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Abstract 

In this paper we develop Bartlett corrected likelihood ratio and score tests for regression 

linear models under the assumption that the error terms are independent and have Student-t 

distribution. We discuss the application of the EM algorithm for finding maximum likelihood 

estimates of the parameters. We also present simulation results comparing the performance 

of the original tests and their corrected versions. 
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1. Introduction 

The likelihood ratio and the score statistics are widely used in testing problems involv­

ing large samples. It is well known that, under usual regularity condition", both statistics 

have chi-squared distribution asymptotically. In order to improve the chi-squared approxi­

mation for the likelihood ratio statistic, one may multiply it by a suitable constant known 

u Bartlett correction. Under the null hypothesis, the modified statistic obtained this way 

has chi-squared distribution up lo order n-t, where n is the sample size. See Lawley (1956), 

Hayakawa (1977), Cordeiro (1987) and Barndorff-Nielsen and Cox (1984). Here and from 

now on, "up to order n-1" means that terms of order less than n-1 are ignored. Recently, 

Cordeiro and Ferrari ( 1991) derived a Bartlett-type corrected score statistic having chi­

squared distribution up to order n -l. The corrections for both statistics are functions of 

joint cumulants of log-likelihood derivatives and, therefore, it can be very arduous to obtain 

these corrections in some particular cases. Matrix formulae for Bartlett corrections for the 

likelihood ratio statistic in generalized linear models and their extensions were obtained by 

Cordeiro (1983), Cordeiro and Paula (1989) and Cordeiro, Paula and Bolter (1993) and for 

heteroskeda.stic normal regression models by Cordeiro (1993). Moreover, matrix formulae 

for Bartlett-type corrections for the score test in generalized linear models were recently ob­

tained by Cordeiro, Ferrari and Paula (1993) and for the test of heteroskeda.sticity in normal 

regression models by Cribari-Neto and Ferrari (1992). 
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The main purpose of this paper is to develop corrections for the likelihood ratio and the 

score statistics in linear regression models when the errors are independent with Student-t 

distribution with v degrees of freedom. The corrections are given in simple matrix form and 

can easily be implemented into computer programs. Moreover, they can be used analitically 

in order to obtain simple expressions for the corrections in special cases. 

The t-model is a robust extension of the normal regression theory since it adds an extra 

parameter (v) to model the kurtosis of the error distribution. The usefulness of the t-family 

for modeling data. was demonstrated by Lange, Little and Taylor (1989). They illustrated 

the use of the t-family in a variety of settings including linear and non-linear regression, 

repeated measures and pedigree data. Moreover, they described three possible algorithmB, 

including the EM algorithm, for finding maximum likelihood estimates of the parameter,. 

The efficiency of the estimates and the coverage rates of confidence intervals 0£ quantities 

of interest, when the extra parameter v is estimated from the data and when it is treated 

as fixed, are studied by Taylor (1992). Properties and other recent applications of the t­

family can be found in the papers by Mitchell (1989), Sutradhar and Ali (1986) and Albert, 

Delampady and Polasek (1991). However, the importance in statistical inference of the 

elliptic family, of which the t-family is a particular member, has been emphuized since the 

70s (see Maronna, 1976). A comprehensive review about the t-family is given by Chmielewski 

(1981 ). 

The plan of this paper is as follows. In Section 2 we describe the linear regression model 

with Student-t independent errors and present some results on estimation and tests for this 

model. We discuss the application of the EM algorithm for maximum likelihood estimation 

and develop likelihood ratio and score tests for the regression parameters. In Section 3 we 

develop corrections for these tests and in Section 4 we present applications for some special 

cases. In Section 5 simulation experiments are performed in order to compare the original 

tests and their corrected versions. 

3 



2. Estimation and tests in the t-model 

2.1. The model 

We consider the regression model 

11 = µ + ut, 

where JI = (yi, ... , Yn)', µ = X{J, X is an n x p nonstochastic matrix with rank p < n, 

fJ = (Pi, ... , fJ,)' is a p x 1 vector of unknown regression parameters, t = ( t., ... , t,.)' is an 

n x 1 vector of independent errors and u2 = 4,-1 is a positive scale parameter. A usual 

assumption is that t1, for l = 1, ... , n, have normal distribution with zero mean and unit 

variance. Instead, we replace it by the assumption that t,, for l = 1, ... , n, have Student-t 

distribution with II degrees of freedom. In other words, we assume that 

!II ;~ t(x;,8,t/,,11), I= l, ... ,n, (l) 

where xl = (zu, ... , x,p) is the I-th row of X and t(µ, 4,, 11) denotes the Student-t distribution 

with location parameter µ, scale parameter ¢,, 11 degrees of freedom and with density 

(
¢,)1/2f{(11 + 1)/2} ( ¢, ,)-("+1)/2 

/(y;µ,¢,,v)=;; f(l/2)f(v/2) l+;;(y-µ) '-oo<y<oo. 

The t-model includes the normal and Cauchy models as special cases (11 = oo and 11 = 1, 

respectively). Hence, it is more appropriate when the error distribution has longer-than­

normal tails. When 11 < oo, maximum likelihood (ML) estimation of fJ and ef, are robust 

in the sense that the observations with large squared distances q = ¢,(y1 - Li=• x1;fJ;)2 

ate downweighted. ln particular, the ML estimates of fJ;, for j = 1, ... , p, for 

the normal model satisfy the likelihood equations Li:1(y, - Li=I x,;fJ;)x,; = O, for 

j = 1, ... ,P, whereas the ML estimates of fJ;, for j = 1, ... ,p, based in the t-model (1) 

satisfy Ei's1 w,(y, - E~=• x1;/J;)x1; = 0, where w, = (11 + 1 )/(11 + tn is the weight assigned to 

the I-th observation. It is clear that w, decreases with increasing t1, Moreover, the degree of 

downweighting of outliers in w, increases with decreasing 11. If II is fixed at a reasonable value, 

it is a robustness tuning parameter and the ML estimation of /3 based on the L-model (1) is 

a kind of M estimation yielding robust estimates of location with a redescending influence 
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function (Huber, 1981 ). When the sample is sufficiently large, 11 may be estimated from 

the data by ML, yielding an adaptive procedure in the same sense used by Hogg (1974) 

in which, loosely speaking, the choice of the estimation method is based on the observed 

residual distribution (see Yu and Hogg, 1988, Lange, Little and Taylor, 1989 and Taylor, 

1992). 

