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Abstract—The geometric methods for Yang–Mills fields of gauge transformations are applied to find an
invariant Lagrangian in the fiber bundle of the configuration of 2d space X of a turbulent f low determined by
the n-point probability density function (PDF)  fn. The two-dimensional wave optical turbulence is consid-
ered in the case of an inverse cascade of turbulence energy transfer under external impacts in the form of white
Gaussian noise and large-scale friction. The n-point PDF of the vorticity field satisfies the  fn-equation from
the Lundgren–Monin–Novikov hierarchy, and the conditions of equation invariance under external action
are found. A Lagrangian, which is invariant relative to the  subgroup (a group of the gauge transfor-
mations in the fiber bundle of the space X), and the conserved currents are constructed.
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⊂H G
In this paper, we report the results of studying con-
formal invariance of the n-point statistics of zero vor-
ticity lines. In [1], the methodology presented in [3–
5] for calculating symmetry transformations of one-
point statistics was used in proving the conformal
invariance of n-point (n > 1) statistics of isolines x(l)
in the case of two-dimensional hydrodynamic turbu-
lence in the absence of external impacts and at zero
viscosity. In [2], the results of [1] were applied to the
two-dimensional wave optical turbulence, which is
studied within the hydrodynamic approximation of
the nonlinear Schrödinger equation (NSE) for the
weight velocity field u [6] (optical phase gradient of the
wave function). The result obtained is indicative of
conformal invariance of the n-point statistics (proba-
bility measure) of the zero vorticity line  or the
contour of a cluster of optical vortices. The boundary
of vortex clusters was observed in [7]; beyond the vor-
tex kernels, the velocity field is , where variation
in the density (optical intensity of the wave function)
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from the background value ρ = 1 is insignificant.
Experiments for two-dimensional quantum fluids
(polaritons) demonstrate turbulent states and the
occurrence of the inverse cascade in dissipative quan-
tum fluids, along with the formation of vortex clusters.
It is established that one can determine the contribu-
tions from the compressible and incompressible com-
ponents of the velocity field  with the
weight function  (ρ and v are the density and veloc-
ity of the quantum fluid, respectively) to the kinetic
energy of turbulence, which is necessary for the for-
mation of vortex clusters due to the possibility of direct
measurement of the quantum fluid phase based on the
analogy between quantum fluids and optical systems.
The results are applied to toroidal optical vortices.
Experimental data on the formation of toroidal
structures of rays in optics were presented in [8]. The
justification was performed using the 3D-linear
Schrödinger equation (parabolic approximation of the
NSE) with anomalous dispersion of the group velocity
of the wave packet , which is invariant at conformal
transformations of the complex line C, where two
phase elements of  are located. The equation is used
within certain approximations, neglecting the nonlin-
ear effects of propagation of optical waves and interac-
tion with the random-wave background. The latter
results in the fact that the justification of such struc-
tures should be performed within the statistical theory

ρ= /2u v
ρ
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with analysis of the symmetry of statistical distribu-
tions of the vorticity field. Expansion of the symmetry
to conformal invariance is the program proposed by
A.M. Polyakov [9] for the 2d-statistical theory of
hydrodynamic turbulence. The purpose of this study is
to find the invariance conditions for the fn-equation
from the Lundgren–Monin–Novikov (LMN) hierar-
chy under external action in the form of white Gauss-
ian noise and large-scale friction and to construct the
invariant Lagrangian, energy–momentum tensor, and
infinite number of conserved currents in fiber bundles
of the configuration 2d space X, which makes it possi-
ble to apply methods of the conformal field theory [10]
for the statistical theory of turbulence.

