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Bernal et al. provided a necessary and sufficient condition for a linear code to be realized
as an ideal in a finite group algebra and De La Cruz and Willems proved a similar result
for ideals in twisted group algebras. In this paper, we extend this characterization to
crossed products. Furthermore, we determine conditions for some crossed product codes
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1. Introduction

Let G = {1 = g1, g2, . . . , gn} be a finite group and F a (finite) field. We denote by F×

the group of units in F, i.e. the set of its nonzero elements. A group homomorphism

∗Corresponding author.
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σ : G → Aut(F) is called an action of G on F. For each i = 1, . . . , n, we denote

σi = σ(gi) ∈ Aut(F). Given λ ∈ F, we write gλ = σ(g)(λ), for all g ∈ G. We also

denote by

F
σ = {x ∈ F |σi(x) = x for all 1 ≤ i ≤ n},

the fixed field of σ(G). Furthermore, if M = [Mij ] is a matrix over F, we set

σk(M) = [σk(Mij)], for all k = 1, . . . , n.

The map t : G×G→ F× is called a (normalized) twisting if

t(x, y).t(xy, z) =x t(y, z).t(x, yz),

t(x, 1) = t(1, x) = 1,
(1)

for all x, y, z ∈ G.

The crossed product F ∗σt G of G over F is an associative ring which contains F

and has a copy G of G as an F-basis. Each element of F∗σtG is uniquely a finite sum∑n
i=1 aiḡi, where ai ∈ F. The multiplication in F ∗σt G is defined by the following

rules:

x̄ · ȳ = t(x, y)xy for all x, y ∈ G,

x̄λ = xλx̄ for all x ∈ G and λ ∈ F.

The twisting and action are interrelated by conditions precisely equivalent to F∗σtG
being associative. The property x̄λ = xλx̄, for all x ∈ G and λ ∈ F, implies that

the crossed product F ∗σt G is not a F-algebra unless σ(g) is the identity map of F,

for all g ∈ G. However, it is a Fσ-algebra.

In order to establish a relationship between linear codes in Fn and ideals in

F ∗σt G we define the function ϕ : Fn → F ∗σt G by

ϕ(λ1, . . . , λn) =

n∑
i=1

λiḡi. (2)

We shall denote ei = (δi1, . . . , δin) ∈ Fn, where δij is the Kronecker delta. Then ϕ

carries the basis {e1, . . . , en} of Fn onto the basis G of F ∗σt G and is thus a linear

isomorphism.

Let C ⊂ Fn be a subset. We say that C is a left crossed product code if C is a

linear subspace over F and ϕ(C) is a left ideal of F ∗σt G.
On the other hand, if C is a right ideal of F ∗σt G, its preimage by ϕ may not be

a linear subspace of Fn. Since Fn is also a vector space over Fσ, we call C a right

crossed product code if C is a linear subspace over Fσ and ϕ(C) is a right ideal of

F ∗σtG. If ϕ(C) is a two-sided ideal of F ∗σtG we say that C is a crossed product code.

In the case σ(g) is the identity map of F, for all g ∈ G, we say that C is a twisted

group code and if t(x, y) = 1 for all x, y ∈ G, then C is a skew group code.

Define a bilinear form 〈·, ·〉 on F ∗σt G by

〈ḡ, h̄〉 =
⎧⎨⎩1 if g = h,

0 if g 	= h,
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extended linearly to F∗σtG. As an immediate consequence of the definition, we have

〈·, ·〉 as nondegenerate.
Let C ⊂ F ∗σt G. The subset

C⊥ = {α ∈ F ∗σt G | 〈α, c〉 = 0, for all c ∈ C},
of F ∗σt G is called the dual of C. The code C ⊂ F ∗σt G is self-orthogonal if C ⊂ C⊥

and self-dual if C = C⊥.
Let F ⊂ E be an extension of finite fields. An F-linear E-code of length n is an

F-linear subspace of En. An additive code over E is simply an F-linear E-code, where

F is the prime field of E. In [3], self-orthogonal additive codes over F4 under the

trace inner product were connected to binary quantum codes; a similar connection

was given in the nonbinary case in [10]. Right crossed product codes are special

kind of Fσ-linear F-codes of length n.

