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1 Introduction

Conformal geometry is a classic topic in differential geometry. A modern introduction
to it by means of second order frames is in [K). The essencial feature is the existence of a
Cartan connection on an appropriate bundle. Recently, attention has been given to sub-
Riemannian geometry [S], and the natural question of the corresponding subconformal
geometry is naturally posed.

Sub-Riemannian geometry deals with a metric which is defined only on a distri-
bution of a given manifold. A class of conformally related sub-Riemannian structures
defines a subconformal structure. We will restrict our attention to the case of contact
distributions.

The treatment of the equivalence problem for subconformal geometry of codimension
1 presented in this work follows the approach given, in the case of CR-structures, by
Chern in [CM], following the steps of Cartan’s work [C] in dimension 3. In this work
we consider the line bundle, which we call E, of all conformal metrics to a fixed sub-
Riemannian one over a manifold, and over this line bundle an appropriate coframe bundle
Y which solves the equivalence problem. The solution is understood to be a parallelism
which gives a complete set of subconformal invariants. In dimension 2, there exists a
bijection between conformal structures on a surface and complex structures. The same
result holds in dimension 3 if we substitute the conformal structure by subconformal
structure, and complex structure by CR-structure. We also examine the relation between
those structures in higher dimensions and show that the parallelisin obtained in [CM])
is a special case of the parallelism obtained for conformal sub-Riemannian structures.

Part of this work was completed while the first author was visiting the Federal



University of Pard, and he would like to thank the kind support during his stay. The
first author had partial support from CNPq. Both authors would like to thank Prof.
A. A. M. Rodrigues and J. A. Verderesi for fruitfull discussions on the relation of the
involved structures and on the equivalence problem on a line bundle.

2 CR-structures and Sub-Conformal Structures

Let D be a distribution on a manifold M. We will consider the following structures

Definition 2.1 1) (M,D,J) is a CR-structure if J : D — D satisfies J? = - 1.

2) (M,D,g) is a Sub-Riemannian structure if g is a metric on D.

3) (M,D,g) is a Conformal Sub-Ricmannian structure if § is a conformal class of
sub-riemannian metrics.

Let D be a distribution on a manifold M and x : TM — TM/D the quotient map.

Definition 2.2 The Levi forma : D x D — TM/D is the antissymetric form defined
as o(X,Y) = -=([X,Y)).

In the following, we suppose that D is of codimension 1. In this case, fixing a base
v of TM/D defines the Levi form a, as a real valued form. Let 0, be the contact form
of this distribution such that 8,(x='v) = 1, then the Levi form is given by

di,(X,Y) = ay(X,Y)

Proposition 2.1 1) If (M,D,J) is ¢ CR-structure, for each vector v of TM/D, there
czists a basis, compatible with J, such that
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2) If (M,D,g) is a subriemannian manifold, for each vector v of TM/D, there ezists
an orthonormal basis such that

0 A
(-,\,o) 0 0 0

[ay) = 0 0 0
0 A,

0 0 (—An . ) 0

0 0 0 0

8) If (M,D.g) is a conformal sub-riemannian manifold, for each vector v of TM/D,
there exists an orthogonal basis such that the matriz [a,) is as in 2), with a normalizing
condition, for instance Ay = 1.

We will consider non-degenerate Levi forms in this work. In this case we can choose
the normalizing condition in 3) above to be det[a,] = 1. Also, in 2) above, there exists
only one v in TM/D such that det{a,] = 1, in the non-degenerate case.

Definition 2.8 /)A non-degenerate CR-structure is strongly-pscudoconver if the 2 x 2
blocks in the normal form of the Levi form are equal.

2)A non-degenerate sub-riemannian structure is strongly-pscudoconvez if the 2 x 2
blocks in the normal form of the Levi form arc equal, that is Ay = -+ = A, = 1 for
the unique v above. We call a sub-conformal structure strongly-pseudoconvez if it is
strongly-pscudoconvez for one of the sub-riemannian metrics of the sub-conformal class.

