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Ab,traet 
The primol-dual scheme bas been used to provide approximation algorithms for many problems. 

Goemano and Williamson gave a (2 - ;;!, )•approximation for the Prize.Collecting Steiner Tree Problem 
that runs In O(n3 log n) time-it applies the primol-dual echeme once for each of the n vertices of the 
graph. Johnson, Minkoff and Phillips proposed a faster implementation of Goemans and Williamson'• 
algorithm. We present a proof that the approximation ratio of this implementation is exactly 2. 

1 Introduction 

Consider a graph G = (V, E), a function c from E into Q~ (non-negative rationals) and a function 'Ir from V 
intoQ?. For any subset Fof Eandanysubsct Wof V, letc(F} := L,eFC. and ,r(W) := Lwew,,.w· The 
Prize-Collecting Steiner Tree Problem (PCST} consists of the following: given G, c, and ,r, find a tree 
Tin G such that c(Er} + ,r(V \ Vr) is minimum. (We denote by Vu and EH the vertex and edge sets of a 
graph H respectively.) The rooted variant of the problem requires T to contain a given root vertex. 

Gocmans and Williamson I!, 21 used a primal-dual scheme to derive a (2 - 6 }•approximation for the 
rooted PCST, where n := JV!- Trying all possible choices for the root, they obtained a (2- .: 1 )·approximation 
for the unrooted PCST. The resulting algorithm runs in time O(n3 log n). Johnson, Minkoff and Phillips 131 
proposed a modification of the algorithm that permits running the primal-dual scheme only once, resulting 
in a running-time of O(n2 logn). They claimed the modification, which we refer to as JMP, achieves the 
same approximation ratio as tho original algorithm for the unrooted PCST. Unfortunately, their claim does 
not hold, as we show here. 

In this note, first we present a proof that the JMP algorithm is a 2-approximation. This proof is not 
straightforward, since it envolvcs some non-trivial technical details. Second we present an example where 
the JMP algorithm achieves a ratio of 2, contradicting the statement of Johnson, Minkoff and Phillips 131 
that their algorithm achieves a ratio of 2 - .:1 . These two together settle the approximation ratio of the 
JMP algorithm. 

2 Notation 

The description of the algorithm in the next section will use a notation slightly different than the one in 
the seminal paper by Goemans and Williamson Ill, With this notation, we found it easier to be sure of the 
correctness of all the technical details in the analysis. 

For any subset X of V , let X := V \ X. For any collection C, of subsets of V and any e in E, let 
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C(c) := { L E C : c E 6cL }, where 6oL stands for the set of edges of G with one end in L and the other in L. 
Also, UC denotes the union of all sets in C. For any function y from C into Q~ and any subcollection M 
of C, let y(M) := LLeM y(L). 

We say that !I respects a function c defined on E (relative to C) if 

y(C(e)) $ c. for each e in E. {l) 

An edge e is tight for y if equality holds in (1). The inequality in (1) is the usual restriction on edge e: the 
sum of IIR for all R in £ that e "crosses" does not exceed c,,. 

We say y respects a function ,r defined on V (relative to £) if 

Ls1;L Ys $ ,r(L) for each Lin C. (2) 

An element L of£ is tight for y if equality holds in {2). The inequality in {2) is the usual one for PCST and 
says that the sum of 11s for all Sin£ contained in L does not exceed the sum of the "penalties" (,r-values) 
of all elements in L. 

An edge is internal to a paitition 'P of V if both of its ends are in the same element of 'P. All other 
edges aie external to 'P. For any external edge, there 8Ie two elements of P containing its ends. We call 
these two elements the extremes of the edge in P. 

A collection C of subsets of V is laminar if, for any two elements L1 and L2 of C, either L1 n L2 = 0 or 
Li !;; L2 or Li ~ ~ . The collection of maximal elements of a laminar collection £ will be denot.ed by £'. 
So, £" is a collection of disjoint subsets of V. 

We say a forest F in G is connected in a subset L of V if FIVF n L) is connect.eel. For any laminar 
collection S of subsets of V, we say a tree T of G has no bridges in S if l6TSI t, 1 {therefore, either 
6-rS = 0 or 16-rSI ~ 2) for all S in S. 

