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A non-lincarGalerldn method for the shalow-waterequations is developed, based 
on spectlll transfonns. The scheme ii compared to a pseudo-apectral Galetkln 
method. Our numerical iau!ts indicaU: that the 0011-linear scheme has the potential 

advantage of providing similar &ccmacy 111 lower COil than the Galctll:in mdhod. 
The non-linear method has a!Jo lesa iestrictive stability cooditiom. 

1. INTRODUCDON 
Non-linear Galertin methods were first introduced by Marion and Thmam [12) for 

Navicr-Stokcs equations, from a theoretical point of view. The technique relies on the 
theory of approximate inertial manifolds [8) (see also [2] for the shallow-water equations) 
and employs a deromposition of the solution into its small and larg~scale components. 
Applicatiom of the method have been ~loped, among others. for the Burgers equation 
[9, 4] and Navicr-Srob:s equations {10, 6. 3]. 

Inthisarticleweproposeanon-linearGalcrkin mc:thod fortheshallow-watcrequatiomon 
two-dimemional domains with periodic boundary conditions (the equations are fonnulatcd 
• in the model proposed by Lorenz [11], on a f-plane). The shallow-watcr equations 
diffcr from the incompressible Navier-Stotes equations by the inclusion of the coriolis 
force and by a diffcrcot mass-conscrvation equation. In particul.-, a shallow-waur flow is 
not div~frcc and the equations can not be projected on the space of non-divergr:at 
velocities. as tipically done for the Navicr-Stokes equations. In the scheme \VC propose. 
the velocity compont.nts and the geopotential heipt are expanded as double Fourier series, 
tnmcated at a certain .resolutioa and the aolution space is decomposed into low and high 
modes. Some non-linear intaaction terms m: neglected and, through projection of the 
equations onto the solution spaces. Galcrkin equations for the low and high modes are 
derived. Tho implementation of the scheme is made efficient by the use of the spectral 
transform method [7, 13] to compute the projections. These are computed exactly, with 

I Partially auppoded by tbe Braziliu Jl-.ch Coanci1 (CNPq). 
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no aliasing, by choosing auxiliary grids of appropriate sizes. The time-discretization is 

based on a semi-implicit method, leading to CFL stability constraints guided by the flow 

velocities (and not by the high phase speeds of the gravity-wave modes of the shallow-water 

equations). The stability conditions are less restrictive than for the Galerldn method. Th~ 

facts are shown in a linear stability analysis and verified in the numerical experiments. 

A non-linear Galerkin method for the shallow-water equations has been proposed in [5]. 

There, two families of basis functions for the velocity field are employed, one composed 

by pmely rotational and one by purely divergent fields (these basi, functions have to be 

precomputed). Their approach also differs from ours in the lime discretization (they employ 

predictor corrector schemea) and in the numerical treatment of the equations, since they 

don't use spectral transforms (which we feel to be fundamental for efficiency). 

The appropriate truncation number for a non-linear Galerkin scheme depends on the 

spectral distribution of CDeJiY [3, 5). In any case, if the high modes are resolved only 

up to a certain wave number, a corresponding Galerkin method using the same truncation 

should provide results al least as good, since it uses more information than the non-linear 
scheme (in which some non-linear interactions are neglected). Toe potential advantage of 

the non-linear Galcrkin scheme is to provide essentially the same accuracy at a reduced 
computational cost. We compared the non-linear method with a corresponding Galaldn 

scheme and obtained numerical evidence of this advantage of the non-linear method. We 
feel the technique attractive for applications mid we are investigating its use on global 
models on the sphete, aiming numerical weather prediction. 

The paper is structured as follows. It begins with the description of the equations in 
section 2, followed by the presentation of the Galerldn method in IICction 3. Section 4 is 
dedicated to the non-linear Galerldn method and in section 5 we develop the linear stability 

analysis of the Galerkin schemes. Numerical results are presented in section 6 and the 

paper is closed with some conclusions. 

