Reconstruction of DNA fragments: a graph model
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Abstract

In this paper we consider a problem that arises in the process of reconstruction of DNA fragments. We present a
graph theoretical formulation of the problem and mention some extensions. We show this problem to be NP-hard. A
0-1 Integer Linear Programming formulation of the problem is given and preliminary results of a branch-and-bound

algorithm based on this formulation are discussed.
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1 Introduction

Let ¥ be a finite alphabet and ( a positive integer. If s is a string of characters over I, then we
denote by £-last(s), resp. (-first(s). the substring of s consisting of the last, resp. first, { characters

of s.

For each positive integer k, we define the Minimum k-Contig Problem, denoted by MkCP, as
follows. We are given a collection C of strings of characters over an alphabet ¥ and we are willing
to concatenate the given strings so as to obtain another collection C’ consisting of a smallest possible
number of larger strings. Each string = in C’ must be a concatenation s;$; . ..s,, of different strings
in C, with the property that for any two consecutive strings in z, say s, and s,4;, the following
holds: (-last(s;)= (-first(s;4,) for some { > k (we call the strings s1,s2,...,sn the skeleton of the
k-contig). Furthermore, if a string u € C is a substring of a string v, which forms a k-contig z in
C', we say that u is also covered by z. The strings in C’ are called k-contigs. We require each string
in C to be covered exactly once by exactly one k-contig in C’. Thus the goal is to combine properly

the strings in C to form a minimum number of k-contigs in the new collection C’.

This problem occurs in the reconstruction of DNA fragments. A usual strategy to determine the
sequence of the basis in a DNA molecule (which can be seen as a string over the alphabet {A, T, C,
G}) can be described as follows. First many copies of this molecule are produced and, afterwards,
these copies are (by means of chemical substances) broken into several small pieces that we are able
to handle. Then, the probleni is how to “glue” the small pieces in the correct way to reconstruct

the original sequence? (see [M92]).

The MkCP arises in this context. The idea is to obtain —for a given positive integer k and a
collection C of pieces— a collection C’ of k-contigs in such a way that the original molecule is
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completely covered by the k-contigs in C’. A collection C’ with the smallest possible cardinality
gives a best possible approximation to the original molecule.

Ezample 1.1: Let k = 2 and C consist of the following strings:

CCTAATGCTT
TGTTTAGCCTGCGT
CTGTGTTTAGCCT
GTAGACAACCCTGTG
TGTTTAGCCTG
CCTGCGTTTTGTGCC
TTTTGTCCAT
TTTTGTCCATC
TGCGTTTTGTGC

10. GACGTAGACA

Se oA e =

2

An optimal solution for the corresponding minimum 2-contig problem has cardinality 1 and the
skeleton of the 2-contig is given by {10.4,3,2,6.1,8}. Observe that string 5 is a substring of 2,
string 7 a substring of 8, and string 9 is a substring of 6.

2 A model using graph theory

Consider an instance of the MkCP consisting of a collection C of strings and a positive integer
k > 1. Construct a directed graph G = (1. A) as follows: each node ¢ € V" corresponds to a string
s; € C, and there is an arc (i,7) € A if and only if there exists { > k such that (-last (s, )= (-first
(s5.).

It is easy to see that anyv directed path in G corresponds to the skeleton of a k-contig. Nodes
corresponding to strings that are substrings of others are called Steiner nodes. and need not neces-
sarily be covered by a collection of paths. The other nodes of the graph are called terminals. Thus
a smallest set of node-disjoint directed paths covering the terminals of (i gives a solution for the
given instance of the MkCP.

Ezample 2.1: For the instance given in Example 1.1, the corresponding graph is the following.
Nodes 5. 7 and 9 are Steiner Nodes.
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There are several other versions of the problem which could be of interest. For instance, we may
allow that a string in C can be used more than once to form k-contigs. The graph model is the

same but now we are looking for a collection of node-disjoint walks (or trails) covering the nodes
of the graph. Steiner nodes are also admitted.

Other versions allow concatenation of strings which differ by at most ¢ characters in their final
and initial positions provided that this occurs in a substring of size at least k. A more elaborated
version allows concatenation of strings by considering the reverse complements.

In this paper we concentrate our attention in the first version described in the introduction.

3 ANP-completeness of MkCP

The version of the problem we are considering here is NP-hard. We prove that the corresponding
decision version of the MkCP is N'P-complete, even if no Steiner node is allowed. This is shown, by
reducing to the MkCP, the problem of finding a minimum covering of the nodes of a directed graph

with maximum degree 3 by a collection of node-disjoint paths (which is known to be A’P-hard
cf . [GIT9]).

4 An Integer Programming Formulation for MkCP

We have seen earlier that the MkCP can be modelled as the problem of finding a minimum path
covering of a directed graph G = (V,A). The latter problem can be formulated as an integer
programming problem as follows. Let us retain our attention to the case where no Steiner node is
present. The presence of Steiner nodes can be handled by slightly modifying the objective function.