We denote by opt(PCST(G,c,,r)) the minimum value of the expression c(ET) + ,r(Vr) when Tis a tree 
in G. 

3 Johnson, Minkoff and Phillips' algorithm 

We describe the JMP algorithm and show that it is a 2-approximation for the PCST. The algorithm receives 
G, c, ,rand returns a tree T In G such that c(BT) + ,r(Vr) $ 2opt(PCST(G, c, ,r)). Each iteration sl.arts with 
a spanning forest Fin G, a laminar collection£ of subsets of V with UC= V, a subcollection S of£, and 
a function y from £ into Qa such that the following invariants hold: 

{il) all edges of F are internal to £; 

(i2) F is connected in each L in C; 

(i3) y respects c and ,r; 

(i4) any edge of F is tight for y; 

(i5) any element of S is tight for y; 

{i6) for any vertex u and any tree Tin G, if T is connected in each L in £ and has no bridges in S, then 

L,e/h y(C(e)) + Lt1;V,: !11, $ 2y(£ \ £.), 

where£. := {LE C :ueL}. 
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The first iteration starts with F = (V, 0), C = {{v}: v EV}, S = 0, and y = O. Each iteration consists of 
the following: 

Case 1: IC \SI> 1. 

Let E be the largest number in Q ~ such that the function y' defined by 

, { YL+E, ifLe.C·\S 
YL = YL , otherwise 

respects c and rr. 

Subcase lA: some edge e external to c· is tight for y'. 

Let L1 and L2 be the extremes of e In .C-. Set YL,uL, := 0 and start a new iteration 
with F + e, .CU {L1 U L2}, S, y' in the roles of F, .C, S, y respectively. 

Subcase lB: some element L of c,• \Sis tight for y'. 

Start a new iteration with F, .C, SU {L}, y' in the roles of F, .C, S, y respectively. 

Case 2: I.C-\Sl=l. 

Let M be the only clement of .C- \ S. Call subalgorithm GW-PRUNING with arguments F[M], 
{ L E C : L \; M}, and {L E S : L \; M}. The subalgorithm returns a subcollection Z 
of {LES : L \; M}. Return T := F[M] - (LJZ n M) and stop. (F[M] is the subgraph of F 
induced by M.) 

Subalgorithm GW-PRUNl1'G receives a tree To , a laminar collection .C of subsets of VT0 , and a subcollection 
S of C. Each iteration begins with a subcollection Z of S such that T := To - U Z is a tree connected in 

each _clement of£. T he first iteration begins with Z = 0. 

Case A: 16TSI = 1 for some S in S. 

Start a new iteration with Z U {S} in place of Z. 

Case B: 16rSI f 1 for each S in S. 

Return Z and stop. 

The subcollection Z of S that subalgorithm GW-PRUNJNG returns is such that the forest To - U Z is a 
tree, is connected in each element of C, and bas no bridges in S. 

The following lemma and its corollary establish the correct lower bound on opt(PCST(G, c, rr)). 

Lemma 3.1 Given a ronnected subgraph T of G, a laminar rollection C of •ubset., of V and a function y 

from .C into Q ~ that reopects c and 1r, then y(C) - I:L;;!VT YL :5 c(E-r) +1r(VT) . 

Proof. Let 8 := {LE C: 6TL f 0} and C := {LE C: L \; VT}. We have that 

y(B) = I:LeBYL :5 I:LeBl6rLIYL = L eETy(C(e)) :5 I:.eErCc c(E-r). 

On the other band, 

y(C) = I:iec• I:xfLYx :5 I:iec• rr(L) :5 rr(V,:) · 

The lemma follows trivially from the two inequalities as .C \ { L E C : L 2 VT} = 8 UC. ■ 

Corollary 3.2 For any laminar rollection C of subset., of V and any function y from .C into Q ~ that 

respect., c and 1r and any optimal solution r• of PCST(G,c,rr), we have that y(C) - I:L::iV. !IL :5 
opt(PCST(G, c, rr)). ■ - T" 
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4 Analysis of the algorithm 

Invariants (it) to (i5) bold trivially at the beginning of each iteration. Let us verify that invariant (i6) holds 

as well. It is clear that it holds at the beginning of the first iteration, because liL = 0 for all L in C. Assume, 
by induction, that invariant (i6) holds at the beginning of an iteration where Case I occurs. To show that it 
holds nt the beginning of the next iteration, it is enough to verify the following two things. First, at the end 
of Subcase IA, for any vertex u and any tree T in G, if 7' is connected in each clement of C' := CU { L1 U L2} 
and has no bridges in S, then (3) holds with C' and ,I in the roles of C and y. Second, nt the end of 
Suhcase lB, for any vertex u and any tree T in G, if T is connected in each clement of C and bas no bridges 
in SU { Li}, then (3) holds with ,I in the role of y. 

