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Abstract

Motivated by a complexity issue raised in the analysis of a distributed database query
evaluation problem [2], we introduce and analyze a two-player game on bipartite graphs.
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1 Introduction

Motivated by a complexity issue raised in the analysis of a distributed database query evaluation
problem|2], we introduce and analyze a two-player game on bipartite graphs.

In Section 1.1 we introduce the concepts of factor, subfactor and lefi-factor of a bipartite
graph. In Section 1.2 we introduce a two-player game on left-factors of bipartite graphs. In
Section 2 we state and prove some basic facts on the structure of left-factors of a bipartite graph.
Finally, in Section 3 we introduce a strategy for one of the players of the game and prove the
main result, Theorem 6, on how the game evolves when this strategy is followed.

We make use of standard notation. Let G = (V(G), E(G)) is a graph and v € V(G). We
denote the neighbourhood of v in G by I'g(v) and the degree of v in G by degg(v). For a set
X C V(G), G|X] denotes the subgraph of G induced by X and I'g(X) denotes the neighbourhood
X. For a set X C E(G), G[X] denotes the subgraph of G induced by X, G{X} = (V(G). X)
denotes the spanning subgraph of G induced by X.

We denote by dz(v) the star of v in G, that is, the set of edges of G incident to v.

1.1 Factors and Left-Factors of a Bipartite Graph

Let G be a graph and let f: V(G) — N be a function. We say that a set ' C E(G) is an
f-subfactor of G if, for every v € V(G), the degree of v in G[F] is upper bounded by f(v). that
is,

deggry(v) < f(v).
If equality holds for each v € V(G), we say that F is an f-factor of G.

In the case in which G is a bipartite graph with vertex classes L(G) and R(G), and
f: L{G) — N, we say that aset F C E(G) is a left-f-subfactor of G if, for every [ € L(G) and
every r € R(G),

degg(m () < f(!) and
degG{F) (1’) < 1
Again, if equality holds for each v € L(G), we say that F is a left-f-factor of G.

For brevity, we fix once and for all the following notation and terminology: B stands for a
bipartite graph and we refer to the vertex classes L(B) and R(B) of B as the left and right

classes. Generic elements of each class are denoted by ! and r. Also, f stands for a function
f: L(B) - N.

Given a set X C L(B), we denote the restriction of f to X by fx. As usual, we let
f(X) = Y.,cx f(z). The restriction of f to L{B) — X is denoted fx. The subgraph of
B induced by X UT'p(X) is denoted Bx and its complement, B — V(Bx) is denoted By, that is

B_x BIX uTg(X)), (1)
Bx B ~V(Bx) =B — (X UTIg(X)). (2)



For every | € L(B) with f{I) > 0, we define the function (f —I): L(B) — N by
(f — D) = {f(v) -1, o=y

flv), otherwise.

1.2 A Game on Left-Factors of a Bipartite Graph

We now describe the game G(B, f) between two players, the hider and the seeker. In this game.
B and f are given to both players and the hider chooses a left- f-subfactor £ of B which she
keeps hidden from the seeker.

A move of the game is a pair (e,a) € E(B) x {yes,no}, which is interpreted as the secker
querying “does e € F'#” and the hider answering yes or no, accordingly. The game finishes when
the seeker has determined F.

One should conceive G(B, f) as a competitive game in which the hider and the seeker are
mutual adversaries, the second doing his best to determine the chosen left- f-subfactor as soon
as possible while the former evades the questions as best as she can so as to delay the end of the
game as much as possible.

Note that, since F' does not have to be disclosed until the very end, the hider does not have
to make up her mind about which F to pick at the beginning; she may answer the queries as the
game evolves, just making sure that her answers are consistent with some choice of F.

We are interested in a notion related to the elusiveness of a graph property as presented
in [1]. Indeed, our main result (Theorem 6) will be that it is enough for the hider to follow a
very natural and simple strategy (see Section 3) in order to force the seeker to query every edge
incident to some of the vertices in L(B), regardless of the strategy followed by the seeker.

2 Some Results on Left-Factors

We start by stating a well known result (see {1], Chapter 2) on graph factors in a form convenient
for us.

