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1. Introduction

The study of Lorentz-breaking extensions for various field theory models gave origin to the Lorentz-violating standard model extension
(LV SME) [1,2]. Within this theory, all possible minimal LV couplings of scalar, spinor, and gauge fields (both Abelian and non-Abelian
ones) are considered. A further development of the LV SME allowed the inclusion of gravity and the introduction of LV gravity-dependent
terms [3]. In numerous papers, various aspects of new LV models were studied, such as dispersion relations, exact solutions, quantum
corrections, modifications of known spacetime metrics, and so on. Nevertheless, the list of models presented in [1-3] is actually only
a partial one. First of all, nonminimal terms involving higher-dimensional operators, and, in particular, higher derivative terms, can be
introduced as well. A list of such terms with dimensions up to 6 is presented for non-gravitational theories in [4], and for the presence
of gravity - in [5]. Second, it is interesting to construct LV models involving other fields. Certainly, the very natural candidate to be
introduced within LV theories is the spin-3/2 Rarita-Schwinger (RS) field [6], known for applications within the supergravity context (see,
e.g., [7]) and studied within the phenomenological context as well, see e.g. [8] for scattering of spin-3/2 particles, and [9] and references
therein for study of A baryons representing themselves as observed examples of spin-3/2 particles. Some tree-level aspects of the theory
of the RS field, including the derivation of propagators, are discussed in [10,11]. In our previous paper [12], we coupled the RS field to the
Abelian vector by adding the LV term proportional to Bys which is a natural generalization of the term v/Bysy treated within the standard
minimal LV QED. Now, we generalize the results obtained there to the non-Abelian case, reproducing the non-Abelian Carroll-Field-Jackiw
(CFJ) term discussed in great detail in [13] and shown in [14] to arise as a quantum correction in a theory where non-Abelian gauge field
is coupled to usual fermions; our result turns out to be finite but ambiguous.

The structure of the paper looks as follows. In section 2, we write down our Lagrangian and the corresponding Feynman rules, i.e.,
the propagator, the insertion, and the vertex. Section 3 calculates the one-loop contribution to the non-Abelian CFJ term through the
two-point and three-point functions. Finally, in Summary (section 4), we discuss our results.

2. Lagrangian and Feynman rules

The starting point of our study is the Lagrangian of the spin-3/2 field further referred as RS field, coupled to the Yang-Mills field with
the inclusion of a Lorentz-breaking term proportional to the constant axial vector b*, given by

L= T30, G+ AT —m — bys)hy, M
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Fig. 1. CFJ contributions to the two-point function of the vector field.

where o*¥ = %[y“, y"1 is the Dirac sigma matrix, and A, = A}, T" is the Lie-algebra valued Yang-Mills vector field, with T being the
generators of some Lie group algebra satisfying the relations tr(T2Th) = 8% and [T, Tb) = if9CTC. We note that the Lagrangian of the
form &M%{U’“’, (id + gA°T —m)} we use here, which is slightly different from that one used in our previous paper [12], seems to be
more appropriate for introducing Lorentz symmetry breaking, being, in a certain sense, the analog of the generalized LV Lagrangian for
the spinor QED [15].

The above Lagrangian can be rewritten as

L=, ((B—mgh’ —i(y"D" +y"D")+iy By’ + my*y”
+Bysgh’ — (y*bY + ¥ b)Y ys + y By Vys) Yo, (2)

where D, =9, — igAfLTa is the covariant derivative. It is easy to observe that the above expression is the most usual form of the free
spin-3/2 Lagrangian corresponding to the choice A = —1, for more details, see Ref. [11,12].
Let us now consider the Feynman rules. For the spin-3/2 field propagator in D dimensions, we have (cf. [11], with A= —1):

i p+m wv ° U_D—Zp”p"_ 1 yHpY —yVpHt
p%z —m?2 & D_]J/)/ D—1 m2 D -1 m '
We note that the above expression depends essentially on the spacetime dimension. This form is appropriate within the dimensional

regularization framework we use in the paper. The coefficient for Lorentz and CPT violation b, leads to an insertion in the spin-3/2 field
propagator, given by

iGHY(p) = (3)

