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‘We associate to an arbitrary positive root « of a complex semisimple finite-dimensional
Lie algebra g a twisting endofunctor T, of the category of g-modules. We apply this
functor to generalized Verma modules in the category O(g) and construct a family
of a-Gelfand—Tsetlin modules with finite I'o-multiplicities, where ', is a commu-
tative C-subalgebra of the universal enveloping algebra of g generated by a Cartan
subalgebra of g and by the Casimir element of the s[(2)-subalgebra corresponding to
the root a. This covers classical results of Andersen and Stroppel when « is a sim-
ple root and previous results of the authors in the case when g is a complex simple
Lie algebra and « is the maximal root of g. The significance of constructed mod-
ules is that they are Gelfand—Tsetlin modules with respect to any commutative C-
subalgebra of the universal enveloping algebra of g containing I'. Using the Beilinson—
Bernstein correspondence we give a geometric realization of these modules together
with their explicit description. We also identify a tensor subcategory of the category
of a-Gelfand—Tsetlin modules which contains constructed modules as well as the cate-

gory O(g)-

Keywords: Twisting functor; generalized Verma module; Gelfand-Tsetlin module; Weyl
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0. Introduction

The theory of Gelfand—Tsetlin modules has been developed extensively in recent
years following a number of important results obtained in [8, T0HI2] T4HI6] 20,
23, (311 B3H36]. These modules are connected with the study of Gelfand—Tsetlin
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integrable systems (e.g. [21},22, 29]), BGG differential operators (e.g. [8,[15]), tensor
product categorifications and KLRW-algebras in [24].

Gelfand-Tsetlin modules were originally defined and studied in [7] and [6] aiming
to parameterize simple modules for the universal enveloping algebra of a complex
simple Lie algebra by characters of a certain maximal commutative C-subalgebra —
the Gelfand—Tsetlin subalgebra. Up to now the theory is mainly evolved for sim-
ple Lie algebras of type A, that is U(sl(n)) and its generalizations. In [16] a new
approach was developed which allows us to construct certain Gelfand—Tsetlin-like
modules for an arbitrary simple finite-dimensional Lie algebra g.

Let 6 be the maximal root of g and let sy be the Lie subalgebra of g based on
the root 6, and hence isomorphic to sl(2). Let us denote by I'y the commutative
C-subalgebra of the universal enveloping algebra U(g) of g generated by a Cartan
subalgebra of g and by the center of U(sg). The 0-Gelfand-Tsetlin modules, modules
admitting a locally finite action of I'g, were studied in [I6]. In the case of 5[(n) such
modules give examples of the so-called partial Gelfand—Tsetlin modules studied
in [19]. In particular, a family of §-Gelfand-Tsetlin modules W2 (A, 6) with finite
I'g-multiplicities were constructed explicitly using a free field realization. Here b is a
Borel subalgebra of g with the corresponding Cartan subalgebra h and A € h*. Using
the Beilinson-Bernstein correspondence one can view W(\, 0) as the vector space
of “-functions” on the flag variety G/B supported at the 1-dimensional subvariety
being an orbit of a unipotent subgroup of G and going through the point eB.

Let T" be a commutative C-subalgebra of the universal enveloping algebra U(g)
of g. Then we denote by H(g,I') the category of I'-weight g-modules and by
Hen(g,T') the full subcategory of H(g,I') consisting of I'-weight g-modules with
finite-dimensional I-weight subspaces. The modules W (), 6) belong to the cate-
gory Hn(g,g) and as an easy consequence also to the category Hean(g, ') for any
commutative C-subalgebra I" of U(g) containing T'y.

The purpose of this paper is to extend the construction of W(A,6) to any
positive root « for an arbitrary complex semisimple finite-dimensional Lie algebra.
We show that such modules can be obtained from the corresponding Verma modules
by applying the twisting functor. This functor was used successfully by Mathieu [30]
to classify simple torsion free weight modules with finite-dimensional weight spaces
over complex simple Lie algebras of type A and C. If « is a simple root, then
the twisting functor is well understood, it is related to the Arkhipov’s twisting
functor [4] on the category O(g). We are mostly interested in the case when « is
not simple root. In addition, we replace the Borel subalgebra b by any standard
parabolic subalgebra p of g. The corresponding a-Gelfand—Tsetlin module W,f‘ A\ @)
is obtained by applying the twisting functor to the generalized Verma module M, ,f (A)
induced from the finite-dimensional simple p-modules with highest weight \. We
show that all modules W,f‘(/\,a) are cyclic weight modules with respect to the
Cartan subalgebra h. Moreover, every element of I', has a Jordan decomposition
on W (A, ) with Jordan cells of size at most 2. The same holds for the elements of
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any commutative C-subalgebra I' of U(g) containing I'y,. In the case g = s[(3) the
subalgebra I'y is generically diagonalizable on Wz? (), 0) and also the latter module
is generically simple, 6 is the maximal root of g, see [16]. We expect the same
properties of modules W,? (A, @) in general. This will be addressed in a subsequent
paper.

In addition, we provide the D-module realization of g-modules W (X, ) us-
ing the Beilinson—Bernstein correspondence (Theorem [L.5). We also give explicit
formulas for the Lie algebra action in this realization (Theorem [.10).

One of the inspirations and motivations for our original quest was the question
of Kleshchev [28] about the existence of tensor categories of I'-Gelfand-Tsetlin
modules beyond the category O(g) for g = gl(n) and g = sl(n), where T is the
Gelfand—Tsetlin subalgebra of g. We observe that I',-Gelfand—Tsetlin modules form
a tensor category which contains the category O(g). In particular, if g = gl(n) then
I'-Gelfand—Tsetlin modules which are I',-Gelfand—Tsetlin modules form a tensor
category if I" contains I',. We provide a recipe how to construct more general tensor
categories of partial Gelfand—Tsetlin modules. The method of twisting functors was
also successfully used to construct positive energy representations of affine vertex
algebras, see [17].

Let us briefly summarize the content of our paper. In Sec.[I] we recall a general
notion of twisting functors for rings and introduce I'-Gelfand—Tsetlin modules for
a commutative C-subalgebra I' of the universal enveloping algebra U(g) of a Lie
algebra g. Section2lis devoted to study of a-Gelfand—Tsetlin modules over complex
semisimple Lie algebras. We also introduce various tensor categories of a-Gelfand—
Tsetlin modules. In Sec. Bl we define the twisting functor T, for any positive root
a of a complex semisimple Lie algebra g as an endofunctor of the category M(g) of
g-modules and describe main properties of this functor. By applying the twisting
functor T, on generalized Verma modules M (A) we construct a-Gelfand-Tsetlin
modules Wy (A, ) with finite I'o-multiplicities (Theorem [L.3)). Basic characteristics
of these modules together with their geometric realization are described in Sec. [l

1. Preliminaries

We denote by C, R, Z, Ny and N the set of complex numbers, real numbers, integers,
non-negative integers and positive integers, respectively. All algebras and modules
are considered over the field of complex numbers.

1.1. Twisting functors

We recall the definition and basis properties of twisting functors for rings.

Definition 1.1. Let R be a ring. A multiplicative set S in R is called a left de-
nominator set if it satisfies the following two conditions:

(i) SrNRs#( for allr € R and s € S (the set S is left permutable);
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(ii) if rs = 0 for r € R and s € S, then there exists s’ € S such that s'r = 0 (the
set S is left reversible).

