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1. lNTRODlJCTION 

Le~ A be a finite dimensional algebra over a field k. Let modA denote the category 
?f finitely generated right A-modules and hy indA the subcategory of modA of the 
indecomp osable A-modules. Our rnain objective is the study of indA. 

If 1' EmodA, then B =(EndAT)0P is also a finite dimensional k-algebra. Depending 
on the conditions imposed on T, one can get usefu] inforuiations on rnodB from the 
inforrnations one has on modA, and conseq1w11tly, on B from A. In the study of the 
relations between modA and modB we can consider the following functor 

f = HomA(T, - ) : modA __. modB 

Theorem I. The above functor is an equivalfnce if and only if T is a progenerator 
of modA. 
It is worthwhile to mention that , as a consPquence of Morita theorem, we have the 

following: if AA = P{11 EB · · · EB Pt' with P; /- Pj whenever i =/= j and T = A EB · · · EB Pt, 
then modA and mod(EndAT)0P are equivalent. Therefore, we can restrict our study 
to the algebras AA = A EB ... EB P1 with P; i- P, if i =/= j. Such algebras are called 

basic. 
On the other hand, in the case given by the ahove tbeorern, the module T is ioo 

good. The overall stratt-gy is then to ]ook for s01W' weaker conditions in the A-module 
Tin order to produce an (endomorphism) algPhra B as far as possible of A, but with 
modA and modB st.ill having something in comrnon. The so-called tilting modules 
suit nicely for this pnrpose, and this will be tlw rnain subject of this note. From now 
on, all algebras are basic, indecomposable and fi11it.e dimensional over an algebraically 

closed field k. 

The author was supported in part by CNPq 
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2. TILTING MODULES 

Let A be an algebra. The notion of tilting rnodules came from a search of conditions 
ona module T that helps to understand the algebra (EndAT)0P from A. Let us recall 
this notion, which arises mainly from the work oLBi:enn~r-Butler-Happel-Ringel [5, 8] . 

•. ,. i•,),· A'! '• 1 

Definition 1. An A-module T is called Wting if satisfies: 
(i) The projective dimension of T (pdT) does not exceed one; 
(ii) Ext~ (T, T) == O; 
(iii) There exists a short exact sequence 

o - AA - r~ - r; - o 
with T' and T" direct surns of direct summands,M .T, that is, they belongto addT. 

Examples. Let AA == J\ EB ... EB P, be an algPhra. 
(1) The mod11le T == P1 EB · · · EB P1 is clearly a tilting rno dnl-. · 
(2) Suppose A is lwreditary and let T== DA == I·Jom1.:(A, k). Then, Tis the sum of 
the indecomposable injectiv« A-modules. Thf'r<'fore, Ext~t (T, T) == 0. Also, pdT ~ 1. 
because A is hereditary. Consider now the following short exact sequence 

0 ·--+ AA ~ T1 ._ Coker(r) ._ 0 

where tis the injective envelope of A. Then 7~ EaddT, and sii'1ce Cokert is a quotient 
of T1, it also belongs to addT. Therefore, T is a tilting rnodule. 
(3) Let A be the matrix algebra 

( 
k k k) 
0 k k 
0 0 k 

' ' 

The indecomposable A-modules are P1 == e11A, P2 = e22A, J\ == e
33
A = 83, 81 = 

P, /radP1, S2 = P2/radP2 and Pif 83, wh(~re e;; is the matrix with 1 in the coordinate 
(i, i) and O in the other coordinates. ObserVf~ tlrnt P; is the indeconiposable projective 
associated to the rowi and S'; is the simp]« mcdul- associated to P;. It is not difficult 
to see that T = P1 EB 81 EB S3 is a tilting rnod11le. 

The next tlworem is due to Brenner-Butler. 

Theorem 2. (Brenner-Butler) Let A be an algebra, TA be a tilting module .and B =:.End:T. Then 
(i) BT is a tiltin_q module and A ~End8T, ranonically.,: 
{ii) The Junctors HomA (T, - ) and - ®a T indu.ce mufoally inverse equivalences between the Jull S11,bcategories 

T = {MAI Ext~(T,M) = O} and Y == {NBI Tor1/(N,T,) = O} 
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while the [unctors Ext~ (T, - ) and To1f (-, T) induce mulually inverse equivalences 
between the [ull subcaieqories 

F = {MA/ HomA(T, M) = O} and .-l:' = {NB/ N @8 T) = O}. 

In other words, this theorem says that there are subcategories F and T of modA 
which are equivalent to X and Y of modB, respectively. Clea.rly, in our strategy to 
get inforrnations on mod B from moc!A, it is import.ant that the subcategories ;\:' and 
Y were somehow significant in moc!B. This will occur if we impose sorne conditions 
on A. We shall see it in the next section. 

3. TILTED ALGEBRAS 

Let A be now a hereditary k-algebra and T E rnodA be a tilting module. In this 
case, the algehra B =EndT is called iilted. The advauta.ge in working in this context 
was shown by Brenner-Butler-lfappel-Ringel [5, 8]. They have shown the following 
results. From now 011 we shall use the notation established in the Brenner-Butler 
theorern. 

(i) Each object of modB belongs to either .Y or Y (in this case, we say that (X, Y) 
is a splitting torsion theory ). Then, the representation type of B is, in some sense, 
simplier th an of A. 

