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Introduction.

Three dimensional Cauchy-Riemann manifolds (or real
hypersurfaces of EZ) were studied by E. Cartan [1]. The
genaralization to hiecher dimensions of part of Cartan resultg
was done by Chern and Moser [2] and Tanaka [4]. In [2], a
G-structure and a Cartan connection is associlated to a CR-
manifold, which solves the question when a real hypersurface
of E# is biholomorphically equivalent to SZn+l; Cartan
also studied a class of CR-manifolds, which was: called in

[2] nonumibilie, and proved several results in this case.These

theorems were not generalized up to date.

In this paper, we derive some of Cartan results stu-
dying the overdetermined systems of fartial differential
equations (SPDE) associated to a three dimensional CR-mani-
fold . M. We get a intrinsically defined curvature tensor R

on M, and M is called umbilic if R = 0 and nonumbilic 1if R

During the realization of this work, both authors were partially
suported by FAPESP,



never vanishes. In case M 18 nonumbilic, we associate to
M a Zz—sﬁructure, which allowed to define three complex
functions intrinsically defined on M, the fundamental curva-
tures associated to a nonumbilic CR-manifolds. We use these
curvatures to caracterize nonumbilic homogeneous three dimen

sional CR-manifolds.

We skip some lenghty calculations and details, which

will appear in a fo;thcoming paper,

1. CR-manifolds and CR-diffeomorphisms

In this paper, M and M' always denote manifolds of
* *
dimension 3, TM and TM' the tangent bundles, T M and T M' the

cotangent bundles,

We call M a Cauchy-Riemann manifold (CR-manifold) if

TM contains a distribution A of codimensdion 1, such that:
i) there exists a complex structure on A4, i.e;, J:A>A.
linear such that J2 = -I;

11) if © 1is a (local) l-form on M such that ker ©@ = 4,then

@ ~ dO0 never vanishes on M.

We denote by 4A', J' and so on, the correspondents

concepts on M',

A diffeomorphism f£:M+*M' 4s a CR-diffeomorphism i1if

fx(4) = A' and fxod = J'of, .



Let & C TEM the complexified of 4., Then AE -
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, where = {vea,: Jv= iv} and

b0 . We can easily verify that £ 1s a CR-diffeo-

]
- morfism 1f and only if ~f*(A1'0) = A 1'0 , where the exten-

sion f* to TEM is the natural one. From now on, we will

work with the complexified tangent_bundles.

The most natural examples of CR-manifolds are real
hypersurfaces (strictly pseudo convex) of E2; and restric-
tion of biholomorphic transformations of E2 to real hypersur

faces, CR-diffeomorphisms.

2. Coordinate sistem on Jk(M,M').

Let U C M be an open set, such that there exists a

1,0

(complex) vector field Z, € A U, different of zero in each

1
point of U-, Because A is 2-dimensional, Z, is a base of

Alfolu. We define

12.1) z- =7, 6 8% v '
= 1
1

and

(2.2) Z, = = 1[zl,z_i_J.

Observe that Zo i a real vector field. It follows from
the condition © A d© never vanishes, if ker © = 4, that

z (p), 2,(p), Zz_(p) 1is a basis of (TEM)‘ for every p 6 U,
1 . P



We call {Zo' VA Z_} adapted basis on the open set y.

1

1!

We define complex valued functions A, B and C on U,

by
(2.{4) Ezl, z°]= AZ, + B z_l_+czo .
From Jacobi identity, we get
Bl-A_l_+AE_-Bc-0,
(2.4)

('E)l-c__+ 1(A + &) =0
. 1

where, if F is a complex valued function on U, we denote

by
F,o= 2,(F), 1 =0,1,T.

Let U' C M' be an open set, with adapted base’
*
{Z;, Zi, z'}, and define the correspondent complex functions
l -
A', B'" and C' on

By Jk(M,H') we denote the space of jets of (local)
diffeomorphisms, from M to M' , and by

a:Jk(M,M') + M the projection u(jzf) = x, and

B:Jk(M,M')7+ M' the projection B(jif)' = f(x), and
k | .k h , ko koo _ ,h
Hh : J (M,M') » J (M,M') 1is defined as Hh(jxf) jxf .

