sectorial operator, with p(A) = p(A_1). Moreover, given § > 0,
if we define X?, = D(A%,) then A_, is also a sectorial operator in X8, which we denote
by Ag_l. :

Theorem 1 Write X° = D(A®) Then, f 0 <0 <1 X0 = X0 = H:’?B)

Notation 1 Having this result in mind we will define, for all0 < s <1, X7° = X

Local Existence

We observe that we can always consider the Lebesgue spaces as real Banach spaces,
even though our functions are taking complex values. With this in mind, if (H3) holds
then it follows from Proposition 1 and the results of Henry [5] that A_s generates an
analytic semigroup in X~# for 0 < 8 < 1 which satisfies, for —f <a <1 — B

Je=-rtul ., < Me=fuollxe, £20, [lem-r'uo] , < Memt=* fuollx—r, £ > 0.

. 4)
or some € > 0, M > 0.

Now, in order to use comparison arguments we need to choose « big enough so as to
have X* C C(2). We also need B small enough to ensure that the boundary conditions
are not incorporated in X'~?, and finally we require @ + # < 1, to be able to apply
standard arguments of semilinear parabolic theory as developed for instance in ([5]). This
can indeed be done if p is big enough.

Since we are going to use the linear operator A with homogeneous boundary conditions
to define the abstract problem, we need to include the nonlinear boundary conditions in
the equation. Furthermore since we are working with complex valued functions, we will
need to complexify f and g. This is done as follows.
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N . 2
Notation 2 We denote by fe:cV — cV, ge:cV =V the complezifications of f and

; : N ‘aN — N
g, respectively, where Fe(¢) :== F(Cr) +iF(C1), ¢ = (r+1i(1 € aR + zR_ﬁ = iC ,dfzr
any function F:RY — RV. Now, let us consider the map gy X — X7P defined by

(g+(u), B) :=/ v(ge(u))v(9), for all ¢ € H;‘:,ﬂ(ﬂ), where v denotes the trace operator.
v el 20 26
Similarly, we define fo: X* = X~° by (fa(u),¢) = ]ﬂ fe(u)d, for all ¢ € H(Q).
We will also denote by h := fa + g

It is easy to show that fa and g, are well defined, and h is Lipschitz continuou.s in
bounded sets of X°. From results in ([5]), the following existence result follows readily.

n J S P o B
Theorem 2 Suppose that (H1) and (H3) hold and 3z <a<1l- B<l—gi=35+3
Then the abstract parabolic problem

{ ?1—1: + A_pu = h(u) (5)
u(0) = up € X*

has an unique solution for any uo € X, which is given by the variation of constants

formula

t
T(t)uo = e A-2tug + /0 e=A=p(=9) (T (5) o) ds. (6)

Moreover, if the mazimal interval of eristence of the solution T(t)uo is [0, tmaz then
either tmez = +00 OT |T(t)uol| xa — 00 ast — tmaz-

Regularity Result

The solutions provided by theorem 2 turn out to be more regular. In fact, using results
from [9] and [8], we obtain the following result.

and let u be the solution of (5). Then, there ezists € > 0 such that u(t,-) € C**(), for
allt > 0. Moreover, Re(u(t,")) is a classical solution of (1), for anyt > 0.

Theorem 3 Suppose that (H1) holds and that o, B and p as in Theorem (2). Let ug € X°

Remark 5 Now that we have local ezistence for (5) and since all functions and. coeffi-
cients in the equation are real, we can take the real part of the solution, and we stz'II hat.Je
a solution. Thus from now on we will suppose that X is the real part of functions in

H2* ().

Existence of Global Attractors

Hypothesis (H2) allows to use a comparison argument to obtain estimates of sol\-lti('ms
in the uniform norm. Then, with the help of a ‘bootstrap’ argument based on the variation
of constants formula we can prove:

Lemma 1 IfV is a bounded subset of X* then U T(t)V is also a bounded subset of X°.

>0
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Now, taking into account the regularization properties of the semigroup the existence
of a global compact attractor follows from results in ([4]), once point dissipativiness is
established. This last property is also achieved by using comparison and bootstrap argu-
ments.

To state our main result, we introduce some notation. Let ¢ be the first eigenfunction
of (3), m = rréifr)up(:z;). and ¢ as in 2. Let also Xy = {u € X* : |u(z)| < fp(z), for all

zTE Q}. Then we have

Theorem 4 The problem (1) has a global attractor A in X*. Furthermore A C Ly if
Om > €.
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