We shall determine conditions for a linear code over Fσ to be a right crossed

product code and linear code over F to be a left crossed product code. In [1, 4]

this question was answered for group codes and twisted group codes, respectively,

using conditions on the automorphism group of the code. We will follow the same

path. Furthermore, we will offer sufficient conditions for crossed product codes to

be self-dual.

2. Crossed Product Codes

Denote by Monn(F) the group of all monomial n× n matrices over F. Recall that

Aut(C) = {M ∈ Monn(F) | CM ⊂ C},
is the automorphism group of the code C ⊂ Fn.

Consider a right action of G on {1, . . . , n} given by

i.g = j if and only if gig = gj, for all 1 ≤ i, j ≤ n. (3)

Let Ei,j = [ek�] denote the matrix with entries ek� = 1 if k = i and � = j, and

ek� = 0 otherwise. For each g ∈ G, we denote

[g]r =

n∑
i=1

t(gi, g)Ei,i.g .

For each λ ∈ F, we set

A(λ) =

⎡⎢⎢⎣
σ1(λ)

. . .

σn(λ)

⎤⎥⎥⎦.
Lemma 1. Let t : G×G→ F× be a twisting. Then

Gr(t) = {A(λ)[g]r | λ ∈ F×, g ∈ G},
is a subgroup of the group of monomial matrices.
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Proof. For λ, μ ∈ F× and g, h ∈ G, we have

A(λ)A(μ) = A(λμ),

[g]r[h]r = A(t(g, h))[gh]r,

[g]rA(λ) = A(gλ)[g]r,

are all elements of Gr(t). Furthermore, A(λ)−1 = A(λ−1) and ([g]r)
−1 = A(γ)[g−1]r

where γ =g−1

[t(g, g−1)−1].

We can now state the following.

Theorem 2. Let t be a twisting of G over F and C ⊂ Fn a linear code over Fσ.

Then C is a right crossed product code if and only if Gr(t) < Aut(C).

Proof. Let c = (c1, . . . , cn) ∈ Fn. Since

cA(λ) = (c1, . . . , cn).

n∑
i=1

σi(λ)Ei,i =

n∑
i=1

ciσi(λ)ei

and

c[g]r = (c1, . . . , cn).

n∑
i=1

t(gi, g)Ei,i.g =

n∑
i=1

cit(gi, g)ei.g,

for all g ∈ G and λ ∈ F×, it follows that

ϕ(cA(λ)) = ϕ

(
n∑

i=1

ciσi(λ)ei

)

=

n∑
i=1

ciσi(λ)ḡi

= ϕ(c)λ

and

ϕ(c[g]r) = ϕ

(
n∑

i=1

cit(gi, g)ei.g

)

=
n∑

i=1

cit(gi, g)gi.g.

Because of formula (3), gi.g = gig, for all i = 1, . . . , n. Then

ϕ(c[g]r) =

n∑
i=1

cit(gi, g)gig

= ϕ(c)ḡ.
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As ϕ(c[g]r) = ϕ(c)ḡ and ϕ(cA(λ)) = ϕ(c)λ, for each g ∈ G and λ ∈ F×, the
result follows.

We can define a left action of G on {1, . . . , n} by

g.i = j if and only if ggi = gj , for all 1 ≤ i, j ≤ n.

Let F ∗σt G be the crossed product with an action σ : G → Aut(F) and twisting t.

Consider ϕ defined as in formula (2). For each g ∈ G, we define

[g]� =

n∑
i=1

t(g, gi)Eg.i,i.

