
ON THE ZETA FUNCTION AND THE AUTOMORPHISM

GROUP OF THE GENERALIZED SUZUKI CURVE

HERIVELTO BORGES AND MARIANA COUTINHO

Abstract. For p an odd prime number, q0 = pt, and q = p2t−1, let XGS be

the nonsingular model of

Y q − Y = Xq0 (Xq −X).

In the present work, the number of Fqn -rational points and the full auto-

morphism group of XGS are determined. In addition, the L-polynomial of this
curve is provided, and the number of Fqn -rational points on the Jacobian JXGS
is used to construct étale covers of XGS , some with many rational points.

1. Introduction

Algebraic curves over finite fields is a significant research topic, in particular because
of its connection with other areas of mathematics. In this context, determining the
number of rational points on a curve is a classical, but often challenging, problem.
While a general method to compute such numbers is out of reach, effective bounds
can be found in the literature. For instance, if Y is a (projective, nonsingular,
geometrically irreducible, algebraic) curve of genus g defined over the finite field
Fq, then the remarkable Hasse-Weil bound gives

|Nq(Y)− (q + 1)| 6 2gq1/2,

where q is a power of a prime p, and Nq(Y) is the number of Fq-rational points on
Y.

Curves attaining the previous upper (resp. lower) bound are called Fq-maximal
(resp. Fq-minimal). For p = 2, an important example is the Deligne-Lusztig curve
associated with the Suzuki group Sz(q) [9], [24], [25], here for simplicity called the
Suzuki curve, which is the nonsingular model YS of

S : Y q − Y = Xq0(Xq −X),

where q0 = 2t, q = 22t−1, and t > 2(1). Indeed in [24, Proposition 4.3], together
with the expression for the Zeta function of YS , the explicit formula for the number
of rational points on YS shows that it is Fq4 -maximal.
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The Suzuki curve is optimal in the sense that its number of Fq-rational points
coincides with the maximum number of Fq-rational points that a curve of its genus
can have [25, Proposition 2.1]. Moreover, in [16, Theorem 5.1], it is shown that this
curve can be characterized by its genus and number of Fq-rational points.

In addition to its maximality and optimality, the Suzuki curve is known for its
large automorphism group. Specifically, it is one of four examples of curves of genus
g > 2 which have an automorphism group of order greater than or equal to 8g3

[26], [27, Theorem 11.127]. Furthermore, in [4] and [23], the investigation of genera
and plane models for quotients of the Suzuki curve is addressed. Past studies also
examined embeddings in PN [2], [11], class field theory [29], the invariant a-number
[15], and Weierstrass semigroups and coding theory [3], [8], [12], [14], [21], [28], [32].
More recently, the construction of a Galois cover of the Suzuki curve in [38] raised
a number of other issues to be investigated [20], [34].

Most of the aforementioned applications were based on knowledge of the number
of Fqn -rational points and the automorphism group of the Suzuki curve. Motivated
by this, for p > 2, q0 = pt, and q = pm, where m, t are positive integers satisfying
m = 2t − 1, let GS be the projective geometrically irreducible plane curve (see
Proposition 2.6) defined over Fq given in affine coordinates by

(1.1) GS : Y q − Y = Xq0(Xq −X),

and let XGS be its nonsingular model, called herein the generalized Suzuki curve.
The objective of this work is twofold. First, the number of Fqn -rational points

on XGS is investigated for all n > 1(2). In addition, the L-polynomial of XGS is
determined. An explicit description of the L-polynomial LY(T ) of a curve Y of genus
g is highly desirable since it encodes significant information such as the number
of rational points on the Jacobian JY of Y. Using this fact, some constructions
of curves with many rational points are presented in [39]. Moreover, considering
the Frobenius endomorphism Φ on JY , then the characteristic polynomial of Φ is
described precisely by T 2gLY(T−1), and from its factorization, the Frobenius linear
series on Y is obtained. For further details, see [27, Sections 9.7 and 9.8].

Second, the full automorphism group of XGS is presented. Additionally, consid-
ering the more general curve X given by the nonsingular model of

Y q − Y = Xq0(Xq −X),

where q = pm and q0 = pt, with m, t being positive integers satisfying 2t > m > t,
and 2t − 1 > m > t if p = 2, one can easily verify that the proof of Theorem
1.3 below also holds for X . Consequently, the curves X and XGS have isomorphic
automorphism groups when p > 2. Further, for p = 2, this extension of Theorem 1.3
answers a question raised by Giulietti and Korchmáros, completing their description
of the full automorphism group of X in [22].

Let p be an odd prime. For each integer k, define

(1.2) η(k) :=

(
k

p

)
=

 1, if p - k and k is a square modulo p
0, if p | k
−1, otherwise,

(2)For n = 1, the number Nqn (XGS ) was previously studied in [35] in connection with geometric

Goppa codes. Also, for p = 3, and considering [17, Proposition 4.2], the curve XGS is Fq-covered
by the so-called Ree curve, and then the information on its maximality given by Theorem 1.1

could be recovered by Serre’s result (see Theorem 2.2).
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where

(
∗
p

)
is the Legendre symbol, and for i a chosen square root of −1, consider

(1.3) p̃1/2 :=

{
p1/2, if η(−1) = 1
ip1/2, if η(−1) = −1.

The main results are the following.

Theorem 1.1. If g denotes the genus of XGS , then the number Nqn(XGS ) of Fqn-
rational points on XGS is described as follows.