The model (1) is different from that of Zellner (1976) who proposed a multivariate t 

distribution for the vector of errors (see also Singh, 1991). While (1) yields robust estimates 

of (:J, Zellner's model yields the standard least squares estimates of (:J with estimated standard 

errors which are inflated by the factor { 11 / ( 11 - 2)} 1/
2

, for 11 > 2. Moreover, in this case the 

likelihood ratio, the score and Wald's tests for the general hypothesis Ho : AP = 0 are 

equivalent to the usual F-tests (see Ghosh and Sinha, 1980 and Ullah and Zinde-Walsh, 

1981, 1985). 

2.2. Estimation 

The estimation method considered in this paper is ML. The log-likelihood function for 

the linear regression t-model ( 1) and a sample y1 , ... , y,. is 

" L(O) = Etog/(y1;0), 
l=l 

where 

II (11+1) (II) (1) 1 11+1 1 l log/(y1;0) = 2togv+logf -
2

- -logf 2 -logf 2 + 21og,J,- -
2

- log{11+,J,(y,-x,f:J)} 

and O = (ff,,J,,11)'. When II is known O = (P',,J,)' and the log-likelihood equations are 

8L ·• " · · 
8(:J · I,= ,p L w,x,;(Y, - x;f:J) = o, for j = 1, ... , p, 

J l=I 

8L I n 1 ~ • , ?J)i 
- 1= -... - - ~ w1(y1 - x1p = 0, 
8,J, 2,J, 2 ,=1 

where 0 (P', ~)' and w1 = w1(0) are the ML estimates of O = (P', 4')' and 

w,(O) = (11+ l)/{11 +,J,(y1 -xj/3)2}. These equations are solved iteratively using, for example, 

the scoring or the EM algorithm. The implementation of the scoring algorithm 
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. involves the information matrix K = K(B). For known II this matrix is given by 

K = diag{(11 + 1)(11 + 3t1t/>X'X, n11{2(v + 3)}-14>-2}. When II is treated as an unknown 

parameter, it is easy to show that K is block diagonal between the regression parameters {J 

and the remaining parameters (t/> and 11). Hence, the ML estimation of {J and that of (t/>1 11) 

are asymptotically uncorrelated and the asymptotic standard errors of the estimates of {J are 

unaffected by estimating the scale parameter I/> or the degrees of freedom 11 (see Appendix 

in Lange, Little and Taylor, 1989). 

The EM algorithm (Dempster, Laird and Rubin, 1977, Little and Rubin, 1987; see 

also Little, 1988) augments the data y = (y1, •.• , Yn)' by additional hypothetical data 

q = (q1, ... ,q,.)' in such a way that the ML estimates of 8, given the complete data (y',q'), 

are easy to compute. Given the estimate o<1> at iteration t, the (t + 1 )-th iteration of the 

EM algorithm consists of an expectation (E) step and a maximization (M) step. The E 

step computes the expected value of the complete data log-likelihood with respect to the 

conditional distribution of q, given y and IJ!1l. The M step maximizes the resulting function 

with respect to 9, yielding the new estimate 0(1+1). The implementation of the EM algorithm 

i11 eaay because the Student-t distribution may be obtained as a mixture of a normal distri­

bution in a chi-squared distribution. In other words, if the vectors (y,, q,), for I = 1, ... , n, 

are independent and such that YI I q, ~ N(x;P, (q,l/>}- 1) with q, ~ ..,-ix!, then the marginal 

distribution of 1/1 is given by (1). Hence, the ML estimation for model (1) may be achieved 

by applying the EM algorithm with missing data q1, for I = 1, ... , n. If II is assumed to be 

known, the EM algorithm is an iteratively reweighted least squares procedure. The E step 

computes the weights 

w<,1) = E{q, I . (J(1) ..i.(1)} - II+ I I 1 
y1, ''I' - 11 + 4>(1l(y, _ x/(311))2' = • · · · 'n. 

The M step finds (J(l+l) that minimizes the weighted sum of squares I:w}'1(y1 - x/(J)2, i.e. 

p!i+I) = (X1W<1lX)-1X 1W<1>y, where w<1> = diag{w{11 , ... ,w~l} and, if 1/> is unknown, 

computes also 4>(1+t) = {n-1 I:w1'1(y, - xj(Jl1+1l)2}-1• Since the M step is a weighted least 

squares estimation, it is noniterative if the regression is linear. Starting values for 9 = ({}', 4>)' 

are obtained by fitting a normal model by least squares, i.e. with w1°1 = 1, for I= 1, ... , n. If 

11 i11 treated as an unknown parameter, it may be estimated by repeating the aforementioned 

algorithm over a grid of values of v. For an alternative method, see Appendix in Lange, 
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Little and Taylor (1989). 

2.3. Hypothesis testing 

Let us assume that the parameters v and ,J, are known and then 9 = /3. In Section 3.2 

we consider the case where t/> is assumed to be unknown. 

Consider the test of the hypothesis H0 : /31 = P!01 against the alternative H : /31 -::/: 

.8!01
, where ,81 = (.81, ... ,,8,)1 with r ~ p. Here the vector .82 = (.B,+1,··••.8,)' denotes a 

nuisance parameter and .8!01 denote an r-dimensional vector of known constants. Let P be 

the maximum likelihood estimate of /J under the alternative hypothesis and let p3 be the 

maximum likelihood estimate of ~ under the null hypothesis. Functions evaluated at the 

point P will be written with a circumflex and functions evaluated at /3 = (.B!0l', fri)' will be 

distinguished by the addition of a tilde. 

The partition .8 = (.B;, p; )' leads to the corresponding partitioned design matrix X = 
(X1 , X 2 ) and the partitioned information matrix and its inverse 

K = ( ;;:: ;;:: ) and J(-' = ( ::: ::: ) , 

Here K11 = (v+l)(v+3t1,J,x:x1, I<22 = (v+I)(v+3t1tJ,x;x2 and I<12 = 1ql = (v+l)(v+ 

3t1,t,X;X2. We also define Z = {z1m} = X(X'Xt1X' and Z2 = {z21m} = X2(X;X2t1x;, 
for i,j = 1, ... , n. It is noteworthy that q,- 1(v+3)(v+ 1)-1 Zand q,- 1(v+3)(v+ It1 Z2 have 

simple interpretations as the asymptotic covariance matrices of X/:J and X2P2, respectivdy. 

Let U = (iJL/0,81, ... , 8L/8/3,)' be the score vector. The likelihood ratio statistic LR= 

2(L(P) - L(/9)) and the score statistic S = U' l<-1{J for testing Ho against H may be written 

respectively as 

(2) 

and 

(3) 

wheres = {(v + 3)(11 + 1)-1q,}1/2W'(y - XfJ) is a vector of standardized residuals, R = 
(/n - Z2 )X1 with In representing the n x n identity matrix and W = diag{ Wt, .•• , wn} with 
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• w1 given in Section 2.1. Notice that the score statistic does not involve estimation under the 

alternative hypothesis which represents a computational advantage over the likelihood ratio 

statistic. 

