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Bremsstrahlung spectra below 250 MeV have been measured colliding 500 MeV–electrons with Cu, 
Ag, and Au targets. The experimental intensity ratios relative to Cu are well described by an accurate 
analytical high-energy theory, which accounts both for Coulomb distortion and screening. This represents 
the first experimental verification of the discovery by Bethe-Maximon that leading-order quantum 
mechanical calculations, equivalent to quasiclassical approximations, become exact at high energies and 
small angles. It also shows that radiative QED effects play a minor role in the covered part of the spectral 
distribution within the accuracy (1.6%) of the present measurements.

© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Nuclear bremsstrahlung is the simplest interaction mechanism 
between an electron and an atom involving the coupling to the ra-
diation field. It is essentially the radiative correspondence to elastic 
scattering, to which it is related by the low-energy theorem [1,2]. 
This gave it a unique relevance at the dawn of Quantum Elec-
trodynamics (QED). The first calculations were performed more 
than 80 years ago by Sommerfeld [3] for non-relativistic elec-
trons, and by Sauter [4], Bethe and Heitler [5,6], and Racah [7]
for relativistic electrons. Indeed, the prominent role continues to 
the present days. The most direct experimental evidences of phe-
nomena beyond the standard formulation of QED, namely quantum 
coherence [8,9] (i.e. the Landau–Pomeranchuk–Migdal (LPM) sup-
pression [10–13]), structured target resonance [14], and radiation 
back-reaction [15], were obtained within the context of nuclear 
bremsstrahlung. These phenomena are completely general and ap-
ply to every quantum theory of any interaction. However, a direct 
experimental proof was possible only in the case of QED, where 
the reference “standard” treatment is very well established [16–18]
and allows to search for more subtle effects.
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Bremsstrahlung investigations are transparent owing to three 
main reasons. i) The process can be treated as one body in an 
external field. ii) The momentum transfer is generally small and, 
therefore, the external field is well approximated as static and 
purely electric, even at high energies, since the cross section is 
dominated by the part of the phase space where the emitted pho-
ton and the final electron are strongly focused at small angles. iii) 
Radiative corrections are mostly negligible: for 5 GeV electrons, 
they were experimentally shown to be well below 1% for the lower 
80% of the photon energy spectrum, increasing up to 5% close to 
its short–wavelength–limit (SWL) [19]. However, there emerge two 
difficulties.

The first one is a consequence of the formation length needed 
by the photon to be fully emitted (as proven by the existence of 
the LPM suppression). During the corresponding formation time, 
the electron continues to feel the static screened nuclear field. 
Therefore, the process cannot be described like a sequence of well 
separated localized interactions with either the static or the radia-
tion fields, as it is necessary in standard perturbative QED, which is 
a theory of point interactions between free particles. Truly enough, 
a version of QED where a background field is present was devel-
oped and is known as the Furry picture of QED [20]. However, only 
the leading order was studied for bremsstrahlung and shown to 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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agree with the usual Fermi’s golden rule. Nothing is known about 
the full perturbative expansion in the Furry picture.

The second difficulty is that the eigenfunctions of the Dirac 
equation corresponding to the continuous part of the spectrum do 
not possess a closed form even for a pure point-like Coulomb field. 
It is possible to use partial-wave expansions [21,22], but they be-
come impractical above a few MeV because more than one million 
contributions to the matrix elements are needed to achieve con-
vergence [23].

Experimental studies of high-energy bremsstrahlung are scarce. 
The existing data [8,9,14] are focused on the investigation of the 
LPM effect. Concerning the influence of the distortion of the wave 
function close to the nucleus, the original theory by Migdal [12]
did not include the Coulomb correction, while that by Baier and 
Katkov [24] included it within the eikonal technique, which is 
equivalent to the leading order in the high-energy Bethe-Maximon 
approximation [25]. We note that a theory of quantum coherence 
effects taking into account higher-order corrections does not exist.