Assume we arc at the end of Subcase IA. If i; = O then the statement is trivial. So, we assume i; > 0. 
Since 111.,ui, = 0, it suffices to show that (3) holds with y' in the role of y. Clearly T is connected in each 
element of C and bas no bridges in S. Therefore, (3) holds. Let A := C-. Since y' differs from y only in 
A\ S, the left-hand side of (3) with II' in the role of II is the sum of the lcft--hand side of (3) and 

LLEA\S l6TLle + l{L e A\ S: L \;; VT}le. 

Similarly, the right-hand side of (3) with y' in the role of y is the sum of the right-hand side of (3) and 

Since IA. I !, l, to prove that (3) holds with y' in the role of II suffices to prove that 

LLE.4\S 16rLI + l{L EA\ s: L \;; Vr}I !, 2 IA\ SI - 2 . (4) 

For this, consider the graph H := (A, A), where A is the set of edges of T external to A and each element of 
A is incident to its two extremes in A. Note that, since T is connected in each clement of C, every component 
of this graph is a singleton, except for at most one, which is a tree. Thus H is a forest. Denoting by /& the 
number of components in H, we have that/&= l + l{L EA: L \;; VT}I and 

LLEA\S l61·LI + l{L EA\ s: L \;; Vi}I 

LLeA 16rLI - LLe.AnS 16TLI + l{L EA\ S: L \;; Yr}I 
!> 2IAl-2h-2l{L e Ans: L q; VT}I+ l{L e A \S, L \;; vT)I (5) 

!> 2 IAI - 2 - 2 I { L e A : L \;; Vr} I - 2 IA n SI + 21 { L e Ans : L \;; Vi} I + I { L e A \ s : L \;; Vi} I 
!> 2 IA\ SI - 2 , 

where (5) bolds because H is a forest and T has no bridges in S. 

Assume now we arc at the end of Subcase 18. If i; = 0 then the statement Is trivial, so we assume i; > 0. 
Again, let A := C- . Since Tis connected in each clement of[, and bas no bridges in S, inequality (3) bolds. 
But II differs from y only at elements in A\ S. Thus the left-band side of (3) with y' in the role of y equals 
to the left-hand side of (3) plus LLU\S 16rLle + l{L EA\ S: L \;; VT )le. Similarly, the right--hand side of 
(3) with y' in the role of y is the sum of the right-hand side of (3) and at least 2 IA\ Ste - 2e. Therefore, 
the proof that (3) holds with y' in the role of II reduces again to prove (4). The proof proceeds as above and 
we conclude that invariant (i6) holds. 

At the end of case 2, we have a subcollection Z of S such that the tree T := P - U Z has no bridges 
in S. Observe that 

c(.&r) = E,eE,,Ce = E,ee,.ll(C(e)) = LLe.c.16TLIYL· 

The middle equality holds because .&r \;; EF and because invariant (i4) assures that each edge in F is tight 

4 



for 11· The last equality is just a rearrangement of terms. On the other hand, 

1r(uz·) 

Lzez· 1r(Z) 

Lzez· LL!:;Z11L 

LLeuz1IL 

LL!:;V,:-YL. 

(6) 

(7) 

(8) 

Equality (6) holds because Vr ~ U 2, while equality (7) holds because z• is a subset of S and, therefore, 
according to invariant (i5), every element of z· is tight for y. Finally, equality (8) is true because U Z = 
V\ Vr = Vi. 

Now, let u be an arbitrary vertex of an optimal solution T" of PCST(G,c, 1r). By the two equalities above, 
by invariant (i6) and by Corollary 3.2, 

c(E.,.) + 1r(Vr) LLe£ 16rLIYL + LL!:;l'YL 

$ 2y(C \ C.) 