2. THESHALLOW-WATEREQUATIONS 

We consider the shallow-wata' equations in adimensional form as proposed by Lorenz 
[11], on a two-dimensionalm:tangular domain (the so called f-plane), with periodic bound­
ary conditions. Diffusion and a mass-forcing tam are explicitly included. The equations 
are given by: 

lJu 
Ot + uu. + vu. - v + z., - voAu = 0 

8v 
8t +uv.+1111,+u+z11 -110Av = 0 (1) 

l)z 
lJt + uz. + vz, + (g0 + z)(u. + 11,) - "<)Az = F, 

where the unknows are the two velocity components u and II and the geopotential height 
z; the domain is O = (0, 2,r] x [O, 2r]. The terms -11 and u in the first two equations 

correspond to the adiinensional form of the coriolis force, 110 and ~o are the diffusion 
coefficients and Fis the (time independent) mass-forcing term. 

The shallow-wata' equations are distinguished from the 2D-incompressible Naviet-Stokcs 
equations by including effects of the earth rotation in the coriolis tenns and by having a dif­
ferent mass continuity equation. In particular, the flow is not divergence-free and a Galcrldn 

method for th~ equations can not employ a projection on the space of non divergent veloc-
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ities. The shallow-watcrequatiou are often employed in models for ground-w~. oceanic 
and atmospheric flows. 

3. A PSEUDO-SPECTRAL GALERKIN METHOD FOR THE EQUATIONS 
The shallow-water equations admit solutions evolving in different time scales. They 

present slower modes, the Rossby waves, and the much fast« evolving gravity waves. 
While one is normally inta:csted in following the large scale motion of the Rossby waves, 
the presence of the gravity waves, in spite of the fact that they usually carry little eneqy, 
poses severe stability restrictions for explicit schemes, due to their high phase speed. 
Therefore, it is important to adopt some degree of implicitness in the numerical schemes 
for these equations. in order to attenuate the CFL stability constraints. 
We propose here a semi-implicit pseudo-spectral Galerldn method for system (1). The 
prognostic fields u, " and :r will be expanded as double Fourier series, 

(2) 

where 

IN= { (l,k): - ~ + 1 ~ l,k $ ~} · (3) 

The truncated expansion can be seen astheresultoftheprojcction PN from the space H,or 
of functions &iven bydoubl.eFourieueries onto UN = span{e•(ls+lr11) : (I, k) E IN}. We 
first consider a sccond-ordencmi-implicittimc discrctix.a1ion of (1), where the terms giving 
rise to the fast gravity w~ (like the gcopotential gradient) will be treated implicitly, while 
the non-linear terms will be discretized explicitly by a leap-frog type scheme. The complete 
time discretization is given by: 

u"+l - At 11
11+1 + At z:+1 

- l'lJ At Au"+l = r~;1 + rfb 
v"+1 + At u"+l + At z;+1 - Ill) At At1'+1 = r;;1 + r;;, (4) 

z"+l + 9oAt (u:+1 + v;+i) - /Co At Az"+I = r;;-1 + r~ 

wbae a suprnaipt n refers to the variables at lime t .. = nAt, and 

= un-1 + At tln-1 - At z;-1 + l'D At Aun-I 

= tln-l - At un-l - At z"-1 + Ill) At Avn-l ., 
= .r"-1 - At g0(u:-1 +11:-1) + /Co At Az"-1 

rfb = -2At (u"u: + tl'u;) 
r;b = -2At (unv: + tl"v;) 
r;,, = -2At ((znu"). + (z"v")11 + F) . 

(S) 

(6) 

The Galerkin scheme is obtained through the projection of the time disaetizated equa­
tions on UN: 
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= PN(r1;;1 + r10) 
= P,v(r;;;1 +r~) 

= P,v(r~1 +r;0). 

(1) 

Assuming for the moment that lhc projections in lhc right-hand-side of (7) haw been 

computed, this linear system can be decomposed for each spectral component (l, le) E IN 

IS: 

[ 

A 'l ,. l [ •n+1 l [ •n-1 + .on l 1 + Ila "YII, - t l 1-J>t u,1r r lo,llr r 16,llr 

At 1 + llo "'fll, i le At . v;:.+1 = r';;;,,1 + ~,II, 

i l goAt i k go At 1 + ~0 w, iii,+1 r;;,_1~ + ~.11, 

(8) 

where "'fllr = At~,,. and .\i1r = 12 + lr2 is the corresponding eigenvalue of minus the 

