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Abstract

In this paper we develop Bartlett corrected likelihood ratio and score tests for regression
linear models under the assumption that the error terms are independent and have Student-t
distribution. We discuss the application of the EM algorithm for finding maximum likelihood
estimates of the parameters. We also present simulation results comparing the performance

of the original tests and their corrected versions.
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1. Introduction

The likelihood ratio and the score statistics are widely used in testing problems involv-
ing large samples. It is well known that, under usual regularity conditions, both statistics
have chi-squared distribution asymptotically. In order to improve the chi-squared approxi-
mation for the likelihood ratio statistic, one may multiply it by a suitable constant known
as Bartlett correction. Under the null hypothesis, the modified statistic obtained this way
has chi-squared distribution up to order n~!, where n is the sample size. See Lawley (1956),
Hayakawa (1977), Cordeiro (1987) and Barndorfl-Nielsen and Cox (1984). Here and from
now on, "up to order n~!” means that terms of order less than n~! are ignored. Recently,
Cordeiro and Ferrari (1991) derived a Bartlett-type corrected score statistic having chi-
squared distribution up to order n='. The corrections for both statistics are functions of
joint cumulants of log-likelihood derivatives and, therefore, it can be very arduous to obtain
these corrections in some particular cases. Matrix formulae for Bartlett corrections for the
likelihood ratio statistic in generalized linear models and their extensions were obtained by
Cordeiro (1983), Cordeiro and Paula (1989) and Cordeiro, Paula and Botter (1993) and for
heteroskedastic normal regression models by Cordeiro (1993). Moreover, matrix formulae
for Bartlett-type corrections for the score test in generalized linear models were recently ob-
tained by Cordeiro, Ferrari and Paula (1993) and for the test of heteroskedasticity in normal
regression models by Cribari-Neto and Ferrari (1992).
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The main purpose of this paper is to develop corrections for the likelihood ratio and the
score statistics in linear regression models when the errors are independent with Student-t
distribution with v degrees of freedom. The corrections are given in simple matrix form and
can easily be implemented into computer programs. Moreover, they can be used analitically

in order to obtain simple expressions for the corrections in special cases.

The t-model is a robust extension of the normal regression theory since it adds an extra
parameter (v) to model the kurtosis of the error distribution. The usefulness of the t-family
for modeling data was demonstrated by Lange, Little and Taylor (1989). They illustrated
the use of the t-family in a variety of setiings including linear and non-linear regression,
repeated measures and pedigree data. Moreover, they described three possible algorithms,
including the EM algorithm, for finding maximum likelihood estimates of the parameters.
The efficiency of the estimates and the coverage rates of confidence intervals of quantities
of interest, when the extra parameter v is estimated from the data and when it is treated
as fixed, are studied by Taylor (1992). Properties and other recent applications of the t-
family can be found in the papers by Mitchell (1989), Sutradhar and Ali (1986) and Albert,
Delampady and Polasek (1991). However, the importance in statistical inference of the
elliptic family, of which the t-family is a particular member, has been emphasized since the
70s (see Maronna, 1976). A comprehensive review about the t-family is given by Chmielewski
(1981).

The plan of this paper is as follows. In Section 2 we describe the linear regression model
with Student-t independent errors and present some results on estimation and tests for this
model. We discuss the application of the EM algorithm for maximum likelihood estimation
and develop likelihood ratio and score tests for the regression parameters. In Section 3 we
develop corrections for these tests and in Section 4 we present applications for some special
cases. In Section 5 simulation experiments are performed in order to compare the original

tests and their corrected versions.



2. Estimation and tests in the t-model

2.1. The model

We consider the regression model
y=ptoat,

where y = (y1,...,yn), p = XPB, X is an n x p nonstochastic matrix with rank p < n,
B=(h,...,B,) is a p x 1 vector of unknown regression parameters, t = (¢;,...,4) is an
n X% 1 vector of independent errors and 0% = ¢! is a positive scale parameter. A usual
assumption is that ¢, for I = 1,...,n, have normal distribution with zero mean and unit
variance. Instead, we replace it by the assumption that #;, for I = 1,...,n, have Student-t

distribution with v degrees of freedom. In other words, we assume that

ind

w ~ UzB,d,v), 1=1,...,n, )

where x} = (z5,..., %) is the I-th row of X and #(y, ¢, v) denotes the Student-t distribution

with location parameter p, scale parameter ¢, v degrees of freedom and with density

120 {(v +1)/2}
T(1/2)[(+/2)

The t-model includes the normal and Cauchy models as special cases (¥ = co and v = 1,

-(v+1}/2

fyiméyv) = (g) (H%(y—y)’) , —00 <y < oo.

respectively). Hence, it is more appropriate when the error distribution has longer-than-
normal tails. When v < oo, maximum likelihood (ML) estimation of 8 and ¢ are robust
in the sense that the observations with large squared distances #} = ¢(y; — iy ziiB5)?
are downweighted. In particular, the ML estimates of g;, for j = 1,...,p, for
the normal model satisfy the likelihood equations ¥1,(w — YiazBi)r; = 0, for
Jj=1,...,p, whereas the ML estimates of B;, for j = 1,...,p, based in the t-model 1)
satisfy T, wi(y — )=y 21;8;)%1; = 0, where wy = (v 4 1)/(v + t}) is the weight assigned to
the I-th observation. It is clear that w; decreases with increasing t?. Moreover, the degree of
downweighting of outliers in w; increases with decreasing v. If v is fixed at a reasonable value,
it is a robustness tuning parameter and the ML estimation of 8 based on the t-model (1) is

a kind of M estimation yielding robust estimates of location with a redescending influence
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function (Huber, 1981). When the sample is sufficiently large, v may be estimated from
the data by ML, yielding an adaptive procedure in the same sense used by Hogg (1974)
in which, loosely speaking, the choice of the estimation method is based on the observed
residual distribution (see Yu and Hogg, 1988, Lange, Little and Taylor, 1989 and Taylor,
1992).