1. If p | n, then

Nqn(XGS ) =

{
qn + 1, if n is odd

qn + 1− η((−1)n/2) · 2gqn/2, if n is even.

2. If p - n, then

Nqn(XGS ) =

{
qn + 1 + η((−1)(n−1)/2n) · 2gqn/2p−1/2, if n is odd

qn + 1, if n is even.

In particular, XGS is Fqn-maximal if and only if p | n, n ≡ 2 (mod 4), and p ≡ 3
(mod 4).

Theorem 1.2. Let g be the genus of XGS , and letMp(T ) be the minimal polynomial

of −ζp/p̃1/2 over Q, where ζp is the primitive p-th root of unity e
2πi
p . Then, the

L-polynomial LXGS /Fq (T ) of XGS is given by

(1.4) LXGS /Fq (T ) =

(
pp−1 · (qT 2 − η(−1)) · Mp(p

t−1T )2
) g
p

.

Moreover:

1. If p | n, then LXGS /Fqn (T ) is given by

a)

(
qnT 2 − η(−1)

)g
, if n is odd.

b)

(
qn/2T − η((−1)n/2)

)2g

, if n is even.

2. If p - n, then LXGS /Fqn (T ) is given by

a)

(
pp−1 · (qnT 2 − η(−1)) · Mp(η((−1)(n−1)/2n) · pt−1q(n−1)/2T )2

) g
p

, if

n is odd.

b)

(
q
np
2 T p − η((−1)n/2)

) 2g
p

, if n is even.

Finally, if Fq(XGS ) is the function field of XGS , and x, y ∈ Fq(XGS ) are such that

Fq(XGS ) = Fq(x, y) and yq− y = xq0(xq−x), then the automorphism group of XGS
is described as follows.

Theorem 1.3. The automorphism group Aut(XGS ) of XGS has order q2(q−1) and
is given by the maps

(x, y) 7→ (αx+ β, αβq0x+ αq0+1y + γ),

where α ∈ F∗q and β, γ ∈ Fq. Moreover,

Aut(XGS ) = GoH,
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where G is the Sylow p-subgroup of Aut(XGS ) consisting of the maps

(x, y) 7→ (x+ β, βq0x+ y + γ),

with β, γ ∈ Fq, and H is the cyclic complement of G in Aut(XGS ), which can be
described by the maps

(x, y) 7→ (αx, αq0+1y),

with α ∈ F∗q .

This paper is organized as follows. Section 2 provides the general background
used to prove Theorems 1.1, 1.2, and 1.3, which is done in Sections 3, 4, and 5,
respectively. Finally, in Section 6 some examples and applications of Theorems 1.1
and 1.2 are considered.

Notation

Together with (1.2) and (1.3), the following notation is used throughout this text.

• p is a prime number, q = pm, and q0 = pt for some positive integers m, t.
• For each positive integer n, Fqn is the finite field with qn elements, F∗qn :=

Fqn \ {0}, Fq is an algebraic closure of Fqn , and F∗q := Fq \ {0}.
• TrFqn/Fp and NFqn/Fp denote the absolute trace and norm functions of Fqn ,

respectively.
• The term curve (resp. plane curve) means a projective, nonsingular, ge-

ometrically irreducible, algebraic curve (resp. a projective plane algebraic
curve).
• For a curve Y defined over Fq

– Fq(Y) is the function field of Y, and Fqn(Y) is the Fqn-rational function
field of Y;

– Y(Fqn) is the set of Fqn -rational points on Y, and Nqn(Y) = #Y(Fqn);
– LY/Fqn (T ) is the L-polynomial of Y viewed as a curve defined over
Fqn ;

– JY is the Jacobian of Y, and JY(Fqn) is the group of Fqn -rational
points on JY . Also, assuming that Y has a rational point P0 ∈ Y(Fq),
and considering Y embedded in JY via

P0 7→ 0,

〈Y(Fqn)〉 is the subgroup of JY(Fqn) generated by Y(Fqn).

• e is the Euler’s number, i is a fixed square root of −1, and ζk := e
2πi
k for

each positive integer k.
• For each positive integer k,

µprimk :=

{
ζik : 1 6 i 6 k and gcd(i, k) = 1

}
is the set of roots of the k-th cyclotomic polynomial Φk(T ).

2. Preliminaries

2.1. L-Polynomials and Supersingular Curves. Let Y be a curve of genus g
defined over the finite field Fq, and consider its L-polynomial

LY/Fq (T ) := exp

( ∞∑
n=1

(Nqn(Y)− qn − 1)
Tn

n

)
,
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which is the numerator of the Zeta function of Y.
It is well known that LY/Fq (T ) ∈ Z[T ] has degree 2g and satisfies LY/Fq (0) = 1

[27, Chapter 9]. Further, if ω1, . . . , ω2g ∈ C are the roots of

T 2gLY/Fq (T
−1),

then the following holds:

(2.1) Nqn(Y) = qn + 1−
2g∑
i=1

ωni .

From the Hasse-Weil theorem, |ωi| = q1/2 for all i = 1, . . . , 2g, and then ωi =
q1/2ξi, with |ξi| = 1 for each i. In particular, (2.1) can be rewritten as

Nqn(Y) = qn + 1− qn/2
2g∑
i=1

ξni ,

and thus Y is Fqn-maximal (resp. Fqn -minimal) if and only if ξni = −1 (resp.
ξni = 1) for each i ∈ {1, . . . , 2g}.