1. BASIC CONSTRUCTIONS

1.1. Statistical Model

Statistical samples are considered in the manifold X
(possibly nonconnected and nondifferentiable). Sta-
tistical models are a set of probability measures

 (parameterized by variable ) or
probability density functions specified in some sample
space  of the observed data . The statistical model
of a physical problem consists in the choice of the
probability measure. Let us consider an n-point sam-
ple , which corresponds to the
observed data  and X as the configuration
space of a 2d turbulent f low so that  are values of
the vorticity component . The space of states
of point  of the turbulent f low is a one-dimensional
fiber bundle  over X. The space of states of the
n-point sample  is the direct product

. Let us consider the set of
probability measures  (parameterized x) at

 and the standard Lebesgue measure  defined in
. It is assumed that the set of measures  is abso-

lutely continuous relative to the measure . Then the
map , where  is the Radon–
Nikodim derivative, determines the embedding of the
set  into unit sphere S of the Hilbert space

. The derivative  is a probability
density function (PDF) in S, the form of which will be
specified below for the model of wave optical turbu-
lence.

1.2. Gauge Transformations

In accordance with the gauge transformation the-
ory, we choose a group of transformations (Lie group),
which acts on the manifold X, and consider conformal
maps of the 2d manifold X, which are an infinite-
dimensional Lie pseudogroup defined on the complex

μ ∈{ | }Xx x ∈ Xx

} ω

∈…(1) ( )( , , )n Xx x
ω ω…(1) ( )( , , )n

ω( )i

Ω ( )( , )i tx

( )ix
R} �

…(1) ( )( , , )nx x

× ×…=n nR} } } �
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} μ{ }x

ν
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ν2( , )L } μ νd /d = fx
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line C, the action of which can be lifted to fiber bundle
 of the manifold X with the base

, where the fiber  is the group of transforma-
tions . In differential geometry, such fiber bundles
are referred to as principle.

1.3. Wave Optical Turbulence

The statistical description of the set of optical vor-
tices is based on the analogy between optical and
hydrodynamic fields [12]. Within the hydrodynamic
approximation of the NSE determined by the Euler
equation for an ideal incompressible f luid, the equa-
tions for the multipoint PDFs  fn, , the vor-
ticity fields w are determined by the hierarchy of the
LMN equations. We are interested in the properties of
statistics that are independent of the properties of an
external random force (i.e., invariance, when the tur-
bulence is implemented on scales that are larger than
the correlation length of the external force or in inverse
cascades). To simulate nonlinear propagation of opti-
cal waves in terms of the scalar complex wave function

 for the envelopes, we apply the NSE,
which in dimensionless variables x, y, t, and  has the
form

(1)

The Madelung transformation [11]

where  is the optical intensity and  is the wave
function phase, sets the correspondence between the
optical and hydrodynamic fields, and ρ and  satisfy
the Euler equations for an inviscid polytropic gas with
the adiabatic index γ = 2. Thus, the optical intensity is
the density ρ, the optical phase gradient  is the
velocity , the nonlinear perturbation of the refractive
index corresponds to pressure p, and the distance
passed by the optical wave corresponds to time t. At
the points  where , the phase 
is uncertain and the vorticity is the distribution of the
delta function . The transition to the velocity

 (as in [6]), with approximation of  near xi by
the Pitaevskii vortex solution [13] with weight ,
allows one to pass to the localized and rapidly decay-
ing vorticity field w, which is still singular at 
( ) but is not the distribution of the delta
function any longer. The Hamiltonian of the NSE

(2)

in hydrodynamic variables u and ρ can be written as

× ×…

(1) ( )
=

n
P Px x3

( )jx
( )j

Px

jG

∞…= 1, ,n

Ψ( , , )X Y T
ψ

ψ + Δψ + ψ − ψ ψ2| | = 0.ti

φψ ρ ψ ρ2= , | | = ,ie

ψ 2| | φ

v

∇φ
v

∈ 2= ( , )i ix y Rix ψ = 0 φ

δ −( )ix x
ρ=u v v

ρ

= 0r
−= | )|r ix x

∇ψ + ∇ψ −
2 2 2= [| | 1/2(| | 1) ]H dx



418 GREBENEV, GRISHKOV
(3)

where HK coincides with the Hamiltonian of an ideal
incompressible f luid. As was shown in [6], the Hamil-
tonian HK is dominant in the expansion of H on
motion scales of  of the vortex core radius, where
pressure p changes significantly and  (back-
ground density value) at . The field divergence 
(i.e., ) on these motion scales is 
(see [6]). Thus, the hydrodynamic approximation of
the NSE on motion scales of  is determined by the
Euler equation for an ideal incompressible f luid.

