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1 Introduction 

Motivated by a complexity issue raised in the analysis of a distributed database query evaluation 

problem[2], we introduce and analyze a two-player game on bipartite graphs. 

In Section 1.1 we introduce the concepts of factor, sub/actor and left-factor of a bipartite 

graph. In Section 1.2 we introduce a two-player game on left-factors of bipartite graphs. In 

Section 2 we state and prove some basic facts on the structure of left-factors of a bipartite graph. 

Finally, in Section 3 we introduce a strategy for one of the players of the game and prove the 

_main result, Theorem 6, on how the game evolves when this strategy is followed. 

We make use of standard notation. Let G = (V(G),E(G)) is a graph and v E V(G). Wf' 

denote the neighbourhood of v in G by rc(v) and the degree of v in G by degc(v). For a. set 

Xi; V(G), G[X] denotes the subgraph of G induced by X and rc(X) denotes the neighbourhood 

X. For a set Xi; E(G), G[X] denotes the sul>graph o/G induced by X, G{X} = (V(G) ,X) 

denotes the spanning sul>graph of G induced by X. 

We denote by 8c(v) the star of v in G, that is, the set of edges of G incident to v. 

1.1 Factors and Left-Factors of a Bipartite Graph 

Let G be a graph and let /: V(G) -+ N be a function. We say that a set F i; E(G) is an 

/-sub/actor of G if, for every v E V(G), the degree of v in G[F] is upper bounded by/ (11) . that. 

is, 
degG{F}(v) $ J(v). 

If equality holds for each v E V(G), we say that Fis an /-factor of G. 

In the case in which G is a bipartite graph with vertex classes L(G) and R(G), and 

/: L(G) -+ N, we say that a set Fi; E(G) is a left-f-Btlbfactor of G if, for every l E L(G) and 

every r E R(G), 

degG{F}(I) $ f(l) and 

de~{F}(r) $ 1. 

Again, if equality holds for each v E L(G), we say that Fis a left-f-factor of G. 

For brevity, we fix once and for all the following notation and terminology: B stands for a 

bipartite graph and we refer to the vertex classes L(B) and R(B) of B as the left and right 

classes. Generic elements of each class are denoted by I and r . AI.so, J stands for a function 
/ : L(B)-+ N. 

Given a set X i; L(B), we denote the restriction off to X by fx- AB usual, "\\'e let 

/(X) = E2:ex f(x) . The restriction of/ to L(B) - X is denoted fx. The subgraph of 

B induced by xurs(X) is denoted Bx and its complement, B- V(Bx) is denoted Bx, that is 

Bx B[X U rs(X)], 

Bx = B - V(Bx) = B- (Xu rs(X)). 
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For every l E L(B) with f(l) > 0, we define the function (f - l): L(B)--+ N by 

(f-l)(v)={f(v)-1, ifv=l: 
f(v), otheI'WJSe. 

1.2 A Game on Left-Factors of a Bipartite Graph 

We now describe the game 9(B, f) between two players, the hider and the seeker. In this game. 
B and f are given to both players and the hider chooses a left-/-subfactor F of B which she 
keeps hidden from the seeker. 

A move of the game is a pair (e, a) E E(B) x {yes, no}, which is interpreted as the seeker 
querying "does e E F 'I" and the hider answering yes or no, accordingly. The game finishes when 
the seeker has determined F. 

One should conceive Q(B, f) as a competitive game in which the hider and the seeker ai:e 
mutual adversa.rie.s, the second doing his best to determine the chosen left-f-subfactor as soon 
as possible while the former evades the questions as best as she can so as to delay the end of the 
game as much as possible. 

Note r.hat, since F does not have to be disclosed until the very end, the hider does not have 
to make up her mind about which F to pick at the beginning; she may answer the queries as the 
game evolves, just ma.king sure that her answers are consistent with some choice of F. 

We are interested in a notion related to the elusiveness of a graph property as presented 
in [l]. Indeed, our main result (Theorem 6) will be that it is enough for the hider to follow a 
very natural and simple strategy (see Section 3) in order to force the seeker to query every edge 
incident to some of the vertices in L(B), regardless of the strategy followed by the seeker. 

2 Some Results on Left-Factors 

We start by stating a well known result (see [l] , Chapter 2) on graph factors in a form convenient 
for us. 

Theorem 1. The graph B has a left-f-factor if and only if for every Xi;;; L(B). we hai•e 

(3) 

Corollary 2. Let e = {l,r} E E(B) be such that B has a left-I-factor and B-e has no Ieft­
f-factor. Then, e belongs to every left-I-factor of B and there i.s a set l E A i;;; L(B) .such 
that 

Proof If B-e has no left-/-factor, from Theorem l we know that there is some Ai;;; L(B-e) for 
which /(A)> lrB-e(A)I- On the other hand, as B has a left.-f-factor, we have /(A) S II'B(AJI­
As II'B-e(A) I S 1rs(A)\ + 1, we conclude f(A) = lfs(A)\ and! EA. □ 
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The following is stated without proof, since it is immediate from the definitions. 

