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1.Introductioq. 
Studying a complex coherent system, it is important to the analyst determine which 

events, such as the occurrence of a system and \ or component failure, merit additional 

research to improve overall system reliability. Generally they use several indexes to measure 

the influence or the importance of such event to system reliability. Two of these indexes, the 

coherent system signature and the Barlow-Proschan reliability importance of a component 

have similar concepts, but different interpretations. 

If T1, ... , Tn are independent, identically and continuously distributed component life­

times of a coherent system with lifetime T the system signature vector, as defined by 

Samaniego (1985), is the vectors= (s1, ••. ,sn) where Sk = P(T = T(k:n)) and T(1:n)) < 
... < T(n:n) are the ordered Ti, ... , Tn. 

Uncler the definition a.-;sumption Sk is distribution free and s is a structural measure 

for the system whose distribution function wn be written as a mixture of the ordered 

lifetimes n 

P(T $ t) = L>kP(T(k:n)) $ t). 
k"'l 

The signature sk is interpreted as a measure of the influence on the structure function 

of adding a k-th component to the set of failed ones. 

Otherwise. if T1 , .•. , Tn arc independent, identically and continuously distributed com­

ponent lifetimes of a coherent system with lifetime T the Barlow-Proschan reliability im­

portance of the component k, for the system reliability, as defined by Barlow and Proschan 

(1975), is Itp::::: P(T = Tk) given that the system failed 

where Fk(s) = P(Tk:; s). Also · 



P(T St)= t l [P(T > s!Tk > s) - P(T > s!Ti. S s)]dFk(s) 
k=l O 

The component reliability importance I1p is interpreted as the, accumulated, system 
reliability perturbation caused by failure of the component k. 

The similarity between the two definitions motiv:tte to r1.nalyse its rnl;i,tionship. Any­
way we can ask about the importance of a component k for the system to fail in the set 
{T = T(i,n)}· 

As a coherent structure function is a pseudo-Boolean function, recently, see [2], [3], 
[4] and [5] in the references, an approach through Boolean algebra has been used to study 
these indexes measures for complex systems which allows to generalize those measures for 
the case of dependent lifetimes without ties, that is, P(Ti = Ti) = 0, 1 S i S j S n, 
and to analyse, with more detail, the relationship between the influence index and the 
pertubation one. In this note we prove that the signature element sk is equal to the sum 
of the Barlow-Proschan components reliability importance of the survival components on 
the (k - 1) failme. In Sec:tion 2, first we give ct mctthenrntirnl dPtails and then, provr the 
main result. 

2.Mathematical details. 
The approach using the pseudo boolean functions, as in Marichal and l\1athonet 

(2011a), (2011a), (2013) give an important contribution to the development of classical 
results extension in the context of dependent lifetimes without simultaneous failures. To 
follow we introduce the necessary details found in ;\larichal and :\Iathonet (2011a), (2013): 

Through the usual identification of the elements of [O, 1 ]" with the subsets of [n] = 
{l, ... , n }, a pseuclo-13oolean function f : [O, 1]" -+ ~ can be equivalently described by a 
set function VJ : 2n -+ ~. We simply write v1(A) = f(IA), where lA denotes then-tuple 
whose i-th coordenate is 1, if i EA, and 0, otherwise. To avoid cumbersome notation, we 
hencefort use the same symbol to denote both a given pseudo-Boolean function and its 
underlying set function, thus writing f: [O, 1]" -+ ~ as f: 2n -+~interchangeably. 

If T1, ... Tn denote the component lifetimes with jointly absolutely continuous distri­
bution function, we define the associated relative quality function q: 2n -+ [O, 1] as 

q(A)=P( max T;<minT1) 
iE[n]\A 1EA 

with the convention that q(0) = q([n]) = 1. q(A) is the probability that the lifetime of 
every component in A is greater than the lifetime of every component in [n]\A, that is, 
q(A) is a measure of the overall quality of the components in A when compared with the 
components in [n]\A. 