(ii) There exists an B-rnodule X, with the same number of indecomposable non­ 
isomorphic summ auds of the number of simple A-rnodules, such that: (a) the modules 
from .-l:' are generated by X, that is, for each 1\.,1 E .-1', there exists an epimorphisrn 
from a power X,. of X to M; and (b) the modules from Y are cogenerated by X, 
that is, for each M E Y there exists a rnonomorphism from N/ to a power X3 of X. 

Example. Let A and T be as in exarnple :3. Then 

( 

k k 
B=(EndAT)0P= 0 k 

0 0 

Observe that indB has 5 non-isomorphic indecornposable objects. We also have 
(using the notation from example 3): 
F = {82} 
T = {Pi, P2, P3, 81} 
..l' = {e11B/rarl(e11B)} 
Y = {e3:3B,enB,e228/rnd(e228),e11B} 

For rnore details ou tilting theory we refer the reader to [l]. 

28 



F. U. COELHO 

4. HOMOLOGICAL PROPERTIES 

Let B be a tilted algebra. What kind of homological properties ou B one can 
expect, knowing th at this algebra is defined from a hereditary algehra? In [8], Happel­ 
Ringel have shown that the global dirnension of B is at most two. Moreover, if 
M E X then the injective dimension of M (idM) is at most one and if M E Y then 
the projective dimension of M (pdM) is at most one. Consequcntly, we have the 
following proposition. We say that a property holds for almost all modules if it fails 
only for a finite number of non-isomorphic indecomp osable rnodules. 

Proposition 3. Lei B be a tilted algebra. Th.en B is of finde represeniaiioti type 
(that is, there are only finitely many non-isomorphic itidecornposable B-modules) if 
and only if pdM = idM = 2 for almost all iiulrcomposable modules. 

In [2, 3], in a joint work with I. Assem, we have studied other aspects of this 
question. We shall comment in the sequel sorne resu lts form there. 

Let A be an algebra. Given two indecornposable A-rnodules )( and Y, and i ~ 1, 
we denote by radi(X, Y) the vector space ge1wrated by the morphisrns from X to Y 
which are composite of i non-invertible morphisms and by rad')O ( X, Y) the intersection 
of all radi(X, Y), 1 ~ 1. 

Let now A be a hereditary a.lgebra and T lw a tilting A~module. If rad00(--, T) = 0, 
then the algebra B =EndT is called conceolcd. In many aspects, the concealed 
algebra.s are those which are closer to hen~ditary algebras. We have proven in [2] the 
following result. 

Theorem 4. Let A be a representation-infinite algebra .. The following are equivalent: 
(i) A is concealed; 
(ii) rad00(-, A)= 0 and rad°°(DA, -) = 0; 
(iii) pdM = 1 and idM = 1 for alm.ost all indecom.posable m.odules M. 

In [3], we have also chara.cterize those tiltt>d algebra.s which satisfy one of the fol­ 
lowing properties: ( a) pdM =2 and idM = 1 for alrnost all indecomposable modules; 
and (b) pdM = 1 and idM =2 for almost all indt>composable modules. These charac­ 
terizations are too tt'clrnicals and we shall not discuss it hPre. 

,5. GENERALIZED TILTJNG MODULE 

We shall now comment briefly on a generalisation of the notion of tilting module, 
due to Miyashita [9). 

Definition 2. An A-rnodule T is called a generalized tilting m.odule provided: 
(i) pdT < oo; 
(ii) ExtA (T, T) = o for all i > o. 
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(iii) There exists a long exact sequence 

0 --+ A A --+ To --+ T1 --+ · · · --+ T m --+ 0 

with Ti Eadd(T), for all i= 0, 1, · · · , m. 

Let T be a generalized tilting module. In general, the relations between modA 
and mod(EndAT)0P are not as good as in the situation when pdT ::; 1, which is the 
situation we have been considering. 

Let now M be an A-module satisfying conditions (i) and (ii) of definition 2 above 
(we say that M is a. generalized partial tilting module). If there exists a module X 
such that M EB X is a ge11eralized tilting module, then we shall call such an X a. 
complemetii to .M. If pdM ::; l, then M has a.lways a cornplement [4]. However, in 
general, there are generalized partial tilting moclules without cornplements, as shown 
by Ricark-Schofield [J O]. ln a joint work witl: Il appel and Unger [7], we have given 
a sufficient conditiou 011 M to have a complernent. Recall that a subcategory C of 
modA is said to be coniravariantls) finife provided for each X EmodA there exists a 
morphism Y ----+ X with YE addC such that the iuduced morphism HornA( C, Y) --+ 
HornA( C, X) is surjective for a.II C E C. We have proven the following. 

Theorem 4. Lei M be a qeneralized partial lilling module. If 

CM = {X E m.odA: pdX < oo and Ext~(X, M) = 0 for all i> O} 
is contravariantly fiuiic, ihen M has a complemeni.. 

As a consequence of this result one can prove (see [6]) the following. 

Theorem 5. Lei A be an olqebra sucl: th.at ra<!>°( DA, - ) = 0. If M is a generalized 
partial tilting module satisfying rad:'°( M, - ) = 0, the n there exists a complement X 
of M satisfying rad:'°(X, - ) = 0. 
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