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no aliasing, by choosing auxiliary grids of appropriate sizes. The time-discretization is
based on a semi-implicit method, leading to CFL stability constraints guided by the flow
velocities (and not by the high phase speeds of the gravity-wave modes of the shallow-water
equations), The stability conditions are less restrictive than for the Galerkin method. These
facts are shown in a linear stability analysis and verified in the numerical experiments.

A non-linear Galerkin method for the shallow-water equations has been proposed in [5].
Theze, two families of basis functions for the velocity field are employed, one composed
by purely rotational and one by purely divergent fields (these basis functions have to be
precomputed). Their approach also differs from ours in the time discretization (they employ
predictor corrector schemes) and in the numerical treatment of the equations, since they
don't use spectral transforms (which we feel to be fundamental for efficiency).

The appropriate truncation number for a non-linear Galerkin scheme depends on the
spectral distribution of energy [3, S1. In any case, if the high modes are resolved only
up to a certain wave number, a corresponding Galerkin method using the same truncation
should provide results at least as good, since it uses more information than the non-linear
scheme (in which some non-linear interactions are neglected). The potential advantage of
the non-linear Galerkin scheme is to provide essentially the same accuracy at a reduced
computational cost. We compared the non-lincar method with a corresponding Galerkin
scheme and obtained numerical evidence of this advantage of the non-linear method. We
feel the technique attractive for applications and we are investigating its use on global
models on the sphere, aiming numerical weather prediction.

The paper is structured as follows, It begins with the description of the equations in
section 2, followed by the presentation of the Galerkin method in section 3. Section 4 is
dedicated to the non-linear Galerkin method and in section 5 we develop the linear stability
analysis of the Galerkin schemes. Numerical results are presented in section 6 and the
paper is closed with some conclusions.

2. THE SHALLOW-WATER EQUATIONS
‘We consider the shallow-water equations in adimensional form as proposed by Lorenz
[11], on a two-dimensional rectangular domain (the so called f-plane), with periodic bound-
ary conditions. Diffusion and a mass-forcing term are explicitly included. The equations
are given by:

%‘:--{-uu,-}-vu,—v+z,,—-quu =0
-g‘—v-+uv,+vv,+u+z,-quv =0 1)
a
Ez+uz,+vz, + (90 + 2)(us + vy) ~KoAz = F,

where the unknows are the two velocity components u and v and the geopotential height
z; the domain is = [0,2x] x [0,2x]. The terms —v and u in the first two equations
correspond to the adimensional form of the coriolis force, vo and o are the diffusion
coefficients and F is the (time independent) mass-forcing term.
The shallow-water equations are distinguished from the 2 D-incompressible Navier-Stokes
equations by including effects of the earth rotation in the coriolis terms and by having a dif-
ferent mass continuity equation. In particular, the flow is not divergence-free and a Galerkin
method for these equations can not employ a projection on the space of non divergent veloc-
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ities. The shallow-water equations are often employed in models for ground-water, oceanic
and atmospheric flows,

3. A PSEUDO-SPECTRAL GALERKIN METHOD FOR THE EQUATIONS

The shallow-water equations admit solutions evolving in different time scales. They
present slower modes, the Rossby waves, and the much faster evolving gravity waves.
While one is normally interested in following the large scale motion of the Rossby waves,
the presence of the gravity waves, in spite of the fact that they usually carry little energy,
poses severe stability restrictions for explicit schemes, due to their high phase speed.
Therefore, it is important to adopt some degree of implicitness in the numerical schemes
for these equations, in order to attenuate the CFL stability constraints.
We propose here a semi-implicit pseudo-spectral Galerkin method for system (1). The
prognostic fields u, v and z will be expanded as double Fourier series,

un(z,y,t) te(t) |
UN (z ' U t) = E i (t) et(lz-{-ky), )
zn(z,y,t) LheIn | Se(t)
where
IN={(I,I:):—-I2X+1§I,I=5%{}. ®)

