
RT-MAE-8713 

A sntu: NONPA!WlrnUC WIS OOWI'I<Jf 

TO n£ tm'Ilm'I~ OF mt sm OF A aDsm 
Alm+\L rorulATICJI 

by 

,1, ~• H, Bollarlne 

and 

J,G, Leite 

Palavraa Chaves, Honparaaetric: Bayes e■tiaator; animal 

(Key words) population; capture probabilities; Kalman 

Filter. 

Clas■ifica~o AMS: 6~L12 
WIS Clataifiaatim) 62Ll2' 

- Outubro de 1987 -



A Slfl>LE flOHPARMfTIUC BAYES SOUJTIOfl 

TO-THE ESTIMTIO:I OF THE SIZE OF A CLOSED 

Nllftl\L. POPULATION 
BY 

- -
__ JOSEMAR RODRIGUES; HELENO BOLFARINE AND JOSE GALVAO LEITE 

UNIVERSIDADE DE SAO PAULO 
. -

JNSTITUTO DE MATEMATICA E ESTATISTICA 

CAl~A POSTAL 20570 (AGENCIA IGUATEMI) 
-SAO PAULO - BRASIL 

, • S wnm cu SE 

an.i.ma-l.-1.1, 

.i.rl.voLvcd. The d~n.Clllli.C tea.t.u"Lc ot .t.hc a,ti.ma-l. popu~at~on. 

4,t.udi.cd vi.a Ka.J.man. Fi.-1..t.e."L 1n.ode.-l.. 

Fi.n.a-l.LJ, 40•c n.Wlle"Li.ca-l. "LC4UL.t.4 an.d compa"Li.4on.-1.1 

1ackkn.i.tc c-1.1.t.i.ma.t.o"L4 CZ"LC con.-1.1i.dc"Lcd. 

2. Introduction 

It hu long been recognized that a model which 

and 

mode.-l 

.t."Lap 

wi..t.h 

allows 

capture probabilities to vary by animals, trap response and time is 



a complicated and useful model. However, from the classical ap-

proach, there is·no estimation pro~edure associated with thia 

model. For a comprehensive material we suggest Ottis et al 

and Burnham'and Overton (1978). 

(1978) 

The objective ot this paper is to present a simple non-

parametric Bayes ~rocedure tor estimating the~ animal 

size when the three sources ot variation operates. The 

population 

non-

param_etric approach requires only the tirst and second moments ot 

the distributions involved. Hartigan (1969) introduced · this ap­

proach and Bolfarine and Rodrigues (1987) extended it tor nonlinear 

model. In the context ot finite populations we have Smouse (1982). 

O'Haggan (1986) and Rodrigues (1987). 

3. General Formulation 

Let pij be the probability ot capturing the jth animal in 

the 1th occasion, and define tor J ·• l, ••• ,N: 

indicator variables 

i • l •••• ,k 

-{ 1, it the jth untagged animal ia captured 

(1) xtJ the 1th occasion 

o, otherwise 

the 

on 

In order to gain information about the animal population 

■ize N, we introduce the following assumptions: · 

Assumption 1: The cnimal population is closed and is or size N • 

• 
• 
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Assumption 2: The random variables XiJ are mutually independent for 
1-1 

given pij Emd Mi~ j • 1. N-Mi. 1 • 1 •••• ,k where M1 • t Xj and 
J•1 

N-MJ 
Xj • z. x3,. 

Observe trom (1) that x
3 

is the number of untagged 

&•1 
animals captured on J-th occasion and M1 ls the number ot animals 

aeen at least once -during the trapping until time· 1. The basic data 

Assumption 3: (Prior assumptions) 

(1) .PiJ - F (F: unknown distribution) where 

(2) Er<Pi,1> • p (known). i • 1, ••• ,k, j • ~ •••• ,N-Mi. 

(11) N - G (G: unknown distribution) where 

2 
and VarG(N) - ON (known). 

From ~ssumption 2, it is not difficult to see 

COV(Xi.~j,~i'MJ] • 0, j ~ 1. Aa 1n Hartigan, (1969), 

consider the following _~onparametric structure w.r.t. N: 

(3) 

Expectation 

W.2! Ec(N). No 

Weight 

var0l(N) • a1/ 

that 

let 

the 

us 

Because the above model is very complicated for our purposes, we 

are going to simplify it by using our prior assumption 3(1). So, 

atter some algebraic manipulations we get the following 

model: 

simple 



Expec·tation 

~ 

(4) 

Data 

Weight 

V -1 -2 
arF • oN 

x1 
where Xi• p + M1 • i • l ••••• k. This model will be denoted by Ct• 

Definition: Under the model eL. ftL is the Bayes linear ~stimator ot 

N. it it minimizes the posterior squared error lose 

tunctions ot X' • (X1 , •••• Xic)• 

among linear 

The following result gives the nonparametric estimator ot 

N: 

Theorem l; Under the model ~L' the linear Bayes estimator ot N ts 

11ven by 

(5) RL • 

where R• 

II p 
I! 