I[ n-1 X'X -+ 0, as n-+ oo, where O is a p x p non-singular matrix, both statistics have 

chi-squared distribution with r degrees of freedom asymptotically under the null hypothesis. 

However, in finite samples, the chi-squared approximation may be a poor one. In the next 

aection, we derived modified likelihood and score statistics whose distributions are better 

approximated by the reference chi-squared distribution. 

3. Bartlett corrected tests 

The purpose of this section is to develop improved likelihood ratio and score tests for 

the hypothesis Ho : /J1 = pf0> against the alternative H : /J1 # pf0
l in the regression model 

defioe<l io (l ). Following Lawley (1956), in regular problems the likelihood ratio test may 

be improved by multiplying the statistic by a correction factor, the Bartlett correction. The 

modified statistic has the form 

ur = LR(l - d), (4) 

where d equals r- 1 multiplied by the term of order n- 1 of the expansion of the first moment 

of LR under the null hypothesis. On the other hand, Cordeiro and Ferrari (1992) showed 

that, in regular problems, the score statistic may be improved by a Bartlett-type correction 

which is not exactly a Bartlett correction because it involves a polynomial in the original 

statistic. The modified score statistic is given by 

s• = S{I -(c+ bS + aS2
)}, (5) 

where a, b and c come from the expansion of the distribution function of S under the null 

hypothesis and are of order n-1
• Both modified statistics have chi-squared distribution with 

r degrees of freedom up to order n-1 under the null hypothesis. 

In order to present the coefficients a, b, c and d involved in the corrections, we now 

introduce some standard notation for cumulants of total log-likelihood derivatives (Lawley, 

1956, Hayakawa, 1977, Harris, 1985 ). In what follows, all the suffices take the range 1, . . . , p. 

8 



Let U; = 8L/8{3,, U,; = IPL/8/3;8/3; and so on. We have ,c,; = E(U,;), ,c,;1c = E(U,;1c), IC;j = 

E(U;U;), ,c;;,1: = E(U;;U1c), 1C;;,1c, = E(U;;U1,;,) - 1C;;1C1,;,, K;,;,1,;, = E(U,U,U1,;,) - ,c,j1C1,, and 

K;J,l:,r = E(U;U;U1,U,)-1C;JK1c,,-1C;,1c1C;,,-,c;,,1t;,1,. We define the derivatives of the cumulants 

by 1el~) = OK;,;/0/31,, 1e!~·) = o2tt;.;/o/31,o/3., etc. Under standard regularity conditions the 

cumulants satisfy certain relations which may facilitate their calculation, such as 1C;.;,1,+1C;;1, = 
-K;,;1, - ICj,il: - /Ci,,;;, /Cl11: = "i;kr + 1t;;1,,., 1t;.;,1r = -1t;;1, - Ei3) ltijl: and /Cij,lo,r = -3it;;. + 

2 Ej4J "l;l - Eis) "!t1 + Ej3) 1t;;,kr, where Ee•) means that the summation is extended to all 

the k permutations of indices. The total information matrix K has elements ,c,J = -,c;;, 

and ,c•J = -,c;; denotes the corresponding elements of its inverse. 

Lawley (1956) derived an expansion for the expected value of 2(L(,8)- L(/3)). He showed 

that, up to order n-1 , E{2(L(,8) - L(/3))} = p + fp, where fp is a term of order n-1 given by 

(6) 

where Z:: denotes the summation over the parameters, 

(7) 

and 

I ij l,r •I{ ( 1 (•)) ( 1 (•)) I•) (r) (r) (•)} 
ijl:r•I = IC IC IC ICjl,• 6/Cj,I - /Cjl + ICjl,r 4/Cj•I - 1C;1 + IC;1c /Cjl + IC;1t /Cjl • (8) 

The notation here follows Cordeiro (1983). 

For the test of the hypothesis Ho : /31 = P1°1 against the alternative H : /31 'f' /11°1, the 

likelihood ratio statistic may be written as LR= 2(L(fJ)-L(.8f°1, /J2))-2(L(P)-L(/11°1,tl-J)) 

and therefore its expected value up to order n-1 is E(LR) == r + fp - t,,_,, where fp-r is 

obtained in the same way as t,. with the suffices in the summation taking the ranger+ 1, ... , p. 

Now it is easy to verify that the coefficient din the Bartlett correction factor (see eq. (4)) 

for the likelihood ratio statistic is 

(9) 

where t,. and fr-• are evaluated at (.81°1, .82), 

From an expansion for the distribution function of S derived by Harris (1985), Cordeiro 

and Ferrari (1991) obtained the coefficients a, band c which make the modified score statistic 
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in (5) have chi-squared distribution up to order n-1 under H0. They obtained 

where 

a.nd 

A3 
a= ' 12r(r + 2)(r + 4) 

b- A2 -2A3 
- 12r(r + 2)' 

Here a;; and m;;, for i,i = l, ... ,P, denote Lhe elements of the p X p matrices 

A = ( O O ) and M = /(- 1 - A, 
0 K221 

(10) 

(11) 

(12) 

(13) 

where K22 comes from the partitioned matrix K (see Section 2.3). It should be noted 

that in Harris' expression for Ai the term I<.,.,.• M • M • J • /(,.,.,. should be replaced by 

K.,.,.•M•M •J•K.,., .. The coefficients a, b, c and d may be functions of unknown parameters. 

If this ia the case, those parameters may be replaced by their corresponding estimates under 

the null hypothesis since the order of approximation for the distribution functions of the 

modified statistics by the chi-squared distribution remains the same (see Lawley, 1956 and 

Cordeiro and Ferrari, 1991). 

We now aim to develop matrix formulae for a, b, c and d for the test of the hypothesis 

mentioned in the begioing of this section for the linear regression model defined in (1). 

The formulae are easy to handle in computer programs because they involve only simple 

operations on matrices and vectors. Besides, they are useful to obtain simple expressions for 

the corrections in particular cases. First, we assume that the scale parameter 1/, is known 

a.nd then we relax this assumption. 



3. 1. Known scale parameter 

We shall introduce the notation: 8µ,/8/J; = Xii = (i),, 82µ,/8/J;afJ; = x1;x1; = (ij), and 

so on. The computation of the cumulants involved in the corrections for the likelihood ratio 

and score tests depend on expectations of the form E{ti(v + t2ti}, where t has Student-t 

distribution with v degrees of freedom and i = 1, ... , 6 and j = 0, ... , 8. It is easy to ahow 

that for 11 + 2( i - j) > 0 

B !:U til!.!.=.O 
...L 1 

• 
2 

1 if j is even 
.,,-, B ½, f 

o, if j is odd, 

where B(., .) is the beta function. By using this expression and the relations among cumu­

lants introduced in Section 3, we obtain 

11;;;1rr (14) 

",,j,ltr 

where E denotes the summation over the sample. 