The curve Y is supersingular if ξi is a root of unity for all i = 1, . . . , 2g. In this
case, the number

s := min

{
n : ξni = 1 for all i = 1, . . . , 2g

}
is called the period of Y over Fq.

The following result is used in the proof of Theorem 1.1.

Theorem 2.1 (33, Theorem 1). For q odd, let Y be a curve defined over Fq. If Y
is supersingular with period s over Fq, and n = n1k, where n1 = gcd(n, s), then the
following occurs:

1. If n1m is even, then

Nqn(Y)− (qn + 1) = q(n−n1)/2

[
Nqn1 (Y)− (qn1 + 1)

]
.

2. If n1m is odd and p | k, then

Nqn(Y)− (qn + 1) = q(n−n1)/2

[
Nqn1 (Y)− (qn1 + 1)

]
.

3. If n1m is odd and p - k, then

Nqn(Y)− (qn + 1) = η((−1)(k−1)/2k) · q(n−n1)/2

[
Nqn1 (Y)− (qn1 + 1)

]
.

Finally, if Z is a curve defined over Fq which is Fq-covered by Y, then the
following theorem [1, Proposition 5] provides a relation between LY/Fq (T ) and
LZ/Fq (T ).

Theorem 2.2 (Serre). Let Z be a curve defined over Fq, and let ϕ : Y → Z be an
Fq-rational covering. Then, LZ/Fq (T ) divides LY/Fq (T ).
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2.2. On the Number of Fqn-Rational Points of Y p − Y = XR(X). Suppose
that p is an odd prime number. For each positive integer n, we study the number
of Fqn -rational points on a nonsingular model YR of the plane curve given in affine
coordinates by

FR : Y p − Y = XR(X),

where R(X) is a p-polynomial defined over Fq; that is,

R(X) = αkX
pk + αk−1X

pk−1

+ · · ·+ α1X
p + α0X,

with α0, . . . , αk ∈ Fq and αk 6= 0.
The following proposition presents some properties of FR.

Proposition 2.3 (27, Lemma 12.1). The plane curve FR is geometrically irre-
ducible. Moreover:

1. The genus g of FR is given by

g =
pk(p− 1)

2
.

2. P = (0 : 1 : 0) ∈ P2(Fq) is the unique point at infinity of FR. If k = 1,
then FR is nonsingular. Otherwise, P is the unique singular point of FR.
In both cases, P has multiplicity pk + 1 − p and is the center of only one
Fq-rational branch of FR.

Therefore, the number of Fqn -rational points on YR is given by the number of
solutions in F2qn of the equation

(2.2) Y p − Y = XR(X)

plus 1.
To count the number of solutions in F2qn of (2.2), set

B
(n)
R : Fqn × Fqn → Fp

(α, β) 7→ 1

2
TrFqn/Fp(αR(β) + βR(α))

.

One can check that B
(n)
R is an Fp-symmetric bilinear form on Fqn , with associated

quadratic form

Q
(n)
R : Fqn → Fp

α 7→ TrFqn/Fp(αR(α))
,

which satisfies Q
(n)
R (γα) = γ2Q

(n)
R (α) for all γ ∈ Fp, and also

B
(n)
R (α, β) =

1

2
Q

(n)
R (α+ β)− 1

2
Q

(n)
R (α)− 1

2
Q

(n)
R (β)

for all (α, β) ∈ F2qn .

Considering the radical (kernel) of B
(n)
R

W
(n)
R =

{
α ∈ Fqn : B

(n)
R (α, β) = 0 for each β ∈ Fqn

}
,

which is an Fp-linear subspace of Fqn , the following expressions give the number of
solutions in F2qn of (2.2).

Proposition 2.4 (18, Proposition 13.4). The number of solutions in F2qn of (2.2)
is
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1. qn, if mn− dimFp(W
(n)
R ) is odd.

2. qn ± (p− 1)pdimFp (W
(n)
R )/2qn/2, if mn− dimFp(W

(n)
R ) is even.

The following result provides an important tool to determine the dimension of

W
(n)
R .

Proposition 2.5 (18, Proposition 13.1). W
(n)
R consists of the roots in Fqn of the

polynomial

ER(T ) = R(T )p
k

+

k∑
i=0

(αiT )p
k−i
.

2.3. The Curve GS . Let GS be given as in (1.1). From [35, Theorem 1], [17,
Proposition 4.1], and a straightforward calculation, the following holds.

Proposition 2.6. GS is a geometrically irreducible plane curve of genus g given
by

g =
q0(q − 1)

2
.

Further, P = (0 : 1 : 0) ∈ P2(Fq) is the unique point at infinity of GS , which is also
its only singular point, having multiplicity equal to q0.

Considering the nonsingular model XGS of GS , let x, y ∈ Fq(XGS ) be such that

Fq(XGS ) = Fq(x, y) and yq − y = xq0(xq − x). Then, the following occurs.

Proposition 2.7 (10, Theorem 3.3). The extension Fq(x, y)/Fq(x) is a Galois

extension of degree q. Moreover, the only ramified place of Fq(x) is the infinite

place P∞, which is totally ramified in Fq(x, y).

Let Q∞ be the Fq-rational point of XGS corresponding to the unique place Q∞
of Fq(x, y) lying over the infinity place P∞ of Fq(x). Then, the following holds.

Corollary 2.8. P = (0 : 1 : 0) is the center of a unique Fq-rational branch of GS ,
namely the branch of GS corresponding to the point Q∞ ∈ XGS .

This subsection ends with the following result.