The model (1) is different from that of Zellner (1976) who proposed a multivariate t
distribution for the vector of errors (see also Singh, 1991). While (1) yields robust estimates
of B, Zellner’s model yields the standard least squares estimates of # with estimated standard
errors which are inflated by the factor {v/(v — 2)}"/3, for v > 2. Moreover, in this case the
likelihood ratio, the score and Wald’s tests for the general hypothesis Ho : Af = 0 are
equivalent to the usual F-tests (see Ghosh and Sinha, 1980 and Ullah and Zinde-Walsh,
1081, 1985).

2.2. Estimation

The estimation method considered in this paper is ML. The log-likelihood function for

the linear regression t-model (1) and a sample yy,. ..,y is

L(o) Zlogf(yho)v

where

logf(y1;6) = -Iogu +logF( vil ) —logF( ) logl’ (%) + %logda— Y ; llog{v+¢(y1—z:ﬁ)’}

and 8 = (#', 4,v)’. When v is known 0 = (8, 4)' and the log:-likelihood equations are

aﬂ, Ia— ¢Z:wm,(!h —2if) =0, forj=1,...,p
g—gl % 22"’1(!/1—1:/9) =0,
where 6 = (#',4) and iy = w,(ﬂ) are the ML estimates of 6 = (§',¢) and
wi(8) = (v +1)/{v + $(y1 — 7{8)*}. These equations are solved iteratively using, for example,
the scoring or the EM algorithm. The implementation of the scoring algorithm
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_involves the information matrix K = K(#). For known v this matrix is given by
K = diag{(v + 1)(v + 3)""'¢X'X, nv{2(v+3)} '¢~?}. When » is treated as an unknown
parameter, it is easy to show that K is block diagonal between the regression parameters 3
and the remaining parameters (¢ and v). Hence, the ML estimation of 8 and that of (4, v)
are asymptotically uncorrelated and the asymptotic standard errors of the estimates of 3 are
unaffected by estimating the scale parameter ¢ or the degrees of freedom v (see Appendix
in Lange, Little and Taylor, 1989).

The EM algorithm (Dempster, Laird and Rubin, 1977, Little and Rubin, 1987; see
also Little, 1988) augments the data y = (y1,...,ys)" by additional hypothetical data
¢ = (g1,-..,9.) in such a way that the ML estimates of #, given the complete data (v, ¢'),
are easy to compute. Given the estimate 6'*) at iteration ¢, the (¢ + 1)-th iteration of the
EM algorithm consists of an expectation (E) step and a maximization (M) step. The E
step computes the expected value of the complete data log-likelihood with respect to the
conditional distribution of g, given y and 6. The M step maximizes the resulting function
with respect to 0, yielding the new estimate 8(*+1). The implementation of the EM algorithm
is easy because the Student-t distribution may be obtained as a mixture of a normal distri-
bution in a chi-squared distribution. In other words, if the vectors (yi,q), for I =1,...,n,
are independent and such that y; | @ ~ N(z}8,(q)™") with ¢, ~ »77x2, then the marginal
distribution of y; is given by (1). Hence, the ML estimation for model (1) may be achieved
by applying the EM algorithm with missing data g, for { = 1,...,n. If v is assumed to be
known, the EM algorithm is an iteratively reweighted least squares procedure. The E step
computes the weights

1
w{) = E{q; | ys B9, ¢} = il

v+ #0(y = 2 FOR
The M step finds 4+ that minimizes the weighted sum of squares ¥ w{(y, — z}8)?, i.e.
B = (X'WWX) 1 X'Wy, where W) = diag{wg‘),...,wf")} and, if ¢ is unknown,
computes also ¢+ = {n~1 T wf(y; - 2{8**D)2}1. Since the M step is a weighted least

I=1,...,n

squares estimation, it is noniterative if the regression is linear. Starting values for 8 = (4, ¢)’
are obtained by fitting a normal model by least squares, i.e. with w‘(o) =1l,forl=1,...,n. K
v is treated as an unknown parameter, it may be estimated by repeating the aforementioned

algorithm over a grid of values of ¥. For an alternative method, see Appendix in Lange,
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Little and Taylor (1989).
2.3. Hypothesis testing

Let us assume that the parameters v and ¢ are known and then § = 8. In Section 3.2

we consider the case where ¢ is assumed to be unknown.

Consider the test of the hypothesis Hy : 8 = }0) against the alternative H : g, #
{0), where gy = (By,...,B;) with r < p. Here the vector 3 = (fr41,...,0p) denotes a
nuisance parameter and ﬂ{o) denote an r-dimensional vector of known constants. Let 3 be
the maximum likelihood estimate of 8 under the alternative hypothesis and let 3, be the
maximum likelihood estimate of 8, under the null hypothesis. Functions evaluated at the
point 3 will be written with a circumflex and functions evaluated at § = (ﬂ§°",f'3;)' will be
distinguished by the addition of a tilde.

The partition 8 = (f;, ;)" leads to the corresponding partitioned design matrix X =

(X1, X3) and the partitioned information matrix and its inverse

1 g2
K= Kn K and k-1 = KY K ’
Ky Ki K? K%
Here Kyy = (v+1)(v43)" 16X X, Kyy = (v+1)(v43)7 19X} X; and K3 = K} = (v+1)(v+
3)"1¢X: X,. We also define Z = {zin} = X(X'X)"' X' and Z; = {zam} = Xa(X3X2) 7 X},

fori,j =1,...,n. It is noteworthy that ¢~'(v+3)(v+1)'Z and ¢~ '(v+3)(v +1)7' Z; have

simple interpretations as the asymptotic covariance matrices of X B and X4, respectively.

Let U = (8L/3p,...,0L[8B,) be the score vector. The likelihood ratio statistic LR =
2(L(B) - L(B)) and the score statistic S = 'K ' for testing Ho against H may be written

respectively as
LR=(v+ 1) Y log(Z) ()
=1 wy
and
S =#X,(RR)" X3, (3)

where s = {(v + 3)(v + 1)""¢}/*W'(y — XB) is a vector of standardized residuals, R =
(I. — Z3) Xy with I,, representing the n x n identity matrix and W = diag{wi,...,wa} with
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wy given in Section 2.1. Notice that the score statistic does not involve estimation under the
alternative hypothesis which represents a computational advantage over the likelihood ratio

statistic.