Experiments at medium-to-high energies [26,27] investigated 
the nuclear charge dependence of bremsstrahlung by considering 
targets ranging from copper to uranium at a single photon energy. 
To our knowledge, there is no measurement of the spectral distri-
bution of the bremsstrahlung photons at collision energies above 
100 MeV and below a few GeV. The latter limitation is imposed by 
the LPM suppression, which starts to change the shape of the mea-
sured spectrum [8,9]. Such experiments are needed to confirm the 
extended numerical tables for bremsstrahlung cross sections pre-
pared by Seltzer and Berger [28,29] and currently adopted in all 
applications including simulation tools like Geant4 [30] and PENE-
LOPE [31,32]. While for the low-energy regime (below 2 MeV) 
these tables are based on elaborate partial-wave calculations [21], 
for high energies (above 50 MeV) an interpolation technique is 
used to combine the analytical Bethe-Maximon theory [33] with 
the exact high-energy result at the SWL of the photon spec-
trum [34,35]. Special care is also necessary to join the regimes 
below 2 and above 50 MeV. Seltzer and Berger estimate the ac-
curacy of Refs. [28,29] to be between 3 to 5% above 50 MeV. As 
a matter of fact, a comparison with advanced numerical quantum 
mechanical calculations [36] has revealed not negligible inaccura-
cies in these tables close to the SWL for electron energies beyond 
50 MeV.

The present experiment at 500 MeV has been designed to ex-
tend the measurements by Brown [27], using the facilities of the 
MAMI accelerator at Mainz. The photon spectra up to 250 MeV 
are recorded, using thin foils of Cu, Ag, and Au in order to pro-
vide single-collision conditions. Concerning the LPM suppression, 
it affects only photons with an energy h̄ω below [13]

h̄ω < h̄ωLPM = Ebeam(Ebeam − h̄ω)

ELPM
≈ E2

beam

ELPM
(1)

where ELPM is a characteristic scale that depends on the material. 
For Gold, the worst case considered here, ELPM = 2575 GeV and 
h̄ωLPM ≈ 0.1 MeV, well below the threshold accessible with the 
present setup.

These experimental data are compared to two conceptually dif-
ferent high-energy theories, available in analytical form. The first 
one is a quantum-mechanical theory, based on an extension of 
the Bethe-Maximon approach [33,37], while the second one is a 
quasiclassical approximation [38]. The equivalence of both theories 
relies on the fact that the lowest-order term of the respective wave 
functions coincide [39]. Besides the comparison with the measured 
spectral distributions, the effect of the Coulomb correction (which 
at 500 MeV has attained its high-energy limit and is accounted 
for in both theories) is also investigated by considering the ratio 
of the bremsstrahlung intensity for the various target species with 
respect to the one for copper.
2

2. Experiment at MAMI

The setup employed at MAMI was described elsewhere [40]. 
Here the main features are recalled. The continuous wave beam 
from MAMI-B (≈ 0.1-mm diameter and divergence much less than 
1/γ , where γ is the Lorentz factor of the electrons [40]) impinges 
on a thin foil mounted on a translation stage inside a vacuum 
chamber. Behind the target, the electrons are deflected by a first 
magnet and then bent by a series of other ones to end in a beam 
dump located below the floor. The photons are detected by a cylin-
drical NaI calorimeter with a diameter and a length of 10 inch, 
installed in a separate room behind a thick wall and enclosed in a 
lead shield. The initial path of the photons is kept in vacuum down 
to the mentioned wall [40]. A lead collimator is installed immedi-
ately in front of the calorimeter with an acceptance much larger 
than 1/γ . Thus, considering the strong forward kinematic focusing, 
the measured spectrum reflects rather well the single differential 
cross section in photon energy. This setup results in a particularly 
low background that has allowed for the use of very thin metal-
lic foils as targets. Those employed by Brown [27] had a thickness 
of 3 · 10−2 of a radiation length (X0), while, in the present case, 
the thickness is reduced to 5 · 10−5 X0 (using self-supported films 
adhering to rigid stainless steel frames), thereby rendering negligi-
ble the spectral distortion due to the emission of multiple photons 
by a single electron crossing the target. On the other hand, Brown 
employed pion photoproduction on liquid hydrogen to identify the 
photons, which is insensitive to pile-up.

