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1 Introduction 

Conformal geometry is a classic topic in diff'•rential geometry. A modem introduction 
to it by means of second order frames la in (K). The essencial feature is the existence of a 
Cartan connection on an appropriate bundle. Recently, attention hu been given to aub­
Riemannian geometry (SJ, and the natural question of the corresponding subconformal 
geometry is naturally posed. 

Sub-Riemannian geometry deals with a metric which is defined only on a distri­
bution of a given manifold. A class of conformally related sub-Riemannian structures 
definH a 1ubconformal structure. We will restrict our attention to the case of contact 
distribu lions. 

The treatment of the equivalence problem for aubconformal geometry of codimension 
1 presented in this work follows the approach given, in the case of CR-structures, by 
Chern in (CM), following the 1teps of Cartan'• work (CJ in dimension 3. In this work 
we consider the line bundle, which we call £, of all conformal metrics to a fixed aub­
Riemannian one over a m&llifold, and over this line bundle an appropriate coframe bundle 
Y which solves the equivalence problem. The solution is understood to be a parallelism 
which gives a complete set of 1ubconformal invariants. ln dimension 2, \here ex.i1t1 a 
bijection between conformal structures on a surface and complex structures. The same 
result bolds in dimension 3 if we substitute the conformal structure by subconformal 
structure, and complex structure by CR-structure. We also examine the relation between 
those structures in higher dimensions and show that the parallelism obtained in [CM) 
ia a special case of the parallelism obtained for conformal sub-Riemannian structures. 

Part of this work was completed while the first author was visiting the Federal 



UD.ivenity of Para, and he would like to thank the kind 1upport during h.is stay. The 

ftnt author bad partial support from CNPq. Both authors would like to thank Prof. 
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2 CR-structures and Sub-Conformal Structures 

Let D be a distribution on a manifold M. We will consider the following structures 

De8nition 2.1 I} (M,D,J) ia a CR-,tructure i/ J: D - D •atiafie• J 2 = -/. 
I) (M,D,1) a. a Sul>-Riemannian •trueture i/ f i6 • metric on D. 
3} (M,D,i) u • Conformal Sub-Ricmonnian •lnidure i/ i u a conformal clau of 

,u .. riemonnian metric•. 

Let D be a distribution on a manifold M and .- : TM -. TM/ D the quotient map. 

Definition 2.2 The Levi form o: D x D-. TM/Du t/ae antw11metric form defi~d 
u o(X,Y) = -•((X,Y]). 

In the following, we 1uppoae that D i1 or codimenaion 1. In this cue, fixing a bue 
v of TM/D define, the Levi form a. u a real valued form. Let '• be the contact form 
of thi1 distribution such that l.(.--1v) = 1, then the Levi form i1 given by 

dl,,(X, Y) = o,,(X, Y) 

Proposition 2.1 I) If (M,D,J) i.• a CR-•tructun:, for tach vector v of TM/D, t/aere 
c:ri.,u a 6cuu, compatible untl, J, ,ud that 

( !1 ~) 0 0 0 0 

0 0 0 0 
(o,,) = 

0 0 (~ ~1) 0 0 

0 0 0 0 
0 0 0 0 0 
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t) If (M,D,g) ill o aubriemonnion manifold, for eacla w:dor ., of TAI/D, there eriat. 

an orthononnal 6cui.~ lfUch that 

( 0 Ai ) 
-A1 0 

0 0 0 

(o,,) = 0 0 0 

0 0 ( 0 
,\on ) 0 

-.\ .. 
0 0 0 0 

3) If (M,D,i) i6 a conformal ,u6-riema,mion manifold, for each vector II of TM/D, 
there uub an orthogonal ba,u .uch that the matriz (o,,) i, u in£), wit/, a normalizing 

condition, for in,toncc .\ 1 = I. 

We will consider non-degenerate Levi forms in this work. In this case we can choose 

the normalizing condition in 3) above to be dct(o,,) = I. Also, in 2) above, there exists 

only one v in TM/D such that dct(a,,) = I, in the non-degenerate case. 

Definition 2.3 l)A non-degenerate CR-•tructurr: u ,trongly-p,ndoconvcz if the 2 x 2 
blocb in the normal form of the Lni fonn arc equal. 

t)A non-dcgcm:rate lfub-ricma,mian 11tructurc i, ,trongly-piondocomicz if the 2 x 2 
6locb in the non,ial form of the Len form are efUal, that ia ~I = · · · = ~.. = 1 for 

the unique v abow:. We coll o 1i,6-conformol ,trudurr: 1trongly-p11ci,doconvcz if it u 
atrongly-pieeudoconvcz for one of the ,11u6-ricrnannian mdric11 of the 11ub-confonnal clau. 