$ 2(y(C) - LL;w,... YL) 

$ 2opt(PCST(G,c,1r)) . 

The applicability of invariant (i6) is assured since T has no bridges in S and is connected in each element 
of C. Indeed, for any x and y in L n Vr, the path from x to y in T is the same as in F and uses only vertices 
of L because of invariant (i2). 

This completes the proof of the correct version of Theorem 3.2 in [3]. 

Theorem 4.1 The JMP algorithm u a 2·appro.rimation for the PCST. ■ 

The example in Figure 1 shows that the approximation ratio of the JMP algorithm can be arbitrarily 
close to 2, independent of the si2e of the graph. So Theorem 4.1 is t ight. 

I 
(a) 10 (b) (c) (d) ~ "), ) 

u• II 2 2 . 

01 

0 2 2 : 

I+< l+t 1~ 
I 

Figure 1: (a) An instance of the PCST. (b) The solution produced by the JMP algorithm when E > O. Its cost 

is 4. (c) The optimal solution, consisting of only vertex u, has cost 2 +E. {d) A similar instance of arbitrary 
si2e. 

References 

[l] M.X. Goemans and D.P. Williamson. A general approximation technique for constrained forest problems. 
SIAM Journal on Computing, 24(2):296-317, 1995. 

[2] D.S. Hochbawn, editor. Approximation Algorithm., for NP-Hard Problem&. PWS Publishing, 1997. 

5 



(31 D.S. Johnson, M. Minkoff, and S. Phillips. The prize coUecting Steiner Lree problem: theory and practice. 
In SJlfflpo.fium on Ducrde Algorithm.,, pages 760-769, 2000. 

(41 M. Minkoff. The prize-collecting Steiner tree problem. Master's thesis, MIT, 2000. 

6 



RELATORIOS TECNICOS 

DEPARTAMENTO DE CltNCIA DA COMPUTA<;AO 
lnstituto de Matematica e Estatistica da USP 

A listagem contendo os relat6rios tecnicos anteriores a 2000 podera ser consultada ou 
solicitada ii Secretaria do Departamento, pessoalmente, por carta ou e-mail 
(mac@ime.usp.br). 

Carlos Humes Junior, Paulo J. S. Silva e Benar F. Svaiter 
SOME INEXACT HYBRID PROXIMAL AUGMENTED LAGRANGIAN ALGORITHMS 
RT-MAC-2002-01 - Janeiro 2002, 17 pp. 

Roberto Speicys Cardoso e Fabio Kon 
APLICA<;AO DE A GENTES M6VEIS EM AMBIENTES DE COMPUTA<;AO UBfQUA. 
RT-MAC-2002-02 - Fevereiro 2002, 26 pp. 

Julio Stem and Zacks 
TESTING THE INDEPENDENCE OF POISSON VARIATES UNDER THE HOLGATE 
BTVARIATE DISTRIBUTION: THE POWER OF A NEW EVIDENCE TEST. 
RT- MAC - 2002-03 - Abril 2002, 18 pp. 

E. N. Caceres, S. W. Song and J. L. Szwarcfiter 
A PARALLEL ALGORITHM FOR TRANSITIVE CLOSURE 
RT-MAC - 2002-04 -Abril 2002, 11 pp. 

Regina S. Burachik, Suzana Scheimberg, and Paulo J. S. Silva 
A NOTE ON THE EXJSTENCE OF ZEROES OF CONVEXLY REGULARIZED SUMS 
OF MAXIMAL MONOTONE OPERATORS 
RT- MAC 2002-05 - Maio 2002, 14 pp. 

C.E.R. Alves, E.N. Caceres, F. Dehne and S. W. Song 
A PARAMETERIZED PARALLEL ALGORITHM FOR EFFICIENT BIOLOGICAL 
SEQUENCE COMPARISON 
RT-MAC-2002-06 - Agosto 2002, l lpp. 

Julio Michael Stem 
SIGNIFICANCE TESTS, BELIEF CALCULI, AND BURDEN OF PROOF IN LEGAL 
AND SCIENTIFIC DISCOURSE 
RT- MAC - 2002-07 - Setembro 2002, 20pp. 



