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THE GENERALIZED GAUSS MAP OF MINIMAL SURFACES IN H3 AND H*

CiLia C. Goes and PLinio A.Q. Simies

1. Introduction

The object of this paper is to establish conditions for a
c” map of a Riemann surface M into Qn-2’ the hyperquadric

Z2Z 4+ ...+22 of EP"'1, to be the generalized Gauss map

of a minimal conformal immersion of M into H3 and H4 , the
hypérboTic space of dimensions threé.and four respectively, .Using
the'upper ha]f—hypgrp]ane as model for the hyperbolic space and
exploiting the conformality between the metrics induced on M,
by the euclidean-metric and the hyperbolic metric through the
immersion, we can adapt the theory developed by Hoffman and

Osserman [H-0,2] to obtain the conditions.

2. Basic facts

Let < , > be the usual euclidean metric on R" and let H" and

R"; » n=3,4 , the set {(x,t) | x ¢ R"“, t > 0} endowed with

the metrics (’)(x t) = %; <, >and <, >respectively, Given

(x,t) G.Hn , let X = (x1,...,x"'1,0) € Rn'1. Thus a,b e.Hn

n .
implies that Ly b( (x,t) ) = b [(x,t)-a] + b 1is an isometry of
9

n
a
H" such that-L_ . (a) =b , (L. .). (v) = b% v for all v in the
a,b * a,b’* - 5n _



tangent space Ta(Hn). Let M be a Riemann surface and
5(p) = (x(p),t(p)) be a conformal immersion of M into H". If

n N . ny . .
q=(0,...,0,1) € H" , (Le(p),q)* sends Te(p)(H ) isometrically

onto Tq(Hn), which is R" endowed with its usual inner product.
Let GZ(Rn) be the grassmannian of the oriented 2-vector

subspaces of R". The map G: M — GZ(R") defined by
E(p):(Lé(p)’q)*(@')*p(Tp(M)) is the generalized Gauss map of 8. It is well

known that GZ(R") can be identified with the hyperquadric

n
;7 252K = 01 of the

k=1
(n-1)-dimensional complex projective space. Such identification

0, = {[z] € €™ '/z = (z,...,2") and

will be assumed throughout this paper.

Now let z = u+iv be local isothermal parameters for M and let
@ bea conformal immersion of M into R: given by o(p) = 5(p)

(¥p ¢ M). Then

oy 030 s 30, _ 230
nere 22 - 172 (201 ;20! 20" 2o on
W e e ‘a_“z' . au - av § see 9§ au - W" € . .

If o(z) = (¢1(z),.”;¢"(z)) e C" is a homogeneous local

expression of G(z), theré is y: M— €-{0} such that

90

(2'2)\ ""'E = WQ Y
Let ds2 be the riemannian metric induced on M by ©

%— = 1/2 (gﬁ + i %V) » A the Laplace-Beltrami operator of M with

. 100
respect to déz X% = Igg 2. lgvlz » H the mean curvature

vector of 0 , it is well known that
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Xz_é-i‘azO:z”‘

(2.3) A0 =

Indicating by << ,>> the usual hermitian inner product on

E", let
) =¢_-no
(2.4) v 5 n
<<h_ 0>>
ad z’
. = =
where 3 33 and n o]

Then by (2.2), (2.3) and (2.4) we have
‘ -
(2.5) V= [®]° yH s

(2.6) | (Tog¥)_. = - n.
z

3. The case n=3

Let v = (V1,V?,V3) be the normal unitary vector field to ©(M)
in'Ri , £ the extended complex plane and £: M — T the

composition of the classical Gauss map of © with the stereographic

projection with respect to the north pole of the euclidean unitary

sphere. Then for z e Uc €, we have

(3.1) v(z) = ! (2 Ref(z), 21Im f(z),lf(z)|2-1).
1+ |[f(2)]|2

- Identifying t biholomorphically with Q1 s through the

correspondence £(w) = [1-w?, i(1+w?),2w], &(») = [-1,i,0] ,



1 ..2
e hrz',2%.2% - - Ef%éﬁ— , where w ¢ £ and z',2%,2° are

homogeneous coordinates on Q1 c CP2, we obtain.

(3.2) [¢] = [1-f2 , i (1+f2) , 2f].