At these energies, there is no way to determine the response 
of the calorimeter to the high accuracy needed for the present ex-
periment. In order to cancel the calorimeter response completely, 
it is necessary for the shape of the radiated photon spectrum to 
be similar to that of Cu. For this reason, Cu, Ag, and Au targets 
have been manufactured in large batches. Their thicknesses have 
been preliminary determined by Rutherford Back Scattering (RBS) 
at the LAMFI facility of the Institute of Physics of the University of 
São Paulo and then matched in sets with three targets having ap-
proximately the same thickness in units of X0 (within ≈ ±20%). To 
take full advantage of the relative determination, during the runs 
the Ag or Au target has been exchanged four times with the refer-
ence one (Cu) to cancel possible drifts of the electronics or of the 
beam current (≈ 1 pA), which cannot be measured to the accuracy 
needed for the present experiment. Typical count rates have been 
kept around 5 kHz, resulting in dead time corrections of ≈ 2%. All 
spectra have been collected presetting the live time to 15 minutes. 
The data have been analysed in the following steps. i) The energy, 
k, deposited in the calorimeter, has been calibrated employing nat-
ural γ -lines and a 241Am-9Be source. ii) The background has been 
subtracted using a run taken with beam but without target. iii) The 
ratio of the Ag or Au to the Cu spectra, dN/dk, per interval of en-
ergy, dk, deposited in the calorimeter has been evaluated between 
each consecutive pair of measurements. iv) The ratios have been 
averaged. v) The average ratio has been corrected for the inverse 
ratio of the thickness, t (expressed in number of atoms per unit 
area), of the Ag or Au target to the reference one (Cu). vi) The av-
erage ratio has been corrected for the inverse ratio of the atomic 
numbers squared. Expressing all the previous steps in one formula 
gives

Ri,Cu(k) =
〈 (

dN
dk

)
i(

dN
dk

)
Cu

〉
tCu Z 2

Cu

ti Z 2
i

, (2)

where i = Ag or Au. The results are shown in Fig. 1 for the target 
pairs of thickness 8 · 10−5 X0 (filled squares �): the flatness of 
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Fig. 1. Ratio defined in Eq. (2) for bremsstrahlung emission by impact of Ebeam =
500 MeV electrons on (a) Ag (Z = 47) and (b) Au (Z = 79) as a function of the 
energy, k, deposited in the calorimeter. Target pairs of thickness 8 · 10−5 X0 have 
been measured for both Ag and Au (green filled squares �). For Au, one additional 
pair of thickness 5 · 10−5 X0 has also been employed as a cross-check (red filled 
circles •). The error bars are statistical only (see the text for details).

Ri,Cu as a function of k indicates that the pile-up and the response 
function of the calorimeter are indeed cancelled out. The decrease 
in the size of the error bars at low energies is due to the larger 
number of collected events following the well known approximate 
1/k behaviour of the bremsstrahlung cross section.

The preparation of the targets, their storing in inert atmosphere 
to avoid excessive oxidation, and the determination of their thick-
nesses t has required the largest effort in setting up the exper-
iment. After some investigations, it has been decided to finally 
extract t from the energy lost by α particles, emitted in the de-
cay of 241Am, while traversing the targets. To this end, a setup 
has been constructed, including a source holder, a collimator, a 
target insertion device, and a Passivated Implanted Planar Silicon 
(PIPS®) detector (manufactured by Canberra). A model for the re-
sponse function of the PIPS detector has been developed to fit the 
recorded energy spectra of the α particles transmitted through the 
system. The 241Am source has the extra complication of provid-
ing three main lines with slightly different energies (5.388, 5.443, 
and 5.486 MeV [41]) and very different intensities (correspond-
ing, on average, to 1.66, 13.2, and 84.5 per hundred decays [41]), 
3