We will establish next the equivalence between CR-structures satisflying certain con-
ditions and certain Sub-Conformal structures. Before stating the proposition, we need
the following definitions.

Definition 2.4 1) A CR-structurc is quasi-integrable if the Levi-form satisfies the con-
dition a( X,Y) = a(JX,JY).

2) A CR-structure is integrablc if it is quasi-integrable and we have J(|[J X, JY] +
(X, YD=[JX,Y]+[X,JY]

Proposition 2.2 The Jollowing structurcs are equivalent:
1) strongly pseudoconver quasi-intcgrable C'R-structures
2) strongly psecudoconvez sub-conformal structures

Proof. Consider a strongly pseudoconvex quasi-integrable CR structure. We will
define a conformal class of sub-riemannian metrics by ¢,(X,Y) = a,(JX,Y}for X,Y €
D. A different choice of v will define a conformally related metric. Conversely, given a



metric in the conformal class of a sub-conformal structure, define the J-operator to be
the matrix of the normal Levi form a,,.

(u]

If we had allowed sub-Lorentzian metrics to appear in this work, the proposition
could be generalized Lo establish the equivalence between quasi-integrable CR-structures
of type (p,q) and subconformal structures of type (2p,2q).

3 The BundlesE and Y

Let (M, D, g) be a nondegenerate subconformal structure. We let E’ to be the line-
bundle of all subriemnannian metrics in the conformal class g- Given a subriemannian
metric, there exists a canonical contact form @ such that

d0 = h;;0' A® + hi8' A

where @' is a dual basis of an orthonormal basis of D, and det(h;;) = 1. We ould
consider the line bundle E of ul} sontact forms associated to the subriemannian metrics
in this sense. It is clear thui. that there exists a fiber bundle isomorphism between
those two bundles. To explicit ti.'s isomorphism, consider a trivialization of E’, that is,
a choice of a subriemannian metric g and the corresponding trivialization of E, that is,
the contact form 6. Then the bundle map is defined as Ag — A0. We will identify E
with £’ in the following considerations.

Over the bundle E we will construct a bundle Y of forms. The construction is very
similar to the construction of the corresponding bundle in the case of CR-structures
[CM).

We begin by defining the tautological form w. Given a point e in E, consider a
coframe 6" as above. On e we consider the pull-back #' and all forms defined by

w'= \/Xazﬂj + v'w  where (a;) € O(2n)
finally we define the form ¢, by imposing the equation
do=wAd+hw A (1)
Observe that each choice of w* fixes a matrix h,; and ¢ is then any form in the familly

®= -JTA + 2hi,‘vjwi + sw

The bundle of all forms w,w*, ¢ is denoted by Y. Unfortunately it is not a principal
bundle, and we will obtain a parallelism which doesn’t have all the niceties of connections
over principal bundles.



We could reduce further the bundle Y, but we loose in the other hand in the unity
of treatment allowed by the general case.

This can be done fixing an antissymetric matrix g,;, and considering the familly of
forms w,w', ¢ satisfying the equation

du:wA¢+g;,uiA¢.)’

It is important to note that (g;,) is not arbitrary, and cannot in general be chosen
constant (although it can be chosen to be constant on the fibers of the line bundle).
The best choice is the normal form defined above with the conditon det(yg,;) = 1, which
fixes the scalar. We call Y'* this bundle, which is well defined when the normal form
has the same number of distinct nonvanishing elements varying smoothly with the same
multiplicity. The group G of matrices of the form

1 0 0
v ul 0
s —2g vt u} ]

where g;;uju] = gu, and u! € O(2n) acts on Y*. The above conditions implies u} €
U(dy) x «-- x U(d), where dy,---,d; are the multiplicities of the normal form. In case
¢ij are constant, then Y* is a G-structure on E.