We will establish next the equivalence between CR-structures satisfying certain con­
ditions and certain Sub-Conformal structures. Bdore stating the proposition, we need 

thl" following definitions. 

Definition 2.4 I} A CR-11tructurc u qua.fl-irdcgrablc if Ilic Lcri-fon11 satis/ic.• tlic con­
dition o(X, Y) = o(JX ,JY). 

!) A CR-ittri,ctun: is integrable if it i.• quasi-integrable and u·c /ia,ic J((J X, JY) + 
[X, YI)= (JX, Y) + (X,JY). 

Proposition 2.2 Tlic following structure/& ore equivalent: 

J) 11trongly p11eudoeo,wcz qua~-intcgrablc CR-structure.• 
~) 11trongly p,cudoeom>f!z sub-con/onnal llfructurc11 

Proo{. Consider a strongly p~udoconvex quasi-intPgrable CR structure_ We will 
define a conformal class of sub-riemannian metrics by g,,(X, Y) = a,,(J X, Y) for X, Y E 
D. A different choice of v wiU define a conformally related metric. Conversely, given a 
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metric in tbe conformal dasa of a sub-conformal structure, define the J-operator to be 
the matrix or the normal Levi form o.,. 

0 
If we had allowed sub-Lorentiian metrics to appear in this work, the proposition 

could be generalized to establish the equivalence between quasi-integrable CR-structures 
of type (p,q) and subconformal structures of type (2p,2q). 

3 The Bundles E and Y 

Let (M, D, i) be a nondegenerate subconformal structure. We let E' to be the line­
bundle of all subriemannia.n metric.a in the conformal daas g. Given a. subriemannian 
metric, there exists a canonical contact form B such that 

where Bi is a dual basis of an orthonormal basis of D, and det(h;;) = 1. We -.ould 
consider the line bundle E ~f ;JI ,ontact forms usoc:iated to the subriemannian metrics 
in this sense. It is dear tbtci,. tl,at there exists a fiber bundle isomorphism between 
those two bundles. To explicit d.•,; isomorphism, consider a trivialization of E', that is, 
a choice of a subriemannian metnc g and the corresponding lrivialiiation of E, that. is, 
tbe contact form I. Then the bundle map is defined u >.g - >.B. We will identify E 
with i' in the following considerations. 

Over the bundle E we will construct a bundle Y or forms. The construction is very 
similar to the construction or the corresponding bundle in the case of CR-structures 
(CM). 

We begin by defining the t&utologicaJ form w. Given a point e in E, consider a 
coframe Bi as above. On e we consider the puU-back Bi and all forms defined by 

,.,; = ~a;si + v\.1 where (aj) e 0(211) 

finally we define the form 'P, by imposing the equation 

(l) 

Observe that each choicP of w' fixes a matrix h;; and • is then any form in the famiUy 

d>. . . 
; = - 1 t 2h,;v'w' + 1M.J 

The bundle of all forms w,wi,t; is denoted by Y. Unfor&una&ely i& is no& a principal 
bundle, and we will obtain a parallelism which doesn •, have all tbe 11icetia of connections 
over principal bundle5. 
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We could reduce further the bundle Y, but we loose in the other hand in the unity 
or treatment allowed by the general case. 

This can be done fixing an antiuymetric matrix g;;, and considering the ramilly or 
forms w,wi, ~ satisfying the equation 

It is important to note that (g;,) is not arbitrary, and cannol in general be chosen 
constant (although it can be chosen to be constant on the fibers of the line bundle). 
The best choice is the normal form defined above with the conditon dct(g,1 ) = I, which 
fixes the scalar. We call y• this bundle, which is well defined when the normal form 
bas the same number of distiod noovanishing elements varying smoothly with the same 
multiplicity. The group G of matrices or the form 

( 
~i !. ~) 
A -2g":v1 u~ I 

where g;;u~uf = g1c1, and u~ e 0(2n) acts on y•. The above conditions implies u~ e 
U(di) x •·· x U(d1r), where d1,•"'•"" &rf' the multiplicities ofthe normal form. In case 
g;; are constant, then y• ia a G-structure on E. 