that have to be simultaneously taken into account in the fitting 
procedure. However, only the most intense line at 5.486 MeV has 
been used to evaluate the energy lost by the α particles, since 
its position can be obtained with the best accuracy, resulting in a 
more precise determination of the thickness of the target. To vali-
date the method, calibration targets consisting of Al, Cu, Sn, and Au 
foils, manufactured by GoodFellow [42], have been employed. Their 
thicknesses have been determined by weighing with two micro-
analytical balances and by measuring the area from images taken 
with a scanner to avoid distortions due to parallax. The uncertainty 
on the thicknesses of the calibration targets, estimated by propa-
gating the uncertainties on the area and the weight (the former 
being dominant), is 0.5%. The directly measured results match, in 
the worst case, within 0.3% those obtained from the energy lost by 
α particles, when the ASTAR/NIST database, also available as the 
ICRU Report Number 49 [43], is adopted. This confirms the quality 
of the method, which has then been applied to the targets used at 
MAMI for the bremsstrahlung measurements, that are too fragile to 
be scanned and weighed. Key to achieving this precision has been 
the use of a low-activity open 241Am source deposited as a very 
thin film on a substrate to reduce as much as possible energy loss 
and straggling in the source itself. A 232Th source has also been 
employed to get calibration lines (including those from the 212Po, 
216Po, 222Rn, 212Bi, 224Ra, and 228Th daughters) over a wide energy 
range from 3.9 to 8.8 MeV, covering the region where the peaks 
from the 241Am one are displaced to because of the energy lost in 
the target foils. Last but not least, not all energy loss tabulations 
are adequate to reach the precision mentioned above: for exam-
ple, the widely used SRIM code version 2013 [44] (the most recent 
available at the time of submission of this work) gives, for the cal-
ibration targets, a disagreement in the thickness that reaches up 
to 2% in the worst case (namely that of the Cu target). Thus, the 
ASTAR/NIST database has been preferred. A final verification that t
has indeed been correctly determined is given in the lower panel 
of Fig. 1: another pair (red filled circles •) of Au and Cu targets 
has been employed at MAMI with t roughly half that of the first 
one (green filled squares �) and a good agreement is observed in 
terms of RAu,Cu. This is a crucial step to ensure that most of the 
relevant sources of systematic errors are indeed under control.

Once the ratio has been accurately determined, the differential 
cross sections for the two elements, Ag and Au, can be recon-
structed by assuming the best calculations available for Cu (NLO 
with electron-electron bremsstrahlung correction, see Section 4) 
as displayed in Fig. 2. Once more, it has to be stressed that, at 
these energies, there is no way to determine the response of the 
calorimeter with high accuracy [8]. Thus, it is a common practice 
to use the lowest-Z data and theory, under the premise that the 
effects to be studied decrease with Z , to determine the absolute 
normalisation [9,14,15]. The systematic uncertainties affecting the 
data, much larger than the statistical ones displayed with error 
bars in Fig. 2, should also be added (see Fig. 3). Hence much effort 
has been devoted into an accurate determination of the Ag and Au 
spectra relative to Cu, in the spirit of extending the early measure-
ments performed by Brown at a single photon energy. The actual 
values, together with their statistical uncertainties, are made avail-
able in tabular form in the supplementary material.