Theorem 1. The graph B has a left-f-factor if and only if for every X C L(B). we have
f(X) £ Ta(X)|. (3)

Corollary 2. Let e = {l,7} € E(B) be such that B has a left-f-factor and B — e has no left-

f-factor. Then, e belongs to every left-f-factor of B and there is a set | € A C L(B) such

that
f(4) =1r's(4)|.
Proof. If B—e has no left- f-factor, from Theorem 1 we know that there is some A C L{B—e) for

which f(A) > [Tp_(A)|. On the other hand, as B has a left-f-factor, we have F(A) < |Tp(A4)).
As [Tp_c(A)| < [T5(A)| +1, we conclude f(4) = [T'5(4)| and ! € A. 0



The following is stated without proof, since it is immediate from the definitions.

Lemma 3. Let F C E(B) ande = {l,r} € F. The set F is a left-f-factor of B. if and only if
F — {e} is an left-{ f — l)-factor of B —r.

The following result gives information about the structure of a left- f-factor in the case in
which equality holds in (3) for a given set A. Figure 1 shows an example of a graph B and a set
A as in Lemma 4. In this example, we have f(I} = 2 for every | € L(B). The edges of B4 and
By are shown in thick lines.

Figure 1: The decomposition in Lemma 4

Lemma 4. Let A C L(B) be such that f(A) = [T'p(A)|. A set F C E(B) is a left-f-factor of B
if and only if F = FaUFy, where Fa = FNE(B4) is o left-fa-factor of Ba and Fy = FNE(By4)
is a left-fa-factor of Ba.

Proo_f._ It is immﬂate from the deﬁﬂ’tions that if Fy is a left-f4-factor of By and Fy is a
left- f a-factor of B4, then F = Fq U Fy4 is a left- f-factor of B.

_To prove the converse, it is enough to show that every edge in F is either in E(B4) or in
E(Ba).

Let ¢ = {l,r} € F — E(Bs). It is immediate from the definition of B, that
l € L(BA) = L(B) — A Ife ¢ E(Bs) then r & R(By) = R(B) — T's(A). that is,
r € T p(A). This is not possible, because e € F and |T5(A4)| = f(4). |



3 A Strategy for the hider

A realization of the game G(B, f) is a sequence R = ((e1,a1), .. ., (ém, &m)) of moves of the game
from beginning to end. We denote by Q(R, k) the set of edges queried by the seeker up to (and
including) move &, and by N(R,k) the subset of these edges for which the hider answers no.
Also, we denote by B(R, k), the graph obatained from B by deleting N(R, k). More formally,

RQR.E) = {e:1<i<k}, ()
NR,k) = {e:1<i<k, a;=no}, (5)
B(R,k) = B-N(R,k). ’ (6)

For convenience, we also let

QR) = Q(R,m),
N(R) = N(R,m),
B(R) = B(R,m).

In the case when B has a left- f-factor, we define Strategy S for the hider as the strategy in
which she always answers no to any query, unless she has no choice but answering yes in order to
have a left- f-factor at the end of the game. More precisely, Strategy S is the strategy in which.
for every k > 0, with the sequence R = ((e1,a1),..., (¢x—1,@k—1)) of moves from the begining
of the game, we have

ax = yes if and only if B(R,k — 1) — i has no left- f-factor.

The following remarks underline some immediate facts about the realizations of the game in
which the hider follows Strategy 8. These facts will be important in the proof of our main result.

Remark 5. In any realization R = ((e1,a1),.--,(€m,am)) of the game G(B, f) in which the
hider follows Strategy S:

1. The set of edges of B to which the hider answers yes, namely, F = QR)~ N(R). is a
left-f-factor of B. Moreover, F is the only left-f-factor of B(R).

2 The hider answers yes in ezactly f(L(B)) moves of the game. that is.
IQ(R) = N(R)| = f(L(B)).

8. If f(L(B)) > 0. the game ends precisely at the last move in which the hider answers yes.
that is, a,, = yes.

Our goal is to prove that in any realization of this game, if the hider follows Strategy S. then
the seeker must query every edge incident to some vertex in L(B).