Let zd = diag{z11,·•·,Znn} and Z2d = diag{z211,·•·1Z2nn} represent the matrices with 

the diagonal elements of Z and Z2 respectively, pzz = ntr(ZJZ,1), pzz, = ntr(Z,1Zu) and 

pz
2
z

2 
= ntr(Z2,1Zu). The matrices Z and Z2 are defined in Section 2.3. From (9), (10) and 

(14) we get after some algebra (see Appendix) 

3 
d = -

2 
(pzz - pz2 z2 )h1, 

nr 

3 
c = -

2 
(Jpzz - 2pzz2 - pz.z2 )h2, 

nr 
9 

b = - 2nr(r + 2) (pzz - 2pzz, + pz2 z2 )h2, 

a= 0, 

where h; = h;(v) for i = 1, 2 and 

hi = (v + 2)(v + 3)
2 

, h
2 
= (v + 2)

2 
- 5 . 

v(v + 1)(11 + 5)(11 + 7) v(11 + 5)(11 + 7) 

II 

(15) 

(16) 

{17) 

(18) 

(19) 



Now from equations (4)-(5) and (15)-(19) one may easily compute the Bartlett corrected 

statistics. 

Since the coefficient a equals zero, the quadratic term in the correction for the score 

■tatistic vanishes and therefore the correction is a polynomial 0£ first degree in the unmod­

ified statistic. The expressions for b, c, and d are functions of v and the diagonal matrices 

z, and Z2,. They depend neither on the scale parameter ¢, nor on the unknown parameters. 

Moreover, the expressions in (15)-( 17) may be easily implemented in some computer pro­

grams since they involve only simple operations on matrices. H is important to emphasire 

that the corrections are valid for all positive v and hence they include the Cauchy model 

aa a special case. For the normal model (11 = oo), h1 and h2 vanish and no correction is 

obtained. This could be expected since the likelihood ratio and the score statistics have an 

exact chi-squared distribution under the null hypothesis. 

3.2 Unknown scale parameter 

In this section we assume that the scale parameter ¢, is unknown and develop matrix 

formulae for the corrections for the likelihood ratio and the score statistics which now also 

depend on cumulants involving derivatives of the log-likelihood function with respect to ¢,. 

Since the information matrix for (f:J',¢,) is block diagonal (see Section 2.2), f:J and ¢, are 

globally orthogonal. The orthogonality between f:J and tf, greatly simplify the computation 

of the corrections. 

If tf, is assumed to be unknown, the likelihood ratio statistic may be written as 

n • J 
LR= (v + 1) 1)og(~') + nlog(-=) 

l=I W/ t/, 
(20) 

and the score statistic may be written as in equation (3) with ef> replaced by J. Here 

'= {n-1 r:r.1 w,(y, - :i:j,9)2
}-

1 and J = {n-1 r:r=l w,(y, - xj,8)2}-1 are the maximum like­

lihood estimates of ef> under the full model and the model restricted to the null hypothesis, 

respectively. Notice that the matrices Wand T involved in Sare evaluated at (f:Jl0>, ,82, J). 

Let us introduce the following notation for cumulants involving the parameter ¢,: 
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itH = E(a2 L/a¢,2
), "•; = E(fP L/a,f>a{J;), tt_.; = E(fP L/a,f>a{J;o/J;), and so on. We get 

1 n II l•l 2 ( ) 6 6 1 
=-ef,22i,f3' "H=-"'j,KH, K:: =4,2KH, K., •• ="'j,11+5KH, 

_ 1 11 - 1 2 (11 + 8) I•> 6 11 + 8 
,f>v+51CH, IC ... - ef,(11+5)"H• IC~- ,f>2v+51CH, 

_ 6 (11 + 7)(11 + 8) + 15 l•l _ 1 1 II+ 2 
- ef,2 (11+5)(11+7) ICU, K;; - "'j,Kij, ltfo = -~11+51Cij, 

= K.jH = K.j ...... = IC; ...... = K,~~~ = K,~•> = 0 K,.1. . • = !. II - 1 K. " 
.,... ,..., '"'" ,y,J "'' ' .. ,,., ¢, II + 5 ,, ' (21) 

3 1 6 1 
= -11:d,ij, K.d>,ij = "'j, II+ 5 ICij, /Cd>d>ij = -"'j, II f 7"•ij, 

- 1 (11 + 2)(11 + 4) 4 (11 - 3)(112 + 311 - 1) 
- - tf, (11 + 5)(11 + 7) K;;, ICd,,.,i,j = n 11(11 + 5)(11 f 7) K.i>.Kij, 

12 (11+1)2 -6 
= ~ 11(11 + 5)(11 + 7)"H"ij, 

where K;; is given in (14). After lengthy algebra (see Appendix) we get 

3 1 2p- r 
d = -

2 
(pzz - pz,z,)h1 + -h3 + -

2
- h. {22) 

ITT n n 

3 I 6 r+2 
c = -

2 
(3pzz - 2pzz, - pz2z2 )h2 + -(p- r)h5 + -h5 + --h1, {23) 

nr n n 2n . 
9 1 

b = - 2nr(r + 2) {pzz - 2pzz2 + pz,z,)h2 - 2n h1 (24) 

a= 0, (25) 

where h1 and h2 are defined in (19), h; = h;(v), ror i = 3, ... , 7, and 

h
3 

= (11 + 2)(11 + 3)(112 + 911 + 2) h _ (11 + 2)2(11 + 3) 
11(11 + 5)2(11 + 7) ' ,f - 11(11 + 5)2 ' 

h
5 

= (11-1)(11+2)(11+3) hs=(11+l)(11+2)(11+3) 
11(11 + 5)2 11(11 + 5)2(11 + 7) 

(26) 

(11 - 1)2(11 + 3) 
11(11 + 5)2 

It is interesting to notice that a = 0 regardless of whether or not tj, is assumed to be known 

and that the expressions in (22)-(24) may be written as the corresponding expressions in (15)­

( 17), obtained for known ef,, plus additional terms. Those extra terms are very simple and 

depend only on the sample size, the parameter 11, the total number of regression pa.rameten 

/3 and the number of restrictions fixed by the null hypothesis. Moreover, for normal linear 
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regression models {v = oo), h; = 0, for i = 1,2,6 and h; = l, for i = 3,4,5, 7 and therefore 

the modified statistics have the simple forms 

(27) 

and 

(28) 

(Here and from now on, we make use of the notation LR(,,) and S(,,l whenever a value for v is 

specified; for instance, LlltooJ and LRj001 denote the likelihood ratio statistic and its modified 

version for normal models.) It is noteworthy that, in this case, the correction terms only 

depend on the sample size, the total number of parameters and the number of parameters 

fixed at the null hypothesis. Consequently, the corrections are very easy to compute. 