For λ ∈ F denote B(λ) = Diag(λ, . . . , λ). Then

G�(t) = {B(λ)[g]� |λ ∈ F×, g ∈ G},
is a group with the operation 	 defined by

B(λ)[g]� 	 B(μ)[h]� = B(λ · gμ · t(g, h))[gh]�.
The group G�(t) acts on Fn on the left:

[g]�.(c1, . . . , cn) = ( gc1 , . . . ,
gcn)[g]

T
� ,

B(λ).(c1, . . . , cn) = (c1, . . . , cn)B(λ),

for every (c1, . . . , cn) ∈ F×.
Since ϕ([g]�.c) = ḡϕ(c) and ϕ(B(λ).c) = λϕ(c), for each g ∈ G and λ ∈ F×, it

follows that C ⊂ Fn, a linear code (over F), is a left crossed product code if and

only if G�(t).C ⊂ C.
The remarks above imply the following.

Theorem 3. Let t be a twisting of G over F and C ⊂ Fn a linear code over F.

Then, C is a crossed product code if and only if Gr(t) is a subgroup of Aut(C) and
G�(t).C ⊂ C.

3. Dual Crossed Product Codes

Let F∗σtG be a crossed product with twisting t and action σ. Since t(x, y).t(xy, z) =
xt(y, z) · t(x, yz), and ( xt(y, z))−1 = x(t(y, z)−1), for all x, y, z ∈ G, we get

t(x, y)−1.t(xy, z)−1 =x (t(y, z)−1) · t(x, yz)−1,

for all x, y, z ∈ G. Based on this observation, we define the twisting τ : G×G→ F×,
with action σ, by τ(g, h) = t(g, h)−1, for all g, h ∈ G. We consider a crossed product

F∗στG with elements ∑
g∈G

agg̃,
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where the product is given by

g̃h̃ = τ(g, h)gh
�

and gλg̃ = g̃λ,

for all h, g ∈ G and λ ∈ F.

We define ∗ : F ∗σt G→ F∗στG by⎛⎝∑
g∈G

agḡ

⎞⎠∗

=
∑
g∈G

g−1

ag t(g
−1, g)g−1

�
.

Proposition 4. The map α 
→ α∗ induces an Fσ-algebra anti-isomorphism of F∗σtG
onto F∗στG.

Proof. Since ∗ is an Fσ-linear isomorphism, it is enough to prove that

(λḡμh̄)∗ = (μh̄)∗(λḡ)∗,

for every λ, μ ∈ F and g, h ∈ G.

In fact,

(λḡμh̄)∗ =h−1g−1

(λ t(g, h)) h−1

(μ) t(h−1g−1, gh) h−1g−1
�

and

(μh̄)∗(λḡ)∗ =h−1g−1

(λ) h−1

(μ t(g−1, g)) t(h−1, h) τ(h−1, g−1)h−1g−1
�

.

As the equality

t(h−1g−1, gh) h−1g−1

(t(g, h)) t(h−1, g−1) = t(h−1g−1, g)t(h−1, h)t(h−1, g−1)

= h−1

t(g−1, g) t(h−1, h),

holds, we have (λḡμh̄)∗ = (μh̄)∗(λḡ)∗, as desired.

Recall that ∗ is an involution on F ∗σt G if it is an additive homomorphism

satisfying: (α∗)∗ = α and (αβ)∗ = β∗α∗, for all α, β ∈ F ∗σt G.
Corollary 4.1. Assume that τ = t. Then α 
→ α∗ defines an involution on F ∗σt G.

Proof. We shall denote ḡ = g̃, for all g ∈ G, because τ = t. Also, note that

t(g, h)2 = 1, for all g, h ∈ G. By Proposition 4, it suffices to show that (α∗)∗ = α,

for all α ∈ F ∗σt G. If α =
∑

g∈G ag ḡ, then

(α∗)∗ =

⎛⎝∑
g∈G

g−1

(ag) t(g
−1, g)g−1

⎞⎠∗

=
∑
g∈G

g( g
−1

(ag) t(g
−1, g))t(g, g−1)ḡ.