Laplacian. 
System (8) is written as a system for (ujj,+1 , vjj,+1) (depending on the ijj,+1 variable) 

[ 
(1 + 11o "'f11r) -At ] _ [ u~,.+i] = [ ~:,,~ + f1'0,1,. - i l At z;:.+1 

] 
At (1 + Vo 7,.,,) v;:.+1 ~.;:~ + fio,I ... - i lc At iii,+1 

whose solution is given by 

whae 

i=v'=T 
911, = (l+11o"'f11r)2 +6.2t 

•1.,.,, = (1+110711r) (ri;,11 + rf •• ,,,} + At (r;:,1~ + r21,,11,) c10) 

i2,11o = -6.t (ri.;:,~ + rf0.,.,,) + (1 + 11o 711o) (r;;,1~ + r21,,,,.) 

The combination of the two equations in (9) (equivalent to building the divergence of the 
new wlocity field) provides the expression 

• (l •n+i + Ir •ft+l) _ (i (l i1,11, + le •2,11,) + At (1 + Vo "'f11,)~1r z;:.+1) (11) 
l u,,. 1111, - D , 

1111r 

which when employed in the third equation of (8) leads to 

(12) 

with 

go At 'Yl•c o,,. = 1 + f) 1 + Vo 'YI ... )+~ 7,.,, . 
11, 

(13) 
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Altogether, we solve (8) by first deriving the value of i::0+1 from (12) and then using it in 
(9). 
For the solution of (7) it n:mains to explain how to compute the projections of the right 
hand side. Since they involve the non-linear terms (including products of the variables), 
they can not be computed directly from the spcctral coefficients in a efficient way. Instead, 
we employ the so called spectral transform method [7, 13), using an auxiliary grid 

{ 
271'(r - 1) 2,r(s - 1) } JN = (zr,t/,): Zr= N , y,= N , r,1=l,•••,N ,(14) 

where we can evaluate the function and derivative values involved in the right hand side 
of m (through Fourier transforms). On the grid, the products can be trivially formed and 
added. In ordtt to project the right hand side of (7) onto UN a Fourier transform of the 
grid values is employed, leading to the spectral coeffcients. However, the product of two 
functions in UN (like u and u.,) lies in U,N, and if it is evaluated on the grid JN and 
transfonncd back to get the spccttal representation, the high modes (N + 1 to 2N) will be 
aliased with the lower modes. This spurious transfer of energy from high to low modes is s 
potential source of (non-linear) instability in the scheme. If we use the grid J2N instead, we 
get the correct coefficients of the product temi in U2N and therefo:rc the correct projection 
onto UN. But for this purpose, it is sufficient to employ grid J:iN/' where aliasing occur 
only in the frequency range from N + 1 to 3N /2 and an alias free projection onto UN will be 
computed (see (1)). This is the smallest grid to guarantee an alias free computation and will 
be chosen in efficient computations. In summary, a complete time-step will consist of the 
computation of the right hand side of (7) on grid JsN/2 smounting to Fouric:c transforms 
ol u, v, ; and their gradient$, in a lot!ll or 9 fields transformed. The products ~ thw 
computed on the grid and the right hand sides of (7) arc transformed back. The system can 
then be solwd and the time-step completed. The computational costs arc dominated by the 
12 transforms per time-step, on a grid of siz.c 3N /2 x 3N /2. Therefore, the computational 
costs will be of the order d(27N2 log2 (3N/2)) 

4. THE NON-LINEAR. GALERKIN METBOD 
In non-linear Galerkin methods the solution space (H,_. in this case) is decomposed 

on two subspaces: a space of low modes and its complc:mcnt (see [12]). From a pratical 
point of view, it is necessary to take the complement (space of high modes) also as a 
finite-dimensional space. We will adopt the following splitting of UN = U N/2 + W N with 
corrcspondingprojectionsPN/'J: H,_. ➔ UN/2• QN: H,..- ➔ WN (andPN-PN/2 = 
ON). leading to a &:composition of the -.docity and gcopotential fields: 

UN = Pt +91, (pi= PN12(u), 91 = QN(u)) 

"N = P2+9'2, (P2 = PN/2(t1), 92 = QN(t1)} (15) 

ZN = P3+9a, (P3 = PN12(z), qi,= QN(z)) 

FN = Fi +F2, (Fi= PN12F, F2 = QNF). 