Then from (2.4) we obtain

2FF.
(3.3) n=—2

1+|f|2
(3.4) Vo= -2f.v

If h is defined by H = hv , (2.5) and (3.4) imply

. -f-
(3.5) h = — 2
‘ Pp1+]f]2)2
Therefore
(3.6) i fs =0 <> h =0

Restricting to those z e U, where h is non-zero, we obtain

(3.7) (1og h)z =< - 2 - n-(TOQW)i
- 2 |+[f] |
Then (2.6) implies
. f_- ff
(3.8) (Tog h), = ?%5 -2 z
z 1+|f]2
Let H be.the mean curvature vector of O = (x’,xz,t). Than
we: have H s t2H + tvlv [G-S1. Hence the minimality of &

implies

(3.9) P



Then from (3.1) we obtain

(3_10) h=—M
t(|f]2+1)
Therefore
(3.11) fo=0 e h =0+ [flz =1 <> v'_g

NI

From the expressions of h given by (3.10) and (3.5) we obtain

(3.12) T -

Since § is well defined on U, we can extend the ratio

f-
| I: to U. Then it is straightforward to verify that
fl*-1
¥z
(3.13) : a = dz
: [£]*-]

~

.

is a differential 1-form globally defined on M.

Also (3.12) and (2.2) imﬁly

. ©tf .
(3.14) o, = Z__ (1-f2,i(1+F2),2f).
- lfllt_1

From (3.10) and (3.13) we obtain

(3.15) “(fz-1)f,5 - 2f|f|2 £ f. =0

|flzet 22



Now it is straightforward to see that the differential 2-form

(3.16) w = ((|F]2 - 1) fo - 2EIE[2 £,£5 }dz|2
22 f]e+1

is globally defined on M and so its vanishing is a necessary

condition for G to be the generalized Gauss map of 0.

~

Remark: Through the identification of 01 vwith €, the existence
of w and a is ‘independent from 0. w is defined on all M and =«

at all points of M where |[f|2 = 1.

Then assuming the existence of O we have that o is globally
defined and so that 81 = (1-f2)a , 8, = i(1+f2)a and By = 2fa are

differential 1-forms globally defined on M.

Let us now state the results of this section.

Theorem 1. - Let M be a connected Riemann surface and let

G: M — 01 be smooth. Then the following conditions are necessary
for G to be the generalized Gauss map of a minimal conformal

immersion of M into H2.

1) w<=0 s
2). a is globally defined

We then have



[t = exp(ZI ReB3)
M
(3.17) { x2 = zj t Re8,
M
| x! = ZJ t ReB1
M .

Proof: - The conditions 1) and 2) were already verified and the

formulas in (3.17) are consequence of (3.14).

Theorem 2. - Let M be a connected Riemann surface. If 61 and 62

are two minimal conformal immersions of M into H® having the
same generalized Gauss map, then there is-an_isometry T: H® — H3 such

that T0§1 = éz .

Proof: - From Hoffman and Osserman [H-0,2] there is c ¢ R, c = 0

and a vector d such that 0y = c@ +d, If 0, = (x1,x2,t) ,

0, = (yl,y%,s) and d = (d!,d2,d®) we have s'=ct + d®. . Then
s, = ct, , But from (3.14) we obtain .
t ’ | s s ct. -t
2 _ - 2f . .z _ Tz _ z_ 'z _
X = TICx ?z s Then - TEd™ i and so d? =0 .

Now it is straightforward to see that T(x?1,x%,t) = c(x!,x2,t)+(d},d?,0)

is.an isometry of H3.

~

Theorem 3. - Let M be a simply connected, non compact and non

parabolic Riemann surface and let &: M — Q1'be smooth.

If f: M— & is the expression of G , obtained through the natural

-

.



identification of Q, with € and [f[2 = 1 on M, the differential
forms o and w are globally defined and the condition w = 0
implies the existence ofaminimal conformal immersion O of M into

H3 that has G as generalized Gauss map.

Remarks: 1) There is no minimal conformal immersion of
Riemann surfaces that are either compact or have parabolic type

in H". [G6-S].

2)  The condition |[f|[2 # 1 implies the following

(a) the image of the classical Gauss map of 6 is contained
in one of the hemisphere of the unitary euclidean sphere;

(b) the mean curvature vector of O never vanishes;

(c) fi never vanishes and so f is nowhere conformal.

0

"t

Proof: - [f|2 = 1 implies the global existence of a and w
is the integrability condition of the system (3.14). This gives
the local existence of 9. The global existence follows from

theorem 2 and the simply-connectedness of M, through a standard

monodromy argument.