Ifn~'X'X — Q, as n — oo, where @ is a p X p non-singular matrix, both statistics have
chi-squared distribution with r degrees of freedom asymptotically under the null hypothesis.
However, in finite samples, the chi-squared approximation may be a poor one. In the next
section, we derived modified likelihood and score statistics whose distributions are better

approximated by the reference chi-squared distribution.
3. Bartlett corrected tests

The purpose of this section is to develop improved likelihood ratio and score tests for
the hypothesis Hy : 8, = () against the alternative H : f; # AL in the regression model
defined in (1). Following Lawley (1956), in regular problems the likelihood ratio test may
be improved by multiplying the statistic by a correction factor, the Bartlett correction. The
modified statistic has the form

LR = LR(1 - d), (4)
where d equals r~! multiplied by the term of order n™" of the expansion of the first moment
of LR under the null hypothesis. On the other hand, Cordeiro and Ferrari (1992) showed
that, in regular problems, the score statistic may be improved by a Bartlett-type correction
which is not exactly a Bartlett correction because it involves a polynomial in the original

statistic. The modified score statistic is given by
8" =8{1 —(c+bS +aSH}, (5)

where @, b and ¢ come from the expansion of the distribution function of S under the null
hypothesis and are of order n~'. Both modified statistics have chi-squared distribution with

r degrees of freedom up to order n~' under the null hypothesis.

In order to present the coefficients a, b, ¢ and d involved in the corrections, we now
introduce some standard notation for cumulants of total log-likelihood derivatives (Lawley,

1956, Hayakawa, 1977, Harris, 1985). In what follows, all the suffices take the range 1,...,p.
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Let U; = 8L/8B;, Ui; = 8*L[3P:00; and so on. We have x;; = E(U;), riji = E(Usje), xig =
E(U:U;), &ijx = E(Ui;U), Kijr = E(UijUi) — Kijkir, Kijar = E(UiU;Usy) — K5k, and
Kigke = E(U-U UU ) =K, jRiy —Ki g5 — Kip5jx. We define the derivatives of the cumulants
by IC = Ok, ; /0P, (_’;') 0%k, ;/0B,8B,, etc. Under standard regularity conditions the
cumulants satisfy certain relations which may facilitate their calculation, such as x; ;¢ +xijx =
—Kijk — "j.ik — Ky ij, S?k = Kijke + Kijhes Kighk = —Kijk — L(3) Kigk and Kijer = =380 +
2% ".,k o) Kij s34 Yo{3) Kijkrs where 3(;,) means that the summation is extended to all
the k permutations of indices. The total information matrix K has elements x;; = —«;;,

and x™ = —x'/ denotes the corresponding elements of its inverse.

Lawley (1956) derived an expansion for the expected value of 2(L(/§) — L(B)). He showed
that, up to order n=!, E{2(L(B) — L(8))} = p +¢,, where ¢, is a term of order n~* given by

D D { ST P 8 (6)
where Y’ denotes the summation over the parameters,
lijr = KKK (1 Kijkr — lcSJ',), + x(k')) (7
and
Lijkrat = 6965 :c"{rc;k,(%x,-,. - xg-:)) + Kikr(: Kjst — x‘(,:)) +ePxl) + f,'.’n"’} (8)
The notation here follows Cordeiro (1983).

For the test of the hypothesis Hp : §; = aga.mst the alternative H : §; # 5 (0) , the
likelihood ratio statistic may be written as LR = 2(L(ﬂ)—L(ﬂ(°’ B82)) -2 L(B) - L(B™, £2))
and therefore its expected value up to order n~' is E(LR) = r + ¢, — ¢,—,, where ¢,_, is
obtained in the same way as ¢, with the suffices in the summation taking the ranger+1,...,p.
Now it is easy to verify that the coefficient d in the Bartlett correction factor (see eq. (4))

for the likelihood ratio statistic is

d=S2""r—r 'r"’", (9)

where ¢, and ¢,_, are evaluated at (ﬂ{o),ﬂ,).

From an expansion for the distribution function of S derived by Harris (1985), Cordeiro

and Ferrari (1991) obtained the coefficients a, b and ¢ which make the modified score statistic
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in (5) have chi-squared distribution up to order n=! under H;. They obtained

Aa _A3—2A3 _A|—A2+A3

- - = 10
Tl +2)r+4)’ T 2rr+2) € 12r (10)

where

A4 = 32’(&',1 + 26, 1) (Krot + 2800 4)0550,m5 — 62’("ijk + 2K, jk)Kr 0 tBij Bhr T pg
+GE'("i.jk — Kiji)(Krat + 2Kp00)aj,a8m;, — GZ’(’ci,j,k.r + Kk )aemi;, (1)

']
A, = "3Zl"i,j,k"r,a,takrmijm.t + 63 (Kijk + 260 k) Kr 008k My
_GZ’NiJ,k"r.l.taklmirmj‘ + 32"‘i,j,k,rmijmkf (12)
and
7
Az = 3Y KijuReamimemy, + 221Ki.j.k"r.a,lmirmj-mk¢- (13)

Here a;; and m;;, for ¢,j = 1,...,p, denote the elements of the p X p matrices

A=(0 . ) and M = K™ - A,
0 K3

where K3; comes from the partitioned matrix K (see Section 2.3). It should be noted
that in Harris’ expression for A; the term K+ M « M s J » K should be replaced by
K, _+«Ms+M+J+K, _ . The coefficients a, b, c and d may be functions of unknown parameters.
If this is the case, those parameters may be replaced by their corresponding estimates under
the null hypothesis since the order of approximation for the distribution functions of the
modified statistics by the chi-squared distribution remains the same (see Lawley, 1956 and
Cordeiro and Ferrari, 1991).