Proposition 2.9 (35, Theorem 7). The sets {1, x} and {1, x, y} are bases for the
Riemann-Roch spaces L (qQ∞) and L ((q + q0)Q∞), respectively.

2.4. Automorphism Group. Let Y be a curve of genus g defined over the finite
field Fq. The automorphism group Aut(Y) of Y is defined as the group of Fq-
automorphisms of the function field Fq(Y).

Considering the action of Aut(Y) on the points of Y, the stabilizer of Aut(Y)
at Q ∈ Y, denoted by AutQ(Y), is the subgroup of Aut(Y) consisting of all auto-
morphisms fixing Q. Further, for each non-negative integer i, the i-th ramification

group Aut
(i)
Q (Y) at Q is defined by

Aut
(i)
Q (Y) =

{
σ ∈ AutQ(Y) : vQ(σ(t)− t) > i+ 1

}
,

where vQ is the discrete valuation associated to Q, t ∈ Fq(Y) is a local parameter

at Q, and Aut
(i)
Q (Y) ⊇ Aut

(i+1)
Q (Y) for all i > 0. The following result summarizes

properties of these subgroups.
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Proposition 2.10 (27, Lemma 11.44 and Theorem 11.74). Aut
(0)
Q (Y) = AutQ(Y).

Moreover, Aut
(1)
Q (Y) is the unique Sylow p-subgroup of AutQ(Y), and AutQ(Y) =

Aut
(1)
Q (Y)oH, where H is a cyclic subgroup of AutQ(Y) of order coprime to p.

The following result is used to prove Theorem 1.3.

Theorem 2.11 (27, Theorem 11.140). Suppose that g > 2, and let Q ∈ Y be a
point satisfying

|Aut
(1)
Q (Y)| > 2g + 1.

Then, one of the following cases occurs:

1. Aut(Y) = AutQ(Y).
2. Y is birationally equivalent to one of the following curves:

a) the Hermitian curve

(2.3) Y ` + Y = X`+1

where p > 2 and ` = pk.
b) the Suzuki curve, given by the nonsingular model of

(2.4) Y ` + Y = X`0(X` +X),

where p = 2, `0 = 2k, and ` = 2`20.
c) the Ree curve, given by the nonsingular model of

(2.5) Y `
2

= [1 + (X` −X)`−1]Y ` − (X` −X)`−1Y +X`(X` −X)`+3`0 ,

where p = 3, `0 = 3k, and ` = 3`20.

3. Proof of Theorem 1.1

We prove Theorem 1.1 using the concepts and notation introduced in Subsection
2.3.

3.1. Elementary Abelian p-Extension. The following result summarizes prop-
erties of the extension Fq(x, y)/Fq(x).

Proposition 3.1 (17, Propositions 1.1 and 1.2). Fq(x, y)/Fq(x) is an elementary

abelian p-extension of degree q. The set of intermediate fields Fq(x) ⊆ E ⊆ Fq(x, y)

such that [E : Fq(x)] = p is given by{
Eα : α ∈ F∗q

}
,

where for each α ∈ F∗q , Eα is the intermediate field of Fq(x, y)/Fq(x) given by

Eα := Fq(x, yα),

with yα := (αy)p
m−1

+(αy)p
m−2

+ · · ·+(αy)p+αy satisfying the equation ypα−yα =
αxq0(xq − x). Further, Eα1 = Eα2 if and only if α1 = αα2 for some α ∈ F∗p.

Therefore, there are exactly q−1
p−1 intermediate fields E of Fq(x, y)/Fq(x) such that

[E : Fq(x)] = p.
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Based on Proposition 3.1, for each α ∈ F∗q , consider the plane model (Fα, (x, yα))
for Eα, where Fα is the geometrically irreducible plane curve defined over Fq given

in affine coordinates by(3)

Fα : Y p − Y = αXq0(Xq −X).

Also, let Xα be the nonsingular model of Fα. If

{
αi : i = 1, . . . , q−1p−1

}
⊆ F∗q is

such that {
Eα : α ∈ F∗q

}
=

{
Eαi : i = 1, . . . ,

q − 1

p− 1

}
,

then the following result relates the L-polynomial of XGS to the L-polynomials of
Xαi , for i = 1, . . . , q−1p−1 . Thus the number of Fqn -rational points on XGS can be

expressed as a function of the number of Fqn -rational points on Xαi , with i =

1, . . . , q−1p−1 , for each positive integer n.

Proposition 3.2 (13, Corollary 6.7). Considering the previous notation, then

LXGS /Fq (T ) =

q−1
p−1∏
i=1

LXαi/Fq (T ).

In particular,

(3.1) Nqn(XGS )− (qn + 1) =

q−1
p−1∑
i=1

(
Nqn(Xαi)− (qn + 1)

)
for each positive integer n.

The following lemmas describe the number Nqn(XGS ) for each positive integer
n.

Lemma 3.3. For each α ∈ F∗q , Fq(x, yα) is Fq-isomorphic to Fq(x, y1). In partic-
ular, from (3.1),

Nqn(XGS )− (qn + 1) =
q − 1

p− 1

(
Nqn(X1)− (qn + 1)

)
for each positive integer n.

Proof. Recall that q = pm and q0 = pt, where m = 2t − 1; that is, m − t = t − 1.

