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Introduction. 

Three dimensional Cauchy-Riemann manifolds (or real 

hypersurfaces of t 2
) were studied by E. Cartan [1]. The 

e~n~rAliz~ti~n_ to higher dimensions of part of Cartan result~ 

was done by Chern and Moser [ 2] and Tanaka [ 4]. In [ 2], a 

G-structure and a Cartan connection is associated to a CR-

manifold, which solves the question when a real hypersurface 

of is biholomorphically equivalent to 2n+l . 
S • Cartan 

also studied a class of CR-manifolds, which was '. called in 

[2] nonumibilie, and proved several results in this case.These 

theorems were not generalized up to date. 

In this paper, we derive some of Cartan results stu­

dying the overdetermined systems of partial differential 

equations (SPDE) associated to a three dimensional CR-mani­

fold. M. We get a intrinsically defined curvature tensor R 

on M, and Mis called umbilic if R • 0 and nonumbilic if R 

During the realization of this work, both authors were partially 
suported by FAPESP. 
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never vanishes, In case Mis nonumbilic, we associate to 

Ma z
2
-structure, which allowed to define three complex 

functions intrinsically defined on M, the fundamental curva­

tures associated to a nonumbilic CR-manifolds, We use these 

curvatures to caracterize nonumbilic homogeneous three dimen 

sional CR-manifolds. 

We skip some lenghty calculations and details, which 

will appear in a forthcoming paper. 

l. CR-manifolds and CR-diffeomorphisms 

In this paper, Mand M' always denote manifolds of 

* * dimension 3, TM and TM' the tangent bundles, TM and TM' the 

cotangent bundles, 

We call Ma Cauchy-Riemann manifold (CR-manifold) if 
. 

TM contains a distribution 6 of codimension 1, such that: 

i) there exists a comple_x struc·ture on 6,- i.e., J:6-►6. 

linear such that J 2 
= -I; 

ii) if 0 is a (local) !-form on M such that ker 0 = ~,then 

0 ~ d0 never vanishes on M, 

We denote by 6 1 , J' and so on, the correspondents 

concepts on M', 

A diffeomorphism f:M-+M 1 :fa a CR-diffeomorphism if 



where : Jv • 

6. The.n 

iv} and 

60,l • 6l,O • We can easily verify that f is a CR-diffeo­

morfism if and only if ·f*(6l,O) • 6'l,O , where the exten­

sion f* to TtM is the natural one. From now on, we will 

wor.k with the complexified tangent-bundles. 

The most nat'ural examples of CR-manifolds are real 

hypersurfaces (strictly pseudo convex) of t 2 ; and restric­

tion of biholomorphic transformations of i 2 to real hypersu£ 

faces, CR-diffeomorphisms. 

2. Coordinate sistem on Jk(M,M'). 

Let UC M be an open set, such that there exists a 

(complex) vector field Z ,-. A1,o, . ·•. . ,. f 
1 ~ 0 ·u , ci i f f ·e r en t o zero in each 

point of U· . Becau.se 6 is 2-dimensional, z1 is a base of 

1 o, 
6 ' . u. We define 

{2 ~ 1) z ··-· Zl G 60,1lu -
l 

and 

(2.2) z - - i[ z
1

, z_ ] . 
0 l 

Observe that Z is a real vector field. It follows from 
0 

the condition 0 A d9 never vanishes, if ker 0 • 6, that 

is a basis of (TEM) · for• every p G u. 
. p 
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We call {Z
0

, z
1

, z
1

} adapted basis on the open set u. 

by 

(2.3) 

We define complex valued functions A, Band Con u, 

From Jacobi identity, we get 

Bl - A +AC - BC• O, 
1 

(C) 1 
- C + i(A + A) m Q 

T 

where, if Fis a complex valued function on U, we denote 

by 

Let U' CM' be an open set, with adapted base · 

4 

{ Z I 
0, 

• 
Zi, Z~}, and define the correspondent complex functions 

1 

A', B' and C' on u·•. 