In the ca.se of CR-1tructure1 we also form the line bundle E of contact forms and de­
note also by w the tautological form. Y will he th• G-structure of all coframes satisfying 
the equation 

Here 9,.iJ is a fixed hermitian matrix. ThP natural choice is 9niJ::: lioo- Tiu• group G1 of 
this G-structu" is the group or matrices of thl' form 

4 A Parallelism 

To start defining the parallelism, we define forms w;, (/)' such that the following equation 
is satisfied . I . . . . 

d!.J' :c - -~Aw• - w~ Aw' - •• Aw 2 , (2) 
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h is our goal to impose conditions on those forms 10 that they are intrinsically and 

uniquelly defined. 
Let wj, ~j and •;, i,i forrn11ati1fying the equation 2. Then 

( w; - ~; ) ,\ ..,; + ( q,i - ~i) ,\ w = 0 

Using Carlan'• lemma we get 

w~ - ;i. = ci·Lw• + c'w , , ,.. , .i -~ = c~..,i + Cic.l 

with c~., = ci,• It is rlPar now that we can impose first that wj = -wf and solve for c~4• 

ThPrefore 
..,; - ;~ = c'w 

, J J 
(3) 

~i - j,i = c!wi + C;IJ 

with cj = -cf. 
Differentiating equation 1 we obtain 

' ' . . . . 
(dh,, - h1;;1.1; + h1c;w, )w' Aw' - (d<J, - 2h;;t/>" Aw') Aw= 0 (4) 

Lemma 4.1 Lee A he a t-fonn and B;; 6c l-/on11.• with B;; = -B;, and Aw+ B;;w; ,\ 

w' = 0 then A = -6;;wi I\ w' + "1 I\ w and B;; = 6;;1,w' + 6,;w u,/aerc 6;; = -6;;, 

6;;1i: + 6,.;, + 6,1i:; = 0 and 6;,1: = -6,;, 

Applying tlu• lemma to equation 4 we obtain 

di/> - 2h;,,Ji A ..,i + ti• Aw = 6,,w; Aw' 

dh;; - hl;wf + h1,;wf = 6;;1i:w• + 6;;w 

If WP use 3 in 6 abovl' we obtain 

I, l: I l: -
(h,1c, t hhc;)c.., = (6;;1i: - 11;;1i:)c.., + (6;,; - 6;;).., 

Thl'n 
6;_;1; = 6;;1i: 

" " -li,4:r, - '1,1c, = 6,, - 6,, 

To conlinul' further, consider in gl(2n, R) the scalar product 

< A, 8 >= Tr( ABT) 

(5) 

(6) 

(7) 

and the linear map adH(A) =HA-AH= (H,A) where H = (h;;). Let g = o(2n)n 

kcr(adH) and g' = sim(2n) nker{adH ), where sim(2n) is the set of symmetric matrices 

of dimension 2n. Then gi = o(2n)n/m(adH), and g•i = lltm(2n)n/m(adH}- We state 

th• property Wf' nl'ed in thP followini lemma 
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Lemma 4.2 a.tlH : g.1.(g1.1.) - g.1.(g'.1.) ia an iaomorphiam 

Observe now tha.L equation 7 can be writtewn in the form 

-[H,C)=B-B 

where C = (c;), B = (6;;). 
Let /J = /J1 + /J2 where /J1 e g and /J2 e ,.1. 
Using the lemma we can IOlve the equation (H, CJ = S2• 

We proved that there exists antissimelric form• wj such that 

BEg 

We still have the following ambiguity 

where (cj) e g, that is, 

(8) 

h;,c} - c1h,; = 0 (9) 

Ir we differentiate the equation 2 and using 5, 2 and 1, we obtain 

· l · · · 1 · (,l4'' - 24'A 4'' _., l\w} + 2"11\w') l\w + 

(dw; + wj I\ w! + h1,;w' I\ ♦1 - !•1,;c.11 I\ w' - h1;4'; I\ w1) I\'-" = 0 (10) 

We define 

•~ = dw; + wi I\ w! + h1;w; I\ 4'1 - h1;wi I\ 4" - ~ 61,w' I\ w' + 

~b1;w1 I\ i.r - h1;4'' I\ ,i + h,;., I\ w1 + h;;w" I\ 4'" 

Then we have that 
•} + +1 = 0 

•~ l\wi E O modw 

From those two properties follows easily the following lemma 

Lemma 4.3 
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Consider two sets ofform1 wj,•• and wj,i, then 

tj - I! = ( c~hu - hr;411 + hr,c,li - h1;ci + h1;c{ + h;;4lw• I\ w1 mod w 

Tht-n 

Let S;1 = L Sji, and S = L Sii• 

Lemma 4.4 Tlam: a~ uniqut /or-rm wj •alia/Jing 2, 3, 9 and •uch that (S;,) E g•J. 