For α ∈ F∗q , let β := αp
m−t+pm−t−1+···+p+1 ∈ Fq and γ := NFq/Fp(α) ∈ Fp. Then,

βq0β =

(
αp

m−t+pm−t−1+···+p+1

)pt
αp

m−t+pm−t−1+···+p+1

= αp
m+pm−1+···+pt+1+pt · αp

t−1+pt−2+···+p+1

= αp
m

αp
m−1+···+p+1

= αγ,

(3)The geometric irreducibility of Fα for each α ∈ F∗q follows from the geometric irreducibility

of GS [17, Lemma 1.3].
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and Fq(x, yα) = Fq(βx, γyα), with

(βx)q0((βx)q − (βx)) = βq0βxq0(xq − x)

= αγxq0(xq − x)

= (γyα)p − (γyα).

Therefore,

Fq(x, yα) → Fq(x, y1)
A(βx,γyα)
B(βx,γyα)

7→ A(x,y1)
B(x,y1)

is an Fq-isomorphism between Fq(x, yα) and Fq(x, y1), where A(X,Y ), B(X,Y ) ∈
Fq[X,Y ] and B(βx, γyα) 6= 0. �

Lemma 3.4. For each α ∈ F∗q , E1 = Fq(x, z1) and Fq(x, y1) = Fq(x, z1), where

z1 := y1 − x
q
px

q0
p − x

q

p2 x
q0
p2 − · · · − x

q

pt−1 x
q0
pt−1 − x

q
q0 x

q0
q0 ∈ Fq(x, y1)

satisfies zp1 − z1 = x(x
q
q0 −xq0). In particular, if F̃1 is the geometrically irreducible

plane curve given in affine coordinates by

F̃1 : Y p − Y = X(X
q
q0 −Xq0),

and X̃1 is its nonsingular model, then (F̃1, (x, z1)) is another plane model for E1,
and

Nqn(XGS )− (qn + 1) =
q − 1

p− 1

(
Nqn(X̃1)− (qn + 1)

)
for each positive integer n.

Proof. The equalities E1 = Fq(x, z1) and Fq(x, y1) = Fq(x, z1) follow immediately
from the definition of z1. Further,

zp1 − z1 = yp1 − y1 − xqxq0 + x
q
q0 x

q0
q0

= xq0(xq − x)− xqxq0 + x
q
q0 x

= x(x
q
q0 − xq0)

as desired, and the other statements follow from the geometric irreducibility of F̃1

given in Proposition 2.3. �

3.2. The Number of Fqn-Rational Points on F̃1 : Y p − Y = X(X
q
q0 −Xq0).

Considering the notation as in Subsection 2.2, let F̃1 = FR, where

R(X) = X
q
q0 −Xq0 .

To apply Proposition 2.4, let us determine the dimension of W
(n)
R over Fp based

on the characterization provided in Proposition 2.5. For this, we first note that

ER(T ) = (T − T q)p − (T − T q).

Thus the following statements are equivalent for an element α ∈ Fqn :

1. α ∈W (n)
R

2. ER(α) = 0
3. αq − α ∈ Fp,

and from a straightforward calculation, we obtain the subsequent result.
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Lemma 3.5. Let β ∈ Fp be fixed. Then,

#

{
α ∈ Fqn : αq − α− β = 0

}
=

{
q, if nβ = 0
0, otherwise.

In particular, the splitting field of ER(T ) is Fqp ,

#W
(n)
R =

{
pq, if p | n
q, otherwise,

and

dimFp(W
(n)
R ) =

{
m+ 1, if p | n
m, otherwise.

Recall that m is odd. Therefore, since Proposition 2.3 provides that the genus
of X̃1 is given by

g(X̃1) :=
pt(p− 1)

2
,

as a consequence of Proposition 2.4, Lemma 3.5, and the considerations in Subsec-
tion 2.2, the following holds.

Lemma 3.6. The number of Fqn-rational points on X̃1 can be described as follows.

1. If p | n, then

(3.2) Nqn(X̃1) =

{
qn + 1, if n is odd

qn + 1± 2g(X̃1)qn/2, if n is even.

2. If p - n, then

(3.3) Nqn(X̃1) =

{
qn + 1± 2g(X̃1)qn/2p−1/2, if n is odd

qn + 1, if n is even.

In particular, Nq(X̃1) = qp + 1, and X̃1 is Fqn-maximal or minimal if and only if
p | n and n is even.

Therefore, to determine the sign ± in (3.2) and (3.3), the analysis is separated
in two cases.

3.2.1. The Case p | n. The following result is used to determine the sign in (3.2).

Theorem 3.7 (6, Comments on page 105 and Theorem 7.4). There exist β ∈ Fqp
and an Fqp-rational morphism ϕ : X̃1 → Xβ, where Xβ is the nonsingular model
defined over Fqp of

Y p − Y = βX2.

Based on the previous result, consider X̃1, Xβ , and ϕ defined over the extensions
Fqn of Fqp , where n is even. In particular, β is a square in all these extensions, and
since m is odd, the following occurs.

Proposition 3.8 (6, Lemma 9.1). Let n be an even positive integer such that p | n.
Then, Xβ is Fqn-maximal if and only if η((−1)n/2) = −1; that is, if and only if

p ≡ 3 (mod 4) and n ≡ 2 (mod 4).

Note that the essential part of Proposition 3.8 is given by the information over
the extension Fq2p . Indeed, it follows from (2.1) that if Xβ is Fq2p -maximal, then
it is Fqn -maximal for p | n and n ≡ 2 (mod 4).

Therefore, from Theorem 2.2, the sign in (3.2) is obtained.
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Lemma 3.9. Let n be an even positive integer such that p | n. The curve X̃1 is
Fqn-maximal if and only if p ≡ 3 (mod 4) and n ≡ 2 (mod 4). In particular, (3.2)
can be rewritten in the form

Nqn(X̃1) =

{
qn + 1, if n is odd

qn + 1− η((−1)n/2) · 2g(X̃1)qn/2, if n is even.