In the case of CR-structures we also form the line bundle E of contact forins and de-
note also by w the tautological form. Y will be the G-structure of all coframes satisfying
the equation

do = ig g AP twng

Here g3 is a fixed hermitian matrix. The natural choice is g,3 = éo5. The group G, of
this G-structure is the group of matrices of the form

1 0 0 0
v® ug 0 0
vé 0 u§ 0

s iguugr® —ig,ujv” 1

where gaau:ug = goa.

4 A Parallelism

To start defining the parallelism, we define forms w},¢" such that the following equation
is satisfied

Mis-%¢hw‘-wjhu’j—¢iﬂu ()



It is our goal to impose conditions on those forms so that they are intrinsically and
uniquelly defined.

Let wi,wf and &', ¢i forms satisfying the equation 2. Then
(W =) A +(¢' - F)Aw=10
Using Cartan’s lemma we get
wi - :.;; = j.,u" + cjw
¢ - ¢ =ciw +cw
with c;, = c"h. It is clear now that we can impose first that wj = -u-‘-" and solve for c;'-k.

Therefore - )
W =W = W (3)
¢ —¢ = cjw’ + cw
with ¢} = —¢.
Differentiating equation 1 we obtain

(dhyy — haywt + hwk o' Aw? - (dd - 2h;;¢' AW’) Aw =0 (4)
Lemma 4.1 Let A be a 2-form and B;; be I-forms with B;j; = - B;; and Aw + B;,-u‘ A
W = 0 then A = =bju' A W+ YAwand B;; = b.-,-,,w" + b,jw where b;; = by,
bisk + briy + byki = 0 and biyx = =byix

Applying the lemma to equation 4 we obtain
dp - 2h;¢' Aw’ + Y Aw = by AW (5)
dh,; - hy;w! + hiw¥ = bixw® + bijw (6)
If we use 3 in 6 above we obtain
(hykck + hyickhw = (bie — Biju)o* + (bi; — bij)w
Then
biji = biju
hyicl = haey = by, - b, (7)
To continue further, consider in gl{2n, R) the scalar product
< A,B>=Tr(AB")

and the linear map ady(A) = HA — AH = [H,A] where H = (h;;). Let g = o(2r)N
ker(ady) and g' = sim(2n) Nker(ady), where sim(2n) is the set of symmetric matrices
of dimension 2n. Then g¥ = o(2n)NIm(ady), and g'* = sim(2n)N/m(ady). We state
the property we need in the following lemma

6



Lemma 4.2 ady : g1(g'*) — gt(¢'*) is an isomorphism
Observe now that equation 7 can be writtewn in the form
-(H,C)=B-B

where C = (cj-),B = (b,;).
Let B = B' 4+ B? where B' € gand B2 e gt
Using the lemma we can solve the equation [H,C] = B2.

We proved that there exists antissimetric forms w;'- such that

Beg
We still have the following ambiguity

L Y |
Wi~ wi = cjw

where (ci) € g, that is,
hike — cihi; =0

If we differentiate the equation 2 and using §, 2 and 1, we obtain

(d¢' - %¢A¢‘-¢jhw}+ %«mu‘)/\u+

(duf +wf Al + Bjf A g - %"u‘-" AW~ hé' A ) AW = 0

We define
1’; =dw) + uf Au; + h,_,-wi A¢' —h’ AP - %bl,w' AW+
%b,.-u' A — hyy¢' Aw' + b’ Aw' 4 bt A g

Then we have that ) _
*+e =0
A’ =0 modw

From those two properties follows easily the following lemma

Lemma 4.3 } ]
=Syt Al modw

where S,"-u = —Sf.,,, . -5,':4; and sju + S};, + 5{,,- =0.

8)

(9

(10)



Consider two sets of forms w ¢' and & ¢'. then
- & = (chu - hojeld] + hoci8] - hijci + hiich + hijef )t Aw! modw
Then

: . " 1, .. vei 1y e ) -
Shat = Sju = Shur = Shejcibi + Shejciby + Shrickd] - ghrict bt -

(P T i el
5"11"1 + 5"&:"3 + :ihh't-'i - ih"‘c"' + hyjck

Let $;1 = ZS;:.-, and S =Y Si;.