Theorem 6. Let R be a realization of the game G(B, f) in which B has a left-f-factor and
F(L(B)) > 0. If the hider follows strategy S in R, then there is a verter ] € L(B) for which

ds(l) € Q(R).



Proof. The proof is by induction on f(L(B)).

Suppose f(L(B)) =1, and let R = ((e1,81), .-, (em,am)) be a realization of G(B, f). From
Remark 5.3 we have a,, = yes. Let I be the endpoint of ey, in L(B), it is clear that if there was
anedgee € Ogr.m)(l) — {em}, then {e} would be a left-f-factor of B(R,m —1) — e, which
contradicts strategy S. As a consequence,

3p(l) € Q(R,m) = Q(R),
as required.

Let us now consider the case in which f(L(B)) = t > 1 under the assumption that the
statement holds whenever f(L(B)) <.

As before, let R = ((e1,81)y-+-,(€m,am)) and let k be the first move in which the hider
answers yes, that is,
k= min {1 £i < m: a; =yes}.

For every 1 < i < m, let e; = {l,r;}, with l; € L(B) and r; € R(B).

According to the definition of Strategy S, the graph B(R, k — 1) — ex has no left- f-factor, and
then, by Corollary 2, we know that there is some A C L(B(R,k — 1)) = L(B(R, k)) for which
f(A) = [Lar,i(A)

Let F = Q(R) — N(R) be the left-f-factor of B determined by the seeker in R (see Re-
mark 5.1). From Corollary 2 we have ex € F and I € A.

Suppose that f(4) = |Tar.x)(4)| = 1. Then we have Tp(r x)(4) = {rc}. It is clear. then.
that

9p(lk) € {ex} UN(R, k) € Q(R, k) € Q(R),
as required.

Let us now suppose f(A) = |[Tp(r k) (4)] > 1, let Ry be the subsequence obtained from R hy
deleting the moves (e;, a;) in which either i < k or ¢; ¢ E(Ba) and let

By = Ba-—rk, (7)
fr = fa—I (8)

Claim 7. The sequence Ri is a realization of the game G(Bg, fx) in which the hider follows
Strategy S.

Proof. First we need to verify that G(Bi, fx) is a well defined game, that Strategy S is eligible
for the hider in this game, and that R; is a realization of it.

That G(Bx, fx) is a well defined game follows directly from the definitions of B and fy in (7)
and (8). Also, that Ry is a realization of this game, follows from the definition of Rj. Finally,
the fact that Strategy S is eligible for the hider in this game follows, first, from the hypothesis, in
that f(L(B)) > 1 implies fi(L(Bx)) > 0 and, second, from the fact that By has a left- fi-factor
G(Bk, fr). This is so because, from Lemma 4, we have that F'N E(B4) is a left- f4-factor of By
and hence, from Lemma 3, we have that F — ey is a left- fy-factor of By = B4 — ry.



Let Ry = ((e1,81),-.., (€. a3)) = ((e;,a4,),...,(€i,,a4,)) and let 1 < j < 5. From the

definition of Ry we have
a; = yes if and only if a;; = yes.

From the definition of Strategy S we have
a;; = yes if and only if B(R,i; — 1) — e;, has no left- f-factor.
For convenience, let B’ = B(R,¢; — 1) — ¢;; so that (10) can be rewriten as
ai; = yes if and only if B’ has no left-fs-factor.
It is a consequence of Lemma 4 that
B’ has no left- f4-factor if and only if B/, has no left-f4-factor.
From the definitions in (1) and (5), we have

By =B'[AUTp(A)] = (B(R,i; — 1) — e, )JAUTp/(A)] = B4 = N(R,i; — 1) — e,

=By~ (N(R,i; —1)N E(By)) —e, =Bs—-NRi,j—1)-

On the other hand

Be(Ri,j—1) — ey, = (Ba — 1) (Re,j — 1) —ei; = Ba(Ri, i — 1) — me — &y,

=Bs—-N(Rk,j—1)—rx — e, = By — rp.

From Lemma 3 we have
B!, — 1} has no left-(fa — Ix)-factor if and only if B/ has no left- f4-factor.
which, by (8) and (13), is the same as

Br(Rk,j — 1) — ey, has no left- fy-factor if and only if B, has no left- f4-factor.