3.2.2. The Case p - n. Let s be the period of X̃1 over Fq. From Lemmas 3.6 and
3.9,

(3.4) s =

{
2p, if η(−1) = 1
4p, if η(−1) = −1.

Since gcd(n, s) = 1, for each odd positive integer n such that p - n, and Nq(X̃1) =
qp+1 from Lemma 3.6, the sign in (3.3) is obtained via a straightforward application
of Theorem 2.1.

Lemma 3.10. If p - n, then

Nqn(X̃1) =

{
qn + 1 + η((−1)(n−1)/2n) · 2g(X̃1)qn/2p−1/2, if n is odd

qn + 1, if n is even.

3.3. Conclusion. Theorem 1.1 follows from Lemmas 3.4, 3.9, and 3.10. �

4. Proof of Theorem 1.2

From Proposition 3.2 and Lemma 3.4,

(4.1) LXGS /Fq (T ) =

(
LX̃1/Fq (T )

) q−1
p−1

,

which shows that LXGS /Fq (T ) is essentially determined by LX̃1/Fq (T ). Defining

MX̃1/Fq (T ) := T 2g(X̃1)LX̃1/Fq (q
−1/2T−1) ∈ Q(p1/2)[T ],

then

MX̃1/Fq (T ) =

2g(X̃1)∏
i=1

(T − ξi),

where, for i = 1, . . . , 2g(X̃1), the elements ξi ∈ C satisfy

(4.2) −q−n/2
[
Nqn(X̃1)− (qn + 1)

]
=

2g(X̃1)∑
i=1

ξni .

Note that
MX̃1/Fq (T ) = LX̃1/Fq (q

−1/2T ).

Thus to determine the L-polynomial LX̃1/Fq (T ), it is sufficient to describe the poly-

nomial MX̃1/Fq (T ). Further, since X̃1 is a supersingular curve with period s given

by (3.4), the following holds

(4.3) min

{
n : ξni = 1 for all i = 1, . . . , 2g(X̃1)

}
=

{
2p, if η(−1) = 1
4p, if η(−1) = −1.

From (4.3) and Lemma 3.9,

ξ2i ∈
{

µprimp ∪ {1}, if η(−1) = 1

µprim2p ∪ {−1}, if η(−1) = −1,
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and so

2g(X̃1)∑
i=1

ξ2i = r0

(
η(−1) · 1

)
+ r1

(
η(−1) · ζp

)
+ · · ·+ rp−1

(
η(−1) · ζp−1p

)
,

with ri ∈ N being such that

p−1∑
i=0

ri = 2g(X̃1) = pt(p− 1). Also, (4.2) and Lemma

3.10 imply that

2g(X̃1)∑
i=1

ξ2i = 0,

and then r0 = r1 = · · · = rp−1 = pt−1(p− 1). Thus

(4.4) MX̃1/Fq (T ) =

2g(X̃1)∏
i=1

(T − ξi) =

p−1∏
i=0

(T − λi)mi(T + λi)
ni ,

where mi, ni ∈ N are such that mi+ni = pt−1(p−1), and ±λi are the square roots
of the p elements in {

µprimp ∪ {1}, if η(−1) = 1

µprim2p ∪ {−1}, if η(−1) = −1

for each i = 0, . . . , p− 1. Label the elements λi in a way that

λi =

{
ζip, if η(−1) = 1
iζip, if η(−1) = −1.

Furthermore, from (4.2) and Lemmas 3.9, 3.10,

2g(X̃1)∑
i=1

ξpi = 0 and

2g(X̃1)∑
i=1

ξi = −pt−1(p− 1)p1/2.

Since (4.3) and Lemma 3.9 imply that

ξpi =

{
±1, if η(−1) = 1
±i, if η(−1) = −1,

by the choice of λi and equation (4.4),

g(X̃1) =

p−1∑
i=0

mi =

p−1∑
i=0

ni(4.5)

−pt−1(p− 1)p1/2 =

p−1∑
i=0

(mi − ni)λi.(4.6)

From the Quadratic Gauss Sum [31, Theorem 5.15],

(4.7) p1/2 =

p−1∑
i=0

η(−i)λi.
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Hence (4.5) and mi + ni = pt−1(p− 1) yield n0 = m0 = pt−1(p−1)
2 , and considering

1 6 i 6 p− 1,

(mi, ni) =

 (0, pt−1(p− 1)), if η(−i) = 1

(pt−1(p− 1), 0), if η(−i) = −1.

In particular, MX̃1/Fq (T ) in (4.4) becomes

(T 2 − η(−1))
pt−1(p−1)

2

( ∏
η(i)=1

(T + η(−1)λi)
∏

η(i)=−1

(T − η(−1)λi)

)pt−1(p−1)

.