The above two conditions are usually called Ore’s conditions.

If S is a left denominator set in a ring R, then we may construct a left ring of
fractions for R with respect to S. Let us recall that a left ring of fractions for R
with respect to S is a ring homomorphism f : R — T such that

(i) f(s)is a unit in T for all s € S;
(ii) any element of 7' can be written in the form f(s)~1f(r) for some s € S and
r € R;
(iii) ker f = {r € R; sr =0 for some s € S}.

Let us note that a left ring of fractions is unique up to isomorphism, we will denote
it by ST'R.

Further, if M is a left R-module, then a module of fractions for M with respect
to S is an R-module homomorphism ¢ : M — N, where N is a left S~!R-module,
such that

Yo(a) for some s € S and

(i) any element of N can be written in the form s~
a € M,;

(i) kerp = {a € M; sa =0 for some s € S}.

Let us note that a module of fractions is unique up to isomorphism, we will denote
it by S™1M.

Theorem 1.2. Let S be a left denominator set in a ring R and let M be a left
R-module. Then we have

STTRor M ~S'M, (1.1)
where the mapping is given by s 'r @ a v+ s~ 'ra for s€ S,r € R and a € M.

Lemma 1.3. Let R be a ring and let t € R be a locally ad-nilpotent reqular element.
Then the multiplicative set Sy = {t"; n € No} in R is a left denominator set.

Proof. To check Ore’s conditions for Sy, it is sufficient to verify them for the genera-
tor t of S;. As ¢ is a locally ad-nilpotent element, for any r € R we have ad(¢)™(r) = 0
for some n € N. Then the identity ad(t)"(r) = >, _(—=1)* ()" Frt* = 0 can be
written as t"r = 7't for some ' € R. Moreover, since t is a regular element, Ore’s
conditions are satisfied for ¢. |

Let R be a ring and let ¢t € R be a locally ad-nilpotent regular element. A left
ring of fractions for R with respect to S; we will denote by R(;), and similarly a
module of fractions for M with respect to S; we will denote by M. Since ¢ is a
regular element of R, the ring homomorphism R — R;) is injective. Hence, we may
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regard R as a subring of R(;). We also have (R, R)-bimodule R /R, which enables
us to define the twisting functor

T; : Mod(R) — Mod(R)
by

Ty(M) = (R /R) &5 M (1.2)
for M € Mod(R). Besides, we introduce the 1-parameter family of automorphisms
07 : Ry — Ry by

oo

0y (r) =t'rt™ = (” + Z B 1>tk ad(t)*(r) (1.3)

k=0

for v € C and r € R(y). Let us note that the sum on the right-hand side is well de-
fined since t is a locally ad-nilpotent element of R. The following lemma is straight-
forward.

Lemma 1.4. Let R be a ring and t € R a locally ad-nilpotent reqular element.
Then we have 0! 0 0¥ = 04" for v € C.

Proposition 1.5. Let R be a ring andt € R a locally ad-nilpotent regular element.
Then the twisting functor Ty is right exact.

In this paper, we will mostly interested in two special cases when the ring R is
the universal enveloping algebra of a complex semisimple Lie algebra or the Weyl
algebra of a complex vector space.

1.2. T'-Gelfand—Tsetlin modules

Let g be a complex semisimple finite-dimensional Lie algebra and let h be a Cartan
subalgebra of g. We denote by A the root system of g with respect to b, by AT
a positive root system in A and by II C AT the set of simple roots. For o € AT,
let hy € b be the corresponding coroot and let e, and f, be basis of g, and g_,,
respectively, defined by the requirement [eq, fo] = ho. We also set

Q= Z Za and Q4 = Z Noa

aeAt aEAT

together with
A={Neb*;(Va € D)A(hy) €Z}, AT ={X€b*;(Va € I)A(ha) € No}.

We call @ the root lattice and A the weight lattice. Further, we define the Weyl
vector p € h* by

p=5 3 a
acAt
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The standard Borel subalgebra b of g is defined through b = h@n with the nilradical
n and the opposite nilradical n given by

n= @ go and n= @ J_a-

aceAt aeAt

Besides, we have the corresponding triangular decomposition
g=ndhdn

of the Lie algebra g. Further, let (-,-)4 : g®c g — C be the Cartan-Killing form on
g. Whenever « € h* satisfies (o, a)q # 0, we define s, € GL(h*) by
2(0{, ’Y)B
sa(V)=7-—7—="«a
(Oé, a)g

for v € b*. The subgroup W of GL(h*) defined through
W = (sq; a €1I)

is called the Weyl group of g. Let us note that W is a finite Coxeter group. Let 34
be the center of U(g) and let 7 : 3 — U(h) be the Harish-Chandra homomorphism
(its image coincides with the set of W-invariant elements of U()). For each A € b*
we define a central character x» : 34 — C by

xa(z) = (1(2)(N)

for z € 34, where we identify U(l) with the C-algebra of polynomial functions on h*.

For a commutative C-algebra I' we denote by Hom(T', C) the set of all characters
of I, i.e. C-algebra homomorphisms from I' to C. Let us note that if I' is finitely
generated, then there is a natural identification between the set Hom(I", C) of all
characters of I and the set Specm I' of all maximal ideals of I', which corresponds
to a complex algebraic variety. Let M be a I'-module. For each x € Hom(T',C) we
set

M, ={ve M; 3keN) (Vacl) (a—x(a)*v =0} (1.4)

When M, # {0}, we say that x is a I'-weight of M, the vector space M, is called
the I'-weight subspace of M with weight x and the elements of M, are I'-weight
vectors with weight y. If a I'-module M satisfies

M= & M, (1.5)

x€Hom(T",C)

then we call M a I'-weight module. The dimension of the vector space M, will be
called the I'-multiplicity of x in M. Let us note that any submodule or factor-module
of a I'-weight module is also a I'-weight module.

Let T" be a commutative C-subalgebra of the universal enveloping algebra U(g)
of g. Then we denote by H(g,I') the category of all I-weight g-modules and by
Hen(g,T') the full subcategory of H(g,I') consisting of I'-weight g-modules with
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finite-dimensional I-weight subspaces. If I and I" are commutative C-subalgebras
of U(g) satisfying I' C I”, then we have the following obvious inclusions

Hfzn(Qar) C Hfin(Qar/) - H(Ear/) C H(Qar)v (16)

which are strict in general. If I" contains the Cartan subalgebra b, then a I'-weight
g-module M is called a I'-Gelfand—-Tsetlin module. In particular, a usual weight
g-module M, i.e. a g-module M satisfying

M= My,
A€

where My = {v € M; (Vh € h) hv = A(h)v}, is a U(h)-Gelfand—Tsetlin module.

Let {e, h, f} denote the standard basis of the Lie algebra sl(2). The vector
subspace ) = Ch is a Cartan subalgebra of s1(2). If we define a € h* by «a(h) = 2,
then the root system of s1(2) with respect to b is A = {+a} with AT = {«a}. The
standard Borel subalgebra b of s[(2) is defined as b = Ch @ Ce with the nilradical
n = Ce and the opposite nilradical n = Cf. Besides, the center 342y of U(sl(2)) is
freely generated by the quadratic Casimir element Cas given by

1
Cas=ef + fe+ §h2.

If M is an sl(2)-module then M is also a 34(2)-module. The following proposition
is standard but we include the details for convenience of the reader.