Since g(t(g−1, g)) = t(g, g−1), we have (α∗)∗ = α and the result follows.

Recall that a finite dimensional F-algebra A is called a Frobenius algebra if there

exists f ∈ HomF(A,F) such that the kernel of f contains no proper left or right

ideals of A.
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Proposition 5. The crossed product F ∗σt G is a Frobenius algebra over Fσ.

Proof. Define f : F ∗σt G→ Fσ by

f

⎛⎝∑
g∈G

ag ḡ

⎞⎠ = Tr(a1), (4)

where Tr = TrF/Fσ is the trace map on the field extension F/Fσ. Since f is linear

over Fσ, it is enough to prove that ker(f) does not contain left or right ideals of

F ∗σt G. By way of contradiction, assume that I is a right ideal of F ∗σt G such that

{0} 	= I ⊂ ker(f). Take 0 	= α ∈ I, and h ∈ G. For every λ ∈ F, we have

α(λh−1) =
∑
g∈G

agλ
gt(g, h−1)gh−1 ∈ I,

implying that

0 = f(α(λh−1)) = Tr(ahλ
ht(h, h−1)).

Since the last equality holds for all λ ∈ F, we conclude that ah t(h, h
−1) = 0, which

implies that ah = 0, for all h ∈ G, a contradiction. The proof for left ideals follows

in a similar way.

Remark. By [8, Theorem 16.21], the F ∗σt G is a Frobenius ring. As we observed

in the introduction, F ∗σt G is not a Frobenius algebra over F unless the action σ is

trivial, because it is not an associative F-algebra.

Let f : F ∗σt G→ Fσ be that map defined by the formula (4). The bilinear form

〈α, β〉f = f(αβ) is called the Frobenius form of F ∗σt G. Let C ⊂ F ∗σt G, we denote

by

Annr(C) = {α ∈ F ∗σt G | cα = 0 for all c ∈ C}
and by

Ann�(C) = {α ∈ F ∗σt G |αc = 0 for all c ∈ C},
the right annihilator and left annihilator of C in F ∗σt G, respectively. We refer to

[8, Lemma 16.38] for a proof of the following result.

Lemma 6. The following statements hold :

(i) If C is a left ideal of F ∗σt G, then Annr(C) = {α ∈ F ∗σt G | 〈c, α〉f = 0 for all

c ∈ C}.
(ii) If C is a right ideal of F ∗σt G, then Ann�(C) = {α ∈ F ∗σt G | 〈α, c〉f = 0 for all

c ∈ C}.
We need the following observation. Once ∗ is an anti-isomorphism, the proof

follows easily.
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Lemma 7. If C ⊂ F ∗σt G, then Ann�(C∗) = Annr(C)∗ and Annr(C∗) = Ann�(C)∗.
Consider the map ψ : F ∗στG→ F ∗σt G defined by

ψ

⎛⎝∑
g∈G

ag g̃

⎞⎠ =
∑
g∈G

agḡ. (5)

Theorem 8. Let ψ be the map defined in (5). If C ⊂ F∗σtG is a left crossed product

code, then

C⊥ = ψ(Ann�(C∗)) = ψ(Annr(C)∗).

Proof. Assume that C ⊂ F∗σtG is a left crossed product code. Let β =
∑

g∈G bgg̃ ∈
Ann�(C∗). For every c =

∑
g∈G cgg ∈ C, one has

βc∗ =

⎛⎝∑
g∈G

bg g̃

⎞⎠(∑
h∈G

h−1

ch t(h
−1, h)h̃−1

)

=
∑

g,h∈G

bgh
−1

g ch
gt(h−1, h) τ(g, h−1)g̃h−1.