Let σi ∈ Gal(Q(ζp)/Q) be such that σi(ζp) = ζip, with 1 6 i 6 p− 1. Then, from
the Quadratic Gauss Sum

σi(p̃
1/2) = η(i) · p̃1/2,

where p̃1/2 ∈ Q(ζp) is defined as in (1.3), and

σi(−ζp/p̃1/2) = −η(−i)λi/p1/2 = −η(i) · η(−1)λi/p
1/2

for each i ∈ {1, . . . , p− 1} yields∏
η(i)=1

(p1/2T + η(−1)λi)
∏

η(i)=−1

(p1/2T − η(−1)λi)

= p(p−1)/2
∏

η(i)=1

(T + η(−1)λi/p
1/2)

∏
η(i)=−1

(T − η(−1)λi/p
1/2)

= p(p−1)/2
p−1∏
i=1

(
T − σi(−ζp/p̃1/2)

)
= p(p−1)/2

∏
σ∈Gal(Q(ζp)/Q)

(
T − σ(−ζp/p̃1/2)

)
= p(p−1)/2Mp(T ),

where Mp(T ) is the minimal polynomial over Q of −ζp/p̃1/2. Therefore, (1.4)
follows from (4.1) and the equalities

LX̃1/Fq (T ) = MX̃1/Fq (q
1/2T ) = MX̃1/Fq (p

t−1p1/2T ).

Further, (4.2),

MX̃1/Fqn (T ) =

2g(X̃1)∏
i=1

(T − ξni ),

where MX̃1/Fqn (T ) = T 2g(X̃1)LX̃1/Fqn (q−n/2T−1), and a straightforward calculation

give the second part of Theorem 1.2. �

5. Proof of Theorem 1.3

Consider the notation as in Subsections 2.3 and 2.4. Let AutQ∞(XGS ) be the stabi-

lizer of Q∞ ∈ XGS , Aut
(1)
Q∞

(XGS ) be the unique Sylow p-subgroup of AutQ∞(XGS ),

and H be the cyclic complement of Aut
(1)
Q∞

(XGS ) in AutQ∞(XGS ).

Let G be the set of maps on Fq(XGS ) = Fq(x, y) given by

(x, y) 7→ (αx+ β, αβq0x+ αq0+1y + γ),
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where α ∈ F∗q and β, γ ∈ Fq. One can check that G is a subgroup of Aut(XGS ) of

order q2(q − 1). Moreover, the following lemma holds.

Lemma 5.1. G = AutQ∞(XGS ).

Proof. The inclusion G ⊆ AutQ∞(XGS ) is straightforward. To show the other
inclusion, let σ ∈ AutQ∞(XGS ). From Proposition 2.9, {1, x} and {1, x, y} are
bases for the Riemann–Roch spaces L (qQ∞) and L ((q + q0)Q∞), respectively.
Therefore, σ(x) ∈ L (qQ∞), σ(y) ∈ L ((q + q0)Q∞), and

σ(x) = αx+ γ and σ(y) = α1x+ β1y + γ1

for some α, α1, β1, γ, γ1 ∈ Fq, with αβ1 6= 0. Since σ is an Fq-automorphism,

0 = σ(0) = σ(yq − y − xq0(xq − x)) = σ(y)q − σ(y)− σ(x)q0(σ(x)q − σ(x)),

and thus

(α1X + β1Y + γ1)q − (α1X + β1Y + γ1)− (αX + γ)q0((αX + γ)q − (αX + γ))
= δ(Y q − Y −Xq0(Xq −X))

for some δ ∈ F∗q . Therefore, comparing the coefficients on both sides of the previous
equality, the following is obtained

• α ∈ F∗q
• γ ∈ Fq
• α1 = αγq0 ∈ Fq
• β1 = αq0+1

• γ1 ∈ Fq,
which completes the proof. �

Consider the subgroup of AutQ∞(XGS ) consisting of the maps

(x, y) 7→ (x+ β, βq0x+ y + γ),

where β, γ ∈ Fq, which is a Sylow p-subgroup of AutQ∞(XGS ) (of order q2). From

Proposition 2.10, this describes the subgroup Aut
(1)
Q∞

(XGS ). Also, the cyclic com-

plement H of Aut
(1)
Q∞

(XGS ) in AutQ∞(XGS ) can be given by the maps

(x, y) 7→ (αx, αq0+1y),

where α ∈ F∗q , which has order q − 1, and

AutQ∞(XGS ) = Aut
(1)
Q∞

(XGS )oH.

Finally, from Theorem 2.11, Aut(XGS ) = AutQ∞(XGS ), which completes the

proof. Indeed |Aut
(1)
Q∞

(XGS )| = q2 > q0(q − 1) + 1 = 2g + 1, where g is the genus

of XGS , and also, since p 6= 2, a comparison of genus (when t > 1) and inflection
points (when m = t = 1) shows that XGS is not birationally equivalent to any of
the curves (2.3), (2.4), and (2.5). �
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6. Applications, Examples, and Remarks

The following result regarding Hilbert class fields of curves can be found in [36, p.
367] and [37, Ch. VI, Sect. 2(8)].

Theorem 6.1. Let Y be a curve defined over Fq of genus g(Y) > 2. Assume that
Y has a rational point P0 ∈ Y(Fq), and suppose that Y is embedded in its Jacobian
JY by considering

P0 7→ 0.

If 〈Y(Fq)〉  JY(Fq), then, for each divisor i of [JY(Fq) : 〈Y(Fq)〉], there exists an
étale cover Z of Y of degree i and genus g(Z) = i · (g(Y) − 1) + 1, which satisfies
Nq(Z) > i ·Nq(Y).

The following example remarkably illustrates Theorem 6.1.

Example 6.2. Let p = 7 and t = 1, and consider XGS embedded in JXGS via

Q∞ 7→ 0.