Projecting the shallow-water equations onto the low (U N/2) and lngh (W N) modes spaces, 
we obtain the corresponding systems: 
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(16) 

(17) 

The equations (16) constitute the system for the low modes and the equations (17), the 
system for the high modes. Toe non-linear interaction terms (11 to ie) from the low and 
high mode systems are given by: 

11 = PN/2 (-(p1 + !11)U'l + 91)c - U'2 + q2)(P1 + qt), ) 

12 = PN/2 (-(pi + !l1)W2 + !12)• - W2 + 92)W2 + !l2), ) 

13 = PN/2 (F - [(ps + q3)(p1 + 1l1)]. - [(pa+ qa)U'2 + 1l2)], ) (18) 

14 = QN (-{pi+ 1l1){p1 + !ll)s - (P2 + 1l2)W1 + !l1),) 

la = QN (-(pi+ !11)(1'2 + ll2)• - U'2 + !12)U'2 + !12),) 

ee = QN (F- [(Pa+ 9a)(J>i + !11)]. - [(p, + qa)(l'i + q2)},). 

The systems (16) and (17) are equivalent to the Galcrkin discretization on UN, described 
in the last section. For the definition of the non-linear Galcrkin method we will now neglect 
the interaction bctwcea higher modes in the equation for the low modes. In the equation 
for the high modes we also discard tho interaction between low and high modes, and allow 
for the possibility of considering it as a diagnostic equation, droping the temporal dcrivatcs. 

The expressions for , 1 to •e in the non-linear Galcrkin method will then be simplified as: 

•1 = PN/2 (-Pl CP1 + q1). - Ill Pl.- - P2 U'l + !11), - !12 Pl,, ) 

•2 = PN/2 (-Pl W2 + 92) .. - 91 PJ.- - P3 U'2 + 92), - 92 P2,11 ) 

•a = PN/2 ( F - (pa(J,i + !11)). - (93 P1). - (P:l(p, + ',12)), - (qa P2), ) 

14 = QN ( -Pi Pl,• - P2 Pl,11 ) (19) 

11, = QN ( -PI P2,• -P2 P2.,) 

•e = QN ( F - (Pa Pl)• - (Pa P2), ) . 

These simplifications arc motivated by the themy of Approximate Inertial Manifolds in 
which the small wave lengths (hi&h modes) are approximately determined by the large ones 
(low modes), through the inertial manifolds [8, 2] (which are approximalod bC2'C by the 

diagnostic equation for the high modes). 
The numerical disaem.anon of the non-linear Galerlcin method will follow the same 

linea of our Galcrkin scheme. We employ a semi-implicit temporal diaa-etiution on a 
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pseudo-spectral meahod, applying speQnl tnmsforms to compute IIOll-linearproducts. Th~ 
projections ou the high and low modes spaces will be computed exactly in an alias free 
scheme. 
Considering the equation for the high modes as a diagnostic equation, we have: 

Pi+l - At P2+1 + At Pa!1 
- VO At APi+1 = Si-1 + 2At •i•"+l 

P2+1 + At Pi+1 + At Ps!1 
- VO At Ap2+1 = ~-l + 2At ,;,n+i (20) 

Pa+1 + goAt (pil1 + P2t1
) - Ko At Ap;+t = s;-i + 2At ,;,n+i 

= ON ( -Pi Pi,., - P2 Pi,., ) 
= ON ( -r,'; P2,s - P2 "2,, ) (21) 

= ON ( F - w Pi)., - (p; P2)11 ) ' 

with superscripts rcfcring to time instants. The linear tams at time tn-l in lhc equation 
for low modes are given by: 

Sl_'-1 = Pi-l + At P2-l - At p~ 1 + 110 At Api-1 

~-l = P2-1 
- At Pi-1 

- At ps;- 1 + 11o At Ap;-t (22) 
5;-i = p3-1

- At go(pi;1 + p;;-1
) + Ko At Ap3-1• 

The non-linear tatm arc discreti.z.ed as follows: 

