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In this arti 1 k -11 dime . e e w1 denote an algebraicaly closecl field, algebrn always moans finite 
ns1onal b . · . k al . · . . · If A . asic - gebra and module means finitely generated left module. 

{ e 18 ª11 algebra, A-mod will denote thc category of A-modules. Let us fix e = fo\1: · 'l~n} an ordered, complete set of primitive, orthogonal idernpotents, and we also 
18 mear or ·! · . b 1 · . L e er given y t 1e indices. 
et P; denotr, the ind bl · · 1· d S 1 · 1 d 1 vvhos . . · - ' - · ecomposa e projective corresponc mg to e, an ; t 1e sirnp e mo u e 
e Pro1ectiv · maxirnal · . e cover 1s P;. For each i, we define the standard module D.A(i) to be the 

of ali tl quotient of P; with cornposition factors among the Sj with j ::; i. Let 6 be the set 
a L\- 

0 

1~e stª11dard modules 611 ( i). A A-module M will be called a good, or, more precisely, 
g O module, if thcre is a finite chain of submodules 

o = M0 e M1 e ... e M1 = M 
such that M/ .. the fil . . ' M,-1 is isomorphic to a module in 6 for all i. The number t does not depend on 
of A tration, we will call it the 6-]ength of M and denote it by l(M). The full subcategory 
to b-rnlod whose objects are the good modules is denoted by :FA(D.). The algebra A is said 

e eft standa dl . . . W. r Y stratifi.ed 1f A 1s a good module. 
sta d~ stndY here algebras which are given in lower triangular form, with respect to being 

n a.rdly st .. ffi. d . · f Dl b · d Ri 1 [13 S] Ict I e · Let us begm by quotmg two well known results o a an nge 
'e· . that will be useful. . 

1ven A . · a.nd [,t ' ª standa.rdly stratified algebra with respect to e, let J be such that 1 ~ J ::; n 
e us den t b ' 0 e Y f.3 the sum f. = c1 + ... + en- 

We now state: 

'I'heorern 1 1. The algebra A/AE A ís standardly stratified and the good-J\/ J\EjA modnles 
are th 3 

· e good A- mod'Ules anihilated by At1A. 
2. The algebr ·A . . . { } ª EJ Ej zs standardly 8tratz.fied, wzth respect to · e1, ... , en , 

Now vv fi. ' e X our notations: 
U anel V d . dirnensi enote fimte dimensional k-algebras, M a V - U-bimodule anel A thc finite 

onal k-algebra. 

A=[! i]. 
Also - idernpot' g == { e1, · · ·, ei, fi+i, ... fi+r} is a complete, ordercd sct of orthogona1, primitive 

ents of A h { J } V I t set
8 
of .d , w ere e= {e1 . . e,.} e U and f = f1+1, ... , 1+r C are cornp <' e 

i crn )ot . . ' ' 1 ents of U, V, respectively. 
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1 A-modules and . b th tegory o d f . R mark 1 W, cerni! that there O "ª eqmv,/cnce eiuieen ' '" d y E V-mod ,n j 
th: eatega,y C uihose abjcet, "" triptee ( X, Y, f)' w,th X E ~ -;:,~ iuio abjecW ( X, Y,.J M 

tv.. X -+ y a V-module hornomorphism. The morpliisms e w . U homomorphzsrn 
• VYU ' h. ( /3) h . X -+ X' is an - aiul (X', Y', f') are pairs of morp tsms a, ' w ere ª .. 
arul /3 : y -+ Y' is a V-homornorphísm, such that the di.agram 

M@uX ~" M@uX' 
t f t f' 
y Y' 

tained 
cotruiies; . . d V w<ee can 

1 
Iri wlwt [oiloue, v,e abuse a little bit af the nofotfon., doinq as if U ªª · U asid d,mea' 

in A. This we accomplish by identifying elements (x, O, O) E A wzth x E 
(O, x, O) E A with elements x E V. 

l is the d A-modu es Remark 2 It follows easily, Jrorn the definitions, that ihe sei o.f standar 
union of ilie sei of standard U-modules with the sei of standard V -modules. 

Next we recall some wel] known facts, sce [2]. l if, the 
(
>,/3) ( '/J') 'f and on y The sequence (A B f) ~ (A' B' J') ':-, (A" B" f") is cxact, 

1 
' pos- 

' ' ' ' ' ' . decom 
o ' /J /3' er the in or sequence, A -+ A' ", A" and B -; B' -, B" arn ex~t. Mo,cov . ,ojective, . 

able A-projective modules are of the form (P,M @v P,Id) whcre v!. 18t.P e objects Jl~ 
f th f: (O Q ) · · · · · l le 1111ec .iv d le 

01 

0 

' o,m , , O , whcc, vQ ,s pco3ect.vo. Tho mdecomposa' ·. · . U ma a d 
C "' objects of tbe forn, ( I' O, O) whece l i, ao indecomposablo in 3ect,v~ -modal< "' 
of th, fonu (Homv( M, J), J, q\) whec, J is an iudccompooabl, iujcd, ve Homv (M, J) 
1' M®uHomv(M, J)-+ J is giw,n by q\(m o, f) ~ J(m) fo, m EM ITT><l f E i;) 

d y E J'v( . Lemma 1 The A-module (X, Y, J) E .FA(6.), if and only if, X E Fu(!::.) an 

PROOF. Let L ~ (X, Y, f). Then we have the fo!lowing filtration 

L === o. L ~ A,,L 2 A,,L 2 2 A,,_, L 2 (O, Y, O) 2 A,,nL d · · · ~ A<w+' uihi- 

. d and it is a.11 Assummg that L is A-good we have that L/(0 y O) "' (X o O) is A-goo ' .. , gous- 
[ ] ' ' - ' ' · anai0 O O verse is lated by M V 'it follows that X E .Fu(6.) and y E .Fv(!:l). The con 

f the d onlY z if an Proposition 1 The algebra A is standardly stratified with respect to g, three Jollowing conditions are satisfied. 

a) U is standar-dly stratified with respect to e. 

b) V is standardly stratifi,ed with respect to J. 
e) vM E .Fv(6.). 