Proposition 1.6. (i) Let M be an sl(2)-module. If for a weight vector v € M with
weight A € b* there exists n € N such that f™v =0, then we have

n—1

TG0 p a2 =0 (17)
k=0
for all z € 351(2)-

(ii) Let M be a weight sl(2)-module which is locally n-finite. Then M is a 3s(2)-
weight module. Moreover, the 35(2)-weights of M may be only of the form xx—,
Jor A € b* and Jordan blocks corresponding to the 341(2)-weight xx—, are of size
at most 2 if w(\ — p) — p € AT for some w € W and of size 1 otherwise.

Proof. (i) It is sufficient to prove the statement for the generator Cas of 34(2). If
n =1 then fv =0 and we have

Casv = <26f + %h(h - 2)) v = xx—p(Cas)v.

The rest of the proof is by induction on n. Let us assume that the statement holds
for some n € N. If for a weight vector v € M with weight A\ € h* holds f"+!v =0,
then w = fv is a weight vector with weight A —« € h* and f™"w = 0, which by the
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induction assumption gives us

0

H (Cas —xxr—p—rka(Cas))w = H (Cas —xa—p—ka(Cas)) fv
k=1

k=1

f H (Cas —xa—p—ka(Cas))v.
k=1
Together with the fact $h(h — 2)v = xa—,(Cas)v, we immediately obtain

0= <2e f+ %h(h —2)— XAp(cas)> 1 (Cas —xa—p—ka(Cas))v
k=1

H (Cas —xr—p—ka(Cas))v.
k=0

This implies the first statement.
(ii) Let v € M be a weight vector with weight A € h*. Since M is locally n-finite,
there exists n € N such that f™v = 0. We have

n—1

H (2 = Xa—p—ka(2))v =0

k=0

for all z € 34((2), which implies that v € ZZ;S My, _,_,.- By using the fact that M
is a weight sl(2)-module we immediately obtain that M is a j42)-weight module
and the 34((2)-weights of M may be only of the form x,, for u € h*.

Since Xpui—p = Xpa—p for pi1, po € b* and p1 # po if and only if po — p = s(p1 —
p) = —p1+p, where s is the nontrivial element of the Weyl group W of s(2), we get
that Xa—p—kia = Xr—p—kea f0r 0 < k1 < ko provided A—p = %(lier)oz. Moreover,
we have A — p — ki = %(kg —k)a and A — p — ke = *%(kg — k1)a. Therefore,
the multiplicity of a 34(2)-character x,,—, for u € b* occurring in the decomposition
HZ;;(Z — Xa—p—ka(2)) is at most 2 and it happens only if w(p — p) — p € AT for
some w € W, otherwise is 1. This gives us the second statement. |

2. a-Gelfand—Tsetlin Modules
2.1. Definitions and examples

Let us denote by s, for a positive root a € A" the Lie subalgebra of g determined
through the sl(2)-triple (eq,ha, fo). Then the quadratic Casimir element Cas,
given by

1
Casy = eqfo + fata + §hi (2.1)

is a free generator of the center 35, of U(sy).
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Definition 2.1. Let us denote by I'y, for & € AT the commutative C-subalgebra
of U(g) generated by the Cartan subalgebra h and by the center 35 of U(s,). The
C-algebra I'y, is freely generated by the coroots h., for v € II and by the quadratic
Casimir element Cas,.

The T',-Gelfand—Tsetlin modules will be simply called a-Gelfand—Tsetlin mod-
ules. When « is the maximal root of a simple Lie algebra g such modules were
considered in [16].

The following proposition is an immediate consequence of Proposition

Proposition 2.2. Let « € AT and let M be a weight g-module which is locally
s, -finite. Then M 1is an a-Gelfand-Tsetlin module with Jordan blocks of size at
most 2.

Let us consider a weight g-module M. Since [h,s,] = s, for « € AT, the Lie
algebra cohomology groups H"(s_; M) are weight h-modules for all n € Ny. Let
us note that H"(s; M) = 0 for all n > 1 and H(s_; M) ~ M%«, H'(s; M) ~
M/s; M.

Theorem 2.3. Let o € AT and let M be a weight g-module which is locally s, -
finite. Then M is an a-Gelfand—Tsetlin module with finite T -multiplicities if and
only if the zeroth cohomology group H(s_; M) is a weight h-module with finite-
dimensional weight spaces.

Proof. As f, acts locally nilpotently on M, by Proposition we obtain that M
is a 35,-weight module and hence I'o-weight module. Further, since M, for p € b*
is a 3s,-module, we only need to show that M, has finite 35 -multiplicities if and
only if H%(s;; M) is a weight h-module with finite-dimensional weight spaces.

Let us define an increasing filtration {F,M,}nen, of M, by F,M, = {v €
M,; flv = 0}. Since F,, M, is a js,-module for n € Ny, we get that F"M, =
Fny1M,/F,M, is a 35 ,-module for n € Ny. Therefore, for z € 35, we have the
induced linear mapping

grl 2z F™ M, — F™ M,,.
Moreover, by Proposition we have

(2 = Xppa—pa—na(2)) fov =0

for v € Foy1M, and 2z € 3,5, where po = ps, = %a and fio = H|s.np;

which immediately implies that (2 — X, —p.—na(2))v € F,M,. Hence, we have
85 2 FrM, = Xpio—pa—na(2) idpeag, , which means that F"M, = (F"M,,)
Using the fact that

Xpo—pa—na’

(Frp1 My )y /(FaMp)y = (F™ M)y

2250031-9
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for x € Hom(3s,,,C), we obtain

dim(M,,)

Xpo—pa—na

dim F™ M, if u(he) —n—1¢ No\{n},
| dim F* M, + dim Frte)=n=I0p i u(hy) —n — 1 € No\{n}

for n € Ny, where we used that X, —p.—ka = Xua—pa—na if and only if & = n or
k= p(ha) —n —1and k € Ny.

Now, let us assume that H(s_; M) ~ F; M is a weight h-module with finite-
dimensional weight spaces. We show by induction on n that dim F, M, < oo for
n € Ng and g € h*. For n = 0 it is trivial and for n = 1 it follows from the
requirement on H°(s_; M). Let us assume that it holds for some n € N and let
us consider the linear mapping fganHM t Fpy1M — Fi M. Since Ker ) = F, M,
we obtain that the induced linear mapping fg\Fn,+1M : FpyaM/F,M — FiM is
injective. As we have flF, 1M, C FiM,_nq, dim F1M,_,, < oo and by the
induction assumption also dim F,,M,, < oo, we get dim F}, M, < co. Hence, we
have dim (M,,), < oo for x € Hom(js,,C).

On the other hand, if M, has finite 3, -multiplicities, then we have
dim (FiM), = dimF\ M, = dim F'M, < dim (M,)y,. _, _. < co. Hence, we
have that H%(s; M) ~ Fy M is a weight h-module with finite-dimensional weight
spaces. O

By duality we can analogously prove a similar statement if we replace f, by e,
and H(s.; M) by HO(s}; M).

2.2. Categories of a-Gelfand—Tsetlin modules

We denote by M(g) the category of g-modules and by £(g) the category of finite-
dimensional g-modules. For a Lie subalgebra a of g we introduce the full subcat-
egory Z(g,a) of M(g) consisting of locally a-finite weight g-modules and the full
subcategory Zy(g, a) of M(g) of finitely generated locally a-finite weight g-modules.
Therefore, for « € At we have the full subcategories Z(g,s}) and Z(g, s, ) of M(g)
assigned to the Lie subalgebras st = s, Nn and s, = s, N0 of g.