3. High-energy theory

Early bremsstrahlung calculations [4–7] were performed in the 
Plane Wave Born Approximation (PWBA), equivalent to standard 
perturbative QED. Much progress was since made by Sommerfeld 
and Maue [45] and Furry [46], who constructed closed form ap-
proximate solutions to the Dirac equation for a pure point-like 
Coulomb field. These Furry-Sommerfeld-Maue (FSM) wave func-
tions, which become exact in the limit of high energies and large 
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Fig. 2. Power spectrum (ωdσ/dω) reconstructed from the data of Fig. 1 for the 
pairs of targets with thickness 8 · 10−5 X0 (histogram). The vertical bars represent 
the statistical uncertainties. Legend: LO (red, continuous curve), NLO (blue, dotted 
curve), and RDP (green, dashed curve) calculations.

angular momenta, represent for arbitrary conditions the leading 
order (LO) in α Z (with α the fine structure constant and Z the 
nuclear charge number) [17]. The distortion by the Coulomb field 
is partly accounted for at the LO, explaining the superiority of such 
an approach to the PWBA [17]. The FSM wave functions were first 
used by Bethe and Maximon in bremsstrahlung calculations [33]. 
Their results are valid under the approximations of high energies 
for the initial and final electrons and small angles. Later on, Elwert 
and Haug [47] removed those limitations obtaining an expression 
which is exact within the LO. It is adopted in the present work as 
well.

Upon adding a correction term ψc of order (α Z)2 to the FSM 
wave function ψFSM and inserting ψFSM + ψc into the Dirac equa-
tion, the bremsstrahlung matrix element Mc involving ψc was 
found analytically in the limit of high initial and final electron 
energies by Roche, Ducos, and Proriol [37]. In the next-to-leading 
order (NLO) approach, the absolute square of the radiation matrix 
element, determining the differential bremsstrahlung cross section, 
has to be calculated from

|M|2 = |MFSM|2 + 2 Re(M� Mc) , (3)
NLO FSM

4

where MFSM is the matrix element in LO, evaluated with the FSM 
wave function. It is worth mentioning that Roche, Ducos, and Pro-
riol (RDP) retained the term quadratic in Mc in the cross sec-
tion [37], which belongs to the next-to-next-to leading order con-
tributions. This RDP prescription leads to severe discrepancies with 
partial-wave bremsstrahlung calculations at backward angles for 
low collision energies where exact calculations are feasible [23]. 
Results from this RDP theory are included in Fig. 2, demonstrating 
its failure.

Alternative approaches to higher-order corrections are based 
on the quasiclassical theory. A WKB-type approximation, applied 
to each radial wave in the partial-wave expansion of the elec-
tronic scattering state leads (for a point-like Coulomb field) to 
the small-angle approximation of ψFSM [48]. On the other hand, 
an eikonal-type representation of the scattering state, obtained 
from an expansion in mc2/Ei (where Ei is the total energy of 
the impinging electron) [38], reproduces to leading order the 
full Furry-Sommerfeld-Maue wave function [39]. For the angle-
integrated photon spectrum, the use of the corresponding qua-
siclassical Green’s function leads to a simple analytical expres-
sion, including the leading order and the next-to-leading order in 
mc2/Ei [39]. This new approach results in more manageable ex-
pressions but employs the approximations of high energies for the 
initial and final electrons and small angles. Moreover, it contin-
ues to rely on Fermi’s golden rule and thus does not improve the 
traditional one as far as a unified treatment of radiative and non-
radiative corrections is concerned. We stress that the LO quantum 
calculations shown here do not involve any high-energy or small-
angle approximations. The NLO ones are also not limited to small 
angles. The high-energy assumption is, however, implied by the 
form of ψc adopted in Ref. [37].

Screening by the target electrons can easily be accounted for 
in the quasiclassical theory, since the target potential enters ex-
plicitly into the formula for the bremsstrahlung cross section [38]. 
In the quantum mechanical NLO approach, screening is consid-
ered by means of the Olsen-Maximon-Wergeland (OMW) additivity 
rule [48,49], which profits from the fact that Coulomb distortion 
and screening effects are important in different spatial regions, al-
lowing to calculate the screening correction in the PWBA.