1•1 Ul-Ri)<I-p) 

4 + 
II p 
r (No-Mi)(i-p) 

ON 1•1 

II x · 
z i 

1 1•1 U~o-Mi) 
♦ p 

It 
r 

1•1 

l 
{RO-Mi) 

k 
I! 

1•1 

1 
~ 

R+ 
oH 

No• 
- 1 k p ~· 1!1 · (No-Mi J (1-pJ 

ON 

k Mi 

1!1 (No-Ri J 
tor R !. "i<+l' • 

II l r {NO-Mi) 
1•1 

--• 
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?!:22,!: The result can be easily obtained from 

(1984) (see also, ~ runk , 1984) by taking 

Smouse•s 

where 

lk • ( 1 ••••.• 1) and J is the kxk-matrix ot ones. 

When we have a nonintormative prior 2 
tor N (aN • •) and we 

known p and N
0

, it is reasonable to ... 1 
take p • k and aO,i • 

1 • 1, ••• ,k tor some known constant K •. In this particular 

we have from (5) a sim~le and intuitive estimator tor N: 

results 

do not 

Mi + I[, 

situation 

(7) 
~ (K-1) t 
• ~ 1' 

1•1 
where ti is number ot animals 

captured exactly 1 times, i • l, ••• ,k. 

It pis unknown and we add to the model (3) the prior 

moments E(p) • Po (known) and V(p) - 02 (known), it is not ttard to 
p 

see from Smouse•s results (1984) thet the r Bayes linear estimator of 

' I" 

(N.p) is given by 
I 



wh . (2 N2 
ere •13 • oN + o 

tor 1,J • l, ••• ,k. 

4. Numerical Illustration 

I • 

In this section we apply the proposed estimation 

procedures to the data or Edwards & Eberhart (1967) on a penned 

data 

Recorded 
population or 135 wild cottontail rabbits (k • 18) and the 

tor a population sunfish (k • 14) (Seber, 1973, p.143) ~ 
;' 

capture rrequenci'es for Edwards & Eberhart•a data wel'.e: 

1 1 2 3 4 5 6 1 8 .... 18 

ti 43 16 8 6 0 2 1 0 .... 0 

The results for the Jackknife estimator AJK' the interpolated · 

estimator AJ (Burnham and Overton, 19-,a) and the simple Bayes Linear 

estimation are shown in Table 1: 

Tabl~ 1: Application or AJK' A6 and AJ to the •dat a ot 

Edwards & Eberhardt (1976). 

Interpolated Estimator Jackknife Estimator Simple Linear 
Baves Es timator 

RJ Eat.st_.error K AJK Est at error Rs (Post.vartmce )1 

142 15.2 0 76 - 144.2 a.o 

1 116,6 8,9 

2 141 .S 14.9 

3 158.6 21.9 

4 170.3 31.1 

5 176.5 43.5 .. 
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Burnham and overton (1978) using a sequential procedure 

found that the best estimator is AJ. As we can see from Table 1 

the estimator ft5 is much better than 

aquared error and posterior variance. 

in terms ot mean 

Table 2 and 3 show the performance ot the estimator AL 

applied to the sunfish data (Seber, 1973, p.T43). 

Table 2. 2 ON• 10, Ml5 • 139, k • 14. 

No\p 0,01 0.02 0.03 0.06 0.07 0.10 0.30 0.50 0.70 

140 - 166 164 162 157 156- 152 139 139 139 
't~o - 170 168 167 162 161 157 139 139 139 
160 - 176 175 173 169 168 163 141 139 139 
170 - 184 182 181 177 175 171 148 139 139 

,180 - 192 191 189 185 184 180 155 139 139 
190 - 201 199 198 194 192 188 163 140 139 
200 - 210 208 207 203 201 197 171 146 139 
210 - 219 .217 216 212 210 206 179 152 139 
220 - 228 227 225 221 220 215 187 159 139 
230 - 237 236 235 230 229 223 196 166 139 
240 -· 247 245 244 240 238 234 205 174 141 
250 - 256 255 254 249 248 244 214 181 · 146 
260 266 265 263 259 258 253 223 189 152 
270 276 274 273 269 26'7 263 232 197 157 
280 - 285 284 282 278 277 272 241 205 163 
290 - 295 294 292 288 286 282 250 213 169 
300 - 305 303 302 298 296 292 259 221 175 
310 - 314 313 312 307 306 301 269 230 182 

320 - 324 323 321 317 316 311 278 238 188 
330 - 334 333 '331 327 325 321 288 247 195 
340 - 344 342 341 ,337 335 331 297 255 201 
350 - 354 352 351 346 345 340 307 264 208 
360 - 363 362 361 356 355 3!50 316 273 215 
370 - 373 372 370 366 365 360 326 281 222 
380 - 383 382 380 376 374 370 335 290 229 
390 - 3_93 3~n 390 386 384 380 345 299 237 
400 - 403 401 400 396 394 390 354 308 244 