4. Some special cases 

In this section we derive simple expressions for the corrections for the likelihood ratio and 

the score statistics from the results of the previous section for some special models. Since in 

practice the scale parameter 4> is usually unknown, we concentrate on the formulae derived in 

Section 3.2 for unknown 4,. Notice that for all cases presented below, if the model is normal, 

the corresponding modified statistics come directly from (27) and (28) with appropriate 

values for p and r. 

Consider first the following simple model 

YI 
1
~ t(fJ,4>,v), l= 1, ... ,n, 

where fJ is an unknown scalar parameter and suppose that we are interested in testing the 

null hypothesis H0 : fJ = p<0> against the alternative hypothesis H : fJ / p<0 >. For this 

testing problem p = r = l, pzz = 1 and pzz, = pz,z, = 0. Now from (22)-(24) we obtain 

d = (3h1 + 2h3 + h4)/(2n), c = 3(3h2 + 4he + h1)/(211) and b = -(3h2 + h7 )/(2n), where h;, 

for i = 1,2,3,4,6, 7, are defined in (19) and (26). In particular, for Cauchy models (v = l) 

we have LR'fo = LR1o{l - 7/(4n)} and SiiJ = S1 1,{l - (7 - S111)/(8n)}. 

14 



Now consider p ~ 2 populations having Student-t distribution with II degrees of freedom, 

scale parameter q,, and location parameterµ; = /J + /J;, for i = 1, ... ,p, where fJ, = 0, and 

assume that independent random samples of sizes n1, ••• , n,, with n; ~ l for i = l, ... 1 p 

are taken from these populations. Here {J; represents the effect of the response of the i-th 

population compared to the p-th population. For testing the homogeneity of the location 

parameter in the p populations we consider the null hypothesis H0 : (11 = ... = /J-,-1 = 0. 

For this testing problem we haver = p- I, pzz = p = n Ef=t n;-1
, pzz2 = p and pz,z, = l. 

Using the equations (22)-(24) we obtain d = {3(p - l)(p - lt1h1 + 2h3 + (p + l)h4}/(2n), 

c = {3(3p- 2p- l)(p- 1)-1h2 + 2(hs + 6he) + (p+ l)h1 }/(2n) and b = -{9(p-2p+ l)(p2-

It1h1 +h1 }/(2n), where h;, Cori= 1, ... , 7, are defined in (19) and (26) and n = E!'=t n;. For 

Cauchy models the modified statistics have the simple forms Lfli,1 = LRc,1{ 1- {3p+ 2p{p+ 

1)-7}/{(4n(p-1)}} and Sfo = Sct){l-{(3p+2p-5)(p+l)-3(p-2p+l)Sc11}/{8n(p2-l)}}. 

Finally, let us consider the simple regression model 

ind 
YI ~ !(a+x1/J,q,,11), I= 1, ... ,n, (29) 

where a and fJ are unknown scalar parameters and x, is a scalar covariate. For testing the null 

hypothesis H0 : fJ = 0 against the alternative hypothesis H0 : fJ -:/: 0 we have p = 2, r = 1, 

pzz = -y+6, pzz2 = 2 and pz2z2 = 1, where -y = (s◄ /s~)-3, with"•= n-• Ei:,.1(x,-i)•, for 

a= 2, 4, and x = n- 1 Ei=, x,. Notice that -y is the standard sample measure of kurtosis of the 

covariate x. Now using the equations (22)-(24) we have d = {3(-y+3)h1+6h1 +2h3+3h4}/(2n), 

c = {9(-y + 3)h2 + 12h2 + 2hr, + 12h6 + 3h7}/(2n) and b = -{3(-y + 3)h2 + hr}/(2n}. For 

Cauchy models we obtain LRfo = LR<t1{l - {3(-y + 3} + 14}/(4n)} and 

Sfo = S(11{l - {3(-y + 3} + 8 - (-y + 3)Sc11}/(8n)}. 

5. Simulation results 

In this section we present two small simulation studies comparing the performance of the 

likelihood ratio and the score statistics and their modified versions. In the firsL simulation 

experiment we deal with the test of the homogeneity of the location parameter in two in­

dependent populations (see Section 4) based on two samples of sizes n, = n2 = n/2. We 
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carried out size and power simulations based on 2,000 replications and they are reported for 

total samples sizes 10, 20, 30 and 40, for nominal sizes of 10%, 5%, 2.5% and l % and for .-

" = l and 3. The response was generated assuming that /J = I and u = ,;-1
/

2 = 2. The 

power simulations were performed supposing that P, = 1 and they are based on estimated 

critical values rather than tabulated ones. This strategy was chosen since the tests do not 

have equal sizes. The results are reported in Tables 1 and 2. 

(Tables 1 and 2 here) 

From Tables l and 2 it is clear that the likelihood ratio test tends to reject the null 

hypothesis more o£ten than expected based on the nominal sizes. In particular, for n = 10 

and v = 1 the differences between the simulated and the nominal sizes are very large. For all 

the sample sizes, the Bartlett correction seems to be very effective in pushing the true sizes of 

the test towards the nominal levels. Tables 1 and 2 convey important information about the 

acore teat. It ia dear that, under ll0 , the score statistic has better chi-squared approximation 

than the likelihood ratio statistic for all the sample sizes. Even if n is not large, the simulated 

sizea for the score test are not very far from the nominal levels. Therefore, in this case the 

use of the correction for the score test is not as important as it is when the likelihood ratio 

statistic is used. Although in most cases the modified score test has simulated sizes closer 

to the nominal levels than the unmodified score test, the effect of the correction is not very 

strong since the unmodified score test has a good chi-squared approximation. In other words, 

the use of corrections leads to more substantial improvement in the sizes of the test when 

the likelihood ratio statistic is used. 

Now let us make some comments on the power of the tests. First, it is important to 

notice that the modified statistics are increasing functions of their corresponding unmodified 

versions. Although s• is a second degree polynomial of S, it is easy to show that, for the 

case considered in this simulation experiment, s• becomes an increasing function of S for 

S > 0 (for the simulation experiment reported below the same happens). For this reason and 

since the power comparisons are based on estimated critical values rather than tabulated 

ones, the powers of the unmodified tests and their corresponding modified versions coincide. 

Tables I and 2 show that for (J1 = l and 11 = I and 3, the powers of all the tests are very 
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.. 

close and, therefore it is not possible to distinguish between them based on their powers at 

least for the value of /31 considered here . 