Pl\\ío'O\F ·, 
co à' .. ,. .. · • . lilt\m!.'ll riJJf ~- 11:iô ·gu~ . A ' - - . n lboRS hold .. Sínce AA . - t$ ~4y ~raitifteil 1111"1 pnW(l thai1 th~ tl'lJ'tu.i 
and MLJV E F (~) T. E YA(A and A= (U, M1 l)U(Oi ½O) ,t,t1'11Ii, d.f1MV~~~~ 

V . hc converse follows annlogous}y, QB» , · 
Corollary 1 'P and M E r; (~;);.e 1Llgebra, A i ffltusUierettit01r-i1, 'f ooJlfdl ólt 'ali f, ij' rmf.13~ VI l!Jll-e '<fl1J1$-l,11,1,;1j~ru,'" 

:t~~-º;Er;e stªtement follows straightforwardly from the remark anel the previous propo­ 

cate::;~; waut to investígatc conditious for lower triangular algebraJJ whlch lmply that the 

S 
good[ modules is the catcgory of modules of finite projective dimension. 

o, let A === U O ] aud f. . M V aud let us kccp the notations above. Then there is an oxact, full 
. aithfull funct . V . . ProJecfrves .. ·. A 01 · -rnod~ A mod, g1vcn by Y 1--f {O, Y, O) which rakes projectives to 

ª11"" aliso .F~(d) iuto FA(dJ. 

l'heorem 2 [IJ J Lct - [ U O ] . . . . pdL _ , A - M V bc sucli that v M has finite projeciioe dzmensum. Then 
-((.X,Y,f)< . . . ... Pll 00 iniplies tliai v Y and uX haoe boili finite proyectwe dzmension. 

reso~~!· 
0
;tl\always truc that if L lias fiuite projective dimension then uX also has. (The 

We ºho u<luccs a resolution of v) º w no l _,, . 
If L is A- ': t 1~t V Y also lrns finite projective dimension. 
Let L be pro.iectivc then v y is in add ( M U V) so it has finite projective dimension. 

any A-mod 1 ·th fi · f 11 e w1 mte projcctive resolutíon of the orm: 

'I'h' . O --+ Pn --+ Pn - 1 ... --+ Po --+ L -+ O 
1S llld uces an exact sequence 

Whe O -i Y,, -i Yn - 1 ... -i Yo --+ Y --+ O 
re vY has .:. . i are in add ( M . . . . y 'llllte pr · . U V) so each ½ has finite proJ·ective d1mens1on, 1t follows that 

OJecti d' ' ' l'h ve imension. QED 
eorern 3 F 

Aí E P<""(V). A(6) == p<oo(A), if and only if, Fv(~) = p<00(V), Fu(t:,.) = p<oo(U) ªnd 

Pn.oop 
that -Assume th . 'DFv(.6.)::::: P<oo tt -:A(6) == p<°"(A), then AA is standardly stra.ti~cd a~d it follows 
b . 0 see that ;:, ( ) and, by proposition 1, v M has finite project1ve dnnenswn. 
'iii~llcluction on t~~ó) ==. P~00(U), let us take any U-modulc X in P00(U) and let us show, 
"' d hypothesi · proJectivc dimension of X that X is A-good and, thcrefore, U-good . 
. ,,o ul s imply th ' . . U that /8 are goocl. B(•. at U is standardly st.rntified and, thcrcfore, tha.t t.he proJective - 

U U-J.nodules f .ncc, let us assnrn<' that X ha.s projcctivc d11ncns10n cqual to 
71 

,mel 
O o PWJective dirncw,iou 11 - l aJ'c V good. W<' JJi\.VC an rxad 8cqnencc: 

--. (nu(X) , M 0u P(X), f)--+ (I'(X). M é1u P(X),ld)--+ (X,0,0)-+ O, 



f X which has where P(X) denotes the projective cover of X, and ílu(X) the first syzygy O ' 

projective dimension n - 1. We also have the following exact sequence: 

O-+ (O, M &Ju P(X), O) -+ (íl, M eo P(X), f) -+ (!1uX, O, O) -+ O. 

By induction we have that (!1uX, O, O) has finite projective dirnension and since (~, Mt@u 
d. sion °0· P(X), O) is projective, it follows tha.t (íl, M@u P(X), f) has finite projective 11ne:1 . di- 

Now, using the first exact sequence, we conclude that (X, O, O) has finite proJective 
mension and therefore it is A-good, which implies tha.t X is U-good. (b.) "" 

Let us assume now that .Fv(~) = p<00(V), .Fu(~) = p<00(U) and M E Fv Y J) 
p<00(V). Then by proposition 1 A is standardly stratified. Take any A-module (X, 'et 
of finite projec_tive di~e~sion._ Usi~g theorem 2 and ~h~ fact that (O, Y, O) is good,;~~J) 
that X has finite projective dimension and therefore it 1s U-good. It follows that ( ' 
is A-good. QED 
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