We introduce a coordinate system on the open set



stu,uty - o rewy M oeTlwry o oMy, 1f

we define coordinates

f:U + U' 1is a diffeomorphism,

p; .3lu,u') —> ¢, 1,3 = 0,1,1

by

(2.5) (%) (2, (x)) = pLUILE) .20 (£Gx)) + py(d, ) . 2{(£Cx))+

+ pi(jif).ZT(f(x)).

are not all independents. It fo-

The coordinates pj

llows from (2.1) and (2.2) that

1

(2.6) Pj = P i,j = 0!11-1-)

=l =]

© =o0, and 1 =1,

where we assume the convention

The coordinates on Jz(U,U') are introduced by

(2.7) pl G20 = 2, L 43,002 0,17,

and again P;k = pi _ .+ These are not the only relations
i Tk :
1o ]l = [f*Zi,f*Zj], we get

between the pjk s. From f*[Zi,ZJ



(36 - ] (326 +

(2.8) ) AL GORRULE) = ],
+r?5p§(jif)-p§<j;f>.A;j( £(x))
where
[2y,2,] = E :j 2, » 1,3,k = 0,1,T,

and the A:j are defined in the same way

For example,

1 1 1 1 1
(2.9)  p°_ - pl = i(py - py P tp_pp) +tC(p P
11 11 1 1 17
+ C’(p1 po
17

[}

3 '
J°(U,U') are defined by

The coordinates for

i .3 )
Pmki(fo) = 2, (py;(37E))(x)

and so on.



3. SPDE associated to CR-diffeomorphisms.

We have seen that a necessary and sufficient condi-

tion such that £:U + U' 4s a CR-diffeomorphism is

f*(Al’o) = A’l'o In an adapted basis, this condition
becomes
(3.1) £, 2. = prate) zo

s LS US| 1

or

.‘ iy 1
(3.2)  p (d'D) = P2 H) = 0.

1

Let s! ¢ gl(M,M') defined by

SIIUxU{ = {X 6 JI(U,U{): ﬁi(x) = p;(X) = 0} .

We denote Sll briefly as

uxu'

Then f:M + M' is a CR-diffeomorphism if and only

1

if jif € S for every x 6 M,

Next, this SPDE will be prolonged until geometric

information on CR-manifolds, invariant by CR-diffeomorphisms,

is obtained .



1f Sk c Jk(M,Mf) is a SPDE of order k, defined

by
(3.4)  s¥| - (x e Y, u):F (X)) =0, 1 £r <a)

* UXU' o *tr ’ L xr < al,
then Sk+1'C Jk+1(M,M‘), the prolongation of Sk, is given
by

k+1 Lo k+1 . k+1
s | ygyr = (X 87 (U,u"):F (m X)) =0,
(BziFr)(X) =0, 1 <t <a, 1= 0,1,11},
where
ck+1 k
(3, FIG_ ) = z, (F (3 £))(x).
= >
It follows easily from the definition that
T o
P, p, =0
(3.5) 52: P o 1 T
. pl = p = p = 0
1 1 ol

Conjugating pi = (0 , we get po = 0, then using.



formulag (2.9) aﬁd*(B.S), we can replace Im pg = 0 1in
| ' 11

(3.5), by.

' 1
P -plpT-O.

=1

a new equation of first order, Calling S = Hf(sz), we get

(3.6) SLigpl = p° = pO sk b o' .
1 1 o 17
Then
) equations (3.5)
-2 o T 1 1
(3.7) S7 o - P P - P = 0
00 T o] pl oT
Pi_ p1 —
1 — )
—— - 21-%2-(C-7C pi) = 0
1
P P .
1
.

It is a verification that Hi(gz) = Sl, and if we put

§2 é'ng(s3), ve get

equations (3.7)

(3.8) §2: { o1 ° 4+ 33 11

P__ P 3ip_p

-+ ° + 2(0-0'p°%)- 2(c'ploc’ -1_)
- o 2 po 2 o Py
1 2 p
P_ o

1

where




(3.9) D = -;—(c_ + 1(A-2R))
1
and’ D' 1is defined similarly,
o2 3,%
Again, 1f §" = HZ(S ), then
- 1
equation (3.8)
P'l' PT p°
~ oo _ 0 00 _ i 1 o
(3.10) Sz: 1 T T & (K-K P 1;)0
P P_ P,
4 L
Pl PT =
o ‘o 1 1
- ¢! — - B' p p
1 A .
P
( 1
where
(3.11) K=--_§7(co-inl+1cn+Ac-§'c“).
Finally,
(
equation (3.,10)
(3.12) T8y _