• 
The second simulation experiment is based on the simple regression model (27) and the 

test of the null hypothesis H0 : /3 = 0 against the alternative hypothesis H : /3 -:/- 0. The 

corrections for the likelihood ratio and the score statistics depend on the sample measure 

of kurtosis of the covariate (see Section 4). Therefore, it is expected that the performance 

of the tests are affected by the choice of values for the covariate. Following Cribari-Neto 

and Ferrari (1992), the way we choose values for x is as follows. For n = lO and a given 

distribution attributed to the covariate, we set 

·1 (' - 0.5) x, = quant1 e -
1
-
0
- , I= 1, ... , 10. 

For other sample sizes (n = 20, 30, 40) the values for the covariate are obtained via repli­

cation. For instance, if for n = IO the values for the covariate are x., x1, ••• , Xn then for 

n = 20 the chosen values for the covariate are x1, x1, x:i, x2 ••• , x,., x,. . This strategy is very 

convenient because it delivers the same coefficient of kurtosis for different sample sizes. The 

following distributions are used: uniform in the interval (0,1) [U(0,l)) and lognormal obtained 
as a transformation of a standard normal distribution (LN(0,l )). The resulting coefficients 

of kurtosis 'Y of the covariate are respectively -1.22 and 1.42. The response was generated 

setting a = l and (1 = 4,- 1l1 = 2 and for the power simulations we set /3 = I. As in the first 

simulation study, the power simulations are based on estimated critical values and all the 
simulations are performed with 2,000 replications. The results are reported in Tables 3, 4, 5 

and 6. 

(Tables 3, 4, 5 and 6 here) 

From Tables 3 and 4 we may see that the resulu obtained when the U(0,1) distribution 

is used are, to some extent, similar to those obtained in the first simulation experiment. 

On the other hand, when the LN(0,l) distribution is considered, the results reported on 

Tables 5 and 6 deserve special atlenlion. The simulated sizes of the likelihood ratio test 
for n = 10 and v = 1 a.re well above the corresponding nominal levels and the use of the 
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Bartlett factor tends to overcorrect the size of the test. This undesirable feature of the 

Bartlett correction could be expected in this case since the numerical value of the correction .. 
factor (0.318) indicates that the correction would be very strong. Moreover, according to 

Cox {1988, p. 330) "a large adjustment (to the likelihood ratio statisticJ would have to be 

interpreted partly as a warning, in particular to investigate the distribution more carefully, 

perhaps by simulation". For v = I with n ~ 20 and for 11 = 3, the Bartlett correction is very 

eff'ective a.nd the modified likelihood ratio test has good chi-squared approximation. When 

the score test is used, it does not make much difference whether one chooses the original 

acore statistic or its modified version. In terms of powers, the likelihood ratio test presented 

simulated powers greater than the score test for fJ = 1 and v = 1 and 3. 

It should be noticed that the two simulation experiments are closely related. The results 

of the former may be obtained from the later by setting :r1 = ... = :rs = 1 a.nd xa = ... = 

:r10 = 0 for n = 10 and by using replicated values for the covariate for the other sample sizes. 

In this case the coefficient of kurtosis equals -2. 

For both simulation experiments we made use of the EM algorithm for finding the maxi­

mum likelihood estimates {P, J) and (/J, J) of the unknown parameters as described in Section 

2.2. In most cases, the algorithm converged in a few iterations. However, for some samples, 

it did not converge in at least 50 iterations. Those B11.JT1ples were neglected and replaced by 

other generated samples. This problem arose more frequently for power simulations with 

v = I and n = 10. The worst case happened when we set the covariate :r as the quantiles 

of the U(0,l) distribution, where, for 102 out of 2,000 samples, the algorithm {for obtaining 

either (P, ~) or (/1, J)) did not converge. For the size simulations, this was also the worst 

case (we did not achieve convergence for 54 samples). For n ~ 20, the convergence was 

achieved for the great majority of the cases for v = l. For v = 3, the algorithm worked very 

well for both simulation experiments and all the samples sizes. We did not get convergence 

in only 3 cases (two cases in the power simulations and one CMe in the size simulations, both 

with n = 10). Therefore, if n is small and lhe dala follow the Cauchy distribution, perhaps 

another algorithm should be applied although convergence of algorithms, such as the scoring 

and Newton Raphson algorithms, is not garanteed. 
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Appendix 

In this Appendix we present the computa.tion of the qua.ntities a, b, c and d involved 

in the corrections for the likelihood a.nd the score statistics. Assume first that 4> is known. 

From (8) and (14) we have l;;1c-r.1 = 0 and hence we obta.in from (6) and (7) tp = E' l;;1c-r, 

where l;;1c-r simplifies to ,._;; ,._,., "-i;1r,/4. Now lp may be written as 

_ ! (v + l)(v + 2) ..1.2", ;; ,., "(" .k ) 
tp - 2 v(v + 5)(v + 7) 'I' L," " L, ' 1 r 1' 

where E' a.nd E are the summations over Lhe parameters and over the sample, respectively. 

Now, interchanging the order of the summations we get 

= ~ (v + l)(v + 2) ..1.2 " ( "( ") ;;( .) ) ( "(k) "'( ) ) lp 2 ( 5)( 7) 'I' L, L, i I"- J I L, I" r I . 
V V + V + I i,j k,r 

By noting that L;J(i),,._i;(j), = -(v + 3)(v + l)- 1,1,- 1zu we finally get 

3 
lp = 2h,tr(ZdZd), 

where h1 is given in (19). In the sa.me way, we may show that lp-r is written as lp with the 

matrix Z replaced by Z2 • Now one may easily get the expression ford in (15). 

From (14) we may see that the expressions for the A's (see (11)-(13)) are reduced to 

..- a.nd A3 = 0. Again £rom (14) and after rearranging the order of the summations we obtain 

a.nd 

(
V +} )2 (v + 2)

2 - 5 " (" . . ) (" ) A2 = -544>2 v + 3 11(11 + 5)(11 + 7) 7 7.1(1),m;;(J), f;(k),m,.,(r), . 