We now aim to develop matrix formulae for a, b, c and d for the test of the hypothesis
mentioned in the begining of this section for the linear regression model defined in (1).
The formulae are easy to handle in computer programs because they involve only simple
operations on matrices and vectors. Besides, they are useful to obtain simple expressions for
the corrections in particular cases. First, we assume that the scale parameter ¢ is known

and then we relax this assumption.
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3.1. Known scale parameter

We shall introduce the notation: 8p/88; = zii = (i), 8*m/3B:0P; = ziizmi; = (i) and
so on. The computation of the cumulants involved in the corrections for the likelihood ratio
and score tests depend on expectations of the form E{t/(v + t*)*}, where t has Student-t
distribution with v degrees of freedlom and i = 1,...,6 and j =0,...,8. It is easy to show

that for v +2(: —j) > 0

B "_il’ vi2i—g}
. . = z L, if jiseven
E{¥(v+1")7'} = B} %
0, if 7 is odd,

where B(.,.) is the beta function. By using this expression and the relations among cumu-

lants introduced in Section 3, we obtain

v+1 .. k
Kij = —Kij= —¢V 13 Y Gl mijk = sige = Kije = KS,') =0,
e D +2) o o _3vt3)-8
Kijkr = 6¢ l/(ll + 5)(” + 7) Z(z]kr)l» Kijbr = (V n 2)(!/ n 3)2 Kiskry (14)
(v + 1){(» +2)* -5} kr .
Kijkr = w13 ik Fidkr = 3Kk, 5 =kl =0,

where ¥ denotes the summation over the sample.

Let Z4 = diag{z11,---, 2} and Zyg = diag{za11,...,22an} represent the matrices with
the diagonal elements of Z and Z, respectively, pzz = ntr(Z4Zy), pzz, = ntr(ZsZaq) and
222, = nt1(Z24Z34). The matrices Z and Z; are defined in Section 2.3. From (9), (10) and
(14) we get after some algebra (see Appendix)

3

= g (pzz — P2,2,)h1, (15)
c= 21(3022 —2pz2, — p2:2,)h2, (16)

nr

9
= —m(#zz —2pzz, + 222, )2y (17)
a=0, (18)

where h; = hy(v) for i = 1,2 and
(v +2)(v +3)? (v+2)2-5
hy = s ha = Smeematmem, (19)
viv+ 1)(v+5)(v+7) v(iv+5)v+7)
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Now from equations (4)-(5) and (15)-(19) one may easily compute the Bartlett corrected

statistics.

Since the coefficient a equals zero, the quadratic term in the correction for the score
statistic vanishes and therefore the correction is a polynomial of first degree in the unmod-
ified statistic. The expressions for b, c, and d are [unctions of v and the diagonal matrices
Z4 and Za4. They depend neither on the scale parameter ¢ nor on the unknown parameters.
Moreover, the expressions in (15)-(17) may be easily implemented in some computer pro-
grams since they involve only simple operations on matrices. It is important to emphasize
that the corrections are valid for all positive ¥ and hence they include the Cauchy model
as a special case. For the normal model (v = o0), hy and h, vanish and no correction is
obtained. This could be expected since the likelihood ratio and the score statistics have an
exact chi-squared distribution under the null hypothesis.

8.2 Unknown scale parameter

In this section we assume that the scale parameter ¢ is unknown and develop matrix
formulae for the corrections for the likelihood ratio and the score statistics which now also
depend on cumulants involving derivatives of the log-likelihood function with respect to ¢.
Since the information matrix for (', ¢) is block diagonal (see Section 2.2), # and ¢ are
globally orthogonal. The orthogonality between 8 and ¢ greatly simplify the computation

of the corrections.

If ¢ is assumed to be unknown, the likelihood ratio statistic may be written as

e S

LR=(v+1) g:log(:%:) + nlog( ) (20)

and the score statistic may be wrilten as in equation (3) with ¢ replaced by . Here
é = {n"1 Tn, dn(y — z}B)?} " and § = {n~' T, y(ys — }B)?}~" are the maximum like-
lihood estimates of ¢ under the full model and the model restricted to the null hypothesis,
respectively. Notice that the matrices W and T involved in § are evaluated at (ﬂ}o),ﬁg, J)

Let us introduce the following notation for cumulants involving the parameter ¢:
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Kee = E(O’L]34?), x4i = E(O*L]0¢8B;), rgij = E(I°L[3¢36;08;), and so on. We get

Ko = _lg_v_ o8 = S K29 = ﬁ—-n Ko pp = ELK
¢22”+3’ ¢ ¢“’ L] P ¢y Ko e ¢y+5 o)
_lv-1 _ 2(V+8) ¥ 6 v48
Koo = ¢—V+5'€“- Kogp = ¢(V+5) Kdy Kypg = _F;ﬁ’c“’
rangy = BN+ L lvt2
(ol # (v+5)r+7) by Ky = gi $ij = ¢u+5~"’
_ *) _ (9 lv-1
Kéi = Kiss = Kigh = Kigs = Koot = Kon =0, Kgij= Bu 15" (21)
R S S T S
¢y = $ijy Kéij = dv+5 ijs Kediy = ¢”+7"dam
e l(u+2)(u+4) . 4(u—3)(V’+3u—-l) -
bi,9F ¢(V+5)(V+7) Kijy Kggij = n V(V+5)(V+7) KegKijy
or o = 12 (v+1)2 -
$eh T (v + 5)(v + 7) Foehisy
where x;; is given in (14). After lengthy algebra (see Appendix) we get
3
= 2n—r(Pzz P7:2,)h + ha + 2 " s (22)
3 6 2
c= 2n"—r(3pzz —2p22, — Pz,2, )2 + (P —r)hs + - he + [—t‘hn (23)
9
—m(l’zz —2p22, + P2,2,)h2 — 5;’11 (24)
a=0, (25)
where h, and h, are defined in (19), h; = h;(v), for i =3,...,7, and
A (v+2)(v+ 32+ +2) " _(v+2P(w+3)
3 v(v+5)*(v+7) C T w452
he = (v-1Dv+2)(r+3) he = (v+1)(v+2)(v+3) (26)
s v(v +5)? v e v(v +5)* (v +7)
b, = (V - l)z(v + 3)
! v(r+52

It is interesting to notice that a = 0 regardless of whether or not ¢ is assumed to be known
and that the expressions in (22)-(24) may be written as the corresponding expressions in (15)-
(17), obtained for known ¢, plus additional terms. Those extra terms are very simple and
depend only on the sample size, the parameter v, the total number of regression parameters

B and the number of restrictions fixed by the null hypothesis. Moreover, for normal linear
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regression models (v = 00), h; =0, for i = 1,2,6 and h; = I, for i = 3,4,5,7 and therefore

the modified statistics have the simple forms
2 1
LR} = LR){1 - 52—+ 2)}, (27)

and

1
S('m) = S(oo){l - E;(Qp -r+2- S(oo))}- (28)

(Here and from now on, we make use of the notation LR,y and 5(,) whenever a value for v is
specified; for instance, L R and LRIN, denote the likelihood ratio statistic and its modified
version for normal models.) It is noteworthy that, in this case, the correction terms only
depend on the sample size, the total number of parameters and the number of parameters

fixed at the null hypothesis. Consequently, the corrections are very easy to compute.