Proof: Using 9 and the formula above, we get 

and 

then 
· S-S · 

S,1 - S,, = -(n + 2)c!h;1 + 4(n + i/f 

By lemma 1, we can writes,, = S), + SJ, where SJ, e g' and s1 E g•J.. 

Aa adH(/) = 0, we have that< (S,,)2,1 >= 0, that is S'l = 0, or S = .S'1 = 0. We 

then write the ,.,111ation abovt> u the following two equations 

s• - -
-Sj1 + 4(,. + l)lif = -(n + 2)tjh,1 

(S.,1)2 = (S,,)2 

and this determinf's uniquely (c!) E g. a 

From equation 10 we get tlie following 

ti= 5i w" l\w1 + ~i l\w 
J '"' J 

( 11) 

where ~i = -~' and J I 

(12) 
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where a,i are 1-forma. 
Differentiating equation 5, and using equations 1, 2, 6 and 12, we find 

(d• +•I\•+ 2hi;Vi A ,.,J - 2h;;•i A~ - ·•;;•i /\ ,.,J) /\ w + 
(-d6,; + 261;;f1 

- 2h,;l: + 6;;1 + 61;W: + 6;1c.1j) Aw' I\ wi = 0 

Using lemma I, we obtain the following expreuiona 

dt/, + v, A• - 2h;,f; A tf,i - 46;;•; A c.,i + 2h;;vi A c.,i = p I\ w - P;;w; A c.,i (13) 

- d6;; + •;;1f1 
- h1;l! + h1;l1 + 6;;f + 61;w!- 61;wj = P;;w + P.,,w• (14) 

where pis a I-form, P;; = -P;;, P.;1: = -~ii, P.;1: + P1:;; + P;h = 0. 
In order to determine the forms f', we need to have some information about the 

form• lj. To obtain this information we diff'erentiate equation 11 and use 1, 2, 6, 12, 
14. After a tedious computation, we colect the term which contains ,.,i A wi. By lemma 
I, it• coefident i1 0 mod w,w;, u all other terms contain w. 

dSj,, - Sj..,4' - SJrl'-'l - SJ1:rwf - s;,r-1; + SJ,r-1; - ljh.., - h,;lt + 1(-hr;ATli + 
hr;l,lj + h.-ilf ll-hril46{ -h,.1..\lli + hr1lr1t- hr1:Ar1{ + h.-1:llli) + l(h,;A1- h1:;lj -
hi;l{ + hh..\f) + (1(6r;I + ~,;)Ii - ¼(~ii+ ~fi>'t - l{6r;t + 6r1:;)lj + ¼{6ril + 6rli)lj + 
l611ilj + ½6;;16: + l•1:1;I; - l~1:•!J~ • 0 mod w,wi 

Leting i = k, and 111mming over i we get, 

tlS;1 - S;i• - S;rwj - SriwJ - C•t2>(-lihr1 + h,.;lf) - lh.;l:"if + (j(r,.,, + 6ri,) + 
l(•.;;lf + 61;;lj + 61;;l!>J•r = 0 mod w,wi 

Leting j = I and summing, we obtain 

mod w,w' 

Substituting again in the formula above 

tlS;1- S;14'- S;rwj - Sr,c.,J - 1"12)(-..\ih,., + h,.;lf) + IJ(•rjl + 6r1;) + I{ 2(11
1+1)6rn1f + 

61 ··6; + 6·· ·11)]"'r = 0 mod w c.,i 119' , .. ,.'¥'- ' 
We will apply the following lemma. to obtain .A~. It is important to observe first that 

from equation 14 we get that 

(15) 

Lemma 4.1 Ld S, A 6e /unctioru with value• in Im( adH) and Ker( adH) re•pectiveli. 
Tlen 
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111/mt: w = (wj). 