In short, from (9), (11), (12) and (14)
a; = yes if and only if Bx(Ryx, j — 1) — €; has no left- fy-factor,

(12)

€;,.

(13)

(14)

which is the same as saying that Ry is a realization of G(By, fi) in which the hider follows

strategy S.

O

Returning to the main argument, we have 0 < fi(L(B)) = f(4) — 1 < f(L(B)). and so.
we can apply the induction hypothesis to the realization R of G(Bx, fr), and conclude that. for

some | € L(Bg) we have
98, (1) € Q(Rx)-
As the definition of By implies that dg(l) C 95, (1) UQ(R, k), we have
aB(l) < aBu (l) U Q(R1 k) o Q(’R’)»

as required.



References

(1] B. Bollobés. Extremal Graph Theory. Academic Press, London, 1 edition, 1978.

[2] R. Carmo, T. Feder, Y. Kohayakawa, E. Laber, R. Motwani, L. (O'Callaghan, R. Panigrahy.
and D. Thomas. Querying priced information in databases: the conjunctive case. Submited
for publication. Preliminary version available at bttp://www.ime.usp.br/ renato/text/
Querying Priced_Information_in_Databases_the Conjunctive_Case, July 2004.



RELATORIOS TECNICOS

DEPARTAMENTO DE CIENCIA DA COMPUTACAO
Instituto de Matematica e Estatistica da USP

A listagem contendo os relatérios técnicos anteriores a 2000 podera ser consultada ou
solicitada 4 Secretaria do Departamento, pessoalmente, por carta ou e-mail
(mac@ime.usp.br).

Marcelo Finger and WanbertoVasconcelos
SHARING RESOURCE-SENSITIVE KNOWLEDGE USING COMBINATOR LOGICS
RT- MAC-2000-01, margo 2000, 13pp.

Marcos Alves e Markus Endler
PARTICIONAMENTO TRANSPARENTE DE AMBIENTES VIRTUAIS DISTRIB UiDoS
RT- MAC-2000-02, abril 2000, 21pp.

Paulo Silva, Marcelo Queiroz and Carlos Humes Junior

A NOTE ON “STABILITY OF CLEARING OPEN LOOP POLICIES IN
MANUFACTURING SYSTEMS”

RT- MAC-2000-03, abril 2000, 12 pp.

Carlos Alberto de Braganga Pereira and Julio Michael Stern

FULL BAYESIAN SIGNIFICANCE TEST: THE BEHRENS-FISHER AND
COEFFICIENTS OF VARIATION PROBLEMS

RT-MAC-2000-04, agosto 2000, 20 pp.

Telba Zalkind Irony, Marcelo Lauretto, Carlos Alberto de Braganga Pereira and Julio
Michael Stern

A WEIBULL WEAROUT TEST: FULL BAYESIAN APPROACH

RT-MAC-2000-05, agosto 2000, 18 pp.

Carlos Alberto de Braganga Pereira and Julio Michael Stern

INTRINSIC REGULARIZATION IN MODEL SELECTION USING THE FULL
BAYESIAN SIGNIFICANCE TEST

RT-MAC-2000-06, outubro 2000, 18 pp.

Douglas Moreto and Markus Endler
EVALUATING COMPOSITE EVENTS USING SHARED TREES
RT-MAC-2001-01, janeiro 2001, 26 pp.

Vera Nagamura and Markus Endler
COORDINATING MOBILE AGENTS THROUGH THE BROADCAST CHANNEL
RT-MAC-2001-02, janeiro 2001, 21 pp.



Jilio Michael Stern
THE FULLY BAYESIAN SIGNIFICANCE TEST FOR THE COVARIANCE PROBLEM
RT-MAC-2001-03, fevereiro 2001, 15 pp.

Marcelo Finger and Renata Wassermann
TABLEAUX FOR APPROXIMATE REASONING
RT- MAC-2001-04, margo 2001, 22 pp.

Julio Michael Stern

FULL BAYESIAN SIGNIFICANCE TESTS FOR MULTIVARIATE NORMAL
STRUCTURE MODELS

RT-MAC-2001-05, junho 2001, 20 pp.