By Jk(M,M') we denote the space of jetc of (local) 

diffeomorphisms, from M to M' , and by 

a:Jk(M,M') + M the projection 

8:Jk(M,M') + M' the projection 

a_ ( j ~ 0 • x , and 

8(jkf)."' f(x), 
X 

and 

We introduce a coordinate syatem on the open set 



1 -1 . (' -1 
J+(u,u') • a (U) 1 B (U') of J 1 (M,M'). If 

f:U + U' is a diffeomorphism, we define coordinates 

by 

( 2. 5) 

.The coordinates i pj are not all independents, It fo-

!lows from (2.1) and (2.2) that 

(2.6) i i 
pj • p_ t i,j a 0,1,1, 

1 

.. 
where we assume the convention o • o, and 1 a 1. 

The coordinates on J 2 (u,ui) are introduced by 

(2.7) 

and again 
i 

p_ - • These are not the only relations 
j k 

between the s. From 

• 



(2.8) 

where 

and the A~ are defined in the same way 
ij 

For example, 

o. 9) 
0 0 i( 0 1 1 1 1 

p - - p_ = Po - pl p_ + p_ p 1) 
11 11 l 1 

+ C, ( 1 
pl 

+ c' <~ 1 
1 

The coordinates for J 3 (u,U') are defined by 

P j (J·
3
f) = z (pj (j 2£))(x) 

x m ki 
mki 

and so on, 

6 

0 0 1) + p_ - P1 p_ 
l l 

0 1 0 
p - p_ p 1) • 

1 1 
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3. SPDE associated to CR~diffeomor~hisms. 

We have seen that a necessary and sufficient condi­

tion such that f:U + U' is a CR-diffeomorphism is 

f*(6l,O) a 6,l,O • In an adapted basis, this condition 

becomes 

( 3. 1) 

or 

(3. 2) ., 0 • 

Let s 1 C J 1 (M,M') defined by 

We denote s 1 1uxu' briefly as 

(3.3) 

Then f:M + M' is a CR-diffeomorphism if and only 

if j 1 f G s1 for every 
X 

X GM. 

Next, this SPDE will be prolonged until geometric 

information on CR-manifolds, invariant by CR-diffeomorphisms, 

is obtained • 

• 



by 

(3. 4) 

then 

by 

where 

(3. 5) 

8 

If Sk C Jk(.M,M') i SPDE f d k d 
s a o or er , efined 

k 
S , is given 

k l k+l ·k+l 

s + luxu' .. {x G J (U,U') :Fr(n~ · X) • o, 

It follows 

S2: -[ 

(az F )(X).,. o, l < r < a, i • 0,1,1}, 

i r 

easily from the .definition that 

1 0 
0 p = pl 

a 

1 

-:-1 T 1 
p - p .. p a 0 

11 Tl 
ol 

0 0 0 0 p - P_ - p -
11 11 ol 

Conjugating 
0 

p_ • 0 , we get 
0 p _.,. O, then using. 

11 11 



0 formulas (2. 9) and'-(3.5), we ~an replace Im p_ - 0 in 

(3.5), 

a new 

(3. 6) 

Then 

(3.7) 

by. 

equation 

-2 s : 

0 1 1 o, p - pl p_ -0 l 

of first order. 

equations (3.5) 

T 
1 p 

11 po - 21 -. l . 1 
pl p 

1 

. 
It is a verification that 

(3.8) 

where 

==2 s : 

equations (3.7) 

. 1 
0 

31 
1 p 

Poo + 
°.T Po -
T 2 0 

p_ po 
l 

11 

Calling -1 s - Ili(S2), we get 

.. 0. 

cc 
_, T 
C pl) - 0 

1 
Po 

.t(D-D'p 0
)- .!.cc'p 1-c' 1 ) + 2 0 2 o Po 
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(3. 9) D • lee + i(A-2A)) 
2 1 

and · D' is defined similarly. 

(3.10) 

where 

(3.11) 

Finally, 

(3.12) 

"2 s 

r 
equation (3.8) 

1 1 
Po Po 1 1 - e' ~-- - B' p p +(in' 

1 0 

1 

T 

K ~ - ice - i Dl + i e D + A e - BC). 3 0 

equation (3.10) 
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where 

(3.13) R • K1 - B
0 

- 2CK - B(A + A - i D). 

Theorem 3 . 1. If ~R is defined by 

(3.14) * * * * * · * R 1-u • R Z i A Z 
O 

Q Z 
O 

0 Z + R Z A Z 
O 

0 Z 
O 

0 Z l , T T 

In coordinate sistem given by adapted basis {z
0

,z1 ,z_} on 
1 

U and { Z ' · Z ' Z ' } on V ' , c n 11 Ai = p ji (j 1 id') • ' o' l' T j 

Then, by(2 . 5), 

z -i i,j .. 0,1,1. 