—i(g" Bys — (FbY + y by ys + y By ys) = —ibyy Vs, (4)
where y#V = ghVy* — ghhyV _ gyt 4 Ky 2V For the RS-photon vertex (that we refer to as the minimal one), we write
ig (g yh — (g™ +yVehh) + iy YY) T = igy T (5)
These vertices will be used for constructing the Feynman diagrams.
3. Two-point and three-point functions
Let us write down the contributions to the two and three-point functions of the gauge field. The two-point one, in which the graphs

are depicted in Fig. 1, is similar to that in the Abelian case [12] but involves an additional trace related to Lie algebra generators.
The corresponding action, with one insertion of the coefficient b, in the propagator G*"(p), is given by

S(z) i d4p

G =5 [ G T + M) 48 ) AL p) ©

with
d*k
M§P** = — gt (TT?) tr f WW“GW ()b y*PysGpp (k) P™ Gopu(k + p), (7a)
d*l
M4P*" = —g2tr(TTP) tr YV G (K)Y P70 G (k+ Pbiey® P ys Gk + p). (7b)
Q)

So, by expanding G*V(k 4+ p) up to the first order in external p, we can write G*¥(k + p) = G*V (k) + G*" (k, p) + O(p?), where

1 1 D — 2 kHkY 1 yHkY —yVkH
GMVk,p) = ———p—(gHV — ——yHyV _
(k. p) lé—mp —m(g D—]y 14 D—1 m? D—-1 m )
_ 1 (D-2kMpt4kpt 1 ytpt—ypt (8)
kK—m\D-1 m2 D-—1 m '
In a total analogy with the Abelian case [12], we can write
d*k
n{e™ = —g’w(TT") tr / Wy““cmaobxy“"ﬁyscﬂpm)yp”cwac, D), (9a)
d*k
n§y™ = —g*u(TT") tr / Goryd?" G Ry Gaak, Dby 5 G ), (9b)
d*k
Mgt = —g*tr(TT) tr / Goryi? " G0y ™ Goa Wby P ysGpu k. p). (9¢)

2
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Notice that these expressions involve the computations of the trace of just one ys matrix times a product of usual Dirac y’s matrices.
Requiring the Dirac matrices in an arbitrary space-time dimension D in such a manner that the anticommutation relation {y,, ys} =
0 is valid at D =4 — ¢ as well, we move the y5 matrix to the utmost right position and compute the traces as in four dimensions
(tr Vi VaYuvv Vs = i€, v, for example). We then extend the calculation to D dimensions so that d*k/(2m)* goes to u*—PdPk/(2m)P,
with p being an arbitrary scale parameter with the mass dimension 1 and g,,g"" = D (actually, this procedure is the dimensional
reduction [16]). Thus we will obtain

[AT 4D dPk 4ig?sPet*Th, p, [2(D(3(D —11)D + 152) — 350)D + 696
- @2m)P (D -1)3Dm? k2 —m?
(D((((D —9)D + 9)D + 89)D + 86) — 992)m?

(k2 —m2)2
2(D(D(((D —9)D +11)D + 85) — 116) — 260)ym*
- ) } , (10a)
@t _ 4_9/ dPk 8ig2s®PeHvrTh, p, [Z(D(((D —7)D —3)D +83) — 110)
@m)P (D -1)3Dm? k2 —m?2
(D((((D —1)D —47)D + 185)D + 86) — 992)m?
2(k2 _ m2)2
(D(D(((D 9)D + 11)D + 85) — 116) — 260)m*
@ =) ] , (10Db)
Mabie _ 4D d’k_4ig*5®e"" b, p, [2(((D —4)D+2)D +4)
2m)> (D —-1)2Dm? k2 —
(D(((D —12)D 4 37)D + 10) — 144)m?
(kz _ m2)2
4
_AD sz]);jns;)g?r 38)m ] . (100

Actually, the only difference from the Abelian case consists of the trace factor. Finally, by calculating the integrals in D dimensions, the
results are

abkr — 222_Dn /’L4 PmP-4 _ 2 ab IWM'b
H —g r{3 §€ uPv
(D—2)(D—-1)3D 2

x(D(D(D(D((D — 9)D + 15) + 37) 4 16) — 220) + 224), (11a)
92-D - 2M4 Dy,D—4 D
abit _ _ ;2 _ 2 Y gab_puvat
™ = (D—2)(D—1)3D F(3 2)5 € buby
x((D —2)(D —1)D(D((D — 6)D + 11) + 42) — 32), (11b)
e —o. (11c)