Bethe and Maximon [33] found that, in the limit of ultrahigh 
energies and at small observation angles, the FSM wave function 
becomes exact, irrespective of α Z being small. Actually it can be 
shown that the convergence of the FSM wave function to the exact 
solution with increasing energy is not uniform, since the bound 
of the difference between the two functions at a point in space 
depends on the distance from the origin of the Coulomb field as 
well as on the angle between the electron momentum and the 
displacement vector from the origin. This renders exact analytical 
studies difficult. The Bethe–Maximon classification of the order in 
α Z and the energy dependence of the various contributions to the 
cross section, being the most complete to the present day, relies, 
however, on the high-energy and small-angle approximations.

Concerning the importance of higher-order corrections, it is 
well-known that the FSM theory fails at the high-energy end of 
the spectrum where the scattered electron is very slow. In con-
trast, the quantum mechanical higher-order approaches provide 
a correction at the SWL in accord with low-energy exact calcu-
lations [36,50]. On the other hand, the quasiclassical corrections 
diverge at the SWL [39]. This deficiency can, however, be remedied 
by applying the quasiclassical approximation only to the incoming 
electron, while treating the slow outgoing electron quantum me-
chanically [51]. In the following section, we provide a comparison 
of the quantum mechanical and the quasiclassical theory with the 
data for the lower half of the photon spectrum.
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Fig. 3. Comparison of the theory ratio from Eq. (4) with h̄ω = 234 MeV to the ex-
perimental ratio from Eq. (2) as a function of the atomic number of the target. The 
experimental points are from Brown [27] (filled squares �) and the present work 
(filled circles •). In the latter case, where it is possible to check that Eq. (2) does not 
depend on k, an average is taken to reduce the statistical uncertainty to a negligi-
ble level. Legend: PWBA (cyan, dot-dashed curve), LO (red, continuous curve), NLO 
(blue, dotted curve), and RDP (green, dashed curve) calculations.

4. Comparison of experiment with theory

In all the theoretical approaches considered (i.e. LO, NLO, and 
RDP), the ratio

Ri,th(ω) =
(

dσ
dω

)
i

Z 2
Cu(

dσ
dω

)
Cu

Z 2
i

, (4)

where i = Ag or Au, and dσ/dω is the single differential cross sec-
tion for the emission of a photon with energy h̄ω, is expected to 
be flat away from the SWL. In such a case, it is possible to com-
pare Ri,Cu with Ri,th without having to deconvolve the response of 
the detector. It is then legitimate to employ the weighted average 
of the measured Ri,Cu(k) (0.964 for Ag and 0.840 for Au), affected 
by a negligible statistical error, to compare with the constant value 
of Rth, as shown in Fig. 3. The agreement of the present data with 
those by Brown [27] is very good considering the error bars, which 
represent the systematic alone and the total uncertainty [27] for 
the former and latter cases, respectively. The present systematic 
error is estimated to be 1.6% due to the uncertainty in t (0.5% as 
estimated from the uncertainty in the thickness of the reference 
targets), the uniformity of the target (1% as checked at MAMI with 
a beam scan over the target surface), and the reproducibility (0.1%
as evaluated from the standard deviation of the average appearing 
in Eq. (2), most likely due to an uncompensated time drift of the 
unmeasured beam current).

Clearly, the PWBA, equivalent to the standard perturbative QED, 
completely fails to reproduce the data and gives a too high cross 
section (by ≈ 10%) at large Z . By the way, the PWBA is not con-
stant in Z (one might expect that Ri,th(ω) = 1 independent of Z ) 
because of the presence of screening (which is taken into account 
using Dirac-Hartree-Fock-Slater form factors made available as part 
of the RTAB database by Kissel [52]). The small contribution of 
electron-electron bremsstrahlung has been included in Eq. (4) by 
a bilinear interpolation in log-log scale of the tables published by 
Seltzer and Berger [28,29].

