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Abstract. Let M 2 be a ruled surface in S3(1) or in H 3(-l), given locally by 
its natural parametri7,ation X(s, t). We show that such a ruled surface with 
non-constant curvature, is a Weingarten surface if and only if K and H are 
constant along s. This is a well known fact for ruled surfaces in R3. 
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1. Introduction 

Let (Q3 (c) be a complete, simply connected Riemannian manifold of constant sec­
tional curvature c = ±1. We can assume that (Q3 (c) is the unity sphere S3(1) = 
{(x1, x2, X3, X4) E R4 : xf + x~ + x5 + x~ = 1}, if c = 1, or the hyperbolic space 
H3(-1) = {(x1,X2,X3,X4) E JL4

: -xr+x~+x~+x~ = -l,x1 > 0}, ifc= -1, . 
where n..4 denotes the 4-dimensional Lorentz-Minkowski space, that is,the Eu­
clidean space R 4 endowed with the pseudo-metric { , ) := -dxf + dx~ + dx~ + dx~. 

We say that a 2-dimensional submanifold M 2 of (Q3 (c) is a ruled surface if 
there exists a foliation of M 2 by geodesics of (Q3 (c). It is known that any ruled 
surface in (Q3(c) can be locally parametrized by 

X(s, t) = exp,0 (,)(t e1(s)) 

where exp is the exponential map of the space forms (Q3(c) and e0 (s), e1(s) are 
suitably chosen curves in R4 or JL 4, see the next section. 

A surface is called a Weingarten surface or a W-surface, if the Gaussian 
curvature K and the mean curvature H satisfy a nontrivial relation 1p(H, K) = 0. 
For any local parameters (s, t) on M 2 , this is equivalent to H,Kt - H1K. = 0. 
Surfaces with H or K constant are clearly Weingarten surfaces. Also a helicoidal 
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surface (that is, a surface S C «l(c) which is invariant by a helicoidal motions of 
Q23(c)), is also a Weingarten surface. 

The ruled surfaces in R 3 that are also W-surfaces are well understood and 
were classified independently by Beltrami [l] and Dini [2] around 1865. A short 
proof of their result is given in [3]. In the course of the proof it is shown that a non­
developable (K 'f' 0) ruled surface in R3, given locally by X(s, t) = ea(s) + te1 (s) 
where ea(s) is the striction line, is a Weingarten surface if and only if H and K 
are constant along the translational parameter s. In this work, we show that this 
is also true for ruled surfaces in a?(c), c = ±1. 

2. Preliminaries 

From now on we consider a ruled surface M 2 in Q23(c). Then M 2 can be locally 
parametrized by 

X(s, t) = exp•ol•)(t e1 (s)) 
= ea(s),pa(t) + e1 (s)<p1 (t), 

{l) 

where 

{ 
<pa(t) = cosht, <p1 (t) = sinht, if c = -1, 
<pa(t) = cost, <p1(t) = sint, if c = 1, 

ea(s) is a curve in M 2 and ei(s) is a unit vector tangent to M 2 along ea(s) such that 
(C-O, e 1} = 0, (e1, e1} = 1 and (ea, e1) = 0. Moreover, we may choose the para.met-er 
s such that (e1 , e1) = 1, where the dot means the derivative with respect to s. 

It is convenient to introduce the following notation 

{ 

A(s) =I eo 12 
- (ea, e1)2 

B(s) = 1 - c (ea, e1)
2 

P(s, t) = A(s)rp5(t) + B(s)rpI(t) 
Q(s, t) = (ea, e1 /\ e1 /\ ea) 
h(s, t) = F(s)rp5(t) + D(s)rpI(t) + (L(s) + G(s)),pa(t)<p1(t}, 

where F(s), D(s), L(s) and G(s) are given by 

{ 

F(s) = (ea, e1 A eo A ea), 
D(s) = (e1,e1 Ae1 /\ea}, 
G(s) = (e1, e1 /\ea/\ ea), 
L(s) = (ea, e1 A e1 A ea), 

(2) 

(3) 

and u Av I\ w denotes the vector in R4 or JL4 characterized by (z, u Av I\ w} = 
c det(z, u, v, w}. We observe that Q2 = cAB. 

Let us take .x. and X 1 tangents to M 2 and { = X, I\ Jb /\ X normal to M 2
, 

where .x. = x.- < X 1, x. > X 1• The coefficients of the second fundamental form 
of the immersion are given by 

e _ 0 / _ _ ...fL g = h+2<<o,ca>9 
- ' - 1x.1• 1x.1 ' (4) 

and it follows that the Gaussian and mean curvature of the surface are 
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K=c-i, H _ (h+2Q(co,<1)) 
- 2P~ 

From the Codazzi's equation we get that 

Then 

ftX, +/Vx,X,+g, 1;,·1, +gVx,f?.j; =t. 1;;1,+ 

+ /V x, 1('1• - < x., x, > (It 1('1• + /V X, 1('1•) 

or equivalently 

/, _ I (X,. X,t) 

3 

(5) 

I .x.12 , 
1 

9t - ,. !---(- < x .. ,x. > + < x.,x, > (6) 
I x.12 

( )) 
(X,, X,1} 

< x .. ,x, > +3 < x.,x., > + 9 -
2 

• 
Ix, I 

Since P(s, t) =Ix. 12 , by (4) it follows that 

QP, 
ft= 2?3/2' 

(
2QP-P,Q) 

I,= - 2?3/2 ' 

Using that 

Pi = 2 < x,,, x. > 

and 

P. = 2(< x .. ,x. > - < X,,X1 > (< x .. ,X, > + < X.,X,1 >) 

we have that (6) can be written as 

h1P- P,(h+ < eo,e1 > Q) + QP- P,Q = 0. 