The truncated expansion can be seen as the result of the projection Py from the space Hy.r
of functions given by donble Fourier series onto Uy = span{e*(=+k¥) : (1, k) € In}. We
first consider a second-order semi-implicit time discretization of (1), where the terms giving
rise to the fast gravity waves (like the geopotential gradient) will be treated implicitly, while
the non-linear terms will be discretized explicitly by a leap-frog type scheme. The complete
time discretization is given by:

ut At o™ At 2T oy At AuH = #7074 en

LAt L AL 2 g AL AV = 0 4, @
4 goAt (w3t + o) — ko AL A = p374r],

where a superscript 11 refess to the variables at time ¢, = nAt, and

it = T L AT - A 22 g At AT
it = T o Ate™ - A2 g At AV ®
Ml = oAt go(u?™? +v;‘") + xp At Az}

rh = ~2At (u"u] + v"u])
e = —2At (u"v7 + ")) ©)
ry = —2At (("u"), + ("), + F) .

The Galerkin scheme is obtained through the projection of the time discretizated equa-
tions on Up:
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uiytt - At ot + At 23 —wo A Aupt?
"+1 + At uft! + At 2 "+1 — v At AviH!
n+1 +gaAt (un-H. -Il;ll) —Kg At Az;lv+l

Pr(rist +rs)
Pr(r3at +13) ()]
Pr(rgat 475)

Assuming for the moment that the projections in the right-hand-side of (7) have been

computed, this linear system can be decomposed for each spectral component (1, k) € In
as:

At 1+wvovie 1kAtL 6{1“ a, u. + o0 ®
ilgoAl  ikgoAt 1+nmpm "3«1):""'3611:

14 vo Yk -At il At ] [ »3‘+1 jl rh',,, + 'lb,lk

sn+1

where 5 = At)y and Ay = 12 + k2 is the corresponding eigenvalue of minus the
Laplacian.
System (8) is written as a system for (a+?, #5*') (depending on the 2[** variable)

(l+”D'Ylk) -A ] [ "+1] [ 1¢Ul+rlblk_llAt ”n+1]

At (1+wo ‘ﬁk) o Foain + P — ik At Zn
whose solution is given by
[-a+l] 1 [8“),—1(1 At (1+Vo ‘m;)+kAzi) A+l ] ©)
ot | T B Lo +i (1A% — kAt (1+v0 1)) z;;,“
where
i= V-1
O = A +vom)®+4%
S = (L+vome) (Flopk + #lok) + At (Frih + 7o) (10}
agn = —At (F0h + Fhuw) + (1 +vo ) (P + 20,08 -

The combination of the two equations in (9) (equivalent to building the divergence of the
new velocity field) provides the expression

(5 (7 31,0 + k B2,a) + At (14 vo ) dx Z31Y)

PQaH + RN ) = , D
Otk
which when employed in the third equation of (8) leads to
sntt = Lono1 gn i G0 A, 5
T o (F5ain + PSo, 06 — 3 o (1 81,0 + K 32,.x)) 12

with

At
lh=l+m—0‘k'ﬂ_k(1+i’o7lk)+"o’ﬂk- 13)
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Altogether, we solve (8) by first deriving the value of i,'),'“ from (12) and then using it in
.

For the solution of (7) it remains to explain how to compute the projections of the right
hand side. Since they involve the non-linear terms (including products of the variables),
they can not be computed directly from the spectral coefficients in a efficient way. Instead,
we employ the so called spectral transform method {7, 13), using an auxiliary grid

_ 2r(r—1) _2x(s—-1)
TN ¥R

Iy = {(z,,y,): Z, 3 713=1;"'1N}!(l4)

where we can evaluate the function and derivative values involved in the right hand side
of (7) (through Fourier transforms). On the grid, the products can be trivially formed and
added. In order to project the right hand side of (7) onto Uy a Fourier transform of the
grid values is employed, leading to the spectral coeffcients. However, the product of two
functions in Uy (like u and u;) lies in Usw, and if it is evaluated on the grid Jy and
transformed back to get the spectral representation, the high modes (N + 1 to 2N) will be
aliased with the lower modes. This spurious transfer of energy from high to low modes is a
potential source of (non-linear) instability in the scheme. If we use the grid Jov instead, we
get the correct coefficients of the product term in Usy and therefore the correct projection
onto U But for this purpose, it is sufficient to employ grid Jany3 where aliasing occur
only in the frequency range from N +1 to 3N /2 and an alias free projection onto Iy will be
computed (see [1]). This is the smallest grid to guarantee an alias free computation and will
be chosen in efficient computations. In summary, a complete time-step will consist of the
comptation of the right hand side of (7) on grid Jsn/» amounting to Fourier transforms
of u, v, z and their gradicnts, in a total of 9 ficlds transformed. The products arc then
computed on the grid and the right hand sides of (7) are transformed back. The system can
then be solved and the time-step completed. The computational costs are dominated by the
12 transforms per time-step, on a grid of size 3N/2 x 3N /2. Therefore, the computational
costs will be of the order 9(27N? log, (3N/2))