Paulo Sérgio Naddeo Dias Lopes and Hernin Astudillo
VIEWPOINTS IN REQUIREMENTS ENGINEERING
RT-MAC-2001-06, julho 2001, 19 pp.

Fabio Kon
O SOFTWARE ABERTOE A QUESTA'O SOCIAL
RT- MAC-2001-07, setembro 2001, 15 pp.

Isabel Cristina Italiano, Jofo Eduardo Ferreira and Osvaldo Kotaro Takai
ASPECTOS CONCEITUAIS EM DATA WAREHOUSE
RT ~ MAC-2001-08, setembro 2001, 65 pp.

Marcelo Queiroz , Carlos Humes Junior and Joaquim Jidice
ON FINDING GLOBAL OPTIMA FOR THE HINGE FITTING PROBLEM
RT- MAC -2001-09, novembro 2001, 39 pp.

Marcelo Queiroz , Joaquim Jidice and Carlos Humes Junior
THE SYMMETRIC EIGENVALUE COMPLEMENTARITY PROBLEM
RT- MAC-2001-10, novembro 2001, 33 pp.

Marcelo Finger, and Fernando Antonio Mac Cracken Cezar
BANCO DE DADOS OBSOLESCENTES E UMA PROPOSTA DE IMPLEMENTACAO.
RT- MAC - 2001-11- novembro 2001, 90 pp.

Flavio Soares Correa da Silva
TOWARDS A LOGIC OF PERISHABLE PROPOSITIONS
RT- MAC- 2001-12 - novembro 2001, 15 pp.



Alan M. Durham

O DESENVOLVIMENTO DE UM INTERPRETADOR ORIENTADO A OBJETOS PARA
ENSINO DE LINGUAGENS

RT-MAC-2001-13 — dezembro 2001, 21 pp.

Alan M. Durham
A CONNECTIONLESS PROTOCOL FOR MOBILE AGENTS
RT-MAC-2001-14 — dezembro 2001, 12 pp.

Eugénio Akihiro Nassu e Marcelo Finger
O SIGNIFICADO DE “AQUI” EM SISTEMAS TRANSACIONAIS MOVEIS
RT-MAC-2001-15 — dezembro 2001, 22 pp.

Carlos Humes Junior, Paulo J. S. Silva e Benar F. Svaiter
SOME INEXACT HYBRID PROXIMAL AUGMENTED LAGRANGIAN ALGORITHMS
RT-MAC-2002-01 — Janeiro 2002, 17 pp.

Roberto Spficys Cardoso e Fabio Kon .
APLICACAO DE AGENTES MOVEIS EM AMBIENTES DE COMPUTACAO UBIQUA.
RT-MAC-2002-02 — Fevereiro 2002, 26 PP-

Julio Stern and Zacks

TESTING THE INDEPENDENCE OF POISSON VARIATES UNDER THE HOLGA TE
BIVARIATE DISTRIBUTION: THE POWER OF A NEW EVIDENCE TEST.

RT- MAC - 2002-03 — Abril 2002, 18 pp.

E. N. Céceres, S. W. Song and J. L. Szwarcfiter
A PARALLEL ALGORITHM FOR TRANSITIVE CLOSURE
RT-MAC - 2002-04 — Abril 2002, 11 pp.

Regina S. Burachik, Suzana Scheimberg, and Paulo J. S. Silva

A NOTE ON THE EXISTENCE OF ZEROES OF CONVEXLY REGULARIZED SUMS
OF MAXIMAL MONOTONE OPERATORS

RT- MAC 2002-05 — Maio 2002, 14 pp.

C.E.R. Alves, E.N. Céaceres, F. Dehne and S. W. Song

A PARAMETERIZED PARALLEL ALGORITHM FOR EFFICIENT BIOLOGICAL
SEQUENCE COMPARISON

RT-MAC-2002-06 — Agosto 2002, 11pp.

Julio Michael Stern

SIGNIFICANCE TESTS, BELIEF CALCULI, AND BURDEN OF PROOF IN LEGAL
AND SCIENTIFIC DISCOURSE

RT- MAC - 2002-07 — Setembro 2002, 20pp.



Andrei Goldchleger, Fabio Kon, Alfredo Goldman vel Lejbman, Marcelo Finger and
Siang Wun Song.