The same PWBA is employed to add screening to the LO, NLO, 
and RDP results according to the OMW prescription as mentioned. 
Electron-electron bremsstrahlung is included as described. The RDP 
5

theory, applied so far in all the published literature on this mat-
ter [37,53,54] except Ref. [23], is also not consistent with the data 
and should be rejected in all further calculations both at low en-
ergies, as demonstrated in Ref. [23], and in the high-energy limit 
according to the present work. On the other hand, the NLO scheme 
proposed in Ref. [23] agrees with the LO in the high-energy limit 
and with the data. The calculations shown in Fig. 3, which required 
the evaluation of the single differential cross section as function of 
ω for a grid of atomic numbers containing one every three el-
ements (29 in total including Cu, Ag, Ta, Au, and U) demanded 
about two years of CPU time on a modern multi core 64-bit unit 
running at 2.0 GHz (opteron 6128 HE manufactured by AMD®). All 
the numerical aspects of the program were thoroughly tested, as 
described in Ref. [55]. The agreement of the LO and NLO results, 
some tens of MeV away from the SWL, is found to be within the 
requested relative numerical accuracy of the calculations (10−4). 
Discrepancies of the same order of magnitude are present in the 
lower half of the photon energy spectrum, when considering the 
leading order and the next-to-leading order of the quasiclassical 
approach [39]. These differences increase in the upper half towards 
the SWL, not covered by the present data, because of the addi-
tional high-energy and small-angle approximations, employed in 
Ref. [39], which are invalid for the final state. The comparison of 
the LO calculations with the tables by Seltzer and Berger [28,29]
requires some cautions and was discussed in Ref. [18]. For the 
electron energies of interest here, the lower half of the spectrum, 
and the case of low Z , the agreement is limited by the published 
number of significant figures. The discrepancy increases, under the 
same conditions, towards higher Z to reach close to the level of 
the systematic uncertainty of the present data, around 1%. It is 
most probably due to the use of different atomic form factors.

5. Conclusion

The RDP prescription, where of all the terms contributing to the 
next-to-next-to leading order only |Mc|2 is retained and which was 
used in all previously published literature on the quantum the-
ory, is shown to be in disagreement with the experimental data 
presented in Figs. 2 and 3, remaining well outside of their un-
certainties. The contrary is true for the consistent NLO truncation 
scheme, proposed in Ref. [23]. The results displayed here also rep-
resent the first experimental and numerical verification (avoiding 
the small-angle approximation) of the Bethe-Maximon discovery 
that the bremsstrahlung theory, based on the FSM wave functions, 
becomes exact at high energies, implying that the higher-order 
(non-radiative) contributions to the Coulomb correction vanish. 
Thus, such a result fully justifies the eikonal technique, which is 
equivalent to the LO, used to study quantum coherence and radia-
tion back reaction effects. Moreover, in the photon energy domain 
probed by the present data, it has been shown numerically that 
the LO theory, based on an expansion of the electronic wave func-
tion in terms of α Z at high energy, and the quasiclassical approach 
by Lee and coworkers [39], which results from a corresponding 
expansion in mc2/Ei , within the leading order and the next-to-
leading order approximation, are equivalent. Current cross section 
tables [28,29] agree with the data considering the systematic un-
certainties quoted above.

The data presented in Fig. 3 leave only a rather small space 
at very high Z for the presence of other effects, like radiative or 
higher-order screening corrections, but new measurements with 
more targets and an improved control over systematic uncertain-
ties are necessary to firmly establish such a conclusion. Future in-
vestigations covering the full spectrum up to the SWL are planned 
to study radiative corrections, the accuracy of available tables, and 
the validity of the quasiclassical approaches. However, this re-
quires mastering the deconvolution of the response function of the 
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calorimeter at the level of few percent. Note that the use of simu-
lation tools, like Geant4, to determine the response function of the 
calorimeter inevitably relies on a choice of a theoretical description 
of bremsstrahlung ending up in a somewhat circular procedure, 
which has been fully avoided in the present work by the measure-
ments relative to Cu.
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