The following statement is obvious, see Proposition 1.3 in [16] for details.

Proposition 2.4. (i) The categories Z(g,st) and Z(g,s, ) are full subcategories of
H(g,Ty) for a € AT,

(ii) Let M € M(g) be a simple weight g-module and let o € AT, If there exists
a positive integer n € N and a nonzero vector v € M such that elv = 0(or
fiv =0), then M € I(g,s}) (or M € Z(g,s,)).

We introduce Ztin (9,55 ) = Z5 (9,54 ) N Hiin (9, La) and Ztin (g, 5,) = Zy(g,5,) N
Hein(g, Do) for a € AT,
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Remark.

e We have £(g) C Zan(g,5%) N Zan(g, 5, ). Moreover, it holds £(g) = Zgn(g,55) N
Tan(g, s, ) provided g = sl(2);

e The category Zgy, (g,5F) contains the category O(g).

e Examples of simple g-modules with infinite-dimensional weight spaces but with
finite T',,-multiplicities were constructed in [I6] for the maximal root « of a simple
Lie algebra g.

Proposition 2.5. Let a be a nilpotent Lie subalgebra of g. Then the category Z(g, a)
18 a tensor category.

Proof. Since ais a nilpotent Lie algebra, the condition that a g-module M is locally
a-finite is equivalent to saying that each element a € a acts locally nilpotently on M.
The rest of the proof follows immediately from the definition of the tensor product
of g-modules. O

Let us note that the categories H(g,T'a), Han(9, o), Zr(g,5%), Zs(g,5,),
Tan(9,5Y), Zan(g,55) and Zan(g,55) N Zan(g, 5, ) are not tensor categories (they
are not closed with respect to the tensor product of g-modules) for @ € AT, except
the case g = sl(2) when Zgy(g,5F) N Zan(g,55) = £(g). On the other hand, by
Proposition 2.5 we have that Z(g,sY) and Z(g,s) are tensor categories.

Let T' be a commutative C-subalgebra of U(g) containing I',,. Then we have the
following chain of embeddings

Hfin(Qara) C Hfin(gvr) C H(Gar) C H(Qara)

of categories. In particular, we see that Zs, (g, 52) is a full subcategory of Hsn (g, T').
However, Z(g,5%) and Z;(g,s2) are not subcategories of H(g, I') in general. Also let
us note that neither H (g, ") nor its subcategories H(g,T') N Z(g,57) and H(g,T') N
Z(g,s, ) are tensor categories if g # s[(2). Nevertheless, we have the following result
for s((3).

Theorem 2.6. Let g = sl(3) and o € AT. Let V and W be simple g-modules in
Z(g,s5)(or in Z(g,5,)). Then the modules V,W and every simple subquotient of
V@cW belong to the category Lan(g,s7) (or to the category Isn(g, s, )) and hence to
the category Han(g,T') for any commutative C-subalgebra T' of U(g) containing Ty,.

Proof. Indeed, as I' is a commutative C-subalgebra containing I',, then either
' =T, or it is generated over I, by central elements of U(g). Then the simplicity
of modules and Proposition 2.4(i) imply that V' and W belong to the category
H(g,T') for any commutative C-subalgebra I" of U(g) containing T',,. In particular,
we have VW € H(g,I'), where I' is a Gelfand-Tsetlin subalgebra generated by
T’y and by the center of U(g). The structure of simple I'-Gelfand-Tsetlin modules
for s(3) was described in [13], see also [9]. It follows that V,W € Zg,(g,s) (or
that V,W € Zgn(g,5, ). Every simple subquotient U of V ®¢ W is clearly a weight
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module with a locally finite action of sF (or s7). Again, the results of [13] imply
that I',-multiplicities in U are finite, and the statement follows. |

Theorem 2.0l suggests a possible generalization for sl(n). Indeed, let us consider
the simple Lie algebra g = sl(n) with a triangular decomposition g = n®h ®n and
with the set of simple roots I = {a1, @2,...,a,—1} such that the corresponding
Cartan matrix A = (ai;)1<i,j<n—1 1S given by a;; = 2, a;; = —1if |i — j| = 1 and
a;; = 0 if |4 — j| > 2. Further, let us denote by gi for k = 1,2,...,n the Lie sub-
algebra of g generated by the root subspaces ga,,-..; 80, , a0d §—ays- -+, G—ay_;-
Then we obtain a finite sequence

0=g1Cg2C...COn-1=29

of Lie subalgebras of g such that g ~ sl(k) for k = 2,3,...,n. We have also the
induced triangular decomposition

gr =N, Dby Dy

of the Lie algebra g for £k = 2,3,...,n, where ny = nNgg, np = nNgr and
br = b N gi. Besides, we have a sequence U(gz) C U(gs) C ... C U(gn) of C-
subalgebras of the universal enveloping algebra U(g). Let us denote by 34, the
center of U(gy) for k =2,3,...,n. Then the Gelfand-Tsetlin subalgebra I" of U(g)
is generated by 34, for k =2,3,...,n and by the Cartan subalgebra b, cf. [6]. It is
a maximal commutative C-subalgebra of U(g).

The following theorem provides a generalization of Theorem to the Lie
algebra sl(n).

Theorem 2.7. Let g = sl(n).

(i) Fork=2,3,...,n, the categories I(g,ny) and Z(g,ny) are tensor categories.
(ii) Let V and W be simple g-modules in Z(g,np—1) or in I(g,N,—1). Then the
g-modules V,W and every simple subquotient of V. @c W belongs to H(g,T).

Proof. The first statement follows from Proposition The proof of the second
statement is analogous to the proof of Theorem O

3. Twisting Functors and Generalized Verma Modules

We define the twisting functor T, assigned to a positive root o € AT of a semisimple
Lie algebra g and describe main properties of this functor. By applying of the
twisting functor T, to generalized Verma modules we construct a-Gelfand-Tsetlin
g-modules with finite I',-multiplicities. If « is a simple root, then these modules
are twisted Verma modules up to conjugation of the action of g, see [1], [26], [32].
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3.1. Twisting functor T,

We use the notation introduced in previous sections. Let e, € g, and fo, € g_q
for @« € AT be nonzero elements of g satisfying [eq, fo] = ha. The multiplicative
set {f; n € No} in the universal enveloping algebra U(g) of g is a left (right)
denominator set, since f, is a locally ad-nilpotent regular element. Therefore, based
on the previous general construction we have defined the twisting functor

To =Ty, : M(g) — M(g)

for « € AT,

Next we prove some basic characteristics of the twisting functor T, for « € A™T.
Let us note that the twisting functor T, is usually considered only for a simple root
a € II in the literature (see e.g. [2]), which is caused by the fact that T, preserves
the category O(g) up to conjugation of the action of g.