4. THE NON-LINEAR GALERKIN METHOD
In non-linear Galerkin methods the solution space (Hp,, in this case) is decomposed
on two subspaces: a space of low modes and its complement (see [12]). From a pratical
point of view, it is necessary to take the complement (space of high modes) also as a
finite-dimensional space. We will adopt the following splitting of Uy = Unyz + Wi with
corresponding projections Pyyz : Hyer — Uny2, @n ¢ Hper = Wi (a0d Py — Pnyj2 =
Qn), leading to a decomposition of the velocity and geopotential fields:

Uy = p+aq, (71 = Pyya(u), @1 =@Qn(u))

v~ = p2+4q3, (P2 =Pnsa(v), 93 =@Qn(v)) 15)
iy = pat+qs,  (pa=Pnjz), ¢a=Qn(z))
Fy = Fi+F, (Fi=PnpF, Fa=QnF).

Projecting the shallow-water equations onto the low (Uy;2) and high (Wx') modes spaces,
we obtain the corresponding systems:
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op fir ) _

F—Pz+ oz mwlip = 8

é

Srm+t ap"’?,—-VoAPz = (16)
Bps Opr  Op;a )_ -
'8_t+g°(8z + = bz Kolps = 83

Ogs

0;1: 2+-5q-—voAql = 84

bas | o P by e Al an

Bt 8y
a!la

Oq _
& T "(Oz + 84:) —KglAgs = 8

The equations (16) constitute the system for the low modes and the equations (17), the
system for the high modes. The non-lincar interaction terms (s 10 8¢) from the low and
high mode systems are given by:

8y = Pya (~(p1+@)(pr +a1)e — (P2 + q2)(pr+au)y )
82 = Py (—(p1+ @1)(p2+ 92)s — (P2 + 92)(P2 + q2)y )

ss = Pnyz (F ~[(ps+gs)(p1 + 01)]c — [(p3 + a3) (P2 + )}y ) €8]
85 = Qn (—(pr+ )P+ @1)s — (P2 + @2) (21 + @1)y )

55 = Qn (—(p1+a1)(p2 + ¢2)s — (P2 + 02) (P2 + 22)y )

ss = Qn (F—[(ps+4¢s)(p1 + 0:)le = [(Ps + gs) (P2 + @2)ly ) -

The systems (16) and (17) are equivalent to the Galerkin discretization on Uy, described
in the last section. For the definition of the non-lincar Galerkin method we will now neglect
the interaction between higher modes in the equation for the low modes. In the equation
for the high modes we also discard the interaction between low and high modes, and allow
for the possibility of considering it as a diagnostic equation, droping the temporal derivates.
The expressions for s; 10 8¢ in the non-linear Galerkin method will then be simplified as:

Pyp(-nmi+a)s—a1prs—p2a{m+ta)y—qapy)

Pnpa (—p1 (pa+@3)e — 1 P2 —Pa (P2 + a3y ~92 P2y )

Prya (F ~(pa(pr+ g1))s = (93 P1)e = (Pa(P2 + 92))y — (33 P2)y )

QN (—Piprs—P2P1y) 19)
= Qn (-P1P2s—PaPay)

= Qn (F—(psp)s—(pPap2)y ).

These simplifications are motivated by the theory of Approximate Inertial Manifolds in
which the small wave lengths (high modes) are approximately determined by the large ones
(low modes), through the inertial manifolds [8, 2] (which are approximated here by the
diagnostic equation for the high modes).