Lemma 4.4 There are unigue forms w! satisfying 2, 3, 9 and such that (Sji) € gt

Proof: Using 9 and the formula above, we get
Si-8,=-(n+ 2)cihy - %C.'h.'Jf
and
S-8=—-(2n+2)cih;,
then

s-3
4(n+ 1) 4
By lemma 1, we can write §,; = 5}, + 5}, where §), € ¢’ and 37, € g".
As ady(l) = 0, we have that < (§;)%, >= 0, thatis S =0,0r § = §' = 0. We
then write the equation above as the following two equations

SI

Su=-81=-(n+ 2)c’h., +

= =
5,‘ P TR 4(" T l) (" + 2)¢Jh|l
(Si)? = (3,
and this determines uniquely (c}) € g. o
From equation 10 we get the following

P = Syt AL+ A AW (1)

where A = - and
d¢-'=%¢A¢"+¢J’Au§-%¢Au‘+,\§/\u"+u‘/\u (12)



where o' are 1-forms.
Differentiating equation 5, and using equations 1, 2, 6 and 12, we find
(d¥+$Ad+2h0' A = 2h;; ' A @ — 4b;¢' Au) Aw +
(—db;; + 251,'.'¢' - 2’!1,'4\2 + b0 4 b,,-wg + 5,‘1&}) AW AW =0
Using lemma 1, we obtain the following expressions
dY+ 6 AG—2his¢' AP — 4B, A + 2hijV A = pAw - Piw' A (13)
= dbij + bijid' ~ hijAl+ hiidl 4 8,0 + bjw! — bl = Pyw + Pt (14)

where p is a 1-form, Pj= ‘Pjh Py = =Pjiy Fija + Piij + Pji = 0.
In order to determine the forms ¢, we need to have some information about the
forms A; To obtain this information we differentiate equation 11 and use 1, 2, 6, 12,

14. After a tedious computation, we colect the term which contains w' A wi. By lemma
1, its coeficient is 0 mod w,w’, as all other terms contain w.

ds;:_u = Sju® = Sjwf — Siywf — Siyw] + Sjupop — Ajhu - ’f-':'"t' + }(-."r:"\”i_ +
heiMidi + heidi8) — heidi ] — hudi8] + hridi8] — heu NI8] + heaA8{) 4 (hiy 2§ - hajAf -

hid] + haid]) + (3Bt + 8,16 — Yot + 4,1)8] — 1(rsn + 0t )57 + Y(bria + b8} +
Eoui) + §bijub? + 100;8% — 10abl}¢" =0 mod w,uf

Leting i = k, and summing over i we get,

dSjt = Sj1é = Sjew] = Sew] — LF(-Adhet + hojAT) = §hyidT8] 4 [3(boyr + boty) +
F(bviit] + b1ii6] + 8,i61))¢" =0 mod w,

Leting j = | and summing, we obtain
2(n + 1)AA] = (2n + 1)buo” mod w,w'
Substituting again in the formula above

dS;1 - Sith = Sjrf = Sors = CL(=Mihos + hei A7)+ (3 (0es+ bots) + Hgraybrisd] +
biiibi + b;i88))¢" =0  mod w,uw’

We will apply the following lemma to obtain A; It is important to observe first that
from equation 14 we get that

hie X} = ALh,; = 0 mod w,w, ¢ (13)

Lemma 4.5 Let S, A be functions with values in Im(ady) and Ker(ady) respectively.
Then

dA 4 [w, A] € Ker(ady) mod w,u'



dS + |w, 5] € Im(ady) mod w,w
where w = (wi).
Proof: Diflerentiating [A, H] = 0, and using the formula 6 in the form df +[w, H] =
0 mod w,w', we get [dA + [w, A}, H]=0 mod w,w’. This proves the first part of the

lemma. To prove the second part, we use the formula < [X,Y],Z >=< Y, [XT,2])> to
the differentiation of < 5,4 >= 0. O

Using lemma 4.5 and the above formula for dS;; we get

A;' = ;‘kwk + w;’k¢l

with VJ",‘ = - .-‘};,WJ'?,‘ = —Wi’;. The essencial point to define the parallelism is the fact

that 4\;' does not contain terms in ¥.