Because id is a CR-diffeomorphism of M, the Aj satisfy 
i 

equations (3.6) and the new.equation in (3.12), i.e., 

Zl - Al Z I 
1 l 

(3.15) 
·T Al Z' + Z' + Ao z' z - A 

0 0 l 0 T 0 0 
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and 

(3, 16) 

From (3.15), we have 

(3.17) 

(Z')* .· • A0 z* 
0 0 0 

So, replacing (3.17) below, and using (3.16), 

* * * R'(Z') A(Z') ij(Z') 0 
l o o 

* A z 
0 

Z I 

1 

- * *n *n + R'(Z') A(Z') ~(Z') ~ 
- 0 0 . l . . . 

Z I "" 
1 

12 

we get that . the definition (3.44) independs of the coordinate 

sistem, 

We call ·R the (first) curvature tensor associated to 

the CR-manifold M. We call M umbilic if ·R .. O, and non1.1mbilic 

if R never vanishes, 

Example: Let be Q .. · {(zl,z2) G a:2: ; 2-z2 - zl zl =- O} 
2i 



,Choo sing 

- - ) , i.e, 
a "z2 

z 
0 - - 1 < a + 

2 ~ 
a-) . 
a "z2 

It follows [z1 ,z
0

] • O, i.e., A• B •CEO and this 

i ·t\plii:s ' that R .= O, i,e, Q is umbilic 

Theorem 3.2. ·Mis locally CR-diffeomorphic to Q if 

an d on 1 y if R.M - 0 ■ 

Proof. Suppose first that Mis locally diffeomorphic 

co~. 1,e, given · x ~ M, there exists a nb~ .U of x, and a 

CR-diffeomorphism f:U --> U' C Q. Then f sa~isfies equation 

(3.12), where R' "" O, i.e., p_: R = O, what implies R = O. 
l 

Let's suppose now that RM = 0. Then the new equation 

in (3.12)., p
1 

ll · - pi(p~)
2 

R~ - O, because RM and RQ are 
T 

identically zero. This implies that n~cs3 ) • s2 • Let 

;k C SkT*M 0AkTQ the symbol of Sk(cf, [3] for concepts 
s,, 

used in this proof) Then. 

l 1 

13 

A2 [ . * Q(Z' + 
po Po l * 1 * 0 Z'+ g - zo V Z z' + Z~) + 2 z V ( Zl 0 0 0 0 0 l l 1 ·: l Po Po p_ 

ez?] 
1 

1 z* . . l . 
T .p 1 

and 
Ak · 
g - o, if k > 3. 



T'ne symbol 
"2 
g is 2-acyclic if the sequence 

6 j * "~-1 --> A. ' T M 0 g 

is exact for k > 2. Because 
"k g "" o, if k > 3, we only 

have to show that the sequence 

14 

is exact, ~r, o is · one to one. This is an easy calculation. 

It followsfrom i) 

2-acyclic, that 

"3 .... 2 
S -> S --> 0 is exact; 

"2 
S is formally integrable. As 

ii) 
"2 
g 

::, 0, 

equation is integrable, and for ~ach int,gral jet of s
2 

is 

this 

t-I'l p 'r p it: .n Q n.11t t- -f .nn _ , .... h...:L..o l.. .f .n ., '"'-I,... , " · (' ,__ ,,._ .1 -• __ ... ,-, . ,, _ __ .J __ . ~ , ..• - - - -- - - - ... - ""1 ... - • - ... , 0 ..... - ... 

y 6 Q, there exists open sets x G U C J-f and y G ·u 1 C Q, 

and a CR-diffeomorphism· ' f:U -> u' . 

Observation, As lo~g as we know , "2 
g is the second example 

in the literature of a symbol which· is 2 
-acyclic, but not 

invo·lutive. 

4. Nonumbilic CR-manifolds 

In this section, M denotes 
a nonumbilic CR-manifold. 

Call 

( 4 . 1) 



Then, if we put -1 E1 .. ~ A z
1 , with e: • ± 1, it is an 

easy verification that the only adapted baois where 

R. -

E 
T 

l are {E ,E1 ,E } and {E ,- E ,-E} where we define 0 - 0 1 -l l -
and E as before. These basis define a canonical 0 

structure on M. So, we proved. 