The numerical discretization of the non-linear Galerkin method will follow the same
lines of our Galerkin scheme. We employ a semi-implicit temporal discretization on a

81

82

83

84
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pseudo-spectral method, applying spectral transforms to compute non-linear products. The
projections on the high and low modes spaces will be computed exactly in an alias free
scheme.

Considering the equation for the high modes as a diagnostic equation, we have:

At n+1 + At prat-:l — At Ap{"“ S;:—l + 241 3;"""‘1
"“ +At p"+‘ +Atpptt - w At ApDH = 5371 4241 s 0)
n+l +g0At (pn+1 +p2+1) — Ko At Apn+1 - S;—l +2At svsl,ﬂ-l-l

—GV + @t - AGY =48] = Qn (~p} Pl -0} 1T,)
at+ a3t -wAgt =s) = Qn (1793 -93185,) @D
% (q"+l + qz“) ko Agst =8 = Qn (F— (03 pP)e - (s2 95)y )

with superscripts refering to time instants. The linear terms at time t,,..; in the equation
for low modes are given by:

S?-l n—l + At n—l — At Pg;l + vy At Apl-l
S0 = g Aty At st 4 v & g @)
5! g 1 At go(p}S? + 03y 1)+ ko At ApzT.

The non-linear terms are discretized as follows:

" = Pays (—07 (68 + a0FY). — P B2 — 23 (BF + oY), — 3 P2

2™ = Prpa (—pF (B3 +65™)e — a7 PRe — 1] (P2 + a2y — a3t p3,)

= Pnya (F— (P37 +5*"))s — (637" PD)e — (P3(P3 +4571))y—
-3 m3)y) 23)

8;,n+1

The equations are transformed into equations for the spectral cocfficients of low modes
(1, k) € Unya):

l+wm —At  ilAt ity St +24at st
At 14w kAt AR = S;‘..+2Ats“’;’z“ (24)
ilgoAt ikgoAt 14 Ko i S",,, +24At “;,';,*‘

and for the high modes ({1, k) € Wy):

wix -1 il ol 41k
1owde ik |l aGh | =l (25)
ilge ikgo koA ég};l S:Jh

Assuming the right hand side of (25) to be known, it can be solved as system (8) leading to
the new values of gy, §2 and 3. These high modes are used in the right hand side of (24),
which can then be solved as (8) for each (I, k) € Unya. The evaluation of the right hand
side of the systems for the low and high modes involves non-linear terms. For this purpose
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we cioploy spectral transforms, choosing appropriate auxiliary grids to garantee alias free
results and an efficient scheme.

We need to compute products of low modes with ither low or high modes, and then project
the results onto Upyz or Wy. For functions ¢, 8 in Unya the product ¢4 lies in Uy.
With an N x N grid a two dimensional FFT will provide the correct values of all spectral
coefficients of ¢9 and therefore the two projections Py;2(¢0) and Qn(¢8)are obtained
alias free. For ¢ in Uny; and 6 in Wy the product lies in Usny3- Withan N x N grid
only the modes with wave number up to N/2 will be obtained alias free. But that’s all we
need to have Pyy3(¢6) computed correctly. Therefore an N x N grid will be suficient for
obtaining all the right hand sides with no aliasing.

In summary, a time-step of the method will proceed as follows, assuming ﬁ;",‘,,‘. ﬁ’,‘;,,l,

ﬁ;,-l-hl for (I, k) € Inyz and the values of p7, Pla» p’fv,p’;, P3es Poys P3: PBs» Piy, OR
a N x N grid to be known.

a) Computation of high modes at#,41:

al) Compute s}, 8%, s onthegridand apply Fourier transforms to get 8 1., 55,1x 86,14
for (L,k) €Iy .
a2) Solve for §P*: (i=1,---3) € Wa.
a3) Compute the values of g'*?, 8.q7"",8,q", (§=1,---3) onthe N x N
grid, for ¢f*! € Wy
b) Computation of the low modes at tn41:

b1) Using the values computed in step a3) evaluate 87"+, §=1,2,3onthe N x N
grid and use FFT’s to get he comresponding spectral coefficients of their projection onto
UN/-.n.

b2) Complete the right hand side with the linear terms Sp~!, i = 1,2,3 and solve
the equations for p7+! in Unya.

b3) Generate the values of pP**, 8.0, 6,pf*!, (i=1,---3) onthe N x N
grid, which shall be used in the following time-step.