1.4. Statistical Description of the Optical Vorticity Field

Equation fn from the LMN hierarchy is considered
under external forcing (white Gaussian noise and
large-scale Ekman friction), which leads to statistical
stationarity of the PDF. The following designations
are used:  is the n-point PDF
( ) and  ( ) is the value of the vor-
ticity component  at the point . A
superscript indicates the vector component. Using

, we introduce complex variables ,
or . An arbitrary fn-equation from the
LMN hierarchy in complex variables takes the form
[14]

(4)

(5)

The first term is the friction damping (Ekman fric-
tion), through which the interaction energy shifts to
larger scales of the inverse cascade. The second term is
the excitation of the system by white Gaussian noise
with a short correlation length:  is the
external impact amplitude,  and n =

. Re indicates the real part of a complex num-
ber. The velocity vector is

(6)

(7)

+
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The PDF class is determined by the conditions of
normalization, coincidence, and separation of PDFs
[14] on the corresponding scales.

2. CONFORMAL GAUGE TRANSFORMATIONS 
OF THE VORTICITY FIELD STATISTICS

2.1. Infinitesimal Operator
The Gauge transformation is function  taking

values in the G group acting in the space of fiber bun-
dles over X. The action of the Lie pseudogroup of the
conformal transformations of X can be lifted to fiber bun-
dle  of the manifold X with the base . Fiber  is
the Lie transformation group Gj (Lie algebra ) deter-
mined by the infinitesimal operator ,  [1]:

(9)

j indexes , , and . The coordinates of the
infinitesimal operator are determined by the formulas

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

;  satisfies the relations  and
; c11, c12, and each pair , , …, , 

{ }

( )
( )

+ + + +

+ + +

ω

= ω ω α −

ω ω
×

ω



v ( ) ( ) ( )
2

( 1) ( 1) ( 1) ( ) ( 1)

1 ( 1) ( 1) ( ) ( )

( ) ( )

( , ) | ,

d d ( )

, ,{ , },
.

{ , },

j l l

n n n j n

n n n l l

n l l

t

f t
f t

x x

x x x

x x
x

( )g x

3 ( )jx
( )j

Px

js

( )jS = …1, ,j n

∂ ∂ ∂ξ + ξ + ξ +
∂ω∂ ∂

…

1 2 3
( ) 1 2

(1)(1) (1)

=jS
x x

− −

+ +

+ +

∂ ∂ ∂ ∂+ ξ + ξ + ξ + η
∂ω ∂∂ ∂

∂ ∂+ ξ + ξ
∂ ∂

3 2 3 1 3 1
( )1 2

( )( ) ( )

3 1 3 2
1 2
( 1) ( 1)

n n n
n

n nn n

n n

n n

fx x

x x

+

+ +

∂ ∂+ ξ + η
∂ω ∂

3 3 2
( )