Lemma 4.6 There ezist uniguely defined ¢ such that ):V,', =0.

Proof: We write equation 12 as
¢ =do' - %¢A¢i—¢jAuj + %vmu‘ = %(Vj,,- Vit Awd + Wit Aw’ +1F Aw (16)
We have the following ambiguity on the choice of ¢* and v :
¢ -F =cw

V- E = -2h.-,-c"wj + Gw

Taking the difference of equation 16 with two choices for the forms ¢' and v, and taking
the coeficient of the term w* A’ gives us

; 1., | Ry == L) (M)
chu = S8iheke” + S8, hnc” = gVik— 3V - gV + 5‘721

Summing for i = k we have
(n+ 5)"-‘"-" = §Vh' = §V;-'
It follows that the condition Vi = 0 determines ¢' by the formula

l i l 1
(n+ i)hnc =-3Vu

10



To complete defining the parallelism it remains to determine uniquely ¢. Although
this is not strictly necessary, we first obtain more information on v for future use. We
differentiate equation 16, and get the following equations

; . ) 1. ) )
dW! - W uw! +wiWp - Wiw! - 5W,',¢ = X,',,:u" + 2f,¢' modw (17)

where X, = - X!, and Z},, = -2},, = Z},, , and collecting mod w, ", the coefficient

of the term which contains w* A w! and making i = k and summing we obtain
—(2n + Dhyt - %w,-’,.w +(3nbyy — 28 + WLWE - X) )¢ =0 mod w,uw'

We conclude that _ . o .
Vi = Plui + Ri§ 4 Ui
It follows that
) 1 1 1. .
d¢' = SHAS +¢ AW - gPALTE 3(Vie - Vi ok Aw? + Wit AW
+PIV Aw+ Ry A0t U AW (18)

and

dvi+ VA~ 2hi, ¢ A® +(2hi; RE +4b;u)8* Aw? +2h, UM AW = pAw+Qusw' Aw’ (19)
where Q;; = hh'P: - hk,P" - F;.
Lemma 4.7 There ezists a unique form v defined by 3 F} =0

Proof : We take the difference of equation 16 with two different forms y: and y. The
ambiguity is ¥ — ¥ = Gw. The term in w’ Aw is

| . ;
—566,- =F - F,
It is clear then that the condition Pi = 0 determines v. a]

5 Reduction to the Complex Structure on D

We will first establish some algebraic lemmas. The matrix H = (h,,) will be considered

in u(n), that is, hog = hoyngen and Royng = —ha p4n, Where from now on, greek
letters range from 1 to n. Then [H,J] =0, where J = [ _01 (’) ]

1



Lemma 8.1 If A € o(2n) and [A, H) = 0 with det(H) # 0, then A € u(n).
Lemma 6.2 [u(n),u(n)*] C u(n)* and [u(n)*, u(n)!] C u(n)

Lemma 6.3 u(n)! = {A € o2n) : AJ+JA =0}, that is, ag}s = —aj , a3*" =
Ly

Lemma 8.4 If A € o{2n) and A = A* + AL with A* € u(n) and AL € u(n)!, then

+
wa _ a3 +¢;t: _ uadn  wadn _ az i = _a§+,. = —a"§
8=""9 T%an8p = 2 = B4n
1e _ 93— 9513 ja+n jain a5*" + 63,a _ 10
0Tp= - =0y Gy = =0T,

Puting U = a*§ + ia“g*" , Vg = alj +iat5*" then UF = -Uf and Vi = -v2

Lemma 8.8 If B € sim(2n), with B = B™ 4+ B'L , B™ € u(n), B't € u(n), B't €
u(n)'t, where u(n)’ = ker ady N sim(2n), then

b"" = 3"’ 5;:: = b"'"" bn.a-l-n - bs+- = bs+n _ -b""
= 2 = Bin 1 I = 2 = f.EX Y

Lemma 8.8 If (S})) € g, for any fized L1, then (S;1) € ¢'.