•~•n+l = PN/2 (-P't (P't + 9?+1). - 9?+l P?,. - P; (p't + 9?+1)., - 9;+l P't,11) 
n,n+l _ p ( n /.JI+ n+l) n+l n n t-n + n+l) n+l n ) •2 - N/2 -pl \l'2 q2 • - 91 P2,s - P2 \l'2 92 11 - 92 P2," 

., ... +1 PN12 < F - ww + 9i+1n .. - (9,+1 P?>. - (J>;(p; + 9;+1n11-

-<9,+1 p;).,·) (23) 

The equations are transformed into equations fOI' the spectral coefficients of low modes 
((l, lc) E UN/2): 

[ 

1 A · l A l [ •n+l l [ ..,,._I + 2At .,.,,.+1 l + 110 711, - t 1 t P1 111 .,1,111 8 1,111 

At 1 + Vo 711, i le At · f;Jf - S-:,11t1 + 2At t;:z';,+1 (24) 
• l " • • L "• 1 + en+l lln-1 2Af .,.,,.+1 1 go~ • ,. !/0~ 11:0 71• P:i,1• .,,,,,. + •3 ,111 

IIDdforthehighmodes((l,/c) E WN): 

(25) 

Assuming the right hand side of (25) to be known. it can be solved u system (8) leading to 
the new values of qi, q2 and q3• These high modes are used in the right hand side of (24), 
which can then be solved u (8) for each (l, II) E U N/2· The evaluation of the right hand 
side of the systems for the low and high modes iavoh'CS non-lines tams. For this purpose 
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we employ spectral transforms, choosing appropriate auxiliary grids to garantco all• free 

results and an efficient scheme.. · 

We need to compute products of low modes with either low or high modes, and then projcc::t 

the results onto UN/2 or WN. Foe functions 4>, 9 in UN/2 the product tp{I lies in UN. 

With an N x N grid a two dimensional fFf will provide the correct values of all spectral 

coefficients of q,9 and therefore the two projections PN12(4>fl} and QN(tp9}are obtained 

alias free. For tp in UN/2 and (I in WN the product lies in UaN/2- With an N x N grid 

only the modes with wave number up to N /2 will be obtained alias free. But that's all we 

need to have PNt2 ( tp9} computed com:ctly. Therefore an N x N grid will be suficient for 

obtaining all the right hand sides with DO aliasing. 

In summary, a timo-step of the method will proceed as follows, assuming P~,1;, Ptif, 
ft';j,.1 for(l,k) e /N/J andthcvaluesof ·Pi', Pi'., Pi'v•~• ~. p;11 , ~. pg.,~, on 

a N x N grid to be known. 

a) Computation of high modes at t,.+1: 

al) Compute a:, ~, ai on the grid and apply Fourier transforms to getit,11, ~,111 , Fe,11r 

for(l,k) E IN. 

a2) Solve for qj+l (i = 1, · · ·3) E WN. 

a3) Compute the values of qf+1 , 8.qf+1,011qf+1
, (i = 1, · --3) on the N x N 

grid.for qf+l E WN. 

b) Computation of the low modes at t,.+l: 

bl) Using the values computed instep a3} evaluate _.,,n+l, i = 1, 2, 3on theN x N 

grid and use FFT'1 to get he cmre.sponding spectral coefficients of their projcc::tion onto 

UN/2· 

b2) Complete the right hand side with the linear terms s;-1 , i = 1, 2, 3 and solve 

the equations for p,+1 in UN/2· 

b3) Generate the values of pf+1, 8.pf+l, 811pf+1
, (i = 1, · · •3) on the N x N 

&rid. which shall be used in the following time-step. 

Altogether, 24 two-dimensional FFrs on N x N grids will be~ out, 12 when com­

puting the high modes and 12forthclowmodes. The total computational worlcwill be of the 

order of 11(24N2 log2 (3N2 /2). This worlccompares favorably to the 11(27 N 2 log2(3N2 /2) 

of the linear Galorkin method (on UN), which needed a 3N/2 x 3N/2 grid for alias free 

results. 