0.90 

139 
139 
139 
139 
139 
139 
139 
139 
139 
139 
139 
139 
139 
139 
139 
139 
139 
l.39 
1:;:;9 
139 
139 
139 
139 
140 
143 
146 
150 
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Table 3. 2 
ON• 100, Ml5 • 139, k • 14 

No\p 0.01 0.02 0.03 0.06 0.01 0.10 0.30 0.50 0.70 

140 - 346 300 268 212 201 176 139 139 · 139 

150 - 315 280 254 207 196 173 139 139 139 

160 - 299 271 249 205 196 174 139 139 139 

170 - 291 266 247 206 197 17~ 139 139 .139 

180 - 288 265 247 209 200 178 1:S9 139 139 . 

190 - 287 266 249 212 203 18.2 • 139 139 139 . 

200 ·- 288 269 · 252 217 208 1B6 139 139 139 

210 - ;zy1 272 257 222 213 191 139 139 139 

220 - 294 277 262 227 218 196 139 139 139 

230 - 299 282 267 233 224 202 139 139 139 

240 - 304 287 273 239 230 208 139 139 139 

250 - 310 294 280 246 237 214 141 139 139 

260 - 316 300 286 253 243 220 145 139 139 

270 - 322 307 293 260 250 227 148 139 139 

280 - 329 314 ~01 267 258 234 1:52 T39 139 

290 - 337 322 308 '274 265 241 1:56 139 139 

300 - 344 329 316 2B2 272 248 .160 139 139 

310 - 352 337 324 290 280 255 165 139 139 

320 - 359 345 332 298 288 263 169 139 139 

330 - 367 353 340 306 296 270 174 139 139 

340 - 376 361 34B 314 304 27B 179 139 139 

350 - 384 370 357 322 312 286 184 139 139 

360 - 392 378 365 331 320 • 294 189 139 139 

370 - 401 387 374 339 329 302 194 142 139 

380 - 409 39:5 382 347 337 310 199 14:5 139 

390 - 418 404 391 3:56 346 ~18 205 149 139 

400 - 427 413 400 36:5 3:54 326 210 1:52 139 

5. The Recursive Estimation Procedure 

In th1~ section the animal population is not assumed to 

be closed, as in Section 3, but may change with time according to 

the following Kalman Filter model: . 1 

(8) 

, .. 
I 

' 

0.90 

139 
139 
139 
139 
139 
139 
139 
139 
139 
139 
139 
139 
139 1 
139 
139 
139 
139 
139" 
139 
139 
139 
139 
139 
139 
139 
139 
139 
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(known) 

t • l, ••• ,T, where 

1•1, ••• ,k, 

It .ia helpful to remark here that the recursive procedure 

ia started ott at time 1 by choosing N
0 

and a~ to be our prior 

known moments about N1 • Let !t • (Xt•~-1 , ••• ,XI,N
0

) the observed 

data up to time t. Our aim is to make inference about Nt given !t· 
In order to obtain our recursive procedure we assume at time t-1 

that the knowledge about Nt-l is given by the linear expectation of 

N~-l given !t-l' N0 and is .written LE(Nt_1l!i_1 ,N~) m at-l (see 

' Brunk, 1980; Smouse, 1984). The linear variance or Nt-l is St-i• 

• LV(Nt_1/Xt-~•N
0
). We look forward to time t, but in two stages: 

Stage .l: Assuming that _xt-l is independent or Nt (given Nt_1 >, 

have that 

(10) LE[Nt/!t-l'No] • 9t-l 

2 
• 5t-l + at' 

and 

where 

and 

beat choice tor Nt is ~iven by (Nt-~•St/t-l) • 
. ' .. :· 

we 

our 
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equared error loss among linear !unctions ot Xt. Again, 

Slllouse•s . results (1984) we find that 

applytna 

1~bt
1v-1

cRt-l'>xt b;
11kv-1c»t-i >1k 

(ll) ·· At • ---------- + (1 - --------.)Rt-1 

~ +btl1k,rl(R~1>1ic . 
t/t-1 . 

l. b-11 ,y-l(f~ )1 

8t • 8t/t-1 Cl -
t k t-1 k ) . 
1 -1 ,y-l(R )1 

S + bt 1k t-1 k 
t/t-1 . 

It 1• 1nterestlns to ·see that Rt ls similar to A1,<s>·at time t. · 

A cknow.ledg em ent. 

fie a.te t.han.k.tuJ. t.o ld4on. A.A. da S.U.va, to.t /r.ci.pil'l!J U4 i..11. 

tltc comput.at.Lon ot Table 1 and 2. 
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