We will consider the reduction of the bundle Y to the bundle of coframes where
(hi;) € u(n). Decompose (wj) = (w'5) + (+'5), where W' = (w'}) € u(n) and 7' =
(r'}) € u(n)*. From equation 6 we obtain

dH = [H,r')+ Bpuw* + Biw* + Buw + [H,u')
where B, = (b;;x) = B} + B. Using lemmas 5.1 and 5.2, we have
dH = B}w* 4 Bw + [H,w'} (20)

and
[”tfl]= -Bt“’k (21)

It follows from the equation above that we may write r'; = r':ku*.
Equation 2 is written as

dw":—%él\u"-u‘;l\w"—r';l\w"-fl\u (22)

12



Introduce the complex functions

l'goz = haz = hap + tha p4n

and complex forms
(a = w° + ‘-wo-lm

n'p = w's +iw'p?"
V’ - ¢a + ‘¢u+n

Vg =rg it

In complex form, equation 1 is written as
do=whoé+h A
and 22 as
d° = 2 A (" -5 A - YFAC - o Aw

where (3 = -(7
We have also that

75 = 75,0 + 1557

where
l aen
1'%u = 5( ﬂu + Tl;::n) +35 (rl M f‘;win)
1 + -hl
7‘55 i(r Bu— T ;u:n) +3 (r'o ﬂu+n)

Equation 5 in complex form beconies

dé - h 50" ACE + hgzo™ ACP + ¥ Aw=b 5" ACP

where ¢ = 2% and b3 = bag + ibogsn. We get analogously

dh,g = byg +8,3,6" + bozs(” + hosn' + 05,3
where

- ] i u v
(baﬂu + baB-huu{n) + E(baﬂ‘inu e boﬁp{-u)

— hD | s

\ ] '. - ]
ba'ﬁ; = i(boﬂu - boﬂ+na+n) + i(boa‘i‘ﬂn + baﬂu«f-)

(23)

(24)

(25)

(26)

In the following we will write equation 11 in complex form. By lemma 5.2, writing

0;'. = 0"} + 0*;, we have

=it ol AN 4 AT 4 TR A G - Bt A

13



and
0"" = dr" + 1 Awll $wlia 1'" + T’;,u A - Bllu At

where we introduced

T;.u = hl,'li - h[."i + hh“i - hu&{ + h.',",*

! 1 : ] ; .
By = z(bu"i = biib] — be;8} + bii6])
and where TAi, T, B, B;',:, are obtained using lemma 5.4. Analogously, we obtain
oY = Vot AL+ W Aw 4 STt AL (27)

and ,
oL = Vi Aw+ Whet Aw + St AW (28)

which are decompositions of equation 11.
Writing ‘3" = &5 + i®3°*" and 53" = &1° + i’;}"‘"". and using lemma 5.4 we
have

#3° = dp +al"Any 4t Af + %(hm: + bzl + hezbl )" A C*
+5(hes88 + hogb? + hst ) ACF
+3(b0r85 — bud)C* A CT+ F(badd — b2 )P A C (29)
and
$4° = dy'E+ A5+ T ARG+ (hgos - hatl +
h, 38 - huadf)C* A+ < (babl ~ 8,585 — b,at? + b 567)* ACC (30)

where q'% r)', and 7! , = ‘3
Using equation 27 we gel

&5 = Spocral+ Mc"Ac + 852 CFAC + S35 P ACT
VAR AW+ VRSP Aw + WS Aw + WERP Aw (31)

where the coeficients are easilly computed using the coeficients of equation 27.
Analogously we have

‘%a 3 Si“:("/\(' 310(:4 A(T+ 3#(?,\(-: S.LacFA(t
f’i"(“l\u-’- ("Au+w31°<p“/\u+ zp“l\w (32)