4. Some special cases

In this section we derive simple expressions for the corrections for the likelikood ratio and
the score statistics from the results of the previous section for some special models. Since in
practice the scale parameter ¢ is usually unknown, we concentrate on the formulae derived in
Section 3.2 for unknown ¢. Notice that for all cases presented below, if the model is normal,
the corresponding modified statistics come directly from (27) and (28) with appropriate
values for p and r.

Consider first the following simple model
Wi e t(ﬂ,¢,ll), 1= 1,...,n,

where 8 is an unknown scalar parameter and suppose that we are interested in testing the
null hypothesis Hy : 8 = B® against the alternative hypothesis H : 8 # 9. For this
testing problem p = r = 1, pzz = 1 and pzz, = pz,z, = 0. Now from (22)-(24) we obtain
d = (3hy + 2h3 + hy)/(2n), ¢ = 3(3ha + 4he + h7)/(2n) and b = —(3h; + ky)/(2n), where h;,
fori=1,2,3,4,6,7, are defined in (19) and (26). In particular, for Cauchy models (v = 1)
we have LRy, = LR {1 — 7/(4n)} and S,y = S0){1 — (7 — Sq))/(8n)}.
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Now consider p > 2 populations having Student-t distribution with v degrees of freedom,
scale parameter ¢, and location parameter g; = 8 + 8, for i = 1,...,p, where 8, = 0, and
assume that independent random samples of sizes ny,...,n,, withn; > 1 for i = 1,...,p
are taken from these populations. Here 8; represents the effect of the response of the i—th
population compared to the p—th population. For testing the homogeneity of the location
parameter in the p populations we consider the null hypothesis Ho : ) = ... = B,y = 0.
For this testing problem we have r = p—1, pzz = p = n30_ 07!, pzz, = p and pz,z, = 1.
Using the equations (22)-(24) we obtain d = {3(p — 1)(p — 1)7"hy + 2h3 + (p + 1)he}/(2n),
¢ = {3(3p — 2= 1)(p— 1)~ ha + 2(hs + 6he) + (p-+ )hr}/(2n) and b= —{9(p— 2p+ 1)(p" -
1)~"hy+hs}/(2n), where h;, fori = 1,...,7, are defined in (19) and (26) and n = L%, n;. For
Cauchy models the modified statistics have the simple forms LR{,, = LR1){1—~{3p+2p(p +

1)-7}/{(4n(p—1)}} and 5§y, = Sy{1—{(3p+2p—5)(p+1)-3(p—2p+1)Sn)}/{8n(p*-1)}}.

Finally, let us consider the simple regression model
w % tat+zB,év), 1=1,...,n, (29)

where a and § are unknown scalar parameters and z; is a scalar covariate. For testing the null
hypothesis Hp : # = 0 against the alternative hypothesis Ho : § # 0 we have p = 2, r = 1,
pzz =1 +6, pz2, = 2 and pz,z, = 1, where v = (3,/33) — 3, with 3, = n™' Tk, (21— 2)*, for
a=2,4,and = n~' T, z;. Notice that v is the standard sample measure of kurtosis of the
covariate z. Now using the equations (22)-(24) we have d = {3(7+3)h;+6h,+2h3+3k,}/(2n),
c = {9(7 + 3)ha + 12h; + 2hs + 12he + 3h7}/(2n) and b = —{3(7 + 3)h; + h7}/(2n). For
Cauchy models we obtain LRy = LRu){l — {3(y + 3) + 14}/(4n)} and

Sty = Sall — (367 +3) + 8~ (14 3)S)}/Bm)}.

5. Simulation results

In this section we present two small simulation studies comparing the performance of the
likelihood ratio and the score statistics and their modified versions. In the first simulation
experiment we deal with the test of the homogeneity of the location parameter in two in-

dependent populations (see Section 4) based on two samples of sizes ny = ny = n/2. We
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carried out size and power simulations based on 2,000 replications and they are reported for
total samples sizes 10, 20, 30 and 40, for nominal sizes of 10%, 5%, 2.5% and 1% and for
v =1 and 3. The response was generated assuming that § = 1 and o = ¢~V/2 = 2. The
power simulations were performed supposing that 8; = 1 and they are based on estimated
critical values rather than tabulated ones. This strategy was chosen since the tests do not

have equal sizes. The results are reported in Tables 1 and 2.
[Tables 1 and 2 here]

From Tables 1 and 2 it is clear that the likelihood ratio test tends to reject the null
hypothesis more often than expected based on the nominal sizes. In particular, for n = 10
and v = 1 the differences between the simulated and the nominal sizes are very large. For all
the sample sizes, the Bartlett correction seems to be very eflective in pushing the true sizes of
the test towards the nominal levels. Tables 1 and 2 convey important information about the
score teat. It is clear that, under Hy, the score statistic has better chi-squared approximation
than the likelihood ratio statistic for all the sample sizes. Even if n is not large, the simulated
sizes for the score test are not very far from the nominal levels. Therefore, in this case the
use of the correction for the score test is not as important as it is when the likelihood ratio
statistic is used. Although in most cases the modified score test has simulated sizes closer
to the nominal levels than the unmodified score test, the effect of the correction is not very
strong since the unmodified score test has a good chi-squared approximation. In other words,
the use of corrections leads to more substantial improvement in the sizes of the test when

the likelihood ratio statistic is used.

Now let us make some comments on the power of the tests. First, it is important to
notice that the modified statistics are increasing functions of their corresponding unmodified
versions. Although S° is a second degree polynomial of S, it is easy to show that, for the
case considered in this simulation experiment, S* becomes an increasing function of S for
S > 0 (for the simulation experiment reported below the same happens). For this reason and
since the power comparisons are based on estimated critical values rather than tabulated
ones, the powers of the unmodified tests and their corresponding modified versions coincide.