Andrei Goldchleger, Fabio Kon, Alfredo Goldman vel l.ejbman, Marcelo Finger and 
Siang Wun Song. 
INTEGRADE: RUMO A UM SISTEMA DE COMPUTA<;AO EM GRADE PARA 
APROVEffAMENTO DE RECURSOS OCTOSOS EM MAQUINAS COMPARTILHADAS. 
RT-MAC - 2002-08 - Outubro 2002, 27pp. 

Flivio Protasio Ribeiro 
OITERUB -A C UBRARY FOR THEOREM PROVING 
RT- MAC - 2002-09 - Dezembro 2002, 28pp. 

Cristina G. Fernandes, Edward L. Green and Arnaldo Mandel 
FROM MONOMIALS TO WORDS TO GRAPHS 
RT-MAC- 2003-01 - fevereiro 2003, 33pp. 

Andrei Goldchleger, Mru-cio Rodrigo de Freitas Carneiro e Fabio Kon 
GRADE: UM PADRAO ARQUffETURAL 
RT- MAC - 2003-02 - mar~o 2003, l 9pp. 

C. E. R. Alves, E . N. Caceres and S. W. Song 
SEQUENTIAL AND PARALLEL ALGORITHMS FOR THE ALL-SUBSTRINGS 
WNGEST COMMON SUBSEQUENCE PROBLEM 
RT- MAC - 2003-03 - abril 2003, 53 pp. 

Said Sadique Adi and Carlos Eduardo Ferreira 
A GENE PREDICTION ALGORffHM USING THE SPUCED AUGNMENT PROBLEM 
RT- MAC - 2003-04 - maio 2003, l 7pp. 

Eduardo Laber, Renato Carmo, and Yoshiharu Kohayakawa 
QUERYING PRICED INFORMATION IN DATABASES: THE CONJUNTNE CASE 
RT-MAC - 2003-05 - julho 2003, 19pp. 

E. N. Caceres, F. Dehne, H. Mongelli, S. W. Song and J.L. Szwarcfiter 
A COARSE-GRAINED PARALLEL ALGORrrHM FOR SPANNING TREE AND 
CONNECTED COMPONENTS 
RT-MAC - 2003-06 - agosto 2003, 15pp. 

E. N. Caceres, S. W. Song and J.L. Szwarcfiter 
PARALLEL ALGORffMS FOR MAXIMAL CUQUES TN CIRCLE GRAPHS AND 
UNRESTRICTED DEPTH SEARCH 
RT-MAC - 2003-07 - agosto 2003, 24pp. 

Julio Michael Stem 
PARACONSISTENT SENSffNTTY ANALYSTS FOR BAYESIAN SIGNIFICANCE TESTS 
RT-MAC - 2003-08 - dezembro 2003, 15pp. 



Lourival Paulino da Silva e FJ.ivio Soares Correa da Silva 
A FORMAL MODEL FOR THE FIFTH DISCIPLINE 
RT-MAC-2003-09 - dezembro 2003, 75pp. 

S. Zacks and J. M. Stem 
SEQUENTIAL ESTIMATION OF RATIOS, WITH APPLICATION TO BAYESIAN 
ANALYSIS 
RT-MAC- 2003-10- dezembro 2003, 17pp. 

Alfredo Goldman, F.ibio Kon. Paulo J. S. Silva and Joe Yoder 
BEING EXTREME IN THE CLASSROOM: EXPERIENCES TEACHING XP 
RT-MAC-2004-01-janeiro 2004, !8pp. 

Cristina Gomes Fernandes 
MU LT/LENGTH SINGLE PAIR SHORTEST DISJOINT PATHS 
RT-MAC 2004-02- fevereiro 2004, 18pp. 

Luciana Brasil Rebelo 
ARVORE GENEALOGICA DAS ONTOLOGIAS 
RT- MAC 2004-03 - fevereiro 2004, 22pp. 

Marcelo Finger 
TOWARDS POLYNOMIAL APPROXIMATIONS OF FULL PROPOSITIONAL LOGIC 
RT- MAC 2004-04 - abril 2004, 15pp. 