Theorem 4. - Let M be a Riemann surface and 0: M — H3 be a

minimal conformal immersion. If f: M — § is the generalized
Gauss map (through the identification of Q, with T) then the
f_f

quadratic differential form Y =I T“z dz? is globally defined
3 fl-1

and holomorphic on M.



Proof: - (3.12) implies that Y is globally defined. The

condition w = 0 implies that (—2-2%)- =

[£]%-1°

Corollary - If ® is non totally geodesic its umbilic points are

isolated.

Proof: - p € M is umbilic for © if , and only if, it is umbilic
for © , that is if, and only if, fz(p) = 0 [K]J. Then p is
umbilic for © if p is a zero of y ; but the zeroes of vy are

jsolated points.

4, The case n ='4

In this case, the hyperquadric Q2 is biholomorphically
jdentified with £ x € through the correspondence given by
Elwl,w?) = [M+wie?,i(1-0'w?),0t-0?2,-i(0l+w?)] ,

E(oo,wz) = [m2:1m2’19'i]9 E(wls‘”) = [ml,-iwl,;‘l,-i]. "

- 3_i.m 3, 5ok
E(w,») = [1,-1,0,0], & 1([21,22,23,2“]) - (B-izt 20+iz*,
. zl_izz . Zl_.izz
where (uw},4?) ¢ € x € and- 2%,2%,2%,2* are homogeneous coordinates
“2|det|z | _2[du?]?

on Q, < EP3. Taking on e k_@ the metric ds? = _ .
~ (1+|wt]2)? (1+]w?|2)?

and on 02 the metric induced by the Fubini-Study's metric -on
¢P3, £ becomes an isometry. Then the generalized Gauss map

decomposes naturally into a pair of functions (f1,f2): M — & x @

Moreover, if z = u+ive U «C are isothermal parameters on M, we



have G(z) = [¢(z)] where

(4.1) 0(2) = (14F,Fp0i(1=F F,), 8, =F Lm0 (F,4F,))

- If we set

(4.2) A(z) = (fz-?1,-i(f2+?1) , 1+?1f2,-1(1-F1f2))

'than

(4.3) <<¢(z) , A(z)>> = 0 ;

(4.4) lel2 = [Alz = 201+]f,[2)(1+]f,[2)
Moreover

(4,5)- e, = YERe o e, = ZIng o _ /ZReh

» 8y = =2 e, =
o o 3 la] 74

is én'onthonorma] frame of R4;adapted to the “immersion 0 .

from (2.4), (4.1) and (4.5), we obtain

(4.6) n= fFy + f,F, 7
L A N
(4.7) v = (F,-F )l—l e,-i(F,+F,) e,
} 17727 5 3 17727 5 ©4
(f,)- (f,)s
where Fy = 172 and F 272

HIAE 2 14ty



From (2.5), (4.7) and H = h1e3 + hze4 we obtain

(4.8) hy = — L hy = —

20/(1+[F, [2) (14 ]F,[2) 291+, [2) (14, [7)
Then
(4.9) H=0<>(f); =(f)); =0

But A = t2H + t(U,)" , where U, = (0,0,0,1) and ( )V stands
for the orthogonal projection over the normai fibre bundle of 0.

Then assuming that & is minimal we have

—

(v )"
(4.10) Heo—— , [6-5]

This together with (4.5) imply

Im (1-f1f2) -Re (1-f1f2)

(4.11) hy = , hy =
t/(1f[f1|2)(1+|f2[2) t/(1+lf1|2)(1+|f2|2)

~
S.

Therefore
4.12) (f1)i = (fZ)i =0 e H=0< 1-- f1f2 = 0

From the expressions of h, .and h, given by (4.11) and (4.8)

~

we obtain

it(f1)2

(4.13) 7= — = .
; 1-f,f, (4] l2)(1-1,F,)



(4.14) ©OF - F1%2) = F(1 - £,F,) .

(F,)-
_Since ¥ is defined at all points of U, the ratios —12_ and
1-f1f2
.sz)z
- may be extended to all U.
1-f,f
1°2
Then, the differential 1-forms
(F,), . (%)
(4.15) o = L o, = 2z dz ,

(-7, )(1+|f DR AT R TT AP

are globally defined on M.