For oo € A™ let us consider the subset

O, ={y € A\{xa}; gyo C 0}
of A, where g,  for v € A is the simple finite-dimensional s,-module given by
Ov,a = @ Iy+ja-
JEZ
It easily follows that &, is closed, i.e. if y1,v2 € &4 and 1 +v2 € A, then we have

71 + Y2 € ®,, and that &, C AT. Therefore, the subset ®, of AT gives rise to the
Lie subalgebras tF, t;, and t, of g defined by

tg:ga@@gw ta:@gw t;:g,a@@gw.
YED, YED, YED,
As we have sT C t* for a € A*, we get immediately Z(g,t) C Z(g,sT). Besides,

we have

Ad(5,)(sT) =sF and  Ad(s,)(t5) =T

[e3%

for « € AT, where $, € Ng(H) is a representative of the element s, € W =~
Ng(H)/H, where G and H are connected algebraic groups with Lie algebras g
and b, respectively. The inclusions s7 C t& C n of Lie algebras give rise to the
embeddings

O(g) C Iy (g, ta) C Iy (g,52) (3.1)
of categories for o € AT,

Proposition 3.1. Let M be a g-module. Then Ty (M) is a locally s -finite g-
module for any o € AT. Moreover, if M is a locally s, -finite g-module, then
T (M) =0.

Proof. Let M be a g-module. Then by definition we have

U
TQ(M) = (%) ®U(g) M ~ M(fa)/M
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for € AT. Since every element of M ) can be written in the form f;"v for
n € Ng and v € M, we obtain immediately that T, (M) is locally s_ -finite. Further,
let us assume that M is a locally s_ -finite g-module. Since for each v € M there
exists n, € Ny such that flvv = 0, we may write f;"v = f " ™ flvv = 0 for
n € Ny. This implies the required statement. O
Lemma 3.2. Let a« € AT. Then we have

Cafo" = fa"ea = nfe" ha —n(n+ 1)

hf ™ = fi"h+nah)f",

fafa" = 13" fa (3.2)

in U(g) s,y forn € Z and h € .

Proof. It follows immediately from the formula
- k—1
MZ"=15"Z%<n+k )it adtho)¥a)

in U(g)(y.) for all a € U(g) and n € N. O

Theorem 3.3. We have
(i) if M € Iy(g,53), then To(M) € Zy(g,5, );
(i) if M € Ty(g, ), then Ta(M) € Ty(g, ;)
for a € AT. Therefore, we have the restricted functors
To:Zp(9.54) = I(9:5,) and To:Ip(g,ty) = s (0, ts)
for a € AT,

Proof. (i) If M is a weight g-module, then it easily follows from definition that
T, (M) is also a weight g-module. Moreover, by Proposition Bl we have that T, (M)
is locally s_ -finite. Hence, the rest of the proof is to show that T, (M) is finitely
generated provided M is finitely generated and locally s7 -finite.

Let R C M be a finite set of generators of M. Then the vector subspace
V = U(s})(R) of M is finite dimensional. Further, let us introduce a filtration
{FiV }ken, on V by

EV ={veV; v=0}
for k € Ny and let ng € N be the smallest positive integer satisfying
no > max{—pu(ha); p€bh*, V. # {0}, p(ha) € R}.

Let us consider a vector v € F,V NV, for u € h* and k € Ng. Then by Lemma 3.2
we obtain

Baf(;(nan)U _ f(;(nowLn)eav o (no + n)(ﬂ(ha) +ng+n+ l)f(;(n0+n+1)v
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for n € Ng, which together with f,f, " v = f;"v for n € Ny gives us
U(sa)fa " FiV [Clfa 1FurV = CLf BV /CIf T Fa V

for all k € N. As FyV = {0} and V is a finite-dimensional vector space, we imme-
diately get U(sq)fy™V = C[f;1]V.

Further, since for any a € U(g) and n € Ny there exist b € U(g) and m € Ny
satisfying f;"a = bf;™, we obtain f,"U(g) C U(g)C[f; '] C U(g)(y.) for n € No.
Hence, we may write

fa"M = fU(g)V C U(g)Clf 'V,

which implies M,y = U(g)C[f; ']V = U(g) f; "V . In other words, this means that
To(M) ~ My,y/M is finitely generated and the number of generators is bounded
by dim V.

(ii) Since Zs(g,t}) is a full subcategory of Z¢(g,s7), by item (i) we only need
to show that T, (M) is locally t;-finite if M is locally tI-finite. As t, is a nilpotent
Lie algebra and T, (M) is locally s_-finite the condition that T, (M) is locally t_ -
finite which is equivalent to say that the element e, where g, = Ce,, acts locally
nilpotently on T, (M) for v € ®,.

Let ht : ZA — Z be the Z-linear height function with ht(«) = 1 if « is a simple

root. Then we get an No-grading U(ta) = @,,cn, U(ta)n, where

Uta)n= P Ulta)
pEH*, ht(p)=n
Let v € @, and let r € Ny be the smallest nonnegative integer such that v — (r +

1o ¢ ®,. Let us recall that if v — ka € A for some k € Z then v — ka € ®,. Let
us consider a vector v € M. Then from the formula

afy" =fa" Y <” *,’j - 1) foFad(fa)*(a)
k=0

in U(g)(y,) for a € U(g) and n € Ny, we obtain
tr
. . n+k—1\,_
S T A0 S A PRt TN
k=0

for t € N and n € Ny, where we used the fact that ad(f,)*(e,) # 0 only for
k=0,1,...,r. Moreover, we have ad(fa)k(efy) € Uta)ty—ka C Ulta)nt(ty—ka) for
k=0,1,...,tr. Since M is locally t}-finite, there exists an integer n,, € Ny such that
U(to)nv = {0} for n > n,. Therefore, it is enough to show that ht(ty — ka) > n,
for k=0,1,...,tr.

As we may write

ht(ty — ka) > ht(ty — tra) = tht(y —ra) > ¢

for k = 0,1,...,tr, since v — ra € ®, and hence ht(y — ra) > 1, we obtain
that e’fV fa™v = 0 for n € Ny provided ¢t > n,. Hence, the element e, acts locally
nilpotently on T, (M) for v € . m|
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The following shows how the twisting functor T, can be used to construct a-
Gelfand—Tsetlin modules with finite I',-multiplicities.

Theorem 3.4. Let M be a weight g-module and let o« € A™T.

(i) The g-module To(M) is an «-Gelfand-Tsetlin module with finite T,-
multiplicities if and only if the first cohomology group H'(s_; M) is a weight
h-module with finite-dimensional weight spaces.

(ii) If M is a highest weight g-module then To, (M) is a locally t, -finite cyclic weight
g-module with finite I, -multiplicities.

Proof. (i) Let M be a weight g-module. Then by Proposition B we have that
To(M) is a locally s -finite weight g-module for « € AT. Hence, we may apply
Theorem 2:3]on T, (M) and we obtain that T, (M) is an a-Gelfand-Tsetlin module
with finite I',-multiplicities if and only if H%(s_; T, (M)) is a weight h-module with
finite-dimensional weight spaces. Further, the C-linear mapping ¢, : M — T (M)
defined by

Pa(v) = f(Il’U

for v € M gives rise to the C-linear mapping

Pa H1<5;§

M) — H%(s5; Ta(M))

for o € AT, which is in fact an isomorphism. Therefore, we obtain an isomorphism
H'(s; M) ~ H%s_; To(M))®cC_, of h-modules, where C_,, is the 1-dimensional
h-module determined by the character —« of b, which implies the first statement.