We also consider the possibility of :freezing the high modes coefficients for revc:cal tiJDo. 

steps. In this case the total computational cost consists essentially of the costs for the la., 

mode, equation, being reduced almost by a factor of two. 
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5. LINEAR STABILITY ANALYSIS 
We present a linear stability analysis for the pseudo-spectral linear Galerkin method 

described in section (2). The discrete equations are given by: 

(26) 

with °VN = (uN, tlN) e UN X UN and ZN e UN. 

Linearizing system (26} around a state with constant velocity O leads to: 

(27) 

Wo bild the scalar product of the first equation in (27) with go(V;+i + -y;-1
) and 

add it to the scalar product of the second equation with ( zN+l + zN-l) . 'Ibis, after 
simplifying the tams originating from the geopotential and of the di~ence. in presence 
of the periodic boundary conditions, leads to the ~on: 

10IV,v+112 + f.rN+i1 2 + 1o1111AtllVN+1 + v;-1112 + 11oAtllzN+1 + z;;-1 112 

= aol'V,v-112 + lziv--112 - 2goat < U • vv;;, v;+1 + v;-1 > 
-2at < (j. VzN, ziv-+1 + zN-l > +2At < FN,ZN+l + ZN-l >, 

whcxc we have V = (u, 11), < u, V >= In UV, 1v12 = lul2 + M2
• lul2 =< u, u >. 

11v112 = llulP + 1111112, 11'1112 = lu~12 + l"tt12-

we addgol'V;l2 + lzi12 to both sides oflastequation, in order to get 

G"+1 + go11oAtllii;+1 + y;-1112 + 11oatllzN+1 + zN-1ll2 = G" + N LT+ 

+2at < FN, zN+t + zN-1 > (28) 
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where, 

G" = 90IV.Vl2 + uol~-112 + lzil2 + lzN-112, (29) 
- - - +1 - 1 NLT = -2go.:it < U · VY,v, y; + y;- > 

-2.:it < 0 · VzN, zN+i + z;-1 >. (30) 

For estimating the term with the mass forcing, we first obsave that the integration of (27) 

on the whole domain leads to J0 z;+l ~ zN1 = 2-:it f0 FN. This provides a limitation 
of the constant part of the solution (lets denote it by ~) of the type: 

l~l :5 CnAtlFNI . 

We now split zi = ~ + ~.where~ has zero mean value. We then have: 

2At < FN,z.N+l + zN- 1 > = 2At( < FN,z.N+i +~-1 > + < FN,Z,N+i + %,N- 1 >) 
:5 2At IFNI (IZ,N+l + Z,N-11 + 1%,N+l + Z,N-11) 
:5 2At IFNI (2cnAtlFNI + c1 llzN+i + zN-111) (31) 

:5 ~11gAt JlzN+l + z.N-1112 + 2At( ~ + 2cnAt) IFNl2 
• 

In the last estimates we have used a Poincar6 inequality and lhe algebraic inequality 
(all :5 a2 /4 + b2). We also observe, using the periodic boundary conditions, that: 

-2goAt < iJ · Vv;J, v;J-1 > -= 2goAt < U · vy;-\ VJi > 

Similarly-2At < U • vzi,.rN-1 >= 2At < U • VzN-i., .ri >. Substitutingin(30)we 
have: 

NLT = -2goAt < U · vv;, Yiv+l > -2At < U · vzi,zN+l > + 

+2goAt < U · V"Viv-1. v;; > +2At < U · VzN-t ,zi > = en+i - Ir', 

with 

Using the last expreuiona in (28) we obtain 

(F+l :5 (F+l + 9ollQAt11Vt+l + v_t-1 112 + ~11oAtllr7/1 + z-1;1
11 2 

s (F + Hi+1 
- Hi+ 2.:1t(1 + 2cnAt) IFNl2- (32) 

Adding up for j from 1 to n results in 

G"+l '.5 G1 +H"+l-H1 +2( 11 +2cnAt)nAtlFNl2. (33) 
llo 
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We can now limit: 

IH;I :5 2goAt1Uloolliit-1111vt1+ 2AtlUlooll4-1II 141 

:5 2go./2NAtlfiloolVJ-1I l'Vkl + 2v'2NAtllllool~-ll l~I 

$ V2N AtlUloo (go!Vt,-112 + 9olVkl2 + 14'-112 + 14'l2
) 

::S: (./2N AtJUJ 00) GJ. 