By writling the terms E;.;(i)1a;;(j)1 and L;.;(i)1m,;(j)1 as the (I, /)-elements oC the matrices 

q,(v + 3)(v + 1)-1 Z and 4>(11 + 3)(11 + 1)-1(Z - Z2) respectively we obtain 

where h2 is given in (19). Finally, from (10) we get the expressions for a, band c given in 

(16)-(18). 
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Now we assume that t/> is unknown. Firstly, it is important to notice that, since the 

numbers of unknown parameters under Ho and H are respectively p - r + 1 and p + I, the 

quantity din (9) should be replaced by (t:p+I - fp-r+t)/r. The expression for fp-+J is given 

by (6) but with the summation taking the range 1, ... , p, t/,. It is easy to see that 

where fp;/J.• is given by (6) with the summation taking the range 1, ... ,P and lp+J;•.P = 

E'.,.11(1;;~ - l;;1r1t) with L'.,.11 representing the summation that takes the range 1, ... ,P, ~ but 

with al least one index fixed al ¢. The first term, i.e. fp;JJ, coincides with fp obtained when 

t/> is assumed to be known. The remaining term is obtained by plugging the expressions of 

the cumulants (see (21)) into (7) and (8) and interchanging the order of the summations 

over the sample and over the parameters. Since several cumulants equal zero (some of them 

due to the orthogonality of fJ and t/>) some terms involved in the summations vanish and 

therefore the computations are simplified. After some algebra we get 

p pl 
tp;♦./J = h + -h3 + -h4, 

n 2n 

where h3 and h4 are given in (26)and h = h(n,11) = IHH - IHHH does not depend on p 

and Z. 

Now by writting 

and by noting that fp-r+l;•./J equals f.p-+J;♦.JJ with p replaced by p - r, we gel after some 

algebra the rxpression in (22). 

We proceed in a similar way for obtaining a, b and c. First, we notice that the A's may 

be wriltf'n as 

where A;;P are the corresponding A's obtained when t/> is assumed lo be known (see (16)­

(18)) and Ai:♦Jl are given by ( 11 )-(13) with the summations taking the range 1, ... ,p, t/> with 

at least one index fixed at ¢. In order to obtain Ai;♦,/h for i = 1, 2, 3 it should be noticed 

that mu = 0 and that the orthogonality of ¢, and fJ also implies that a;♦ = m;♦ = O, for 
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i = I, ... , p. In addition to that, several cumulants involved in A;;tl.P, for i = 1, 2, 3, equal 

zero (see (14) and {21)) and it then follows, from (11 )-( 1:!) that 

A1;t1.P = -6a~L(x:Htl + 211:;,H)11:11,;Jm;; 

+6aHL
1
(K;,;,; - 11:;,;,,;)(11:1.,- + 11:1;,,)a;.m;1 

-6a;.E
1

(11:;;; + 211:;,_;;)11:11,1,.a;;mkr 

+6a;.E
1

(11:;,,;; - 11:;,,;,;)(11:kr• + 211:1.,.)a_;,m;1 

-6a..1...1. ~
1

(K· · ..1...1. + K · · .u)m·· ..... L.J •• ,...... .,,,r,p,,.. ,, ' 

and AJ;IJI = 0, where r:' is representing the sum over the {J parameters which means that 

the indices, except ~. vary from I top. Now proceeding in the same way as described above 

we get the expressions for c, band a in (23)-(25). 
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Table 1. Size and Power Simulations for Testing the Homogeneity of the 

Location Parameter in Two Independent Populations (v = I) 

(Percentage of Rejections for 2,000 Replications) 

n Nominal Sizes<•> Powers<••> 

sizes (1) (2) (3) (4) (5) (6) 

IO 10.0 23.1 9.5 12.7 10.7 14.5 14.4 

5.0 13.3 4.7 6.3 5.5 7.8 7.5 

2.5 8.6 2.3 3.4 2.8 3.1 3.6 

LO 4.7 1.2 1.4 1.3 0.6 1.4 

20 10.0 14.6 9.9 11.2 9.8 18.5 18.7 

5.0 7.7 4.6 5.3 4.8 11.3 11.5 

2.5 4.3 2.2 2.5 2.2 6.6 6.9 

l.0 1.9 0.9 0.9 0.8 3.4 3.7 

30 10.0 13.6 10.4 11.2 10.8 21.5 21.3 

5.0 7.6 5.6 5.6 5.3 12.6 13.9 

2.5 4.3 2.2 2.4 2.4 8.6 9.4 

1.0 l.5 0.8 l.0 0.9 4.1 4.2 

40 10.0 11.6 9.3 10.2 9.9 30.3 29.4 

5.0 5.7 4.3 4.7 4.5 20.5 20.l 

2.5 2.9 2.2 2.1 2.0 12.4 13.6 

1.0 1.4 0.7 0.7 0.6 8.3 9.0 

C•) (1), (2), (3) and (4) correspond to Lhe aimulakd eiaes of the teaLa based on LR, LR*, S and S* respectively. 

(**) (S) and (6) correspond to the simulated powers of the teats based on LR (or L/r') and S (or S*) 

respectively (for {J1 = 1.0). 
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Table 2. Size and Power Simulations for Testing the Homogeneity of the 

Location Parameter in Two Independent Populations (11 = 3) 

(Percentage of Rejections for 2,000 Replications) 

n Nominal SizesM Powers<••) 

sizes (I) (2) (3) (4) (5) (6) 

10 10.0 16.5 10.8 13.5 10.6 15.6 16.2 

5.0 9.9 5.0 6.9 5.3 9.7 9.5 

2.5 5.2 2.6 3.5 2.7 5.4 5.2 

1.0 2.7 1.1 1.4 1.3 2.3 2.1 

20 10.0 12.6 10.5 11.4 10.6 22.1 21.2 

5.0 7.3 5.8 6.1 5.6 12.3 13.7 

2.5 4.2 3.0 3.0 2.9 7.7 7.3 

1.0 2.0 1.3 1.3 1.3 3.8 3.8 

30 10.0 11.7 9.6 10.8 9.8 30.6 30.6 
• 

5.0 5.9 4.7 5.4 4.9 20.7 20.4 

2.5 3.1 2.2 2.4 2.3 14.3 14.3 

1.0 l.1 0.7 0.8 0.8 8.3 8.7 

40 10.0 12.0 10.6 ll.4 10.7 36.4 36.9 

5.0 5.5 4.8 5.1 4.7 26.1 26.7 

2.5 2.9 2.5 2.7 2.6 17.l 17.0 

1.0 1.4 0.9 1.1 1.1 10.1 9.8 

(•) (1), (2), (:1) 11nd (-4) correspond to the simulated sizes of the tesLa hued on LR, LR*, Sands• respectively. 