Altogether, 24 two-dimensional FRT'son N x N grids will be carried out, 12 when com-
puting the highmodes and 12 for the low modes. The total computational work will be of the
arder of 9(24 N ? log,(3N?/2). This work compares favorably to the #(27N?log,(3N?/2)
of the linear Galerkin method (on Uy), which needed a 3N/2 x 3N/2 grid for alias free
results.

We also consider the possibility of freezing the high modes cocfficients for several time-
steps. In this case the total computational cost consists essentially of the costs for the low
modes equation, being reduced almost by a factor of two.
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5. LINEAR STABILITY ANALYSIS

‘We present a linear stability analysis for the pseudo-spectral linear Galerkin method
described in section (2). The discrete equations are given by:
Vﬂ+1 _ Vn—l . - Vﬂ+1 iPn—1
W PR V)R +Ex BT

+9 (EH) (_‘7#“ : 17;—1)

0 (26)
n4l _ n~1 n+l Stne-l -
NN gV (E__LVL) + Py(V - (5 72)) ~

2 At 2
o A (zn-}-l;zn-l)

Fy,

with Vi = (uy, vn) € Uy x Uy and zy € Un.
Linearizing system (26) around a state with constant velocity 17 1eads to:

+1 _ {n-1 . . L pn+l  pn-l
_VE"2_A:’L+((U.V)V§)+1¢XY"N__’;.VL+

v (z,',‘,“+z,'{,"1) WA(Vn+1+Vn-1) 3
T2 )T 2

|
=

> @n

n+l _ n=1 n+l 4 {n—-1 -
ML_F”V, (!Eﬂ__';_vﬁ._>+u.vz§_

n+41 n—1
—wA (EL'_;_zL) - Fu.

Wo bild the scalar product of the first equation in (27) with go(V+! + V3~') and
add it to the scalar product of the second equation with (z5* + zjy~!) . This, after
simplifying the terms originating from the geopotential and of the divergence, in presence
of the periodic boundary conditions, leads to the expression:

2ol PaH P + 13 P + gomoAIVEH + Vi H2 + moatljzt + 237
= golVa P+ iy 1P - 2008 < T - VIR, VA + V371 >
—2At < T -V, 2t 4 207 > 4248 < Fy, 23t + 2yt >,

where we have V¥ = (u,v), < u,v >= fyu, [V = [u + o2, [uf =< w,u >,
P12 = Nlull? + il NP = luel? + eyl

We add go| V3|2 + |2}y|? to both sides of last equation, in order to get

G 4 g ALl|VEH + Va2 + mdtf|zi + 2P = GP+ NLT +
$2At < Fu,sitt +251 > (28)
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where,
G" = golVR [+ ol V1 + | + 1227'F, (29
NIT = ~290At<U -VVZ, VA + V57! >
oAt < U -V, 20 4257 > (30)

For estimating the term with the mass forcing, we first observe that the integration of (27)
on the whole domain leads to [, z3** ~ 2! = 2At [, Fi. This provides a limitation
of the constant part of the solution (lets denote it by z3;) of the type:

|51 < CnAt|Fu] .

‘We now split 23, = z¥; + 2}, where Z}; has zero mean value. We then have:

28t < Fn, 2ot 4231 > = 288( < Py, 25t 4 2357 > + < P, 53 + 271 >)
< 24t |Fy| (125 + 37 + 1 + 5570)
< 2At |Fy| (2enAt|Fxl + c1]|25t! +z,,, i) 3D
< At [l 4+ 5 4 280 4 L.+ 2onast) [P

In the last estimates we have used a Poincaré inequality and the algebraic inequality
(ab < a?/4 + b%). We also observe, using the periodic boundary conditions, that:

~290At < T - VYR, V21> = 200At < U . VPR, V2 >

Similarly —2At < U - V23, 857! >= 24t < U - V2372, 25 > . Substituting in (30) we
have: .