Moreover, the coefficient of 1̃ in the expression of βc∗ is∑
g∈G

bg c
g
gt(g

−1, g) τ(g, g−1).

Since t is a twisting, if we take x = g, y = g−1 and z = g in the formula (1), we

have gt(g−1, g) = t(g, g−1). By definition of τ , we obtain τ(g, g−1) = t(g, g−1)−1.

Then, it follows that

0 = 〈βc∗, 1̃〉 =
∑
g∈G

bg c
g
gt(g

−1, g)τ(g, g−1)

=
∑
g∈G

bgcg

= 〈ψ(β), c〉,
which imply ψ(Ann�(C∗)) ⊂ C⊥. By [8, Theorem 16.40] and Lemma 7, we have

dimFσ ψ(Ann�(C∗)) = dimFσ (Ann�(C∗))

= dimFσ (Annr(C))
= [F : Fσ] · |G| − dimFσ(C) = dimFσ C⊥.

Theorem 9. Assume that t = t−1 and let C = (F ∗σt G)e be a crossed product code,

where e is an idempotent. Then, the following properties are equivalent :

(1) C = C⊥

(2) e · e∗ = 0 and 1̄− e∗ = e(1̄− e∗).
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Proof. Note that Annr(C) = (1̄ − e)F ∗σt G. Then
C⊥ = Annr(C)∗ = F ∗σt G(1̄ − e∗).

(1 ⇒ 2) If C = C⊥, then

C = (F ∗σt G)e = F ∗σt G(1̄− e∗),

implying that (1̄ − e∗)e = e and e(1̄− e∗) = (1̄− e∗).
(2 ⇒ 1) If 1̄ − e∗ = e(1̄ − e∗) then F ∗σt G · (1̄ − e∗) ⊆ F ∗σt G · e. The condition

e∗e = 0, which is equivalent to (1̄− e∗)e = e, shows that

C = F ∗σt G · e ⊆ F ∗σt G(1̄ − e∗) = C⊥.

4. Examples

Let F ∗σt G be a crossed product. If G is cyclic and t is a twisting satisfying that t2

is the trivial twisting, i.e. t2(g, h) = 1, for all g, h ∈ G, the crossed product codes

are skew cyclic or skew negacyclic codes. In [2] there are interesting examples of

these type of codes that have best possible weight. We will provide two examples

with G being a dihedral group.

Example 1. Consider F9 = F3(ω) where ω2 = ω + 1 and let θ be the Frobenius

automorphism θ : α 
→ α3. Let

D6 = 〈a, b | a6 = b2 = 1, bab = a−1〉,
be the Dihedral group of order 12. The map σ : D6 → Aut(F9) = {id, θ} defined

by a 
→ θ, b 
→ id, is an action of D6 in F9. Consider the map t : D6 ×D6 → F
×
9

defined by

t(ai1bi2 , aj1bj2) = (−1)i2j1 ,

for all 0 ≤ i1, j1 ≤ 1 and 0 ≤ i2, j2 ≤ 5. Let x = ai1bi2 , y = aj1bj2 and z = ak1bk2

in D12. Since −1 has multiplicative order 2 in F9 and −1 ∈ Fσ
9 , we have

t(x, y) t(xy, z) = (−1)i2j1 (−1)(i2+j2)k1

= (−1)j2k1 (−1)i2(j1+(−1)j2k1)

= (−1)j2k1 (−1)i2(j1+k1)

= xt(y, z) t(x, yz),

implying the t is a twisting.