Tables 1 and 2 show that for §; = 1 and v = 1 and 3, the powers of all the tests are very
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close and, therefore it is not possible to distinguish between them based on their powers at

least for the value of 8, considered here.

The second simulation experiment is based on the simple regression model (27) and the
test of the null hypothesis Hy : § = 0 against the alternative hypothesis H : 8 # 0. The
corrections for the likelihood ratio and the score statistics depend on the sample measure
of kurtosis of the covariate (see Section 4). Therefore, it is expected that the performance
of the tests are affected by the choice of values for the covariate. Following Cribari-Neto
and Ferrari (1992), the way we choose values for z is as follows. For n = 10 and a given

distribution attributed to the covariate, we set

1—0.5)’ I

z =quantile( =1,...,10.

For other sample sizes (n = 20, 30, 40) the values for the covariate are obtained via repli-
cation. For instance, if for n = 10 the values for the covariate are Zy,%3,...,%, then for
n = 20 the chosen values for the covariate are z,,2,,22,25...,Z,, .. This strategy is very
convenient because it. delivers the same coefficient of kurtosis for different sample sizes. The
following distributions are used: uniform in the interval (0,1) [U(0,1)] and lognormal obtained
as a transformation of a standard normal distribution [LN(0,1)]. The resulting coefficients
of kurtosis v of the covariate are respectively -1.22 and 1.42. The response was generated
setting a =1 and & = ¢~'/2 = 2 and for the power simulations we set B =1. As in the first
simulation study, the power simulations are based on estimated critical values and all the
simulations are performed with 2,000 replications. The results are reported in Tables 3, 4,5

and 6.
[Tables 3, 4, 5 and 6 here]

From Tables 3 and 4 we may see that the results obtained when the U(0,1) distribution
is used are, to some extent, similar to those obtained in the first simulation experiment.
On the other hand, when the LN(0,1) distribution is considered, the results reported on
Tables 5 and 6 deserve special atiention. The simulated sizes of the likelihood ratio test

for n = 10 and v = 1 are well above the corresponding nominal levels and the use of the
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Bartlett factor tends to overcorrect the size of the test. This undesirable feature of the
Bartlett correction could be expected in this case since the numerical value of the correction
factor (0.318) indicates that the correction would be very strong. Moreover, according to
Cox (1988, p. 330) "a large adjustment [to the likelihood ratio statistic] would have to be
interpreted partly as a warning, in particular to investigate the distribution more carefully,
perhaps by simulation”. For v = 1 with n 2> 20 and for v = 3, the Bartlett correction is very
effective and the modified likelihood ratio test has good chi-squared approximation. When
the score test is used, it does not make much difference whether one chooses the original
score statistic or its modified version. In terms of powers, the likelihood ratio test presented

simulated powers greater than the score test for § =1 and v =1 and 3.

It should be noticed that the two simulation experiments are closely related. The results
of the former may be obtained from the later by setting z; = ... =25 =1 and zg =... =
Z10 = 0 for n = 10 and by using replicated values for the covariate for the other sample sizes.

In this case the coeflicient of kurtosis equals -2.

For both simulation experiments we made use of the EM algorithm for finding the maxi-
mum likelihood estimates (B, ¢.>) and (B, $) of the unknown parameters as described in Section
2.2. In most cases, the algorithm converged in a few iterations. However, for some samples,
it did not converge in at least 50 iterations. Those samples were neglected and replaced by
other generated samples. This problem arose more frequently for power simulations with
v =1 and n = 10. The worst case happened when we set the covariate z as the quantiles
of the U(0,1) distribution, where, for 102 out of 2,000 samples, the algorithm (for obtaining
either (E,;S) or (B, 43)) did not converge. For the size simulations, this was also the worst
case (we did not achieve convergence for 54 samples). For n > 20, the convergence was
achieved for the great majority of the cases for v = 1. For » = 3, the algorithm worked very
well for both simulation experiments and all the samples sizes. We did not get convergence
in only 3 cases (two cases in the power simulations and one case in the size simulations, both
with n = 10). Therefore, if n is small and the data follow the Cauchy distribution, perhaps
another algorithm should be applied although convergence of algorithms, such as the scoring

and Newton Raphson algorithms, is not garanteed.
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Appendix

In this Appendix we present the computation of the quantities a, b, ¢ and d involved
in the corrections for the likelihood and the score statistics. Assume first that ¢ is known.

From (8) and (14) we have lji,,s = 0 and hence we obtain from (6) and (7) & = Y Lk,

kr

where {;;, simplifies to k5" k., /4. Now ¢, may be written as

—gw 29 iy iikr
LR TR P L DL ML Ll

where 3’ and 3" are the summations over the parameters and over the sample, respectively.

Now, interchanging the order of the summations we get
_3(w+)(v+2) , N kr
= SR 1) o (%m,x (i) ( SO ()
By noting that T, ;(1)ix"(j) = —(v + 3)(v 4 1)~'4" "2 we finally get
3
€ = éh.tr(ZdZ,,),

where h, is given in (19). In the same way, we may show that ¢p—r is written as ¢, with the

matrix Z replaced by Z,. Now one may easily get the expression for d in (15).
From (14) we may see that the expressions for the As (see (11)-(13)) are reduced to
A = —GZ'(K.'J,&.' + Kijhr )aimy;, Ay = 3zlni-i-kv'"’iim*'
and A3 = 0. Again [rom (14) and after rearranging the order of the summations we obtain

R e e o 52 (D (3) (Skhan ()

and

_ v +1yr (v+2)2-5 Nome( e (r
b= S P ) D)

By writting the terms ¥, ;(i)ia;;(j); and ¥; j(i)im,;(j); as the (I, 1)-elements of the matrices
$(v+3)(v+1)7'Z and ¢(v + 3)(v + 1)7Y(Z — Z;) respectively we obtain

Ay = T2hatr{(Za ~ Z24)Z2a}, Az = —54hotr{(Z4 — Z2aZa — Z24)},

where hj is given in (19). Finally, from (10) we get the expressions for a, b and ¢ given in
(16)-(18).
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Now we assume that ¢ is unknown. Firstly, it is important to notice that, since the
numbers of unknown parameters under Ho and H are respectively p—r +1 and p + 1, the
quantity d in (9) should be replaced by (ep+1 — €p-r+1)/r. The expression for ¢,4; is given

by (6) but with the summation taking the range 1,...,p, ¢. It is easy to see that