NLIT = —2gAt < ﬁ-vﬁ;,ﬁ*“ ~2At < U -Vzf, 254 > +
+2000t < U -VVE~2 VR > 42A1 < T - Va2V 2 > = H™H - ™,
with
H' = 29t < U -VVE~1, V2 > —2at < T - VI, 25 >
Using the last expressions in (28) we obtain
G < PP + gAYV + V37 + -voAtuz’“ +2A47Y2

<GF +HP gy 2At(;{ + 2enAt) |Fyl?. 32)

Adding up for j from 1 to n results in

Gt < G*+HMH gl 2(% + 2enAt)n At |[Fyl2. 33)
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|53 < 2008 T|eoliV || V| + 24810 |ollzh I 121
< 200VEIN AT o T [V + 2VEN AT ool 12}
< VANl (90lT37P + g0l 41 + 157112 + 14 T7)
< (V2NAI|T|o) 6.

It then follows from (33) that for any T > 0 fixed and nAt < T
(1-V2NAL T ) G+ < (14 V2NAL U] ) G* + 2(% +2¢T)T |Faf2.

So, if At < TZN—"DT- we have

o+ o< It VINAL @m G+ 2v5le? +2¢T)T
= 1-v2NAt |Ule 1 = v2NAt|U]o

|Fn ). (34

We have therefore proved:

Proposition.- If Az obeys the CFL condition At < VEI_VITITT—' then G* < G +

¢sT |Fn|?, where ¢, and cs are constants, T a fixed time, and G™ is given by (29). It
follows that the scheme is linearly stable.

Observation:

The same proof above applies for the non-linear galerkin method (with projections Pz
and Q). It will lead to the stability condition At < fT?;T"'T indicating that the CFL
condition for the non-linear galerkin method is given by the equation for the low modes.
This agrees with the fact that the equation for the high modes is employed as a diagnostic
equation.

A analysis in which the linearization is done around a spatially variable basic state and the
interaction between low and high modes is present in the resulting system is presented in
2).

6. NUMERICAL RESULTS
We present in this section numerical results obtained with the non-linear Galerkin method,
which are compared with resuits from the pscudo-spectral Galerkin method described in
section (4).

We first consider a smooth solution departing from a balanced (nearly stationary) initial
state (dependent only on y) for F = cos(y)/100, given by
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4, 8 and 16) respectively. In the right (plots b,d and f) the Galerkin (GL)

8,16 and 32, respectively).

Display of the geopotential field after 200 time-steps for several resolutions. In the left (plots a, ¢

FG. 1.

and &) we compare the results of the (linear) Galerkin method with truncations N' = 8, 16 and 32 to the results of

the same method at balf resolution (N

method (with trancations N = 8, 16 and 32) is compared to the non-linear method (NLG) at same resolution

(truncations N
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100 29 go sen(y)

1
Y= 1004 sen(y) (35)

; COS( ) -
100 o Jo v

We adopt here a typical lenght L = 1080K'm, height h = 8km, g = 10m/s?, f~! =
108005 (f is the coriolis factor) and ¥ = &k = 2.25 x 10%m3/s, which correspond to the
choice go = 8,15 = xp = 1/48 in the adimensional model. We integrate the equations
with a forcing term of the order of F = ;’}-’,.

We first compared the different options for the non-linear method, using the equation for
the high modes in diagnostic or prognostic form and either ativated every time-step or only
every many steps. We concluded in favor of using the equations in diagnostic form (the
results produced with the prognostic form were very similar) with the high modes frozen
for many time-steps. The high modes can be kept frozen for many steps (the number of
steps depending on the time-step size and on the solution) without significant changes in
accuracy. However, if they are frozen for too long, there is a loss in precision. In figure
(1) we display results obtained with the non-linear method (NLG) (in diagnostic form and
with the high modes frozen for every 30 time-steps) and with the pseudo-spectral Galerkin
(GL) method at several resolutions. In these tests a small time-step (A? = 9 min.) was
employed, in order to keep the time truncation errors very small. In this way we can
observe better the differences in spatial resolution of both methods. The results, after 200
time steps, show that the non-linear method at a resolution N, has an accuracy close to
that of the corresponding Galerkin method at same truncation and considerably better than
the acuraccy of the Galerkin method at resolution N/2. The lower cost of the non-linear
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FIG.3. Display of the geopotential ficld after 200 time-steps with a local mass source. In the left (plots
2, ¢ snd ¢) we compare the results of the (tinear) Galerkin method with truncations N = 16,32 and 64 10 the