It then follows from (33) that for any T > 0 fixed and nAt :5 T: 

We have therefore proved: 

(34) 

Proposition.- If t:J. obeys the CFL condition At < ..A'N1
1O1

_, then G" S c2G1 + 
e3T IFNl2, where c2 and es are constants, Ta fixed time, and G" is given by (29). It 

follows that the scheme is linearly stable. 

Obsenation: 
The same proof above applies for the non-linear gala:tin method (with projections PN/2 

and ON). It will lead to the stability condition At < ./2iit1i., indicating that the CFL 

condition for the non-linear galidio method is given by the equation for the low modes. 

This agrees with the fact that the equation for the high modes is employed as a diagnostic 

equation. 
A aualysis in which the linearization is done around a spatially variable basic state and the 

intt.raction between low and high modes is preaent in the resulting system is presented in 

[2]. 

6. NUMERICAL REmJLTS 

Wepre,entin this section numerical results obtained with the non-linearGalemn method, 

which arc compared with results from the pseudo-spectral Galerkin method described in 

section (4). 

We first consider a smooth solution departing from a balanced {nearly statiooay) initial 

state (dependent only on JI) for F = coa(Jl)/100, given by 
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-- OL..- -- -

-- 14...JL11 -· 

-- oi....ua-

nG.1. Display of Iha ~dal field after 200 ~ fol' teYeni molllliou. hi the left (plols a, c 
and e) we compare the 111111b of !be (linear) Oalcddn mechod with lrllllCalioGa N = 8, 16 and 32 to the JeAlla of 
tbesame mcdlodlll balf re10lutioa (N = 4, 8 and 16)n,specttvely. In the rilitt (plocs b,d and O the Galatin (GL) 
method (will, tnmcaliona N = 8, 16 md 32) is coq,ared 10 Ibo~ mechod (NLG) 111 ume n,ooludon 
(tnmcalionsN = 8,16and32,respcc:dvely). 
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1 
ti = 100 sen(y) vo go 

1 
V = 100 go sen(y) (35) 

1 
z = 100 cos(y). 

110 90 

We adopt hae a typical lenght L = 1080Km, height h = 8km, g = lOm/,2, J-1 = 
10800, (f is the coriolis factor) and 11 = " = 2.25 x 108m2 / 1, which correspond to the 
choice go = 8,110 = "o = 1/48 in the adimensional model. We integrate the equations 
with a forcing term of the order of F = -;is. 

We first compared the different options for the non-linear method, using the equation for 
the high modes in diagnostic or prognostic form and either ativated every time-step or only 
every many steps. We concluded in favor of using the equations in diagnostic form (the 
results produced with the prognostic form were very similar) with the high modes frozen 

for many time-steps. The high modes can be kept frozen for many steps (the nmnbcr of 
steps depending on the time-step size and on the solution) without significant changes in 
accuracy. However, if they are fro7.e11 for too long, there is a loss in precision. In figure 
(1) we display results obtained with the non-linear method (NLG) (in diagnostic form and 

with the high modes frozen for evcry 30 time-steps) and with the pseudo-spectral Galerk:in 
(GL) method at sevcn1 resolutions. In these tests a small limo-step (~t = 9 min.) was 

employed, in order to keep the time truncation errors very small In this way we can 
observe better the differences in spatial resolution of both methods. The results, uw 200 

lime steps, show that the non-linear method at a resolution N, has an accuracy close to 
that of the corresponding Galertin method at same truncation and considerably better than 

the .:uraccy of the Galerkin method at resolution N /2. The lower cost of the non-linear 

LB--

IDOO 
1&.G---- ----

IIOIID 

411111 

CPU 
IIIDO 

-
UIIIO 

0 
0 _.,_ 

ftG. 2. Cl"U lime 
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-- ~a.II - -- Gll..JLt• -