€p+1 = €pip + Epi1;0.8,

where ¢,,04 is given by (6) with the summation taking the range 1,...,p and €pi198 =
s pllizer — lijkret) with T 4 representing the summation that takes the range 1,...,p, ¢ but
with at least one index fixed at ¢. The first term, i.e. €9, coincides with ¢, obtained when
¢ is assumed to be known. The remaining term is obtained by plugging the expressions of
the cumulants (see (21)) into (7) and (8) and interchanging the order of the summations
over the sample and over the parameters. Since several cumulants equal zero (some of them
due to the orthogonality of # and @) some terms involved in the summations vanish and

therefore the computations are simplified. After some algebra we get

2
oo =ht Ehs+ Fohe

where ha and h are given in (26)and h = h(n,¥) = lgsps — l4s44¢¢ does not depend on p
and Z.

Now by writting

€pt1 — €prp1 = (€pip = €prip) + (€p-1:6.0 — €pri1;6,0)

and by noting that €,_,41,4,5 equals ;41,45 with p replaced by p — r, we get after some
algebra the cxpression in (22).

We proceed in a similar way for obtaining a, b and c. First, we notice that the A’s may

be written as

Ai=Appg+ Aigp, 1=1,2,3,
where A;;p are the corresponding A’s obtained when ¢ is assumed to be known (see (16)-
(18)) and A4 4 are given by (11)-(13) with the summations taking the range 1,...,p, ¢ with
at least one index fixed at ¢. In order to obtain A;g4p, for ¢ = 1,2,3 it should be noticed

that mgs = 0 and that the orthogonality of ¢ and § also implies that a;4 = m;y = 0, for
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i = 1,...,p. In addition to that, several cumulants involved in A4, for i = 1,2,3, equal
zero (see (14) and (21)) and it then follows, from (11)-(12) that

Avss = —6a34Y " (Kage + 25009)50i5mi;
+6au):'(~.-.¢,- — Kigi)(Kigr + Krpr)ajrmu
—664Y " (Kijg + 2K jg)K g ke @iy
+6a69 3" (K08 — K0 6)Ktrg + 2hr g)azemmis

(]
6049 (Kijgs + Kijse)mis,

' ’
Azgp = ~304sY Kij6RkrsMiiMir — 6o Y Kij oKir 6Mikmy

and Asgp = 0, where T’ is representing the sum over the 8 parameters which means that
the indices, except ¢, vary from 1 to p. Now proceeding in the same way as described above

we get the expressions for ¢, b and a in (23)-(25).
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Table 1. Size and Power Simulations for Testing the Homogeneity of the
Location Parameter in Two Independent Populations (v =1)

(Percentage of Rejections for 2,000 Replications)

n Nominal Sizes® Powers(**)

sizes m @ & @ (5) (6

10 10.0 23.1 9.5 12.7 10.7 14.5 144
5.0 13.3 4.7 6.3 5.5 7.8 7.5
2.5 8.6 2.3 3.4 2.8 3.1 3.6
1.0 4.7 1.2 1.4 1.3 0.6 1.4
20 10.0 14.6 9.9 11.2 9.8 18.5 18.7
5.0 1.7 4.6 5.3 4.8 11.3 11.5
2.5 43 2.2 2.5 2.2 6.6 6.9
1.0 1.9 0.9 0.9 0.8 3.4 3.7
30 10.0 13.6 10.4 1.2 10.8 21.5 21.3
5.0 7.6 5.6 5.6 5.3 12.6 13.9
2.5 43 2.2 24 24 8.6 9.4
1.0 1.5 0.8 1.0 0.9 1.1 4.2
40 10.0 11.6 9.3 10.2 9.9 30.3 294
5.0 5.7 4.3 4.7 4.5 20.5 20.1
2.5 29 2.2 2.1 2.0 12.4 13.6
1.0 1.4 0.7 0.7 0.6 8.3 9.0

(*) (1), (2), (3) and (4) correspond to the simulated sizes of the tests based on LR, LR®, S and S* respectively.
**) (5) and (6) correspond to the simulated powers of the tests based on LR (or LIT") and S (or 57)
respectively (for 8; = 1.0).
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Table 2. Size and Power Simulations for Testing the Homogeneity of the
Location Parameter in Two Independent Populations (v = 3)

(Percentage of Rejections for 2,000 Replications)

n Nominal Sizes!®) Powers(**)

sizes (1) (2 3) (4) (5) (6)

10 10.0 16.5 10.8 13.5 10.6 15.6 16.2
5.0 9.9 5.0 6.9 5.3 9.7 9.5
2.5 5.2 2.6 3.5 2.7 5.4 5.2
1.0 2.7 1.1 1.4 1.3 2.3 2.1
20 10.0 12.6 10.5 11.4 10.6 22.1 21.2
5.0 7.3 5.8 6.1 5.6 12.3 13.7
2.5 4.2 3.0 3.0 2.9 7.7 7.3
1.0 2.0 1.3 1.3 1.3 3.8 38
30 10.0 11.9 9.6 10.8 9.8 30.6 30.6
5.0 5.9 4.7 5.4 49 20.7 20.4
2.5 3.1 2.2 2.4 2.3 14.3 14.3
1.0 1.1 0.7 0.8 0.8 8.3 8.7
40 10.0 12.0 10.6 11.4 10.7 36.4 36.9
5.0 5.5 4.8 5.1 4.7 26.1 26.7
2.5 2.9 2.5 2.7 2.6 17.1 17.0
1.0 1.4 0.9 1.1 1.1 10.1 9.8

(*) (1), (2), (3) and (4) correspond to the simulated sizes of the tests based on LR, LR®, S and $* respectively.
(=*) (5} and (6) correspond to the simulated powers of the tests based on LR (or LR*) and S (or S*)
respectively (for §, = 1.0).
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Table 3. Size and Power Simulations when the Covariate is
the Quantiles of the U(0,1) Distribution and v =1
(Percentage of Rejections for 2,000 Replications)

n Nominal Sizes(*) Powers(**)

sizes m @ 6 ¢ (5)  (6)