Proof: Differentiating (A, HJ = 0, and using the formula 6 in the form dB+ lw, H) = 
0 rnod w,w', we get (dA + (w,AJ, HJ= 0 mod w,i.i. This proves the first part of the 

lemma. To prove the second part, we use the formula< (X, Y), Z >=< Y, IXT, Z) > to 

the differentiation of< S, A >= O. □ 

Using lemma 4.5 and the above formula for flS;, we get 

~1 = v,i·w• + wj,.,;A 

with V/,. = - ~1, w;,. = -w/,.. The essential point to define the parallelism is the fact 

that Aj does not contain terms in ~-

Lemma 4.6 1'1,crc cz~t uniquely tlcfimtl •i •vch that I: V;~ = 0. 

Proof: We write equation 12 a.s 

We have the following ambiguity on the choice of q,i and f/, 

"'-°ii= -2h;;c'wi + Gw 

Taking the difference of equation 16 with two choices for the forms q,i and ,;,, and taking 

the roefirient of the term w• I\ w1 gives 111 

iJ 1 ,ih r 1 ~i I r I Hi I~ 1 vi 11'71 
c 1u- 2a1 ,,.c + 2a,.1,1c = 2r,,.- 2.,,.- 2r,.,+ 2v,., 

Summing for i = k we have 

l · I . ln, 
( n + 2 )h;,c' = 2 v,: - 2 ., 1; 

Jt follows that the condition V1~ = 0 determines ci by the formula 

a 



To complete defining the parallelism i\ remains to detennioe uniquely tJ,. Although 

this is not strictly necessary, we first obtain more information on 11i for future use. We 

differentiate equation 16, and get the following Pquations 

dW; w• • + , w· wj • 1 w; "" - yi " + zi _;., d 
Ir - .,w, w, Ir - 1,w, - 2 lrY' = . lrkW lr,'1' 1110 W (17) 

where Xirl = -X!rl and Ziu = -Z!r, = z;,r 'and collecting mod w,w', the coefficient 

of thP term which contains w" A w1 and making i = k and summing we obtain 

-(2ra t I )h,,,,; - ~W/;¥' t (3nbri - 2Srt + W/,IV,~ - Xt)<t;; 0 mod w,w; 

We conclude that 

It follows that 

.J,J..i 1 ; ..., i 1.1. • 1 (V; .,; \. ·" ., w• "'" .. , u.,. = 24' I\ 4> + ~ l\wJ - 2v· I\ w + 2 ,,. - .,,.,,.., I\ w- + jkY' I\...,,.. 

+PjwJ Aw+ a;~'".,+ ll;tJ, I\ w (18) 

and 

Lemma 4. 7 There cri.<ts a u11iqur form I/• drfim:d by L I',' = 0 

Proof: We takP tht> difference of equation 16 with two different form~ I/• an<l ef,. The 

ambiguity is tJ, - ~ = Gw. The term in ..,, I\ w is 

It is clear then that tlie condition P: = 0 determines t/•. □ 

5 Reduction to the Complex Structure on D 

We will first Htablish some algebraic IPmmas. The matrix II = (Ii,,) will be considered 

in u(fl), that is, h0 p = h 0 +,.JJ+n and ho+n.JJ = -lt0 .1J+n, where from now on, greek 

letters range from I to n. Then I H, J) = 0, where J = [ ! 1 ~ l · 
11 



Lemma 1.1 If A E o(2n) and (A, HJ= 0 with dd(H) 'I- 0, then A E u(n). 

Lemma 1.2 (u(ra), u(n)i) C u(n)i and (u(n)i, a(n).l] C u(n) 

Lemma 1.3 u(n).l = {A E o{2n) : AJ + JA = O}, that u, a6t: = -aJ , aj+" = 
aJ+,.• 

Lemma 1.4 If A E o(2n) and A= A•+ A.1 with A• E u(n) and A.1 E u(n).1, then 

Lemma I.I If B e aim(2n), toith B = B"' + B'.1 , B'- E u(nY, s•.1 E 11(n)', B'.1 e 
u(n)'.1, Vlhere u(n)' = ker adH n iiim(2n}, then 

Lemma 5.8 If (Sj1;,) e g, for any fized l,I, then (S;,) e g'. 