Using Magma [5], it is possible to check that

JXGS (F7) =
Z

1822Z
+

Z
1822Z

+
Z

1822Z
+

Z
1822Z

+
Z

3644Z
+

Z
3644Z

+
Z

3644Z

=
Z

1822Z
+

Z
1822Z

+
Z

1822Z
+

Z
1822Z

+ 〈a1〉+ 〈a2〉+ 〈a3〉,

where ai has order 3644 = 4 · 911 for all i = 1, 2, 3, and that the order of each
F7-rational point of XGS is 1822 = 2 ·911. In particular, the order of any element of
〈XGS (F7)〉 divides 1822, which shows that ai /∈ 〈XGS (F7)〉 for each i = 1, 2, 3, and
[JXGS (F7) : 〈XGS (F7)〉] > 1. Further, 911ai + 〈XGS (F7)〉 has order 2 or 4 in

JXGS (F7)

〈XGS (F7)〉

for each i = 1, 2, 3, and so these elements generate a subgroup of order 8.

From Theorem 6.1, there exists an étale cover Z(8)
XGS

(resp. Z(4)
XGS

) of XGS with

genus 161 = 8 · (g(XGS ) − 1) + 1 (resp. 81 = 4 · (g(XGS ) − 1) + 1) and at least
400 = 8 · N7(XGS ) (resp. 200 = 4 · N7(XGS )) rational points. We point out here
that from Oesterlé’s bound, a curve of genus 161 (resp. 81) defined over F7 has at
most 410 (resp. 226) F7-rational points.

Moreover, also from Theorem 6.1, there exists an étale cover Z(2)
XGS

of XGS with

genus 41 = 2 · (g(XGS )−1)+1 and at least 100 = 2 ·N7(XGS ) rational points, which
shows that

N41(7) := max

{
N7(Y) : Y is a curve of genus 41 defined over F7

}
> 100

and gives a new entry in [19]. �

Deciding whether or not the set of Fq-rational points on a curve Y defined over
Fq generates the group JY(Fq) is not an easy task. However, in some cases this
can be done using information on the number of Fq-rational points on Y and on its
L-polynomial. For instance, the following result can be found in [39].
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Theorem 6.3 (Voloch). Let Y be a curve defined over Fq of genus g(Y) > 2,
and assume that Y has an Fq-rational point. If Nq(Y) = Nqn(Y) and LY/Fq (1) <
LY/Fqn (1), then, for each divisor i of LY/Fqn (1)/LY/Fq (1), there exists an étale
cover Z of Y of degree i and genus g(Z) = i · (g(Y) − 1) + 1, which satisfies
Nqn(Z) > i ·Nqn(Y).

As a consequence of the previous result, the following occurs.

Corollary 6.4. For each divisor i of LXGS /Fq2 (1)/LXGS /Fq (1), there exists an étale

cover of XGS of degree i with at least i(q2 + 1) rational points over Fq2 and genus
i(g − 1) + 1. Moreover, if p > 3 and p ≡ −1 (mod 3), then for each divisor i of
LXGS /Fq3 (1)/LXGS /Fq (1), there exists an étale cover of XGS of degree i with at least

i(q2 + 1) rational points over Fq3 and genus i(g − 1) + 1.

To prove Corollary 6.4, the following lemma, whose proof is straightforward, is
used.

Lemma 6.5. Consider the notation as in Section 4. Then,

pp−1Mp(T )Mp(−T ) = Φp(η(−1) · pT 2),

and Mp(T ) corresponds to the irreducible factor of Φp(η(−1) · pT 2) with positive
linear coefficient. In particular,

LXGS /Fq (1) < LXGS /Fqn (1)

for each positive integer n.

Proof of Corollary 6.4. From Theorem 1.1, Nq(XGS ) = Nq2(XGS ). Further, if p > 3
and p ≡ −1 (mod 3), then Nq(XGS ) = Nq3(XGS ). Therefore, the result follows from
Theorem 6.3 and Lemma 6.5. �

Example 6.6. To apply Corollary 6.4, an explicit description of the well-known
equality

LXGS /Fq2 (1)

LXGS /Fq (1)
= LXGS /Fq (−1)

is desirable. Based on Theorem 1.2, the following examples illustrate the cases
p = 5, 7.

p = 5.p = 5.p = 5. Here,
52 · M5(T ) = 25T 4 + 25T 3 + 15T 2 + 5T + 1,

where M5(T ) is the minimal polynomial of −ζ5/51/2 over Q. Therefore,

52 · M5(5t−1T ) = q2T 4 + qq0T
3 + 3qT 2 + q0T + 1,

which gives that

LXGS /Fq (T ) =

(
(qT 2 − 1) · (q2T 4 + qq0T

3 + 3qT 2 + q0T + 1)2
) g

5

.

In particular,

LXGS /Fq (1) = (q − 1)
g
5 ·
(
q2 + qq0 + 3q + q0 + 1

) 2g
5

and

LXGS /Fq (−1) = (q − 1)
g
5
(
q2 − qq0 + 3q − q0 + 1

) 2g
5 .
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p = 7.p = 7.p = 7. Analogous to the previous case,

LXGS /Fq (T ) =

(
(qT 2 + 1) · (q3T 6 + q2q0T

5 + 3q2T 4 + qq0T
3 + 3qT 2 + q0T + 1)2

) g
7

.

In particular,

LXGS /Fq (1) = (q + 1)
g
7 · (q3 + q2q0 + 3q2 + qq0 + 3q + q0 + 1)

2g
7

and

LXGS /Fq (−1) = (q + 1)
g
7 · (q3 − q2q0 + 3q2 − qq0 + 3q − q0 + 1)

2g
7 .
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