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In this article & w:
imensioi:a‘ldlr)::il:' lf_d‘lvrlll} ‘.1“!1ot(~ an algebraicaly (Irlosed field, algebra always mecans finite
I A i a]‘ e gebra and ullodul(‘ means finitely generated left module.
{61,.._7 e} an gebra, A-mod will denote the category of A-modules. Let us fix €
fix thig liI:ear vgrder.ed, complete set of primitive, orthogonal idempotents, and we also
Let P, dc‘n:fl\ C}I given by the indices.
Whose pmif;cti “;t ‘1(‘. n’l.d'ecmnp()sablc proj'ectivc corresponding to ¢; and S; the sit
Maxima] q‘uotien‘t((‘;_";: s P;. For (ach i, we define the standard module Ap(7) to be the
of all thege standard » with (‘ornpomtlon factors among the S; with j <. Let A be the set
2 A-good mod 1‘“' Inodul.es A/\(z) A A-module M will be called a good, or, more precisely,
ule, if there is a finite chain of submodules

nple module

T 0=MyCM,C...CM;=M

chthat M /g e .

the ﬁltratio;l/ M;_, is isomorphic to a module in A for all 7. The number ¢ does not depend on

of Amod Wl’ Al Wl.ll call it the A-length of M and denote it by {(M). The full subcategory

to be left ot 10se objects are the good modules is denoted by Fx(A). The algebra A is said

A stud&n}dard]y stratified if A is a good module.

Standard]y sytrlctr;l ailg(‘br?ls which are given in lower tr
stratifie y . e . E

(13, 8']. that will b(e(uS(Lf;tl us begin by quoting two we

1ven A i ’ .

i i d’\a standardly stratified algebra, with respect to €,

§ denote by ¢; the sum € = ¢; + ...+ €n.

We now state:

jangular form, with respect to being
1l known results of Dlab and Ringel

anq | let j be such that 1 <j <mn

Theore

m

are thl 1. The algebra A[Ae;A is standardly stratified and the good-A[Ae;A modules
€ good A- modules anihilated by Ae;A.

2 The w
e algebrq ¢ ] fi
gebra e;Ae; is standardly stratified, ith respect to {es5: T
Now 3
» We fix our notations:

Uand v :
Mension ) k(_izllz% (;tber:‘nlto dimensional k-algebras, M a V — U
U 0
-[50)

5l : '

{(:4' oot fopry .o« frpr ) is @ complete, ordere

» where ¢ = {e1,..., ¢} C U and f= {fotts--» frar}
ents of U, V, respectively.

_bimodule and A the finite

d set of orthogonal, primitive
C V are complete
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d

dules an

r y of A-mo )

re i walence between the category o + sl il

k 1 We recall that there is an_ equiva . el © £ Jean

Re“?*‘tr ory C whose objects are triples (X, Y, f), with X € U-mo s, obiests (3, Y,‘f)

ey jg . Y, a V-module homomorphism. The morphisms betu;etfn U -homomorphism
=Y, = i G e

Mf(UX’ Y', f') are pairs of morphisms (o, B), where a: XX isa

Z::d oK ;’ —,) Y'isa V—homomorphism, such that the diagram

M®UX M—ﬁa M®U X’
s i

comutes,

tained
. g / were con

) we abuse a little byt of the notations doing as if U and |
in A, This we accomplish by identifying ¢

(0,2,0) € 4 with elements ¢ ¢ .

Remark 2 follows ¢

is th
union of the set of stan

d A-modules
asily, from the definitions, that the set of ~"’”"d";{‘lﬂ
dard U-modyles with the set of standard V -modules.

Next we recal] some well knowr facts, see [2].

'y nly i
A B f) ((if) (A", B f) (u—lgl) (A" B" f") is exact, if and ©

08~
‘o decomp
e ]nd(’«c

f “)a A” a.nd B “)ﬂ B, —)I B” are exact. NI()I‘(.‘()VCI‘ th

: ojective ?r
are of the form (P, M ®v P, Id) where lI.P. ljnr:/f Jobjects ;’;
Q is Projective, The iud('cmnposa}"'l“.”f«l‘,ve {/-module
1,0,0) where [is an indecomposnbl(.' e ‘1_ v-module 3%
)5 J, $) where J is an indecomposable ux.](f,(-tl.l\}(leHomv( M, J)
= Jis given by Am® f) = J(m) for m € M anc
Lemma 1 The A-module

f, the
The sequence (

of the form (0,Q,0),

are objects of the form (
of the form (Homv(M,J
¢ M®UHomv(M, J)