INTEGRADE: RUMO A UM SISTEMA DE COMPUTAGCAO EM GRADE PARA
APROVEITAMENTO DE RECURSOS OCIOSOS EM MAQUINAS COMPARTILHADAS.
RT-MAC - 2002-08 — Outubro 2002, 27pp.

Flavio Protasio Ribeiro
OTTERLIB - A C LIBRARY FOR THEOREM PROVING
RT- MAC — 2002-09 — Dezembro 2002 , 28pp.

Cristina G. Fernandes, Edward L. Green and Arnaldo Mandel
FROM MONOMIALS TO WORDS TO GRAPHS
RT-MAC —2003-01 — fevereiro 2003, 33pp.

Andrei Goldchleger, Mércio Rodrigo de Freitas Cameiro e Fabio Kon
GRADE: UM PADRAO ARQUITETURAL
RT- MAC — 2003-02 — margo 2003, 19pp.

C. E. R. Alves, E. N. Ciceres and S. W. Song

SEQUENTIAL AND PARALLEL ALGORITHMS FOR THE ALL-SUBSTRINGS
LONGEST COMMON SUBSEQUENCE PROBLEM

RT- MAC - 2003-03 — abril 2003, 53 pp.

Said Sadique Adi and Carlos Eduardo Ferreira
A GENE PREDICTION ALGORITHM USING THE SPLICED ALIGNMENT PROBLEM
RT- MAC —2003-04 — maio 2003, 17pp.

Eduardo Laber, Renato Carmo, and Yoshiharu Kohayakawa
QUERYING PRICED INFORMATION IN DATABASES: THE CONJUNTIVE CASE
RT-MAC — 2003-05 — julho 2003, 19pp.

E. N. Céceres, F. Dehne, H. Mongelli, S. W. Song and J.L. Szwarcfiter

A COARSE-GRAINED PARALLEI, ALGORITHM FOR SPANNING TREE AND
CONNECTED COMPONENTS

RT-MAC - 2003-06 — agosto 2003, 15pp.

E. N. Céceres, S. W. Song and J.L. Szwarcfiter

PARALLEL ALGORITMS FOR MAXIMAL CLIQUES IN CIRCLE GRAPHS AND
UNRESTRICTED DEPTH SEARCH

RT-MAC - 2003-07 — agosto 2003, 24pp.

Julio Michael Stern
PARACONSISTENT SENSITIVITY ANALYSIS FOR BAYESIAN SIGNIFICANCE TESTS
RT-MAC — 2003-08 — dezembro 2003, 15pp.



Lourival Paulino da Silva e Flavio Soares Corréa da Silva
A FORMAL MODEL FOR THE FIFTH DISCIPLINE
RT-MAC-2003-09 — dezembro 2003, 75pp.

S. Zacks and J. M. Stemn

SEQUENTIAL ESTIMATION OF RATIOS, WITH APPLICATION TO BAYESIAN
ANALYSIS

RT-MAC -2003-10 - dezembro 2003, 17pp.

Alfredo Goldman, Fabio Kon, Paulo J. S. Silva and Joe Yoder
BEING EXTREME IN THE CLASSROOM: EXPERIENCES TEACHING XP
RT-MAC -~ 2004-01-janeiro 2004, 18pp.

Cristina Gomes Fernandes
MULTILENGTH SINGLE PAIR SHORTEST DISJOINT PATHS
RT-MAC 2004-02 — fevereiro 2004, 18pp.

Luciana Brasil Rebelo
ARVORE GENEALOGICA DAS ONTOLOGIAS
RT- MAC 2004-03 — fevereiro 2004, 22pp.

Marcelo Finger
TOWARDS POLYNOMIAL APPROXIMATIONS OF FULL PROPOSITIONAL LOGIC
RT- MAC 2004-04 — abril 2004, 15pp.

Renato Carmo, Tomas Feder, Yoshiharu Kohayakawa, Eduardo Laber, Rajeev Motwani,
Liadan O Callaghan, Rina Panigrahy, Dilys Thomas

A TWO- PLAYER GAME ON GRAPH FACTORS

RT-MAC 2004-05 — Julho 2004