Let us introduce for each arc (i,5) € A a variable z,; with the following interpretation:

e 1, if the arc (¢,7)is in a path;
Y71 0. otherwise.

Thus, a 0-1 ILP formulation for the problem is given by

= max Z Tic.,

e€A

Z TR forall i e V, (1)
1:(10)€EA

(P) S ag gl for all i € V, (2)

1:(1,0)€A

Z z. <|C|=1, forall@#£CCV, (3)
e€E(C)
ay; € 40,1}, for all (1,5) € A, (4)

where E(C):= {(i,j)€ Ali e C and j € C}.

The first set of inequalities means that in the solution at most one arc of A can enter anv node
of V. Analogously, inequalities (2) guarantee that at most one arc leaves cach node of V. The

inequalities (3) eliminate the possibility of choosing arcs that “induce” a cvele going through a set
of nodes.

92



It is not difficult to check that a 0-1 vector z satisfies (1) to (4) if and only if the set of arcs a € A
with z, = 1 induces a collection of node-disjoint paths in G. Moreover, we know that the number
of arcs in a collection of node-disjoint paths equals the number of vertices in G minus the number

of these paths. Thus, minimizing the number of node-disjoint paths is equivalent to maximizing
the number of arcs in these paths (value of z).

It is interesting to note that, although the number of inequalities in this formulation is exponential,
the separation of these constraints, called subtour elimination constraints, can be solved in poly-

nomial time (cf. [PG85]). It means that the optimum value of the relaxed LP can be calculated in
polynomial time (cf. [GLS8S]).

5 A branch-and-bound algorithm for the MkCP

One way to tackle the problem is to apply the usual linear programming relaxations in a branch-
and-bound or branch-and-cut algorithm. The latter leads us to the study of valid inequalities for

the polyhedron defined as the convex hull of the feasible (integer) solutions of (P). Let us denote
this polyhedron by Pi(G), that is,

Pi(G) := conv {z € R4 z satisfies (1) to (4)}.

Note that the vertices of Px(G) are in one-to-one correspondence with the feasible solutions of
MKCP. Furthermore, it can be easily shown that Pi(G) is full-dimensional.

The idea of the approach is to start with a relaxation of the polvhedron Pi(G) and to solve
iteratively better approximations of this polyhedron. obtained by using facet-defining or, at least,
valid inequalities that are violated by the optimal solution of the current relaxation. When we are

not able to find any violated valid inequality the procedure fixes the value of some variable and
proceeds in a branch-and-bound fashion.

In the preliminary version of the algorithm we tested the quality of the initial relaxation we propose
for the problem. So. we begin with the LP given by constraints (1) and (2), and do not introduce

any new inequality in the LP formulation. The problem is, then, solved by applying a plain
branch-and-bound procedure.

The results we obtained for medium size instances are promising. We were able to solve instances
with up to 100 nodes and 1266 arcs. The original string is 5000 characters long and has been
generated randomly on the alphabet {A, T, C. G}. Each substring has length between 500 and

700 characters. Each substring is generated by choosing randomly its length and also the position
it starts in the original string.

The following table summarizes the results. In the first column are given the number of nodes and
arcs in the graph. In the second column the value of k used to construct the graph is given. In
column 3 it is shown the value of the optimum solution. Columns 4 and 5 show the number of LPs
solved and the number of nodes in the branch-and-bound tree, respectively. Finally, in the last

column we present the CPU time spent to solve the problems in a SPARC 1000. We use CPLEX
to solve the LP in each iteration.
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[# nodes # arcs | k [ opt. sol. [ # LP | # BB nodes | CPU Time (sec.)
[ 10 TEEE 2 1 ] 0.37
15 29[ 3 2 36 47 0.59

20 4710 2 1 1 0.16

30 105 5 2 1 1 0.19

50 330 | 10 2 1 1 0.22

50 333| 5 2 3 5 0.33

70 589 | 10 2 1 1 0.21

70 598 | 5 2 78 143 1.92

80 798 | 5 | 2 3 5 0.30

100 1266 | 5] 2| 82 148 3.04

6 Conclusions and future research

The computational results we present in this paper shows that the ILP formulation we suggest
for the MkCP can be satisfactorily used to solve medium size (up to 100 nodes and 1200 arcs)
instances of the problem. Our aim is to increase the size of the instances we are able to solve to
optimality. For that, we plan to use a more powerful machinery, which includes using other classes
of valid inequalities to improve the lower bounds in each node of the branch-and-bound tree, and
using better primal heuristics. It is still a rather long way until we are able to solve instances with
the size of interest for the computational biology community. The DNA molecules that they intend
to determine have length of millions of basis, and typically these molecules are broken into several

hundreds of pieces.
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