Since that the random variables T1, ... Tn are continuous the function q can be written 
as 

q(A) = P(Trr(l) < ... < T"(n.)) 
crEp•{ cr(n-lAl+l) ..... cr( n) )=A 

where p denote the class of permutations on [n]. 
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Also, for 1 :S: k ::; n we have 

L q(A) = L P(T"(l) < ... < TIT(n)) = 1 
A;;[n],!Al=k o-Eio 

in the way the, if T1 , ... Tn are exchangeable q(A) = d.i. 
With these notations :\farichal and :\Iathonet (2011a) proves 

Lemma 2.1 Under the above assumptions, for every k E [n], we have 

P(T 2: T(bl) = L q(x)m(x). 
IA!=n-k+l 

Continuing, under the assumption of no ties between the component lifetimes, MarichalD 
and Mathonrt (201~) clPfine, for rvr.ry j E [n], the function Qj : 2n ➔ [0, l] as 

qj(A)==P( max T;<Tj<minT;). 
i¢AU{j} tEA 

Similarly, as q(A), we can write 

crEp: { o-( n-1 A I+ 1 ), ... ,o-( n)} =A,o-( nn-lAI )=j 

qi (A) is the probability that the components that are better than component j are 
precisely those in A. Follows that 

L qi(A) = l, j E [n]. 
A;;[n]\ {j} 

We also observe that 

and 

q(A) = L qi(A), A "I [n] 
j¢.4 

q(A) = Lqj(A\{j}), A-/c 0. 
jE.4 

. Moreover, qj(0) = q( {j}) is the probability that component j is the best component, 
while qi([n]\ {j}) = q([n]\ {j}) is the probability that component j is the worse component. 

If the variables T1, ... Tn are exchangeable 

l\Iarichal and Mathonet (2013) shows that 
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Theorem 2.2 For every j E [n], the Barlow-Proschan reliability importance of component 
j is 

I (j) - ~ 
BP - L, 

A~[n]\ {j} 

where 6 1QJ(A) = QJ(AU {j}) - q;(A). 

Example 2.3 For the If ¢ is the k-out-of-n structure, a perfect symmetric syatem with 
lifetime T = T(k:n)), we have ¢(A)= 1 if and only if IAI:::: n - k + land hence, for every 
j E [n], we have 6j(¢(A)) = 1 if and only if IAI = n - k. Then, by Theorem 2.2, 

I j -
BP -

A~[n]\ {j},IAl=n-k 

Where A is rela,ted with the survival components. 

Now we can prove our main result 

Theorem 2.4 'If T is a coherent system with exchangeable components and signature 
vectors= (s1, ... , Sn), then 

Sk = P(T = T(k:n)) = L fbp 
jEA 

where A is the set of components which survive T(k-l:n)· 

Proof First we prove that 

To proof we are going to write the set A, of cardinality IAI = n - k + 1 in the form 
A = BU {j} where j is the value of a random variable X uniformly in the set A.Therefore 

L L _1_¢(BU{j})-l- = 
jEA IAl=n-k+l.A=Bu{j} (IB1+1) IBI + 1 

L L ( n ) ~-IBI q;(B U {j}) IBt+ 1 = 
jEA IAl=n-k+l.A=BU{j} !Bl IBl+l 

L L qj(B)¢(BU{j}). 
jEA IBl=n-k 
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Also 

Therefore 

1 
P(T?:. T(k+l:n)) = L -( n) d>(B) = 

IBl=n-k IBI 

~ 1 , 
(n - \Bl) L ( n )(n - \Bl) q;(B) = 

IB!=n-k !Bi 

L L ( n l B ¢(B) = 
jEA IBi=n-k IBl)(n - I 1) 

L L qj(B)¢(B). 
jEA IBl=n-k 

L L qj(B)¢(Bu{j})-
JEA IBl=n-k 

L L qj(B),¢(B) = 
jEA IBl=n-k 

jE.4 IBl=n-k jEA 

The generalization of Theorem 2.2.4 follows the same argument: 

Theorem 2.5 If T is a coherent system with component lifetimes T1, ... , Tn, with no ties, 
and signature vectors= (s 1, ... ,sn), then 

Sk = P(T = T(k:n)) = L Ibp 
jEA 

where A is the set of components which survive T(k-l:n)· 

Proof 
Observing that 

IAl=n-k+l IAl=n-k+l jf/:1\ 

L [L qj(B u {j} )]¢(Bu {j} ). 
IBl=n-k,A=BU{j} jf/:B 
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Therefore 

Sk = L q(A)¢(A) - L q(B)rt,(B) = 
!Al=n-k+l IBl=n-k 

:[ [:[ qj(B u U} llo(B u {J} l - :[ [:[ qj(B)Jo(B) = 
IBl=n-lc NB IB1=n-k 1r/.B 

:[ L qj(B u U} l[iP(B u U} l - o(B)J. 
IDl=n-kN.B 
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