(ii) If M is a highest weight g-module, then it belongs to the category O(g).
Hence, using Theorem B3] we obtain that T, (M) is a locally t; -finite weight
g-module. In fact, from the proof of Theorem B3|i) it follows that T, (M) is not
only finitely generated by also cyclic. To finish the proof, we need to show by Theo-
rem [ 4 that H' (s, ; M) is a weight h-module with finite-dimensional weight spaces.
Since H'(s; M) ~ M/s; M and M is a weight h-module with finite-dimensional
weight spaces, we immediately obtain that also M/s_ M is a weight h-module with
finite-dimensional weight spaces. This gives us the required statement. O

If we denote by O, : M(g) — M(g) the functor sending g-module to the same
g-module with the action twisted by the automorphism Ad(s,) : g — g, then we
obtain the endofunctor

Onp0T,: If(g,tl') — If(g,t;r).

Moreover, for o € II we have t} = n which implies Z;(g,t}) = O(g) and in this
case the functor coincides with the Arkhipov’s twisting functor, see [3], [4]. On the
other hand, we have Z;(g,t}) = Z;(g,s}) if o is the maximal root of a simple Lie
algebra g.
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3.2. Left derived functor of T,
Let us recall that we have the following obvious inclusions
O(g) C Zy (9, ty) € Iy(g,54)
of categories for « € A™. For that reason, we may restrict the twisting functor T},
for a € AT on the category O(g). Since T, : O(g) — Zs(g,t, ) is right exact and

the category O(g) has enough projective objects, we may consider the left derived
functor

LTy : D"(O(g)) = D" (Zy (g, )
of T, for « € AT. The following theorem is similar to [2, Theorem 2.2].

Theorem 3.5. Let o € AT. Then we have L;T, = 0 for all i > 1. Besides, if M
is a U(s,, )-free g-module, then we also have L1To(M) = 0.

Proof. Let A(g,s,) be the full subcategory of O(g) consisting of U(s;)-
free g-modules. Clearly, it contains Verma g-modules and g-modules with
a Verma flag, thus all projective objects from O(g). For that reason, the
category A(g,s,) has enough projective objects. Besides, U(g)s,)/U(g) =
(U(sa)(.)/U(54)) @y (s Ulg) as left U(g)-modules, which gives us that the func-
tor T, is exact on A(g, s ). Since every projective object in O(g) is a projective
object in A(g, s ), we get L;To(M) =0 for i > 0 if M is a U(s,, )-free g-module.

Further, let us consider a g-module M € O(g) and its projective cover P — M.
Hence, the short exact sequence

O—->N—-P—->M-—0

of g-module and the fact that L;T,,(P) = 0fori > 0 givesus L; T, (M) ~ L, _1T,(N)
for ¢ > 1. Further, since U (s, ) is a principal ideal domain and N is a g-submodule of
a projective object in O(g), i.e. N is a U(s,, )-free g-module, we have L; 1T, (N) =0
for ¢ > 1, which implies L;T,(M) =0 for i > 1. |

3.3. Tensoring with finite-dimensional g-modules

In this subsection we show that the twisting functors behave well with respect
to tensoring with finite-dimensional g-modules, analogously to [2], where this is
considered only for simple roots.

Let us recall that U(g) is a Hopf algebra with the comultiplication A : U(g) —
U(g) ®c U(g), the counit € : U(g) — C and the antipode S : U(g) — U(g) given by

Ala)=a®14+1®a, e(a)=0, S(a)=-a

for a € g. Since U(g)(s.) has the structure of a left C[f;']-module, hence also
U(g)(fa) Qc U(g)(fa) is a left C[f, !]-module and we denote by U(g)(t.) Rc¢ U(g)(fa)
its extension to a left C[[f,!]]-module, i.e. we set

U(9)(s.) @c U(9) () = Cllfa 1] @cppy U0) (1) @c U () (1)
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There is an obvious extension of the C-algebra structure on U(g)(s,) ®c U(9)(f.)
to the completion U(g)(s.) ®c U(g)(s.)-
Let a € A™. Then the C-linear mapping

A U()(5.) = U0)(s.) ©c U(9) (1)
given through

Aty = (Z(—nk (" e fZi) Aw)

k=0
where n € Ny and u € U(g), defines a C-algebra homomorphism, see [2]. The
following theorem is analogous to |2, Theorem 3.2].

Theorem 3.6. Let oo € AT, Then there is a family {np}gce(q) of natural isomor-
phisms

NE :Too(e®@c E) = (e®c E)oT,
of functors such that the following diagrams commute.
(i) For E,F € £(g) we have

MQcE
To(M ©¢ E @ F) —= M%) 1 (M @c E) @c F

N\ |nE(M)®ldF
EQcF

To(M)®c E ®c F.
(ii) For E € £(g) we have

n « (M)

To(M ®¢ E ®¢ E*) ——= To(M) ®c E ®¢ E*
Ta(ldM®1E) JidTa(M)®iE
To(M ®c C) To(M) ®c C,
nc (M)

where i : C - E®c E* is given by 1 — ch'l:1 e;®el for a fized basis {e; }1<i<a
of E with the dual basis {e}}1<i<a of E*.

Remark. Theorem implies that for any o € A" the twisting functor T, com-
mutes with the translation functors.

3.4. Twisting of generalized Verma modules

In Sec. 3.1l we defined the twisting functor T, for o« € AT as an endofunctor of the
category M(g). Besides, we introduce the partial Zuckerman functor

So : M(g) = M(g)
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defined by
So(M)={veM; (IneN) flv=0}

for M € M(g). To construct new simple weight g-modules with infinite-dimensional
weight spaces and finite I',-multiplicities we restrict both functors to the subcate-
gory O(g). Therefore, we have

To:0(g) = Zs(9,t,) and S, :O0(g) = Zr(9, t,),

which follows by Theorem [3.3]

In addition to the standard Borel subalgebra of g we also consider the standard
parabolic subalgebras of g. For a subset X of II we denote by Ax; the root subsystem
in h* generated by X. Then the standard parabolic subalgebra p of g associated to
3 is defined as p = [@ u with the nilradical u and the opposite nilradical u given by

u= @ go and u= @ [V
aEA+\A2 QEA+\AE
and with the Levi subalgebra [ defined by
[=he P ga-
acAyx

Moreover, we have the corresponding triangular decomposition
g=udldu

of the Lie algebra g. Note that if ¥ = () then p = b and if ¥ =1II then p = g.
Let p = [ & u be the standard parabolic subalgebra of g associated to a subset
Y of II. We denote

Af ={aeAt; goCu}, Af={aeAT; g, Cl}
and set
A+(p) ={Aebh*; VaeX) Ahy) € No}.

The elements of AT (p) are called p-dominant and p-algebraically integral weights.

Besides, we denote by o) : p — EndF, the simple finite-dimensional p-module
with highest weight A € AT (p). Let us note that the nilradical u of p acts trivially
on FFy.

Definition 3.7. Let A € AT (p). The generalized Verma g-module Mg ()) is the
induced module

Mg()\) = Indg Fy = U(g) ®U(p) Fy ~ U(ﬁ) Qc F, (33)

where the last isomorphism of U(u1)-modules follows from the Poincaré-Birkhoff-
Witt theorem.
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Now, we are in the position to define our main objects — g-modules which are
twistings of generalized Verma modules. Later we will give their explicit realization.

Definition 3.8. Let A € A" (p) and o € A}f. Then the a-Gelfand-Tsetlin g-module
Wy (X, ) is defined by

ng</\a a) = T(M(Mg()‘))v (34)
where T, : O(g) — Z¢(g, t;) is the twisting functor.