We will consider lhe reduction of lhe bundle Y lo lhe bundle or coframes where 
(h;;) E u(t1). Decompose (wj) = (w1;) + (T1;), where w1 = (w1!) E u(n) and r 1 = 
(r1!) E u(n).1. From equation 6 we obtain 

where 81,: = (6;,1:) = s: +Bl. Using lemmas 5.1 and 5.2, we have 

(20) 

and 

IH,r1J = -Bfw" (21) 

It follows from the equation above that we may write T 1; = r 1!1i:w". 
Equation 2 is written as 

(22) 
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Introduce the complex fuctiont 

and complex forms 
(o = Wo + kJo+t1 

JO JO+ • 1o+n 
f/lJ=wll IWIJ 

v,"' = ,o + itf/"h 
Jct 10 + • 10+11 

1 'jf = r tJ ar fJ 

In complex form, equation I is written aa 

and 22 as 

where (J = (fl. 

We have also that 

where 
I!!! _ ) ( 10 10+• ) i ( , .. +.. 10 

1 IJ,. - 2 T ,,,. + T IJ,.+a + 2 T fllA - T IJl' ♦ n) 

... )( ... 10+• ) i( 10+.. '"' 
l 1ii = 2 T p,. - 1' ll1A+• + 2 T IJ,. + T IJ,.+n) 

Equation 5 in complex form becomes 

d~ - h00.,,0 11 (6 + h,rc;'{)0 11 ( 11 +t/•111o1 = P,00( 0 A (ii 

where ,;,0 = VJ" and 608 = 60 /J + ibaa+ .. · We get analogously 

dh,.p = 601"' + 601,.(" + ltap;;('ii + h0 ;;111i + '11oh,.o 

where 
6aii,. = i(6:o,. + 6:11+ .... + .. l + ~(b:o+ .. ,. - b!p,,..,.) 

60 p;; = ~(6!,1,. - 6!i1+ .... + .. l + ~(6:o+n,. + b!,,,.+.> 

(23) 

(24) 

(25) 

(26) 

In the following we will write equation 11 in complex form. By lemma 5.2, writing 

•j = ♦"j + +J.;, we ba.ve 
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and 
• .1 i. _ ,fr Ji + r:•i /\ w~' + ""Ii /\ "'' +· T,Ll,i /\ .J.I _ 8./-i c.i• /\ 1.} J - J I J I J ji,- .,, J'4 

where we introduced 

. I . . . . 
BJ., = 4(6,;.Sl - 6,i.s, - 6,;61 + 6n.Sf) 

and where T;\i, r;i,, BJ;.i1, s;~ are obtained using lemma S.4. Analogously, we obtain 

(27) 

and 

(28) 

which are decomposition• of eqaation I I. 
Writing IJ0 = +;• + i♦j-+• and ij• = +!• + i♦;•+•, and using lemma 5.4 we 

have 

and 

+J• = d,1}0 + '1! 0 A 'IA'+ 1/0 A 1)1 + ~(h,rcl: + h~I! + hn.S:)vl" (" 

+ i( h,ir6! + ha;.6:' + hnl:' )rp' /\ ('ii 

+i(6,rcl: - 6~6!)(" I\ (r + ~(6,ir6! - 6~:')(;; /\ (' (29) 

tjn = d1 1
) + 11•~ I\ 1'1 + 7 1

~ I\ '11
~ + (h,;;6: - h,0 6! + 

h,,J6:' - h1146!)(" I\ rp' + i(6,ir6! - 6,i: - b,.;;6~ + 6,.;;6~)(" I\(' (30) 

where,,,, = 1116 and 71~ = l 1J 
Using equation 27 we get 

+;'" = s»:.,,.,. ,. + s1:.<" ,.. ,. + s~.e,.. ,. + s*'e,.. ,. 
+v;:c" l\w + v;;e /\w + w;:'r"' l\w + »'JG~ l\w 

where the coeficients are easilly computed using the coeficienll of equation 27. 
Analogously we have 

lj'" = sj;. (" " (' + sj:,<" ,.. er + SJ;, cTI ,.. C' + st;cc-;;" <' + 

{31) 

vt,•,,.,.. w + v1;,;; """ + w/;'P" ",,, + w~·i?,.,,, (32) 
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We have S:Jr = -s;;6 = J::1 and J;, = -S:! and lemma 4.3 gives the following 
relations 

s;:. + s:.·- + s;-;,. = o 
s•a + ..... + ;i.,1,,, - 0 p,., ., ,.,{J .,,{J,. -
S""' + s· .1. + ,..1. - o ~ -;;l/J .,,/1ii -
s•• + S~'!. + s-to = o /Jiic ,..{J l"-

The condition in lemma 4.4 ls written u (S;r) E g'.1. n u(n)' where (S,:;) is the 
component of (S;,) E aim(2n) in u(nY. A simple c-omputation shows that in complex 
form this condition becomes 