(,iL_Jll2 --«.11 

-- ~-
ffG, 3. Dilplay of the p:opoCl!:llllal lleld aft« 200 limHll:pe with a local - IOUlllll. la the le.It (ploll 

a, c and e) we compare Ille resulla oftbe (lineal) Oalcltia method wilh truncationa N = 18,32 1111d 6411> the 
iaoba of Ibo same adlod • half raolution (N = 8, 18 and 32) respecti¥ely. la die ri&bt (plots b,d and f) 111B 
Galcddn (LG) method (with 1rUDC1D0111 N = 16,32 ad 64) ia con.,ared to tbe DOA-linear medlocl (NLG) • 
same rm>h:dlon (tnmcatiou N = 16, 32 aod 64, respcdively). 
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Galerkin method (compared to the Galerkin method at same truncation) makes the scheme 

intaesting. In figure (1) the geopotential field is shown for N = 8, 16 and 32. In each 

graphic we compare the linear Galer.kin method (GL) at truncation N either to the same 

method at truncation N /2 or to the non-linear method (NLG) at truncation N. 

The relative computational efficiency of the schemes can be seen in (2). For N from 16 

to 128 we display the CPU times for the whole integration (200 time-steps) with the Linear 

Galerldn (LG), Non-linear Galertin (NLG) and Non-linear Galertin with high modes 

frozen (NLGF). We observe that the non-linear method (NLG) is faster than LG (for the 

same resolution) by around 12% and when the high modes are frozen it is almost twice 
faster. 

30 

25 

20 
15 

10 

s 
0 

PIG. 4. Sbal1ow W-Bqut1o111: Pon:iq F1 

F1(x.yt _.,.._ 

7 

We also consider less smooth solutions by taking an extra forcing term of the form 

F1(~,v> = 4,.(z)6,.(v) where: 

6 _ { HI.+ eos(ra + ,r)), lal ::; ,r{l + r) 
r - O, otherwise 

(see Figure (4)). This forcing approximates a local (dirac type) mass soun:e at the center 

of the domain. The results for the geopotential afte, 200 time steps (departing from the 

same initial state as befon:) are displayed in figure (3). We present ttSU!ts for the linear 

Galerldn method and for the non-linear method with fro:,.en high modes for every 30 w:ps, 
for N = 8, 16, 32 and 64. We can observe the same qualitative behaviouroftheprevious 

example also in this case. in which at leut 32 modes are necessary to provide a good resolu­

tion of the solution. Again, the non-linear method at lnmeation N leads to an intcnncdiate 

accuracy, between the ones of the Galerkin method at resolutions N /2 and N, clos« to the 

latter (at lower cost). 
We canied out several stability tests, confirming the CFl.rtype condition for stability 

(dependent on the maximal flow velocities). The numerical e.xperiments also confirmed 

that the non-linear method at truncation N is as stable as the Galezkin method at resolution 

N /2 (being able to employ time steps twice larger than the Galerkin method at lnmeation 

N). This is a potential advantage of the non-linear method. 
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7. CONCLUSIONS 

We present a non-linear (pseudo-spectral) Galerkin method for the shallow-water equa­
tions on bidimensional periodic domains, and compare it to a pseudo-spectral Galeddn 
method. Both schemes employ a semi-implicit second-order accurate time discreti7.ation, 
and have a CPL stability restriction governed by the flow 'ielocities, and not by the fast 
gravity wave modes of the shallow-water equations. This stability condition is more re­
strictive (by a factor two) for the Galerkin method than for the non-linear scheme. This fact 
is verified nmnerically and supported by a linear stability analysis, in which the stability 
aiteria are derived. Both schemes are derived to be free of aliasing due to non linear 
interaction. With the linear Galcrkin method, employing double Fourier expansions with 
N model in each direction, this is achieved al the cost of nsing a 3N /2 x 3N /2 auxil­
iary grid in the 1pcdral transfonns. In the non-linear Galerkin method we developed, a 
N x N grid is sufficient for alias free computations. In this way, tNecy time step of the 

non-linear Galeddn method is faster than the corresponding step of the linear Galerkin 
method al same resolution. In the non-linear method we can also freeze the high-modes for 
many time-steps, therefore reducing the computational work by a significant amounl Our 
numerical results indicate that the non-linear Galerkin method, even with the high-modes 
frozen for many steps, still achieves an accuracy comparable to that of the linear scheme 
at same resolution, at a considerable lower cosl This fact makes the approach potentially 
interesting for applications. We are currently investigating its use on spectral sche?I15 for 
global shallow-water models, with atmospheric applicationa in view. 
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