Fv (D)
(XY, f) € Fa(A), if and onty if, X € Fy(A) and Y € o
PROOF. Lt 1 (X,Y, f). Then we have the following filtration o
B T YRS 0.Y,0) 2 4e14pL 2 .. 2 ‘“‘"“L,’.S b
Assuming that T is A-good we have that L/(0,Y,0) ~ (X,0,0) is A-good, and. ft a; o
iy [ 18[ 3 2 it follows thyt x € Fu(A) and Y € Fy/(A). The converse is

¢ the
if and only if!

a) U s standardly stratified i,

b) Vs standa-rdly stratifieq with f

respect to f,
¢) vy M € fv(A).
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PRoo
F. ¥
conditions wstly let us assume th .
10ms hold. Since WA @g;\';‘“f Aﬂnl‘m A is standardly stratified and prove thi
= FalB) and A = (U, M, 1) 11(0, V, 0) then z'lvarb” lng} glf‘fd(lg)ﬂ
e s &) = Jw(AQ)

e
]:V(A)' The converse follows analogously. QED

Corollar
Y 1 The algebr . " :
and M ¢ Fv(A). algebra A is quasi-hereditary, if and only if, U and V are quasi-hereditary

PROO
F.The st
sition. QB ement follows straightforwardly from the remark and the previous propo-

We no
W want to investi
vestigate conditi .
8oty of good IIIOdu](;tl'g.df; conditions for lower triangular algebras which imply that the
s is the category of modules of finite projective dimension.

SO’ let A= v 0
and let us keep the notations above. Then there is an exact, full

cat

and fajthfy]
: 1 fun ,
Pro " ctor V/- -
Jectives, and, alse f';l(lf_(\)(;:”: ;“;ik )RIV(‘H by Y+ (0,Y,0), which takes projectives to
0 Fa(A).

Theo
r
d ke [I]] Let A = U o0
pdL (X.y £ < MV be such that v M has finite projective dimension. Then
Lk 00 implies .
pROOF = nplies that Y and ;X have both finite projective dimension.
resolyt: * tis always true that if )
tion of 7, W rue that if L has finite projective dimension then pX also has. (The
e show now tll;c(‘s a resolution of X) !
‘ at vY ale LT
; 1s A-pr(’je(‘«tiv@‘t}} also }@s finite projective dimension.
* Lbe any A-modlllej.1 ‘,:}' " i.n add (M[[V) so it has finite p
dule with finite projective resolution of the form:

rojective dimension.

03P, 3P —1...5P—=L—=0

g 1nd S 2Xact 3 -3 >
uce, an ex ence
-Xact 5'(,(111

02Y,2Y,-1...0Y% Y20

Vhere |y,
hat Y

iare ip add
i : (M . e
€ Projective dim(’rgi:) Mé’é“h Y; has finite projective dimension, it follows t
nsion. D

Thes
L)
Mepé.?f/f (A) = peo(qy
(V) ), if and only if, Fy(A) = P<=(V), Fu(B) = p<=(U) and

PROOF
that 7, 95ume thy

= ZfieAt)h: P<°°(V) if(gA}) B .[)Oc.({i)w then 4A is standardly stratified and it fol
v Wdyets, at fu(A) _ ],é;y ;’101)oslt10n 1, y M has finite projective dimension.

- hypothn n the project; (U ) let us take any U-module X in P(U)
TModyjg €81 impy tliat = dimension of X, that X is A-good and, there
tha all are good, H“nr; U'is standardly stratified and, therefore, that the pr

oduleg of I,r;l"lt‘t us assume that X has projective dimension equa
g 1 are U-good. We have an exact sequence:

05 (@
v(X), Mg e o
Qv P(X), f) — (P(X), M @y P(X),1d) (X,0,0) = 0,

lows

and let us show,
fore, U-good.
ojective U-
1 to n and

ctive dimension n



A Wthh ha‘s
where P(X) denotes the projective cover of X, and Qy(X) the first syzj} gy of X,
projective dimension n — 1. We also have the following exact sequence:

0 - (0, M ®y P(X),0) = (2, M @y P(X), f) =+ (wX,0,0) = 0.

) ince (0, M ®U
By induction we have that (X, 0,0) has finite proj(\,ctive‘ d?menspn a'nd S;;:;Zn(soi,o o,

P(X),0) is projective, it follows that (€, M @y P(X), f) has finite I)I‘()]GC(}I\T? ¢ et i
Now, using the first exact sequence, we conclude that ()Z, 0, U)dhas finite p

mension and therefore it is A-good, which implies that X is U-good. ’ A
Let us assume now that Fy(A) = P<®(V), Fy(A) = P<*(U) and Mde‘]ZV)EA}l’f

P<®(V). Then by proposition 1 A is standardly stratified. Take any rA—nl.O u (;d v:'e get

of finite projective dimension. Using theorem 2 and the fact that (0,Y,0) is good,

. x,Y,f)
that X has finite projective dimension and therefore it is U-good. It follows that (
is A-good. QED
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