"Tl.a 
(SJ!;.+ S110,.) E g'.1 n u(n)' (33) 

Equation 16 is written 

!, /\'Pi+~" w•i_ + ~ "r•i __ !,, /\ "'; 
2 ' ' 2 

I . . i . i . . 
+c2cv;, - v;,)w + w;,"' ) """ + "' "w (34) 

In complex form, we obtain 

i• = dv,• - i"'" v,"' - (II",,•: -(;;" 1•; + ~., /\ (· = icv,:o - v,:a)(" I\(' 

+~cv;a - v,!"'><",., r: + ~CVt"' - ~ii)(;;"<'+ ~CV;¼" - v,{0
)(;." c• + 

w::fw"' I\(' + w:;vi,. I\,.+ w;ttci' /\ (' +"'¾"'cl'/\('+ ;:,o /\ w (35) 

where ii"' = v"' + iv"'+". Then 

(36) 

where [Jo = U0 + .u0 +", P; = i<P: + ,:::> + i<P;+n - P:+ .. > and PG = j(P; -
f'!t:) + {(J>:+• + J>:+11 ), and analogous formulas for k: and .R~. 

The condition on lemma 4.6 is 

(37) 

Analogously, equation 13 in complex form is 

dv, + t1 I\ cp - 2h,,,J1P0 
/\ vi - 26,.;r;,"' /\ (1 + 26/rti.;l /\ ( 0 + h.oii" A , 1 -

hnv'6 I\ <' = p /\ w - PatJr.° /\ </J - P;;p(o"(' - Paa<· I\ ,a - pii'lJ(li I\ ,1 (38) 
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where v5 = ~ and 
,. I J. • .a. -. ­
r•fJ = 2(P.,r - 1P111+•1f) = P5J 

I . ---
~1111 = 2cr;,, + ,,:,, •• > = Po, 

The condition on lemma 4.7 i1 written u 

(39) 

In the following proposition of this section, we obtain the construction of the par­

allelism of Chern- Moser(CM) for CR-1tructure1 u a particular C&Se of the conformal 

sub-Riema.nnian parallelism. . 
A CR-structure corresponds to having H = J and T1; = 0, or h.,,J = ii.,,,, and 

71j = o. 
Propoaition 5.1 The parallelima for CR-,trudure, obtai~d in {CM/ i, a ,pecial ca,e 
of the paralklurn o6tai~d obooe for a conformal ,uf>..Riemannian ,trudure 

Proof: Observe that in thia cue g = u(n). Using equations 20 and 21 we get 

10 6 '2 = • J = 6 'L = o . . ,,, . ,. .,,,,. 

B• - B.a. - B - 0 ' - ' - - (40) 

The equation 23 corresponds to equation 4. 10 of (CM). The equation 24 with -y 1j = 0 
corresponds to 4.16 of [CM), where 

.. ,.. 160-4. 
V'fJ = ,, ,, + 2 If"' 

The equation 4.21 of (CM) is precisely .,1; + q1! = 0 which follo.-s from our definition. 

The equation 25 with 6
0
1 = 0 corresponds to 4.26 of (CM]. h follows from 28 that 

.J.. .I. . 
S;,i = V;•' = 0 (41) 

10 sj,., = s;t, , V/l = v,•f Jt follows then, that 

and 

s3,,., = o 
h follow■ from 40 that the coeficient of ~r in the equation dS;t - • • • = 0 mod w, wi 

vanishes, so that 
wj, = o (42) 
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implying w;; = Wj; = 0. Equation 29 reduces to 

dfJ}o + ,,:a I\ 'I}' + ii//\ (o + iv,o I\ (p + ~tSJ( cp' A(' + 1y' I\(') = 

2sa,,.<" ",. + v1t,,<" "w + v;,.e "w (43) 

Ui;ing 25 we obtain equa.tion 4.53 of (CMJ. From 41 we gel Sf" = 0. Tl..- n,ndition 33 
""" is then written as 

s;a"ji = 0 (44) 

which is condition 4.37 of (CM)]. Using 42 we have Xf,, = 0, and this implies 

R;· = U; = 0 
J 

Using 41 , 42 in 35 we obtain 4.54 of ICM) and from the equation above in 36 we obtain 

v" = P!(" + Pp{ii 

which is 4.61 of(CM). From 37 a.nd 41 follows tha.t 

v.-a - 0 
/lo -

( 45) 

(46) 

which is 4.58 of (CM). Equation 38 corresponds to equations 4.59 and 4.64 of (CM) and 
equation 39 corresponds to 4. 70 of (CM), and this completes the proof of the proposition. 