Lemma 3. Let F ~ E(B) and e = {l, r} E F. The set Fis a left-I-factor of B. if and only if 
F- {e} is an left-(! - !)-factor of B - r. 

The following result gives information about the structure of a. left-/-fa.ct.or in the case in 
which equality holds in (3) for a given set A. Figure 1 shows an example of a graph Band a set 
A as in Le=a 4. In this example, we have f(l) = 2 for every l E L(B). The edges of BA and 
BA are shown in thick lines. 

B 

L(B) R(B) 

,· ••• - - ••• - - - ••• - • - ••••• ■ - ••••• - ■ • ■ • ■ •••••• - •• '• 

Figure 1: The decomposition in Le=a 4 

Lemma 4. Let A~ L(B) be such that f(A) = 1rB(A)I- A set F ~ E(B) is a left-I-factor of B 
if and only if F = FA UFA, where FA= FnE(BA) is a left-IA-factor of BA and FA= FnE(B.4.) 
is a left-IA-fact-Or of BA. 

Proof. It is i=ediate from the definitions that if FA is a left../,1.-factor of BA and FA is a 
left-IA-fact.or of BA, then F = F,1. u F,1. is a left-/-factor of B. 

To prove the converse, it is enough to show that every edge in F is either in E(B.4 ) or in 
E(B,1.). 

Let e = {l,r} E F - E(BA)- It is immediate from the definition of B_4 that 
I E L(Bi} = L(B) - A. If e ff_ E(Bi) then r ff_ R(BA) = R(B) - re(A), t.11at is, 
r E rB(A). This is not possible, because e E F and lre(A)I = f(A). □ 
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3 A Strategy for the hider 

A realization of the game 9(B, f) is a sequence 'R = ((e1 , a1), ... , (em, a,,,)) of moves of the game 
from beginning to end. We denote by Q('R, k) the set of edges queried by the seeker up to (and 
including) move k, and by N(R,k) the subset of these edges for which the hider answers no. 
Also, we denote by B('R, k), the graph obatained from B by deleting N('R, k). More formally, 

Q(R,k) 
N('R,k) 

B('R,k) = 

For convenience, we also let 

{e;:l:Si:Sk}, 
{e,: 1 :5 i :5 k, a;= no}, 
B-N('R,k). 

Q(R) = Q(R, m), 

N(R) = N(R, m), 

B(R) = B(R, m). 

(4) 

(5) 

(6) 

In the case when B has a left-f-factor, we define Stmtegy S for the hider as the strat-egy in 
which she always answers no to any query, unless she has no choice but answering yes in order to 
have a left-f-factor at the end of the game. More precisely, Strategy S is the strategy in which. 
for every k > 0, with the sequence n = ((e1, ai), ... , (ek-l, a1;_i)) of moves from the begining 
of tha game, we have 

ak = yes if and only if B(R, k - 1) - e1; has no left-/-factor. 

The following remarks underline some immediate facts about the realizations of the game in 
which the hider follows Strategy S. These facts will be important in the proof of our main result. 

Remark S. In any realization 'R = ((e1,a1), ... , (em, am)) of the game Q(B, f) in which the 
hider follows Stmtegy S: 

1. The set of edges of B to which the hider answers yes, namely, F = Q('R.) - N(R). is a 
left-f-factor of B. Moreover, Fis the only left-I-factor of B(R). 

£. The hider answers yes in exactly f(L(B)) moves of the game, that is. 
IQ(R) - N(R)I = f(L(B)). 

S. If f(L(B)) > 0. the game ends precisely at the last move in which the hider answers yes. 
that is, am = yes. 

Our goal is to prove that in any realization of this game, if the hider follows Strategy S. then 
the seeker must query every edge incident to some vertex in L(B). 

Theorem 6. Let 7?. be a realization of the game Q(B,f) in which B has a left-I-factor and 
f(L(B)) > O. If the hider follows strotegy S in R, then there is a vertex l E L(B) for which 

as(l) c:::; Q(R). 
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Proof The proof is by induction on /(L(B)). 

Suppose /(L(B)) = 1, and let 'R- = ((e1, a1), ... , (em, am)) be a realization of 9(B, f). From 
Remark 5.3 we have am= yes. Let l be the endpoint of em in L(B), it is clear that if there was 
an edge e E 8B(R,m)(l) - {em}, then {e} would be a left-/-factor of B('R-, m-1)- em, which 
contradicts strategy S. AB a consequence, 

as required. 