Then, in D =4, we have

43
abxr ab VAT
|} ks —g25 5471_26 bupv, (12a)
79
b 2 cab A
Hga T=—gs" Tj‘[zdw pr,pu, (12b)
e — o, (12¢)

which are finite despite the integrals being badly (sextically) divergent by power counting. Adding these results, we get
Habkr Habkr + Hgg)x‘[ + ngll)))nf
61
2 cab VAT
—g°8® —— MV Tp . 13
50 e b (13)

The next step is calculating the three-point function, whose graphs are depicted in Fig. 2.
Since we are interested only in zero-order contributions to the three-point function, we can suppress the p dependence of propagators.
Therefore, in this case, we have the action

& _ i [ d'p d*p,

abcite abcite abcite b c
CF] — emi ] en)i (I + 1T, + I3 YA (—p1 — p2) AT (P1) AL (D2), (14)

with



M. Gomes, J.G. Lima, T. Mariz et al. Physics Letters B 845 (2023) 138141

Fig. 2. CFJ] contributions to the three-point function of the vector field.

d*k

M4P€ = GBer(TT T tr / Wy“*”cw(k)bxy““ﬁysc,sp<k>yf’“’Gaa<k>y“"cw<k>, (15a)
d*k

NPATe — g3tr(TITETC) tr/ ﬁ)/MAUGW)(I())/'OH’Gga(k)bK)/akﬁ)/scﬁg(k))/aencnu_(k), (15b)
d4

nPerre — g3er(TITPTC) tr/ QT;y“*”GUp(l<)fo“Gm(k)y“"cna(k)bky"‘“ﬁyscﬁu(k). (15c)

These expressions will be calculated following the same route chosen above to proceed with the tensors (9). After computing the trace,
we obtain

Habckre _ M4—D
1 =

dPk 4ig3 fabeerivep, [2((D((2D — 35)D + 257) — 804)D + 868)
Qm)P (D-1)3Dm? k2 —m?2
_(DAD((D = 7)D +17) — 109)D + 834) — 1840)m?

(k2 _ m2)2
2(D+1) (D (D(D —5)* +52) —212) m*
— 5 5 , (16a)
(k2 —m2)3
[abeiTe _ 4D dPk 4ig? fbcer T€p, [2(D —2)(2D — 7)D +2)
2 @m)? (D —1)2Dm? k2 —m2
N (D(((D —10)D + 23)D + 14) — 64)m?
(k2 _ m2)2
4(D+1)((D —7)D + 14m*
4D+ 1 )D +14) , (16b)
(k2 _ m2)3
Labcie _ 4D dPk 8ig®f®cer T€h, [D((17D —193)D + 684) — 772
3 @m)P (D —1)3Dm? k2 —m2
N (D((((D —3)D —19)D + 19)D + 594) — 1648)m?
2(k2 —m?2)2
(D (D(D —5)? 4 52) — 212) (D + )m*
. (16¢)
(kz _ m2)3
Now, performing the integration, we arrive at the following results:
22—D7T7%M4—DmD—4 D
nabckre — _g3 r(z3—= abc ,u)n:eb
1 & (D—2)(D—1)3D 2 fe H
x((D = 1)D(D + 3)(D((D — 11)D + 48) — 76) + 320), (17a)
ngP € =0, (17b)
_ _D _ _
Habckre - _ 322 P> /’L4 PmP—4 _ 2 fabcép')‘feb
3 (D—2)(D—1)3D H
x(D +2)(D(D(D((D — 11)D + 53) — 93) — 14) + 160). (17c)
Therefore, in D =4, we get
41
quckre — _ngabc a7 GMMGbM, (18a)
chlbckre —0, (18b)
81
Hgbc)\re — _g3fabc 4 E’”“b,,, (18¢)

As observed above, despite the integrals being divergent by power counting, the tensors are finite, resulting in the sum

4
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bca bca bca bca
Hacre=nacre+nacre+ngcre
fabc E“Mebu, (19)

which has the same coefficient of T1%°*T (13), as expected for the gauge invariance. Then, we obtain the result perfectly replaying the
non-Abelian CFJ term [13,14,17]:

2
Lcpy =trkge*™ P (A, 0,A, — gigAMAVAp), (20)
where the vector «,, is finite and, as we will see below, ambiguous. Explicitly, within the scheme we use here,

61g2
5472 %

i.e., the result is finite.