Theorem 4.1. There exists only two adapted basis 

on M, such that R = 1. If one is {E ,E1 ,E }, the other is o T 
· {E ,-E1 ,-E }. In this way, to a nonumbilic CR-manifold M, o T 
we associate a canon{cal z

2 -structure. 

From now on, we choose adapted basis {-E
0

,E1 ,E_} on 
1 

UC Mand {E' ,E
1
1 ,E 1

} on 0 1 CM', as in Theorem 4.1. Then o T 
1 T . n . ? . . -a:t:1 ,· j,·14·_.1_ o·e ·com~·s- p - p \P J --- = u, ·ana rrom equ on , l T o 

0 
. ii= 1 1 

it follows that Po p . • p_ 
1 1 

(4.2) 1 .. 
e: ' e: - ± 1 • pl 

Then, equation (3.i) becomes 

we get 

15 
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We have proved. 

Proposition 4.1. If Mand M' are nonumbilic CR-manifolds, 

then f:M + M' is a CR-diffeomorphism if and only if is a 

solution of 

1 1 0 
0' ± 1 • Pl - e: - P1 - P1 - e: -

(4 . 3) s: 
0 1 1 0 Po - - Pa = 

Corollary 4.1. The group of automorphisms of a nonumbilic 

CR-manifold M has dimension at most three, 

Again, we have [E1 ,E
0

] • A E
1 

+ B Ei + C E
0

, and from 

f*[E 1 ,E
0

] • e:[Ei,E~], we get 

(4.4) A ? o . f • A ; B : f = B , C ' ~ f = C • 

2 
Observe that A,B,C are complex functions intrinsically de-

fined on M. We call these functions the fundamental invarian-

ts associated to a nonumbilic CR-manifold M. We have proved 

Theorem 4.2 •• A necessary condition for f : M + M' to 

be a CR-diffeomorphism is that 

A = J..' o f: B • B' 0 f 
2 

c2 ,.. (C') o _f 
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5. Nonumbilic homogeneous CR-manifolds • 

In this section, M will denote a nonumbilic homogeneous 

2 
CR-manifold. As a consequence of Theorem 4.2, A,B and C are 

constant functions, and two homogeneous nonumbilic CR-mani­

folds are locally CR-diffeomorphic if and only if they have 

the same constants. These constants must satisfy (2.4) and 

R = 1, that is 

AC - BC• A+A. ~ l +: AB - i AC2 
a 0. 

From these relations we obtain the following complex 

Lie algebras, generated by [E1 ,E_] • i E , and 
1 0 

(5 .1) 

(5.2) 

(5.3) 

or · 0 < ). < J ~. 

Theorem 5 . 1. Let be M.a no n umbilic homogeneous CR-ma­

nifold , G his group of automorphisms and L(G) the Lie alge­

bra of G. Two cases can happen: 

(i) M • G 

or (5.3). 

and L(C)[ is isomorphic ~o a Lie algebra (5.~) 



(ii) M: G/22 • and L(G)t is isomorphic to a Lie algebra 

(5.1). 

Proof. Let's call 0:GxM + M the action of G on M 

18 

Fixing x 6 M, let be 0x:GxM + M defined by 0x(g) • 0(g,x) 

for g 6 G. Because dim G • 3, there exists 'a .nbd V of e in 

is a diffeomorphism. If A 6 L(G), 

by G. So we can choose A1 ,A_. , A
0 

6 L(G)a: such that 
- l -

Al - El, A ":' E and A .. E o• This implies that L(G)a: is 
T T 0 

isomorphic to a Lie algebra from (5.1), ( 5. 2) or (5.3). 

He have now two cases to consider, Doing M • M' 

G in the po in t x G M , then G x "" { e } o r G x - 22 • I f C 1 0 , 

it folows from (4.4) that Ea 1, and we are in case Gx m {e} 

- - -
or, G a M. If C - o. we have Gx - 22' and so, M "" GI ·z2 , 

The element in G x• which is not the identity, transforms 

{E
0

(x),E 1
(x),E_ (x)} to . {E (x),- - El (x),-E_ (x)} . 

1 
0 1 
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