1 1
PP R - p (%R =0
T 1

10



vhere
(3.13) R = K, - Eo - 2CK - B(A + A - 1 D),
Theorem 3.1. IXIf "R is defined by
3.14 R * * * Tz'a 2% g 2"
(3.14) p=RZ A Z 8 z, B ZT'+ R - z, 8z, B Z1s

then R is a tensor on M, i.e, R 6 T2y 8 TN g T™).

”n

- % .. - ae - - - . - = == & L :
L LUuuL. LeEL U,Uu  opel BeELSBE-0LI' M, wWlCrn v o tTTuU o F Y.

In coordinate sistem given by adapted basis {Zo,Zl,Z_} on
1

i

1,.1, .
3 pj(j id).

u and {z;wzi,z%} on U', call A
Then, by (2.5),

z, = 1d,(z)) = § Ai I

i

Because id is a CR-diffeomorphism of M, the Ai satisfy

equations (3.6) and the new, equation in (3.12), i.e.,

= 1 '
Z1 Al Z1 i
(3.15) i
1 ' 1 ' o '
Zo = Ao Z' + Ao ZT + AD Zo

11
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and

A" R - A

10a%)2 pv = 0.
T 1.

(3.16)

From (3.15), we have

S IS 1 _*
(3.17) (Zl) Al Zl + Ao Zo
* o _*
' S
(Zo) Ay Z, .

So, replacing (3.17) below, and using (3.16),"

teary* 1y * 1y ¥ i g TEgwiy® 1y * * [ -
R (g;>-A§zo>.@(zo) 8 o+ RIGD) A@zo)‘@(z;).ﬁ z3

voal 042, 1 -1 % * =1 al,0y2,,0y2,,1 -1 %
B ag ) Y 2 b oz, BB, B2 1B AT T2

=]

* * * * —_ * . * 2
= s
Nz Bz 8z Rz Az § z A ZT + R z1 9z, 82,

we get that the definition (3.44) 4independs of the coordinate

sistem.

We call R the (first) curvature tensor associlated to
and nonumbilic

the CR-manifold M. We call M umbilic if 'R = 0,
if g never vanishes.

Q = {(z1,22) ¢ ¢?: 22222 _ .y 71 = o}
21

Let be

- Example:
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— 19 - 3 1,0
.Cheoeing Zl = 3571 " zl1 =7 8 A '0, then
1,2 3 1 39 d
[2,,2.] = « S( k5 + e Y, tee, Z = -5 Cqgz + azz).

it follows LZl, l]=20, i.e., A= B =C =0 and this

iaplies that R = 0, 1,e, Q is umbilic

Theorem 3.2, M is locally CR-diffeomorphic to Q if

and only if RM o

Proof., Suppose first that M is locally diffeomorphic
to @, 1,e, given x & M, there exists a nbd .Y of x, and a
CR-diffeomorphism £:U ——> U' C Q. Then f satisfies equation

0, what implies RZ O,

R

o=l

(3.12), where R' =0, i.e., p

Let's suppose now that Ry = 0. Then the new equation
0

in (3.12), pi
1

R-= Pi(Pg)z R' because R, and Ry are

M

identically zero. This implies that Hg(SB) = 82. Let

~ * ~

gk ¢ skr™um 8+4,TQ the symbol of Sk(cf. [ 3] for concepts
S-‘.

used in this proof) Then.

1 1
~2 * * . Py L 32 . 1 % 1 &
g Z, v Z, @(zo t—— 2+ —z2) v 52 v ( = Z, 8 z1+
P 1 P 1 sl
o P
1
-1—1 Bz)
.Pl
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: -1
Then, 1if we put El = g j Zl' with € = * 1, 1t {g an
easy verification that the only adapted basis where

R = 1 are {E_,E,,E_} and {E ,- & »=E_)} where we define
3 o 1 T 7
ET and Eo as before, These basis define a canonical 22-

structure on M. So, we proved.