14



We I.uve 3:;; =-S5y = §::3 and ?,; = 8§38, and lemma 4.3 gives the following
relations

Sint Sy + 8%, =0

S35, + S50+ 8850

S+ Sia+Sin=0

1 =
Sin+3s+ 5k =0
The condition in lemma 4.4 is written as (5%) € g'* N u(n)’ where (S7}) is the

conmponent of (S;;) € sim(2n) in u(n). A simple computation shows that in complex
form this condition becomes

<le
(5325 + 53a,) € g’ N u(n)’ (33)
Equation 16 is written
i At A 485 Al ] i
dy' = §¢A¢ +¢’Au',~ +¢ Ar',- - EV’/\U
1. ) . . .
+Hz(Ve- Vit + Wid ) Al 4 v AW (34)

In complex form, we obtain
z 1 5 1 1, - ;
$o=dp® - 2one" (AN - FAYTH SUAC = SV - Vam)C AC
1,c " 1, R 1, -
+3 (Vo - Vo ACT+ 527 - VP )E A ¢ 4 (Ve - Vo) P AT+
Waeot AC + WP AC + WS AC + WEROH A (T4 0% Aw (35)
where ¥ = v° + iv°+®, Then
7 = P2C* + P2CF 4+ Rop” + REP” + U0y (36)

where 0 = Ue + iU+, B3 = J(PF + PSi2) + §(PS* - P3y.) and Py = J(P2 -
P2}) + §(Pe+m 4 P2,.), and analogous formulas for RS and RS-
The condition on lenma 4.6 is

Vo = -VE (31)

Analogously, equation 13 in complex form is

dy+ VA —2h 30" AP - 2b 30° AP 4 2bgaP AC® +h 5" ACP -
hasi® AC® = p Aw = Pup(® A (P = Pap(™™" = P3(° A = Pop(™ A (P (38)

15



where #* = i and ' i
Pap = §(P.fp —iPliap) = Pgp
e 1 - =
P,5=5(Fap +iFpsa) = Fos
The condition on lemma 4.7 is written as
Re(P) =0 (39)

In the following proposition of this section, we obtain the construction of the par-
allelism of Chern- Moser{CM) for CR-structures as a particular case of the conformal
sub-Riemannian parallelism. |

A CR-structure corresponds to having # = J and fl; =0,0r h 5 = ibap and

'1‘5 =0.

Proposition 5.1 The parallelism for CR-structures obtained in [CM] is a special case
of the pargllelism obtained above for a conformal sub-Riemannian structure

Proof: Observe that in this case g = u(n). Using equations 20 and 21 we get
'=Bt=B=0 (40)
so 5«3 = bc’u = ah =0.

The equation 23 corresponds to equation 4.10 of [CM]. The equation 24 with 7'§ = 0
corresponds to 4.16 of [CM], where

1
e3=n's+ 3859

The equation 4.2] of [CM] is precisely q—‘f + n‘g = 0 which follows from our definition.
The equation 25 with b 5 = 0 corresponds to 4.26 of [CM]. It follows from 28 that

Shi=Vi' =0 (41)
s0 Sty =S¥, , Vi = VY. It follows then, that

58, =5% and §3,. =0

and

33‘“ =0
It follows from 40 that the coeficient of ¢" in the equation dSj;— --- = 0 mod w, W'
vanishes, so that '

Wi =0 (42)
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implying Wj‘: = W52 = 0. Equation 29 reduces to

dip” + i AnY 4P A 4 it AP+ S8BT AC + ot A =
255, " AT+ VRt AW VBT AL (43)
Using 25 we obtain equation 4.53 of [CM]. From 41 we get 53 = 0. The cundition 33
is then written as
58.:=0 (44)
which is condition 4.37 of [CM]). Using 42 we have X}, = 0, and this implies

Ry=U'=0
Using 41, 42 in 35 we obtain 4.54 of [CM] and from the equation above in 36 we obtain
o = PaCh+ PCP (45)
which is 4.61 of [CM]. From 37 and 41 follows that
Vi, =0 (46)

which is 4.58 of {CM]. Equation 38 corresponds to equations 4.59 and 4.64 of [CM] and
equation 39 corresponds to 4.70 of [CM], and this completes the proof of the proposition.