Let us now consider the case in which f(L(B)) = t > 1 under the assumption that the 
statement holds whenever f(L(B)) < t. 

AB before, let 'R, = ((e1,ai), ... ,(em,am)) and let k be the first move in which the hider 
answers yes, that is, 

k = min{l 5, ism: a; =yes}. 

For every 1 sis m, let e. = {I;, r;}, with I; E L(B) and r; E R(B). 

According to the definition of Strategy S, the graph B('R-, k-1)- e,. has no left-f-fa.ctor, and 
then, by Corollary 2, we know that there is some A s:;; L(B('R-, k - 1)) = L(B('R-, k)) for which 
J(A) = lfB('R,k)(A)I, 

Let F = Q('R.) - N('R.) be the Jeft-f-factor of B determined by the seeker in 'R, (see Re­
mark 5.1). From Corollary 2 we have e1: E F and 11: EA. 

Suppose that /(A)= lfB(R,A:J(A)I = 1. Then we have rB(R,k)(A) = {rk}. It is clear. then. 
that 

8B(l1:) s:;; {e11} U N('R., k) s:;; Q('R-, k) s:;; Q('R.), 

as required. 

Let us now suppose f(A) = II'B(R,k)(A)I > 1, let 'R,k be the subsequence obtained from 7?. hy 
deleting the moves (e;,a;) in which either is k or e1 ¢ E(BA) and Jet 

Bi. = BA-rk, 

J,.., = fA-lk, 

(7) 

(8) 

Claim 7. The sequence 'R.1r is a realization of the game Q(Bt, f1c) in which the hider follows 
Strategy S. 

Proof. First we need to verify that Q(Bk,fi.) is a well defined game, that Strategy Sis eligible 
for the hider in this game, and that 'R,k is a realization of it. 

That 9(Bk, f1c) is a well defined game follows directly from the definitions of Bi. and A in (7) 
and (8). Also, that 'R._1c is a realization of this game, follows from the definition of 'R-k- Finally, 
the fact that Strategy Sis eligible for the hider in this game follows, first, from the hypothesis, in 
that f(L(B)) > 1 implies /k(L(Bk)) > 0 and, second, from the fact that Bk has a left-A-fact.or 
Q(B1;, J,..,). This is so because, from Lemma 4, we have that F n E(BA) is a left-/,~-factor of BA 
and hence, from Lemma 3, we have that F - e1c is a left-f1;-factor of B,. = BA - rt. 
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Let Ri. = ((e1,a1), ... , (e~,a~)) = ((e;"Oi,), ... , (e;,,a;,)) and let 1 .'S j .'S s. Fi·om the 
definition of Rk we have 

aj = yes if and only if a;; = yes. 

From the definition of Strategy S we have 

a;; = yes if and only if B(n, ij - 1) - e;; has no left-I-factor. 

For convenience, let B' = B(n, i; - 1) - e;; so that (10) can be rewriten as 

a.;= yes if and only if B' has no left-IA-factor. 

It is a consequence of Le=a 4 that 

B' has no left-IA-factor if and only if B~ has no left-IA-factor. 

From the definitions in (1) and (5), we have 

B~ = B'[A u rB,(A)] = (B(n, ii - 1) - e;; )[Au r B,(A)] = BA - N(n, ii - 1) - P;; 

(9) 

(11) 

(12) 

= BA - (N(n, ij - 1) n E(BA)) - e;, = BA - N(Rk,j -1) - e;,. 

On the other hand 

Bk(Rk,j - 1) - e;; = (BA - rk)(Rk,j -1) - e;; = BA(Rk,j - 1) - rk - e;; 

= BA - N(Rk,j - 1) - rk - e;; = B'.4 - rk. (13) 

From Le=a 3 we have 

B~ - Tk has no left-(! A - lk)-factor if and only if B'.4 has no left~ f A-fact-Or. 

which, by (8) and (13), is the same as 

Bk(Rk,j - 1) - e;; has no left-/k-factor if and only if B~ has no left-IA-factor. (14) 

In short, from (9), (11), (12) and (14) 

a.i = yes if and only if B1.(Rk,J - 1)- e1 has no left-/k-factor, 

which is the same as saying that Rk is a. realization of 9(Bk, fk) in which the hider follows 
strategy S. □ 

Returning to the main argument, we have O < /k(L(Bk)) = l(A) - 1 < f(L(B)). and so, 
we can apply the induction hypothesis to the realization Rk of 9(Bk, /k), and conclude that. for 
some l E L(Bk) we have 

OB• (l) ~ Q(Rk)-

As the definition of B,. implies that 0B(l) ~ OB• (l) U Q(R, k), we have 

0B(l) ~ OB• (l) U Q(R, k) ~ Q(R), 

as required. □ 
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