Consider the crossed product F9 ∗σt D6. Set

α = −1̄ + ā− ω3ā2 + ā3 + (−1̄− ā+ ωā2 − ωā3 + ω2ā4 + ā5)b̄,

an element of F9 ∗σt D6. The left ideal C = (F9 ∗σt D6)α, generated by α, has a basis

α, āα, ā2α, ā3α, b̄α, b̄āα, b̄ā2α, b̄ā3α.
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With respect to the basis

1̄, ā, ā2, ā3, ā4, ā5, b̄, āb̄, ā2b̄, ā3b̄, ā4b̄, ā5b̄,

of F9 ∗σt D6, one has\⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 −ω3 1 0 0 −1 −1 ω −ω ω2 1

0 −1 1 −ω 1 0 1 −1 −1 ω3 −ω3 −ω2

0 0 −1 1 −ω3 1 ω2 1 −1 −1 ω −ω
−1 −1 ω2 ω ω 1 −1 0 0 −1 −ω3 −1

1 ω2 −ω3 −ω3 −1 1 0 0 1 ω 1 1

ω2 ω ω 1 −1 −1 0 −1 −ω3 −1 −1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

a generator matrix of C.
It can be checked using GAP [5] that C is a [12, 6, 6]9 linear code, which has

best possible weight. Note that this code is different from one given in [6].

Example 2. Consider F25 = F5(ω) where ω2 = ω − 2 and θ is the Frobenius

automorphism θ : α 
→ α5. Let

D10 = 〈a, b | a10 = b2 = 1, bab = a−1〉,

be the Dihedral group of order 20. The map σ : D10 → Aut(F25) = {id, θ} defined

by a 
→ θ, b 
→ id, is an action of D10 in F25. In addition, the map t : D10 ×D10 →
F
×
25 defined by

t(ai1bi2 , aj1bj2) = (−1)i2j1 ,

for all 0 ≤ i1, j1 ≤ 1 and 0 ≤ i2, j2 ≤ 9, is a twisting. We denote F25 ∗σt D10 the

crossed product. Let

β = ω41̄ + ωā+ 2ā2 + ω5ā3 + ω16ā4 + ā5

+(ω41̄ + ω11ā− ω8ā2 + ω7ā3 + 3ā4 + ω11ā5 + ω4ā6 + ω7ā7 − ω8ā8 + ā9)b̄,

be an element of F9 ∗σt D6. The elements

β, āβ, ā2β, ā3β, ā4βb̄β, b̄āβ, b̄ā2β, b̄ā3β, b̄ā4β,

form a basis of C = (F9 ∗σt D6)α. With respect to the basis

1̄, ā, ā2, ā3, ā4, ā5, ā6, ā7, āb̄, ā2b̄, ā8, ā9, ā3b̄, ā4b̄, ā5b̄, ā6b̄, ā7b̄, ā8b̄, ā9b̄,
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of F25 ∗σt D10, the matrix H = [−At|I10], where

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ω4 −ω11 2 −ω4 1 −ω8 ω5 ω11 ω2 −ω5

ω11 ω9 ω8 −1 ω3 2 ω10 0 −ω −ω10

−ω ω5 1 −ω3 0 ω5 −ω −1 −ω5 3

−ω5 ω2 ω4 2 ω 1 −ω7 −ω −ω11 ω11

ω2 −ω5 ω 2 ω2 −ω5 −ω11 3 ω7 ω11

ω5 −ω ω7 0 −1 −ω5 ω11 2 ω7 −ω11

ω9 ω11 ω10 −ω5 −ω −ω7 ω7 ω11 0 −ω7

−ω11 ω4 −ω −ω2 3 ω7 0 −ω7 −ω11 2

0 0 ω8 −ω7 ω5 ω −ω10 −ω ω9 ω7

0 0 ω7 ω9 −ω −ω10 ω ω5 −ω7 ω9

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and I10 is the 10× 10 identity matrix over F25, is a parity-check matrix of C.

It can be checked using GAP [5] that 7 is the smallest integer for which there are

linearly dependent columns in H , which implies that C is [20, 10, 7]25 linear code.

However, if we consider the subspace of C generated by

β, āβ, ā2β, ā3β, ā4βb̄β, b̄āβ, b̄ā2β,

we get a linear code [20, 8, 10]25 which meets the Gilbert–Varshamov bound.
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