Renato Carmo, Tom.is Feder, Yoshiharu Kohayakawa, Eduardo Laber, Rajeev Motwani, 
Liadan O' Callaghan, Rinn Panigrahy, Dilys Thomas 
A nvo- PLAYER GAME ON GRAPH FACTORS 
RT-MAC 2004-05 - Julho 2004 

Paulo J. S. Silva, Carlos Humes Jr. 
RESCALED PROXIMAL METHODS FOR LINEARLY CONSTRAINED CONVEX 
PROBLEMS 
RT-MAC 2004-06-setembro 2004 

Julio M. Stem 
A CONSTRUCTNIST EPISTEMOLOGY FOR SHARP STATISTICAL HYPOTHESES IN 
SCIENTIFIC RESEARCH 
RT-MAC 2004-07- outubro 2004 

Arlindo FJ.ivio da Concei~ao. Fllbio Kon 
0 USO DO MECANISMO DE PARES DE PA COTES SOBRE REDES IEEE 802. I I b 
RT-MAC 2004-08 - outubro 2004 



Carlos H. Cardonha, Marcel K. de Carli Silva e Cristina G . Fernandes 
COMPUTA(;AO QUANT/CA: COMPLEXJDADE EAWORll'MOS 
RT- MAC 2005-01 - janeiro 2005 

C.E.R. Alves, E. N. Cliceres and S. W. Song 
A BSPICGM AWORll'HM FOR FINDING AU MAXIMAL CONTIGUOS 
SUBSEQUENCES OF A SEQUENCE OF NUMBERS 
RT- MAC- 2005-02 - janeiro 2005 

Alivio S. Correa da Silva 
WHERE AM I? \VHERE ARE YOU? 
RT- MAC- 2005-03 - maryo 2005, 15pp. 

Christian Paz-Trillo, Renata Wassermann and Fabio Kon 
A PAITERN-BASED TOOL FOR LEARNING DESIGN PAITERNS 
RT- MAC - 2005-04- abril 2005, l 7pp. 

Wagner Borges and Julio Michael Stem 
ON THE TRUTH VALUE OF COMPLEX HYPOTHESIS 
RT- MAC - 2005-05 - maio 2005, 15 pp. 

Jose de Ribamar Braga Pinheiro Jr., Alexandre Cesar Tavares Vida and Fabio Kon/ 
IMPLEMENTA(;AO DE UM REPOSIT6RIO SEGURO DE APUCA(;OES BASEADO 
EM GSS - PROJETO TAQUARA 
RT- MAC - 2005-06- agosto 2005, 21 pp. 

Helves Domingues and Marco A. S. Netto 
THE DYNAMICDEPENDENCE MANAGER PAITERN 
RT- MAC 2005-07 - dezembro 2005, 12 pp. 

Marco A. S. Netto, Alfredo Goldman and Pierre-Fran9ois Dutot 
A FLEXIBLE ARCHrrECTURE FOR SCHEDUUNG PARALLEL APUCATIONS ON 
OPPORTUNISTIC COMPUTER NETWORKS 
RT- MAC 2006-01 - Janeiro 2006, 18 pp. 

Julio M. Stem 
COGNITlVE CONSTRUCTIVISM AND LANGUAGE 
RT - MAC 2006-02 - Maio 2006, 67 pp. 

Arlindo A.ivio da Concei9iio and Fabio Kon 
EXPERIMENTS AND ANALYSIS OF VOICE OVER IEEE 802.1 J JNFRASTRUCTURED 
NETWORKS 
RT - MAC 2006-03 - Junho 2006, 



Giuliano Mega and Fabio Kon 
DISTRIBUTED SYMBOUC DEBUGGING FOR THE COMMON PROGRAMMER 
RT - MAC 2006-04 - Junho 2006 

Pedro J. Fernandez, Julio M. Stem, Carlos Alberto de Bragan~a Pereira and Marcelo S. 
Laureno · 
A NEW MEDIA OPTMIZER BASED ON THE MEAN• VARIANCE MODEL 
RT- MAC 2006-05 - Junho 2006, 24 pp. 

P. Feofiloff, C.G. Fernandes, C.E. Ferreira and J.C. Pina, 
"A NOTE ON JOHNSON, MINKOFF AND PHILLIPS' ALGORmlM FOR THE 
PRIZE-COUECTING STEINER TREE PROBLEM" 
RT-MAC2006-06 - Setembro 2006, 11 pp. 