Let us now use an alternative prescription for calculation, namely, the 't Hooft-Veltman regularization scheme [18]. In this prescription,
we split the D-dimensional y* and g"V into 4-dimensional and (D — 4)-dimensional parts, i.e., y* = y* + pH and gh¥ = gV + g1, and
consider the relations {y*, ¥} =2gH", {pH, p¥}=28", {y*, P} =0, {¥u, s} =0, and [Py, y5] =0, with the contractions g;,,g"" =4,
guwg"' =D —4and g,,g"" =0.

Thus, for the two-point function expressions (9), by taking into account these rules and performing the trace, we obtain

Ko = (21)

Habkr nabkr Habkr

ap [ dPk 4ig?s®ervTh, p, [2(D —2)(2D —11)D +18)
2m)P (D —1)2Dm?
(D(((D —10)D + 15)D + 94) — 256)m?

k2 —m?2

(kz _ m2)2
4(—D>+6D?+ D — 46)m*
( ) . (22a)
(k2 _ m2)3
The tensors yield the same result, which after the integration vanishes, i.e., we get
Habxr l—IabAr Habxr 0. (23)
Finally, for three-point function expressions (15), we obtain
quckre — Hgbc)»re
ap [ dPk 4ig?s®etvTh, p, [2(D —2)((2D —11)D + 18)
2m)P (D -1)2Dm? k% —m2
(D(((D —10)D + 15)D + 94) — 256)m?
(kz _ m2)2
4(-D3+6D%+D —46)m*
( ) , (24a)
(kz _ m2)3
[paboite _ _ 4D dPk 4ig3 fabcet T€p, [2(D —6)(D —2)
L @m)P (D —1)2Dm? k2 —m2
((D(D((D —11)D +39) — 15) — 210)D + 384)m?
(k2 _ m2)2
4(D(((D —7)D +11)D +29) — 90)ym*
_ 4D =7)D +11)D +29) —90)m* ] (24b)
(kZ _ m2)3
Now, only two tensors have the same result, but after the integration, all results vanish, so we write
Habclre _ l—labckre Habc)»te =0, (25)

in which, together with (23), the gauge invariance is maintained again. Therefore, within this prescription, we have k, =0, i.e., in this
case, the CF] term vanishes.

Thus, we conclude that in the non-Abelian case, this term is ambiguous just as in the Abelian one [12], which apparently means that
ambiguity is an intrinsic property of the CF] term independent of the theory where it arises. We note that the presence of the zero result
for this term, as well as for other ambiguous terms arising in other theories, is rather natural. Some advantages of zero results for different
ambiguous terms are discussed in [19,20].
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4. Summary

We succeeded to generate the non-Abelian CFJ term from coupling of the gauge field to the Rarita-Schwinger one. Despite highly
divergent loop integrals, the result turns out to be finite, both its quadratic and cubic parts. As it is typical for LV theories, the finiteness
of the superficially divergent contribution signalizes about its ambiguity. This ambiguity is confirmed within our calculations, so that at
least two different results for the CFJ coefficient «, are possible. In total analogy with the usual QED, it is natural to expect that other
values for «, can be found as well. Besides of this, we demonstrated explicitly that the result is compatible with the gauge symmetry
reproducing the standard relations of coefficients accompanying quadratic and cubic terms.

We found that within the 't Hooft-Veltman prescription, our result for the CFJ term vanishes. This is rather natural, taking into account
that, as it was argued in [21], for the usual LV QED with only b, LV parameter, the 't Hooft-Veltman prescription implies in a gauge
invariance of the perturbative contribution to the Lagrangian (and not only the corresponding action), which requires the CFJ term to
vanish (for the discussion of a relation between a generalization of the ys matrix and the ambiguity of the CF] term, see also [22]). It
is natural that the similar situation occurs within other schemes of generating the CFJ term, including in our theory. We note that the
ambiguity of a quantum correction is known to be related with anomalies, for the CFJ term - with the axial anomaly [23]. Therefore, it is
natural to expect that the axial anomaly can arise in a theory involving gauge and RS fields (we note that some studies of anomalies in
theories involving RS fields, but without Lorentz symmetry breaking, were performed earlier, see [24,25], so, studying, first, of a possible
relation between these anomalies and CF] term and, second, of a possible generalization of these anomalies to the LV case, is certainly an
interesting problem).

A natural continuation of this study could consist in coupling of the Rarita-Schwinger field to the gravity, in a Lorentz-breaking matter,
with generating the four-dimensional gravitational Chern-Simons term in a manner similar to [17], and calculation of the possible related
gravitational anomalies. We expect to perform this study in a forthcoming paper.
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