( 1) 1

,n
n

n nf

+ξ3 1n +ξ3 2n +ξ3 3n

ξ + +1 11 1 12 2 1
(1) (1) (1) (1) (1)= ( ) ( ) ( ),c x c x dx x x

( ) ( ) ( )ξ + +2 21 1 22 2 2
(1) (1) (1) (1) (1)= ,c x c x dx x x

ξ ω3 11
(1) (1)= [6 ( )] ,c x

… … …

−ξ + +3 2 11 1 12 2 1
( ) ( ) ( ) ( ) ( )= ( ) ( ) ( ),n
n n n n nc x c x dx x x

−ξ + +3 1 21 1 22 2 2
( ) ( ) ( ) ( ) ( )= ( ) ( ) ( ),n
n n n n nc x c x dx x x

ξ ω3 11
( ) ( )= [6 ( )] ,n
n nc x

+
+ +ξ + +3 1 11 1 12 2 1

( ) ( 1) ( ) ( 1) ( )= ( ) ( ) ( ),n
j n j n jc x c x dx x x

+
+ +ξ + +3 2 21 1 22 2 2

( ) ( 1) ( ) ( 1) ( )= ( ) ( ) ( ),n
j n j n jc x c x dx x x
+

+ξ ω3 3 11
( ) ( 1)= [2 ( )] ,n

j nc x

…= 1, ,k n lsc 11 22=c c
−12 21=c c ξ1 ξ2 −ξ3 2n −ξ3 1n
DOKLADY PHYSICS  Vol. 68  No. 12  2023



A GAUGE-INVARIANT LAGRANGIAN DETERMINED 419
are arbitrary conjugate harmonic functions. Coordi-
nates  and  can be written as

(19)

(20)

(21)

(22)

The infinitesimal operator  generates the Lie
(pseudo-)group Gj (  and  ( ) are isomor-
phic), which invariantly transforms characteristic
Eq. (4) (see [1])

(23)

with zero vorticity , , and Eq. (4)
along . We define  as the direct
product of Lie groups Gj; G is a Lie (pseudo-)group
again. Under the action of G transformations, the fn-
equation remains invariant only along ,

, with ; G retains the PDF class
[2]. Furthermore, the left-hand side of (4) along

 is transformed as
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(28)

The form of  indicates that the infinitesimal
operator

(29)

generates the Lie subalgebra  and the Lie
(pseudo-)group Hj acting in :

(30)

where ; U and V are conjugate harmonic
functions (i.e., F is conformal map);  is the deriva-
tive with respect to ; and the group parameter a is
omitted in the designations. Correspondingly, H =

 is the Lie (pseudo-)group in  =
. Let us find the representation of

the Lie algebra . In complex variables, the operator
 takes the form

(31)

The transformations  and
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(33)

Thus, the algebra generated by the infinitesimal
operator  ( ) is a linear shell over C basis ele-
ments of  and the Lie bracket: [kn, km]f =

, [ , ]f = (n –
m) , .

2.2. Lagrangian

Invariants of transformation groups comprise a
part of the physical process. A geometric object, which
is behind the measurement procedure, is a Lagrangian
manifold with an action integral (Lagrangian) [15].
Central moments or differential forms determine the dif-
ferential invariants of an admitted transformation group
[15]. Let us consider the fiber  and the differential
form  =  [16].
With allowance for (30), simple calculations show that
the infinitesimal operator  generates the invariant

 of the Lie (pseudo-)group Hj. The
trajectory action integral (Lagrangian) , parame-
terized by the parameter  (its length in the metric

), is determined by the formula [16]

(34)

or

(35)

The Lie (pseudo-)group Hj invariantly transforms
(34) and, accordingly, (35). To prove the invariance of
(34), it is sufficient to find symmetries of the equation
(eikonal equation) (see (34))
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The widest group of transformations (36) consists
of equivalence transformations, which was calculated
in [17]. The subalgebra of the equivalence transforma-
tion algebra, which retains the  invariant, has the
form
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where  and  are arbitrary conjugate functions.
Thus,  and  coincide.

For Lagrangian (34), the energy–momentum ten-
sor [16] has the following components:

(38)

Here,  is a traceless tensor because
 = 0. Therefore,

 = 0, which suggests  =
0. Therefore, the tensor has only two nonzero compo-
nents: 

and . In

addition,  and .
As a result, Hj retains an infinite number of the cur-

rents  and .
Thus, the Lagrangian and the current in the fiber

bundle  are defined as the vectors 
and , , .
The Lie pseudo-group H invariantly transforms E and
retains the currents. One can interpret Hj as the equiv-
alence transformation of eikonal equation (36) retain-
ing the ray length.
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