(••l (5) and (6) correspond to the simulated powen of lhe tesLa based on LR (or LR*) and S (or S*) 

respectively (for /11 = 1.0). 
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Table 3. Size and Power Simulations when the Covariate is 

the Quantiles of the U(0,1) Distribution and 11 = 1 

(Percentage of Rejections for 2,000 Replications) 

n Nominal Sizes<•) Powers<••) 

sizes (1) (2) (3) (4) (5) (6) 

10 10.0 23.4 7.3 12.2 9.7 10.3 12.1 

5.0 14.4 3.4 6.0 5.0 5.5 6.2 

2.5 8.4 1.4 2.7 2.4 2.8 3.0 

1.0 4.6 0.4 0.8 0.7 1.0 1.0 

20 10.0 14.1 9.3 10.8 9.8 13.7 12.9 

5.0 8.1 4.7 5.5 5.0 7.3 6.5 

2.5 4.8 2.4 3.1 2.7 3.6 3.0 

1.0 2.4 0.8 0.9 0.9 1.5 1.8 

30 10.0 13.1 10.5 10.9 10.3 14.4 14.2 

5.0 7.7 4.9 5.2 4.9 8.8 8.7 

2.5 3.9 2.2 2.5 2.3 5.1 5.3 

1.0 1.7 1.0 0.9 0.9 1.8 2.5 

40 10.0 13.6 10.8 11.7 10.9 15.9 15.0 

5.0 7.1 5.1 5.9 5.5 9.0 9.0 

2.5 3.9 2.5 2.5 2.4 5.2 5.7 

1.0 1.7 1.1 1.3 1.3 2.4 2.0 

C•l (1), (2), (3) and (4) correspond to the eimulated auea of the test.a hued on LR, LR°, Sand S- respectively. 

C .. J (5) and (6) correspond to the simulated powers of the tests bued on LR (or LR°) and S (or S"') 

respectively (for /J = 1.0). 
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Table 4. Size and Power Simulations when the Covariate is 

the Quantiles of the U(0,1) Distribution and 11 = 3 

(Percentage of Rejections for 2,000 Replications) 

n Nominal Sizes(o) Powers!••) 

sizes (1) (2) (3) (4) (5) (6) 

10 10.0 16.1 9.0 11.7 9.4 14.0 14.6 

5.0 8.7 4.1 6.1 4.8 8.3 7.9 

2.5 4.8 2.1 2.6 2.1 4.4 4.8 

1.0 2.4 0.8 0.6 0.6 2.4 2.0 

20 10.0 12.6 10.1 11.3 9.:J rn.a 16.1 

5.0 6.5 4.7 5.1 4.6 8.8 8.7 

2.5 3.5 2.0 2.5 2.3 4.9 4.7 

1.0 1.4 0.8 0.9 0.9 2.0 2.2 

30 10.0 12.6 10.6 11.5 10.8 14.3 13.9 

5.0 7.0 5.5 5.9 5.4 8.1 7.8 

2.5 3.8 2.9 2.7 2.5 4.1 4.6 

1.0 1.6 1.3 1.2 1.2 1.6 1.7 

40 10.0 12.4 10.9 11.2 10.8 15.4 16.0 

5.0 7.0 6.3 6.2 5.7 8.8 9.1 

2.5 3.6 2.6 2.9 2.8 5.6 5.4 

1.0 1.5 1.3 1.4 1.4 2.1 2.2 

(•) (1), (2), (:J) 11.nd (4) correspond to the simulated sizes of the I.eat. based on LR, LR*, Sands• respectively. 

( .. ) (5) and (6) correApond to the simulated powers of the tests based on LR (or LR*) and S (or S*) 

respectively (for {J = 1.0). 
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Table 5. Size and Power Simulations when the Covariate is 

the Quantiles of the LN(0,1) Distribution and v = 1 

(Percentage of Rejections for 2,000 Replications) 

n Nominal Sizesl•) Powersl••> 

sizes (1) (2) (3) (4) (5) (6) 

10 10.0 26.4 3.1 11.5 8.8 29.2 23.4 

5.0 17.3 0.7 4.3 3.9 18.l 14.3 

2.5 11.6 0.3 1.5 1.5 11.4 6.9 

1.0 6.5 0.l 0.2 0.3 5.4 3.5 

20 10.0 16.1 8.2 10.5 9.6 59.7 46.5 

5.0 9.3 3.5 5.1 4.6 44.6 31.6 

2.5 5.6 1.5 2.1 2.1 35.3 21.8 

1.0 2.4 0.4 0.7 1.0 21.1 10.9 

30 10.0 14.1 9.5 10.9 10.0 75.3 59.7 

5.0 8.3 4.2 5.0 4.6 63.0 46.6 

2.5 4.2 2.2 1.9 1.9 51.5 37.4 

1.0 2.1 0.5 0.7 0.8 38.4 24.1 

40 10.0 12.4 9.7 10.2 9.6 86.3 73.l 

5.0 6.8 4.7 4.7 4.7 77.7 60.7 

2.5 3.6 1.8 1.9 1.9 71.4 53.4 

1.0 1.4 0.7 0.5 0.6 59.8 58.4 

(• l (I), (2), (3) and ( 4) correspond to the simulated sizes of the testa based on LR, LK', Sand s• respectively. 
(••) (5) and (6) correspond to the simulated powera of Lhe ~ts baaed on LR (or LR") and S (or S") 
respectively (for /J = 1.0). 
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Table 6. Size and Power Simulations when the Covariate is 

the Quantiles of the LN(0,1) Distribution and 11 = 3 

(Percentage of Rejections for 2,000 Replications) 

n Nominal Sizes<•> Powers<••) 

sizes (1) (2) (3) (4) (5) (6) 

10 IO.0 19.1 9.2 12.6 9.2 46.6 39.1 

5.0 11.3 5.1 4.8 4.0 29.8 25.1 

2.5 7.2 2.5 1.4 1.5 19.1 14.4 

1.0 4.0 0.8 0.1 0.1 11.8 9.1 

20 10.0 12.6 9.5 IUi 9.9 78.6 73.3 

5.0 7.2 4.6 5.5 4.9 65.5 58.0 

2.5 4.3 2.5 2.6 2.6 53.6 42.0 

1.0 2.2 1.0 0.8 I.I 37.4 25.5 

30 IO.0 12.2 10.0 10.5 10.0 88.9 84.8 

5.0 6.3 4.4 4.8 4.6 82.5 76.1 

2.5 2.8 1.8 2.1 2.1 76.1 68.1 

1.0 1.2 0.7 0.8 0.9 65.5 52.6 

40 10.0 11.7 10.0 10.6 10.3 96.3 93.4 

5.0 6.6 5.8 5.6 5.3 91.0 87.8 

2.5 3.9 3.3 2.9 2.9 83.9 78.0 

1.0 2.0 1.7 1.5 1.6 70.9 62.6 

<•> (l), (2), (3) and (4) correspond to the aimulat.ed eizes ofthe Leal.a based on LR, LR", Sands• reapectively. 

( .. ) (5) and (6) correspond to the 1im11lat.ed powere of Lhe teal.a b1111ed on LR (or LR") and S (or S") 

reepectively (for {J = 1.0). 
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