6 Final Reduction 

The ma.lrix (9
0

;;) being a.nlissymelric, il could he diagonaJized. The eigenva.lues a.re 
invariants of the subconformal structure a.nd functions over the manifold. We suppose 
that we get precisely r eigenvalues p, with constant multiplicities d,. Let ( 1 , • • •, (n a 
complex coframe satisfying 

(47) 

and 
(48) 

for 1 S k S r, Consider a second coframe ('1 , • • - , (h' where 47 is va.lid. Writing 
("' = 03(11 , it is easy to see that (a3) E ll(d1 ) x • • · x U(d,). This allows us lo reduce 
further the structure. We denote G = U(di) x • • • x U(d,), a.nd g its Lie aJgebra. whlcb 
is g = ker(adH) n o(2n). The scalar product in o(2n), restricted lo u(n), in complex 
form is 

< A, B >= 2ReTr(A11T) 

For A E u(n), we write A = (A;,)rxr, where each A;, is & matrix d, x d,, with 

A;.= -A,;. la particular H;, = 0 if j i .I: and H;; = ip;l~,· 

17 



Lemma 8.1 A EI if and ont, if A;• = 0 for;~ I:, and A;; E •(ti;), BE f.l n •(n) i/ 
ond onl11 i/ B;; = 0, whtrr: I~ ;,I:~ r. 

Proof: The first usertion i1 dear. To prove the second one, we use the formula 

< A, B >= -2RtTr(A;;B;;) 

a 

Lemma fJ.2 (g,g.1) C gl 

,,. = '1 + ,, 

whf're 'I takes vaJun in g and 1 2 in g.1 n a(n). 

We will use indices o;,/J;, ··•with the following range d1 + • • • + d;_ 1 + I ~ o;,/J; ~ 

d1 + · · · + d, . Then 
,,;: = 0 

where j # I:. 
Equation 26 splits into the folJowing equations 

Writing dp; = P;oW + P;,.(" + P;-;('ii then 

b -: = i6fJ0
1 

P;o o,u, , 
b '6°1 .. ,a,,. = 1 tJ, v;,. 

6,.,lf,1' = i6;:v;; 

Usin,: those Pxpressions Wf' can writ• equation 23 

Equation 24 as 

18 
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and equ&tion 25 ia written u 

dt/> - ip;v,0
1 I\{°'+ ip;v,Oi /\ ( 0

1 + Y, Aw = ip,0(0
1 I\ (°' 

Equation 29 split, into 

+/J",o, = dno, + no• /\ ,,'• + ..,20, /\ ..,,:i•• +.., lo, /\ ..,le 
'I/JI •1<1 /J, I fl I /J, If 1/J, 

(53) 

+ip;(v" /\ ,o, + v,o, I\ {J;) + ;,;:,J<~ /\ (" + v," I\,·> (54) 

and 

= d1
2j! + 'le~' I\ 1

2
~. + 1

2
~: I\ '1~! + 1 2

~' I\ 7
2
~. + 1

1
~' I\ "f •t 

+~(PA:+ P;)(vla /\ ( 0
' + V'01 I\ (T.) + ~(PlaO - P,0)(0

• A (J; (55) 

Equalion 31 ia valid with the corresponding indices of 54 and 55. Analogously 
equation 30 is written u 

In \hi, equation k could be equal to j. Equation 32 is valid witb corresponding indices. 
It follow, from 33 that 

because this matrix is in g' n g•J.. The first member of equation 34 becomes 

- I /J o ,.. 2o - 1o I , to, = d-.,,o, - 2(/1 /\ 'Po' - ( I I\ '11,J: - ("' /\ 1 /J: - (" /\ 7 ;;' + 2"' A("' (58) 

Equation 37 continue, to be valid and 38 becomes 

dy, + V, /\ t/>- 2ip1iy01 I\ ,p51 
- 2ip;o(1y0

• I\ ( 0
• - lj)'&, /\ ("•) + 

ipJ(ii"• "'(0
• - ;;

0
, 11 <"•) = , "'w - Pap(0 "</J -

~ 11(
0

1\(• - i'01c0 11. c1 - i' .. "H<li" <-P (59) 

Finally, equation 39 continues valid. 
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