Let us note that for A\ € A*(p) and a € A we have T,(Mg()\)) = 0 by
Proposition 31 This explains the restriction o € A in the definition above.

By using the triangular decomposition g = u & [@u and the Poincaré-Birkhoff—
Witt theorem we get an isomorphism

U(8)(fa) = U()(1a) @c Ulp)
of left U (it)-modules for & € A*. Hence, we may write
U(0) (1) @u(e) Mg (A) = U(9) (1) @ue) U(8) @up) Fx = U(i)s,) @c Fx
for A € AT(p) and a € A, which gives us an isomorphism
WA a) = (U(1)s.,)/UW) @c Fx
of U(u)-modules. Besides, we have that
M$(N) = U(@) @cFx and WA a) ~ (UW)s,)/U(W)) @c Fx (3.5)

are also isomorphisms of U([)-modules for the adjoint action of U([) on U (i) and

U(W)(sa)-
For later use, we also want to clarify the relation between W (A, &) and W (A, «)
for A € A*(p) and o € A. Since we have a canonical surjective homomorphism

Mg(X) = MZ(N)

of generalized Verma modules, by applying the twisting functor T, which is right
exact, we get a surjective homomorphism

WE\, @) = WS\, )

of a-Gelfand—Tsetlin modules. Therefore, we obtain that ng()\, a) is a quotient of
WX, ) for A € AT(p) and o € A

4. a-Gelfand-Tsetlin Modules W2 (A, o)

In this section we discuss the properties of a-Gelfand-Tsetlin module Wy (X, ) for
A€ AT(p) and o € A} and show that they belong to the category Hsn(g, ['a). We
also give their explicit realization.
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4.1. Basic properties

We denote by ZA" and ZA4 the set of all functions from A+ to Z and from AF
to Z, respectively. Since A C AT, an element of ZAY will be also regarded as

an element of ZA" extended by 0 on AT\AF. A similar notation is introduced for

+ +
N4 and No2«.

Since any positive root v € AT can be expressed as
T
V= Zm'y,a,-aiv
i=1
where m o, € No for i =1,2,...,r and Il = {ay, az, ..., o, }, we define ¢
for v € AT\IIl and o € AT by
—(=1)%eim, o, for B = ay,
t5(8) = q (=1)% for g =,
0 for § #~ and § ¢ II,

and the subset A9 of ZA" by

AY = Z nytS; ny € N for all v € AT\IT
YEAT\II

Besides, we introduce a weight (4 o € h* by

Ha,o0 = — Z (71)5%7@77 +a
yEA+

for a € At and a € ZA".

Lemma 4.1. Let « € Al and a,b € ZAY . Then Ha,a = Moo of and only if
b=a+ Z nats,
yeAT\IL

where n, € Z for all v € AF\IL

Proof. Let o € A} and a,b € ZAC. If

b=a+ Z naty,

~yeAN\IT

(4.1)

czA"

(4.2)

(4.3)

(4.4)

where n, € Z for v € AF\IL, then we easily get pq,o = fpo. On the other hand,
let us assume that j1,, = fipo. Then we set n, = (—1)%7 (b, — a,) for v € AF\II
and define ¢ = a + 3 n+\y 1t Hence, we have ¢y = a, + (=1)%>n., = b, for

v € AF\II and
i — Qa; — Z (71)6a’ain7m%0¢i

yeAT\IT

Ca
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for i =1,2,...,r. Further, since yg o = ftp,o, We may write
Hb,a — Ma,a0 = Z (71)6%7 (a’Y - b,),)")/
veAT
T r
= Z(fl)éa'ai (aai - bai)ai + Z Z (7]-)5067“Y (a’Y - b’)’)m%aiai
i=1 i=1 yeAT\II

T
- Z<_1)6a'ai ta; = ba; = Z (=)’ nymy o, | @i =0,
i=1

yeai\Il
where we used []). As the set {a1,as,...,q,} forms a basis of h*, we get
Ga; — o, — Z (_1)6%&"”77’1%% =0,
yeai\Il
which implies that c., = bo, for ¢« = 1,2,...,r. Hence, we have ¢, = b, for all
v € A and we are done. O

Let {fa, fy1i,---, fy,.} be a root basis of the opposite nilradical u, where n =
dimu—1, v; € Af and f,, € g_,, for i = 1,2,...,n. Then as a consequence of
the Poincaré—Birkhoff-Witt theorem we obtain that the subset {uq,q; a € NoAj} of
U(u)s.,)/U (1), where

— fr—aq—1 % Ayp
ua7a - fa “ 'Yl e ’YTI,

for a € No™+, forms a basis of U(uw) sy /U(u) for o € Aff. Moreover, if v € Fy is

a weight vector with weight p, € h*, then u, o ® v € W7 (A, @) is a weight vector
with weight f1, + ptg,o by Lemma 32

Proposition 4.2. Let A € At (p) and o € A}, Then all weight spaces of Wy (A, @)
are finite-dimensional if « € Al N1II and infinite-dimensional provided that o €
AN and mg,, =0 for v € INAY, where o= 37 (1 Ma Y-

Proof. Since W (A, ) is isomorphic to (U (1) (s, )/U () ®c Fx as an l-module for
A€ Af(p) and a € A, and the g-module Fy is finite-dimensional, it is sufficient to
show that all weight spaces of U(ut)(y,)/U(ut) are finite-dimensional if a € Af N1I
and infinite dimensional if & € A \IT and mq , = 0 for v € IN\A}F.

From the discussion above it follows that all weights of U (it) (o) /U (1) are of the
form piq,o for some a € Z. If we assume that Up,o for b € NOA“ is a weight vector
with weight pi4,0, then we obtain fi,o = fp,a, which together with Lemma 1]
implies

b=a+ Z nats,

yEAH\IT
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where n., € Z for all v € AT\IL. As {up,a; b € NoAr} is a basis of U(if)(y,)/U(u),
we immediately get

dim (U(@)(5,)/U@), =#{teAl;a+te No2u }.

Let us assume that ¢ = Z%Aﬂn nyty € AS satisfies a +t € NOAj_ Then for
b=a+t we have by, = ay + (—=1)%n, = (=1)%n, for v € AT\l and b,, =
Ao, — ZyeAﬂH (=1)00ein,m, o, fori=1,2,...,7.

If o € Af N1I, then the condition b, € Ny for v € AT implies n, € Ny for
~v € AT\IL. Further, for i = 1,2, ..., satisfying o; # a we may write

0< b@i = Qa; — § Ny My, 0 < Ga; — Ny My, a; -
yEAT\II

Moreover, for each v € AT\II there exists i € {1,2,...,r} such that a; # « and
My,o; # 0, which implies that dim (U (), )/U (1)) u,.. < 00.
On the other hand, if @« € AF\Il and my~, = 0 for v € II\A{, then

a+1t—nty € NOA‘j for all n € Ny provided a + ¢ € NoAj, which implies that
dim (U (#)(f.)/U (%)), .. = 0o. This finishes the proof. |

The next theorem generalizes [16, Theorem 2.9, Theorem 2.11] for any parabolic
subalgebra p of g and for a positive root a € A[.