6 Final Reduction

The matrix (g,5) being antissymetric, it could be diagonalized. The eigenvalues are
invariants of the subconformal structure and functions over the manifold. We suppose
that we get precisely r eigenvalues p, with constant multiplicities d;. Let {',---, (" a
complex coframe satisfying
9.5 = 652 (47)

and

Ady4tdpoy 41 = 0 = Ayppdy = P (48)
for 1 € k < r. Consider a second coframe {'},---,(™ where 47 is valid. Writing
("> = a5(? , it is easy to see that (a§) € U(dy) x - - x U(d,). This allows us to reduce
further the structure. We denote G = U(d,) x --- x U(d,), and g its Lie algebra which
is g = ker(ady) N o(2n). The scalar product in o(2n), restricted to u(n), in complex
form is

< A,B >= 2ReTr(AB")

For A € u(n), we write A = (Ajs)rxr, where each A, is a matrix d, x di, with
7,* = —Ay;. In particular Hj, = 0if j # k and H;; = ip;l4,.

17



Lemma 6.1 A € g if and only if Ajx = 0 for § # k, and A;; € (d;). B € g* Nu(n) if
andonly if B;; =0, where 1 < j k< r.

Proof: The first assertion is clear. To prove the second one, we use the formula

< A, B >= -2ReTr(A;;B;;)

Lemma 6.2 [g,9'] C ¢*

We deconipose 7! as
7 =n+7"
where 1 takes values in g and 72 in g* N u(n).
We will use indices aj, §;, - - - with the following range d; + --- + di.1+1<0;,8 <
d] + +d, Then
ay, _ _1@ ay _
", =N g =0

1’5 =0 1% =y
where j # k.
Equation 26 splits into the following equations
1 = (b, 7,0 + 8,750 (49)
o= 0 ouByu ouB,5
..6;:dp1 = b";ﬁ;u + bﬂ,ﬂ,l‘(“ + bOJ’;iCF (50)
Writing dp; = pjow + p;u(* + p;(¥ then
¥y d
b"laj = '6‘,:[’1'0
ba’p,“ = I.J;:Uj“
ba,g); = M;:VJ';
Using those expressions we can write equation 23
do=whAé+ip,(® AL (51)
Equation 24 as
l -
d(% = =A™ =g ACH = 7P A (R - 7' A - AL (52)
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and equation 25 is written as

de = ipje® A% +ip; 0% AC™T + Y Aw = ip,o(™ A (T (53)
Equation 29 splits into
5, = dg b A+ AT T A
P A+ A + L0 (FAC H P ACT)  (54)
and

’ua, - 41”’ +0 A o Angt +7go, P 441 A |t
4300+ oM A+ 9% ACRY 4 Spio = pro)(™ A c’? (55)

Equation 31 is valid with the corresponding indices of 54 and 55. Analogously
equation 30 is written as

;;:: = d.,l;: 4 +71°: A"I 7 A 3 + .,w‘; Ay 3.
ilpx - p)(C™ A v"' +(P A - E(P:'o +o A" (56)

In this equation k could be equal to j. Equation 32 is valid with corresponding indices.
It follows from 33 that

S’l“": + 33 ouy =0 (57)
because this matrix is in g' N g't. The first member of equation 34 becoimes
b0 = 4 - SBAGT - P AT - AR - FATE 4 0AC (58)
Equation 37 continues to be valid and 38 becomes

dy + ¥ A @ — 2ip,0™ A% — 2ipio(p™ AT - % A(™ )+
ip, (P AT = BB A(™) = pAw = Pog(® AP -

Psp(®™® = Bs(® AP - Pg(* A (P (59)

Finally, equation 39 continues valid.
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