10 10.0 23.4 7.3 12.2 9.7 103 12.1
5.0 144 34 6.0 5.0 5.5 6.2
2.5 8.4 14 2.7 2.4 2.8 3.0
1.0 4.6 04 0.8 0.7 1.0 1.0
20 10.0 14.1 9.3 10.8 9.8 13.7 12.9
5.0 8.1 4.7 5.5 5.0 7.3 6.5
2.5 4.8 24 3.1 2.7 3.6 3.0
1.0 24 0.8 0.9 0.9 1.5 1.8
30 10.0 13.1 10.5 10.9 10.3 14.4 14.2
5.0 7.7 4.9 5.2 4.9 8.8 8.7
2.5 3.9 2.2 2.5 2.3 5.1 5.3
1.0 1.7 1.0 0.9 0.9 1.8 2.5
40 10.0 13.6 10.8 11.7 10.9 15.9 15.0
5.0 7.1 5.1 5.9 5.5 9.0 9.0
2.5 39 2.5 2.5 2.4 5.2 5.7
1.0 1.7 1.1 1.3 1.3 2.4 2.0

(*) (1), (2), (3) and (4) correspond to the simulated sizes of the tesis based on LR, LR*, S and 5* respectively.
{**) (5) and (6) correspond to the simulated powers of the tests based on LR (or LR*) and S (or S*)
respectively (for 8 = 1.0).
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Table 4. Size and Power Simulations when the Covariate is
the Quantiles of the U(0,1) Distribution and v =13
(Percentage of Rejections for 2,000 Replications)

n Nominal Sizes!*) Powers(**)

sizes m @ @ @ (5) (6

10 10.0 16.1 9.0 11.7 9.4 14.0 14.6
5.0 8.7 4.1 6.1 48 8.3 79
2.5 48 2.1 2.6 2.1 44 48
1.0 2.4 0.8 0.6 0.6 2.4 2.0
20 10.0 12.6 10.1 11.3 9.5 15.3 16.1
5.0 6.5 4.7 5.1 4.6 8.8 8.7
2.5 3.5 2.0 2.5 23 49 4.7
1.0 1.4 0.8 0.9 0.9 2.0 22
30 10.0 12.6 10.6 11.5 10.8 14.3 13.9
5.0 7.0 5.5 5.9 5.4 8.1 7.8
2.5 3.8 29 2.7 2.5 4.1 4.6
1.0 1.6 1.3 1.2 1.2 1.6 1.7
40 10.0 124 10.9 11.2 10.8 15.4 16.0
5.0 7.0 6.3 6.2 5.7 8.8 9.1
2.5 3.6 2.6 2.9 2.8 5.6 5.4
1.0 1.5 13 14 1.4 2.1 2.2

(*) (1), (2), (3) and (4) correspond to the simulated sizes of the tests based on LR, LR°, S and S* respectively.
(**) (5) and (8) correspond to the simulated powers of the tests based on LR (or LR’) and S (or S°)
respectively (for § = 1.0).
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Table 5. Size and Power Simulations when the Covariate is
the Quantiles of the LN(0,1) Distribution and v = 1
(Percentage of Rejections for 2,000 Replications)

n Nominal Sizes(*) Powers(**)

sizes M @ ¢ (6) (6

10 10.0 26.4 3.1 11.5 8.8 29.2 23.4
5.0 17.3 0.7 4.3 3.9 18.1 14.3
2.5 11.6 0.3 1.5 1.5 11.4 6.9
1.0 6.5 0.1 0.2 0.3 5.4 3.5
20 10.0 16.1 8.2 10.5 9.6 59.7 46.5
5.0 9.3 3.5 5.1 4.6 44.6 31.6
2.5 5.6 1.5 2.1 2.1 35.3 21.8
1.0 2.4 0.4 0.7 1.0 21.1 10.9
30 10.0 14.1 9.5 10.9 10.0 75.3 59.7
5.0 8.3 4.2 5.0 4.6 63.0 46.6
2.5 4.2 2.2 1.9 1.9 51.5 37.4
1.0 2.1 0.5 0.7 0.8 38.4 24.1
40 10.0 12.4 9.7 10.2 9.6 86.3 73.1
5.0 6.8 4.7 4.7 4.7 77.7 60.7
2.5 3.6 1.8 19 1.9 71.4 53.4

1.0 1.4 0.7 0.5 0.6 59.8 58.4

(") (1), (2), (3) and (4) correspond to the simulated sizes of the tests based on LR, LR*, § and S* respectively.
(**) (5) and (6) correspond to the simulated powers of the tests based on LR (or LR") and S (or S*)
respectively (for # = 1.0).
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Table 8. Size and Power Simulations when the Covariate is
the Quantiles of the LN(0,1) Distribution and v =3
(Percentage of Rejections for 2,000 Replications)

n Nominal Sizes*) Powers{(**)

sizes (1) (2) (3) (4) (5) (6)

10 10.0 19.1 9.2 12.6 9.2 46.6 39.1
5.0 11.3 5.1 4.8 4.0 29.8 25.1
2.5 7.2 2.5 1.4 1.5 19.1 14.4
1.0 4.0 0.8 0.1 0.1 11.8 9.1
20 10.0 12.6 9.5 11.5 9.9 78.6 73.3
5.0 7.2 4.6 5.5 4.9 65.5 58.0
2.5 43 2.5 2.6 2.6 53.6 42.0
1.0 2.2 1.0 0.8 1.1 37.4 25.5
30 10.0 12.2 10.0 10.5 10.0 88.9 84.8
5.0 6.3 4.4 418 4.6 82.5 76.1
2.5 2.8 1.8 2.1 2.1 76.1 68.1
1.0 1.2 0.7 0.8 09 65.5 52.6
40 10.0 11.7 10.0 10.6 10.3 96.3 93.4
5.0 6.6 5.8 5.6 5.3 91.0 87.8
2.5 39 3.3 29 2.9 83.9 78.0
1.0 2.0 1.7 1.5 1.6 70.9 62.6

() (1), (2), (3) and (4) correspond to the simulated sizes of the lests based on LR, LR*, S and S" respectively.
(=*) (5) and (6) correspond to the simulated powers of the tests based on LR (or LR’) and S (or S°)
respectively (for 8 = 1.0).
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