results of the same method at half resotution (N = 8,16 and 32) respectively. In the right (plots b,d and f) the
Galerkin (LG) method (with wuncations N = 16,32 and 64) js compared o the non-linear method (NLG) st
16, 32 and 64, respectively).

same resolution (trancations N
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Galerkin method (compared to the Galerkin method at same truncation) makes the scheme
interesting, In figure (1) the geopotential field is shown for N = 8,16 and 32. In cach
graphic we compare the linear Galerkin method (GL) at truncation N either to the same
method at truncation N/2 or to the non-linear method (NLG) at truncation N.

The relative computational efficiency of the schemes can be seen in (2). For N from 16
to 128 we display the CPU times for the whole integration (200 time-steps) with the Linear
Galerkin (LG), Non-linear Galerkin (NLG) and Non-linear Galerkin with high modes
frozen (NLGF). We observe that the non-linear method (NLG) is faster than LG (for the

same resolution) by around 12% and when the high modes are frozen it is almost twice
faster.

Fijry} —e—

cad3aB88 8

FIG. 4. Shallow Water Equations: Forcing Fy

We also consider less smooth solutions by taking an extra forcing term of the form
Fy(z,y) = 8- ()d, (y) where:
P 2(1. + cos(rs + =), 8| <x(1+7r)
T~ 10, otherwise

(see Figure (4)). This forcing approximates a local (dirac type) mass source at the center
of the domain. The results for the geopotential after 200 time steps (departing from the
same initial state as before) are displayed in figure (3). We present results for the linear
Galerkin method and for the non-linear method with frozen high modes for every 30 steps,
for N = 8, 16, 32 and 64. We can observe the same qualitative behaviour of the previous
example also in this case, in which at least 32 modes are necessary to provide a good resolu-
tion of the solution. Again, the non-linear method at truncation N leads to an intermediate
accuracy, between the ones of the Galerkin method at resolutions N/2 and N, closerto the
latter (at lower cost).

We carried out several stability tests, confirming the CFL-type condition for stability
(dependent on the maximal flow velocities). The numerical experiments also confirmed
that the non-linear method at truncation N is as stable as the Galerkin method at resolution
N/2 (being able to employ time steps twice larger than the Galerkin method at truncation
N). This is a potential advantage of the non-lincar method.
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7. CONCLUSIONS

‘We present a non-linear (pseudo-spectral) Galerkin method for the shallow-water equa-
tions on bidimensional periodic domains, and compare it to a pseudo-spectral Galerkin
method. Both schemes employ a semi-implicit second-order accurate time discretization,
and have a CFL stability restriction governed by the flow velocities, and not by the fast
gravity wave modes of the shallow-water equations. This stability condition is more re-
strictive (by a factor two) for the Galerkin method than for the non-linear scheme. This fact
is verified numerically and supported by a linear stability analysis, in which the stability
criteria are derived. Both schemes are derived to be free of aliasing due to non linear
interaction. With the lincar Galerkin method, employing double Fourier expansions with
N modes in each direction, this is achieved at the cost of using a 3N/2 x 3N/2 auxil-
iary grid in the spectral transforms. In the non-linear Galerkin method we developed, a
N x N grid is sufficient for alias free computations. In this way, every time step of the
non-lincar Galerkin method is faster than the corresponding step of the linear Galerkin
method at same resolution. In the non-linear method we can also freeze the high-modes for
many time-steps, therefore reducing the computational work by a significant amount. Qur
numerical results indicate that the non-linear Galerkin method, even with the high-modes
frozen for many steps, still achieves an accuracy comparable to that of the linear scheme
at same resolution, at a considerable lower cost. This fact makes the approach potentially
interesting for applications. We are currently investigating its use on spectral schemes for
global shallow-water models, with atmospheric applications in view.
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