It follows by (3) and (7) that M2 verifies 

{ 

-QA+ A(G +L+ Q) = O 

-QB - B(G + L - Q) = O 

-B(F+ < eo,e1 > Q) + A(D+c< eo,e1 > Q) = 0 

(7) 

(8) 
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3. Main result 

Lemma 3.1. Let M 2 C «23 (c), c = ±1, be a ruled connected surface parometrized as 
in (1) and such that the Gaussian curvature is not constant. If K 1H. - K.H, = 0, 
then K, = 0 and H, = 0. 

Proof. By hypothesis, there exists a point p E M 2 such that Q(so) f: 0, where 

p = (so, to)- Therefore there exists an interval ii C R. with so E ii, such that 

Q(8) f: 0 Vs E ii, that is, there exists a neighbourhood V c M 2 of p such that the 
Gaussian curvature of M 2 it is not constant. In this neighbourhood it holds that 

where 

H,K, - H1K, = 0 <-> ½QP.7(s, t) = 0 
<-> .7(s, t) = 0, 

.7(s, t) = g1(s)cp1(2t) + g2(s)cp1 (4t) + g3(s)cpo(2t) + g4(s)cpo(4t) + 9&(s), 

with 

91 (s) = 2Q( (F - cD)(A + cB) - (A - cB)(4Q < iio, e1 > +P + cD)) + 
+ (-cB (5F + cD + 4 < eo, e1 > Q) + A(F + 5cD + 4 < eo, e1 > Q))Q, 

92(s) = 2Q( -c(F - cD)(A - ci:J) - (A - cB)(F - cb)) + 
+ (A - cB)(- cF + D)Q, 

93 (s) = 4(G + L)(Q(A + ci:J) - c(cA + B )Q), 

94(s) = 2Q((G + L)(A - cB) - (A - cB)(G + i)) + (A - cB)(G + L)Q, 

9s(s) = 2Q(A - cB)(G + i) + (G + L)(2Q(A - cB) + 5c(-cA + B)Q) . 

Therefore 

H,K1 - H1K, = 0 ¢a} .7(s, t) = 0 
<-> 91(8) = 92(s) = 93(s) = 9c(s) = 95(s) = 0. 

It is not difficulty to verify that these equations satisfy the matricial relation 
[X] . [Y] = [W] where 

[

-2Q(A-cB) 
2cQ(A-cB) 

[X]= 0 
0 
0 

-2cQ(A-cB) 
-2Q(A-cB) 

0 
0 
0 

0 
0 
0 

-2Q(A-cB) 
2Q(A-cB) 

2Q(F-cD) 
-2cQ(F-cD) 

Q(G + L) 
2Q(G+L) 
2Q(G+L) 
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- r d 1 -Q ((A - cB)(D - cF) 
[W] = cQ_ (G + L)(cA + B) , 

-Q (G + L)(A - cB) 
-5cQ(G + L)(-cA + B) 

with a= -8Q(< eo,e1 > (F - cD) + Q(A - cB)), b = -4Q < e0, e1 > (G + L) 
and d = -Q (4 < eo,e1 > Q(A - cB) + A(F + 5cD) - B(5cF + D)). 

Lets [X](s;) be the matrix [X] evaluated in the points;. Suppose that there 
exists a point s 1 E V such that det [X] (si) -! 0. Then there exists an interval 
Uc V with SJ E (/ such that det [X] (s)-! 0, Vs Eu. In u, [xr1 is well defined, 
and then from [Y) = [xr 1 . [W] it follows that 

F = ~- Q'¥J-<•••••> + < eo, e1 > + 2 , 

b = ~ . ~ <eo,e,> + C < eo,el > Q + 2 , 

(G+l) = 3{G+L)Q 
2Q , 

(9) 

le~l2 == (A-cB)Q 
Q ' 

<e,,ei,> = -cB!,Z 
2Q<e'o ,e1> · 

In order to determine which conditions M2 have to satisfy such that the 
equation KiH, -K ,H1 = 0 is verified, we just have to solve the system (9). The last 
equation of the system is equivalent to S be constant, but in this case, its follows by 

(8) that G + L = 0, which is a contradiction, since det [X] = 256 Q5 (eo, e1} (A+ 
-cB)3(G+ L)2 • Then det[X] = 0 in V. 

Using (8) it is not difficult to verify that det [X] = 0 # G + L = 0, and 
consequently, ~ and S are constant. By (5) and (2) it follows that K, = 0 in V . 
Now using this and the equation K,H, - K 0 H1 = O it follows easily that H. = 0 
in V . □ 

We have proved the following result 

Theorem 3.2. Let M 2 c al3(c} be a ruled connected surface parametrized as in 
(1) and such that the Gaussian curvature is not constant. Then the following are 
equivalent: 
i) M2 is a Weingarten surface; 
ii) The mean and Gaussian curvatures are constant along the parameters. 
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