From (2.2) , (4.13) and (4.14) we obtain

-it (?1)2 .
(4.16) 0, = — (14F, 5,1 (1-F, ), f ~fo,-i(fy+f,))

: ; 2|1]f2 f,-f,
'(f1?2'1)(f1)22 - (f 1) (f 1)- : (f1)z(f1)i =
: - _1+]f1] +|f1|2
(4.17) : ot
B LT WAL L T R A B
127 g2z = —— T \T2/z\ Telz 2)7{f2); = 0
B LY AL
If we'set :
- 2|, [2%,
_ ~wy = LIFf=-1)(F)) 5 - ——— (£),(f))5 + ——=— (f,) (f1) ][dz|2
1+|f1P I1I
(4.18) e |
2|¢,|2F Fye
--31-1-( £, (F)s + —Z () (5)4 el

mz f [(f1f2-1)(f2)z£ -

1+[f,]2

+|f,2



we have two differential 2-forms globally defined on M.

The existence'of the minimal conformal immersion & having G as
its generalized Gauss map implies that Cq 0950y and w, are globally
defined and ay = a, and wy = wy E 0. Then the differential
1-forms 8, = -i(1+f1f2)a1, B, =(1-f1f2)a1, B4 =-1'(f1-f2)a1 and
By = -(f1+f2)a1 , are globally defined on M.

Let us now state the results of this section.

Theorem 5. - Let M be a connected Riemann surface and let

G: M— Q2 be smooth. Then the following conditions are necessary

for the existence of a minimal conforma} immersion

2 4

8 = (x!,42,x3,t) of M into H

1) o, and o, are globally defined and ay = ap o

2) wy = wp =0 .

Moreover, if these conditions are satisfied, we have

B ' (¢ ='exp[2J Reg,]
‘ M
x3 = ZJt Re 83
M ht
(4.19) 1 2
M -
s L x1 = ZIt Re 81
- M

Proof: - It remains only to prove the formulas in (4.19), but they

follow from (4.1@).



Theorem 6. - Let M be a Riemann surface and let 61,62 be minimal

conformal immersions of M into H4. If 61 and 62 have the same
4 4

generalized Gauss map, then there is an isometry T: H' — H” such

that T091 =02 .
Proof: - It is similar to that one of theorem 2.

Theorem 7. - Let M be simply connected, non compact and non

parabolic Riemann surface and let G: M — Q2 pe smooth.

If fy.fy: M— € are the components of €& obtained through the

natural identification of Q, with ¢ x €, and 1-f1?2 #z 0, the
differential forms Gy 09wy and w, are globally defined and the
conditions ay = o and w, = wy = 0 imply the existence of a minimal

4

conformal immersion & of M into H' that has & as its generalized

Gauss map.

Remark: - The hypothesis imply that the mean curvature vector of ©

never vanishes and that (f,)s; and (f,); never vanish

'gzgg£:> 1-f,F, = 0 implies the global existence of o, and o, .
Besides; the conditions @y =@, , Wy = uw, = 0 are the integrability
conditions of‘(4.16). Therefore 8 exists locally. The gioba]
existence of © follows from theorem 6 by a straightforward

monodromy érgument.

Theorem 8. - Let M be a connected Riemann surface, ® be a minimal
4

conformal immersion of M into H' and f1,f2: M — € the components

'of its generalized Gauss mab, obtained through the natural identification



of Q, with € x £ . Then the quadratic differential form .

.. (f,),(f,),(F,),(F,), 10
(1‘?1f2)(1-f1F2)(1+|f1IZ)(1+lf2|2)

is globally defined and holomorphic on M.

Proof: - The global existence follows from (4.13) and the conditions

ay = a, and wy 2 wp, = 0 dmply that ¥ is holomorphic.-

~

Corollary - If © is non totally geodesic the umbilic points and -

the umbilic directions of & are isolated.

5. Final ..remarks

. If in.(3.1) we consider the stereographic projection relative to
the south pole of the unitary euclidean sphere, the identification
of Q, with t is made through the correspondence.
E(w) = [w2'1si(w2+1)32w] ’ E(”) = [19130] »

A 1,2 .3

5'1([21,22’23]) - L -;Z , where we € and- z',z°,z° are .
z

homogeneous coordinates on Q, < GPZ. Then instead of (3.14) we have



“tf
©, = S (f2 - 1, i(fz + 1), 2f)
o If -

and~ the conclusions are similar.

2. If we set f1 = f2 £ if, on the case n=4, we recapture the

case n=3 on the totally geodesic submanifold

x3 = 0 of H*.
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