Theorem 4.1, There exists only " two adapted basis

on M, such that R = 1, If one 1is {Eo'El’E~}’ the other dis
1

{Eo,—El,—E_}. In this way, to a nonumbilic CR-manifold M,

1

we associate a canonical Z,-structure.

From now on, we choose adapted basis {Eo’El'E—} on
1

UCHMand {E!,E;,E'} on U' C M', as in Theorem 4.1. Then

»
1y

. . 1 T. a.2 . . -
equation (3.l4) pecomés Py - p_\po)““= U, "ana Irom
1
Po"= pl.. pl ; it follows that
(o] 1 T .
1 ' +
(4.2) = €, €= % ],

Then, equation (3.1) becomes

£4E; = € Ei ;

and from [El,E_J =1 E_, we get

1

0’

: o
f*Eo = -i[f*El'f*ET] Eo
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We have proved,

Proposition 4.1. If M and M' are nonumbilic CR-manifolds,

then f:M - M' is a CR-diffeomorphism if and only if is a
y

solution of

; 5
1 1
Py -~ €=pP =P~ 0, €= 12%1,
(4.3) St 9
0 1
P, - 1 P, 0

Corollary 4.1. . The group of automorphisms of a nonumbilic

CR-pmanifold M has dimension at most three,

Again, we have [E,,E ] = A E_, + B E. +CE , and from
1' o 1 i o
f*[El,Eo] = e[Ei,Eé], we get

(4.4) A% f = A ; Baf = B, C'af = C.

Observe that A,B,02 are complex functions intrinsically de-

fined on M. We call these functions the fundamental invarian-

ts associated to a nonumbilic CR-manifold M. We have proved

Theorem 4.2.,. A necessary‘condition for £:M » M' to

be a CR-diffeomorphism is that

= s ’ 2 t2
A—Rof:B‘B°f;C=(C)of
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5, - Nonumbilic homopgeneous CR-manifolds .

In this section, M will denote a nonumbilic homogeneous
CR-manifold. As ‘a consequence of Theorem 4.2, A,ﬁ and C2 are
constant functions, and two homogeneous nonumbilic CR-mani-
folds are locally CR-diffeomorphic if and only 1if they have
the same constants. These constants must satisfy (2.4) and

R= 1, that is

[t

ACT = 0.

W

AT - BC = A+A. = 1 + % A =

From these relations we obtain the following complex

Lie algebras, generated by [Ei,ET] = 1 E_, and

21 *
(5.1) [El,Eo] =i X E; + X EI A

- ' \/ 9x 3
(5.2) [El,Eo] 1 AE; -1 ET +V -3 -3xE, A <0
- o~ V3.9 J2
(5.3) [El,EoJ iA(E1+ET) + 1 - 5= E_, A<=V 3

or '0 < A < %.

5

Theorem 5.1. Let be M a non umbilic homogeneous CR-ma-

nifold , G his group of automorphisms and L(G) the Lie alge-

bra of G. Two cases can happen:

(1) M = G and L(G)E is isomorphic to a Lie algebra (5.2)

or (5.3).
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(1) M = G/ Z,, and L(G), is isomorphic to a Lie algebra

(5.1),

Proof. Let's call 0:6xM ; M the action of G on M
Fix?ng x 6 M, let be ©_:G6xM > M defined by Ox(g) = 0(g,x)
for g 6 G, Because dim G = 3, there exists a nbd V of e in
G such that Gx:V - OX(V) is a diffeomorphism. If A 6 L(G),
then A = (Gx)*(AIV) is a vector field on ©_(V) invariant
by G. So we can choose AJ'A "Ao 6 L(G)E such that

-~

~ I
A = Ey, AT = E_ and A = E_. This implies that L(G), 1s

1 ;
isomorphic to a Lie algebra from (5.1), (5.2) or (5.3).

He have now two cases to consider., Doing M = M'

G in the point x 6 M, then G_ = {e} or G6_= 1

it folows from (4.4) that € = 1, and we are in case G, = {e}

or, G = M, If C = 0, we have G =2

- ,» and so, M = G/'Z,.

The element in Gx' which is not the identity, transforms

{Eo(x),El(x),ET(x)} to‘{Eo(x); - El(x),—ET(x)} .
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