Theorem 4.3. Let A € AT (p) and o € Af. Then W (A, ) is a locally t -finite
cyclic weight g-module with finite T'o-multiplicities, that is Wy (X, &) € Hen(g, Ta)N
Zs(g,ta)-

Proof. It is an immediate consequence of Theorem [B4lii), since we have
Wy (A @) = To (Mg (X)) for A€ At(p) and o € Af. O

Let us recall that neither Hgn(g,I'o) nor Zs(g, t;,) are tensor categories. On the
other hand, we have that Z(g,t. ) is a tensor category by Proposition

Remark. It was shown in [16, Theorem 2.16] that the g-module W (X, 6) is simple
generically for g = s[(3), where 6 is the maximal root of g. Moreover, in this case I'y
is diagonalizable on WZ(X, 0). Therefore, it is natural to expect a similar behavior
from W3 (X, a) for A € AT (p) and o € A in general.

The g-module Wy(A, @) for A € A*(p) and o € A is an a-Gelfand-Tsetlin
module in the category Za,(g,5, ). On the other hand, by means of the natural
duality we can analogously construct certain a-Gelfand—Tsetlin modules in the
category Zgn(g,st).

Furthermore, since the action of the center 34 of U(g) on the generalized Verma
module My (A) for A € A*(p) is then given by

20 = Xatp(2)0 (4.5)
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for all z € 34 and v € My ()), in other words My () is a g-module with central
character x4, it follows immediately from definition that W (X, a) for A € AT (p)
and a € A} is a g-module with the same central character x4 ,.

A comparison of basic characteristics of Verma modules Mg (X\) and a-Gelfand-
Tsetlin modules W& (X, «) for A € AT (b) and @ € AT is given in Table [Il

4.2. Geometric realization of W (A, o)

We describe the geometric realization of a-Gelfand-Tsetlin modules W(X, ) for
A € b* and o € AT using the theory of algebraic D-modules on flag varieties
without going into details. We are going to address the geometric realization of
more general families of Gelfand—Tsetlin modules and the corresponding geometric
induction in the subsequent paper.

Let G be a connected semisimple algebraic group over C, H be a maximal torus
of G and B be a Borel subgroup of G containing H with the unipotent radical N
and the opposite unipotent radical N. We denote by g, n, it and b the Lie algebras
of G, N, N and H, respectively. Then

X =G/B
is a smooth algebraic variety, the flag variety of G. Besides, we have the canonical
G-equivariant projection
p:G— G/B.
Following [25], for any A € h* there exists a G-equivariant sheaf of rings of twisted
differential operators Dy on X. Let us note that D" is the usual sheaf of rings

of differential operators on X. Since Dﬁ‘( is G-equivariant, we have a Lie algebra
homomorphism g — I'(X, D% ), which extends to a homomorphism

@) :U(g) — I'(X, DY) (4.6)

of C-algebras. Hence, for any Dy-module M the vector space I'(X, M) of global
sections of M has a natural g-module structure.

Let us denote by Modc(’D3\() the category of coherent ’Ds\(-modules and by
M (g, x») the full subcategory of M(g) consisting of finitely generated g-modules

Table 1. Comparison of Verma modules and Gelfand—Tsetlin modules.

Verma module
MZ(\), a € AT

Gelfand—Tsetlin module
WA o), ae AT NI

Gelfand—Tsetlin module
WE(\a), a € AT\TI

central character x4,
cyclic module
weight g-module with
finite-dimensional
weight spaces
I'a-weight g-module with
finite I'o-multiplicities

central character x4,
cyclic module
weight g-module with
finite-dimensional
weight spaces
I'o-weight g-module with
finite I'-multiplicities
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on which the center 34 of U(g) acts via the central character xx. The following
remarkable theorem is due to Beilinson and Bernstein, see [5], [25].

Theorem 4.4. Let A € b* be anti-dominant and regular, i.e. A(hy) ¢ Ng for
a € AT. Then the functor of global sections

I'(X,e): Mod. (DY) — My(g,xx)

induces an equivalence of abelian categories. The inverse is given through the local-
ization functor A(M) = Dy @y M for M € Mys(g, X).

Since the a-Gelfand-Tsetlin module WZ(A — p,a) for A € h* and a € AT is an
object of the category M (g, x»), it corresponds to the coherent D3 -module on the
flag variety X by Theorem FE4l Our goal is to describe this coherent D% -module
explicitly.

First of all we recall the geometric realization of Verma modules Mg (XA — p) for
A€ bh*. Let X, for w e W ~ Ng(H)/H be the N-orbit in X defined by

X, = NuB/B,

where w € Ng(H) is a representative of w. Let us note that X, is called a Schubert
cell. Further, let us denote by

Tt Xw — X

the embedding of X, into X for w € W. Since i,, is an N-equivariant mapping, the
pull-back if D} for A € h* is an N-equivariant sheaf of rings of twisted differential
operators on X,,, which is isomorphic to the sheaf of rings of differential operators
Dx,, on X,,. As the structure sheaf Ox, of X,, is a Dx,-module, we may consider
its direct image

‘c)\(XUHOXw) = Zw*(D§(<_Xw ®iEL,D§‘( OXw)v (47)

where the (i, D%, if D% )-bimodule D%, x,, 18 the so-called transfer bimodule for
iw. Then for the unit element e € W we have

D(X, L2(Xe, Ox.)) = MI(A — p) (1.8)

as g-modules for A € h*, see e.g. [27].

To obtain the geometric realization of a-Gelfand—Tsetlin modules W (A — p, &)
for A € b* and oo € AT, we take into account different embeddings into X . Since s, is
a semisimple Lie subalgebra of g for any o € AT, there is a unique closed connected
semisimple algebraic subgroup G, of G with the Lie algebra s,. Moreover, we
have that H, = H N G, is a maximal torus of G, and B, = BN G, is a Borel
subgroup of G, with the unipotent radical N, = NNG,, and the opposite unipotent
radical N, = N N G,. Let us note that sT and s are Lie algebras of N, and N,
respectively. Let us consider the closed embedding

ot Xa > X
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of the flag variety X, = Go/B, into X. Moreover, since i, is a G,-equivariant
mapping, the pull-back if Dy is a G,-equivariant sheaf of rings of twisted differ-
ential operators on X, which is isomorphic to ’D;‘{; with A\, = (/\ +p— %a) [5nsy, -
Hence, for « € AT we may introduce the geometric induction functor

GInd) : Mt (50, Xr,) — Ms(g, x2)
provided A € b* and A\, € (h Ns,)* are anti-dominant and regular by
GInd) (M) = D(X, iax(DX x, ©y3py AM))), (4.9)

where the (i, ' Dy, % D% )-bimodule DX _y is the transfer bimodule for i4.

Let us consider an open subset U, = p(N) of X called the big cell. Then D% v,
and Dx|y, are isomorphic as sheaves of rings of twisted differential operators on
U,. Besides, as 1 is a nilpotent Lie algebra, the exponential mapping exp : i — N
is an isomorphism of algebraic varieties and induces a canonical isomorphism of
algebraic varieties U, and . Therefore, the homomorphism @, : U(g) — I'(X, D%)
of C-algebras gives rise to the homomorphism

7\ : U(g) = I'(X, DY) = I'(U., DY) —» I'(U., Dx) — As (4.10)

of C-algebras for A € h*, where the Weyl algebra Ajy of the vector space n is defined
through Az = T'(n, Dy).

In addition, there is a nice explicit description of the C-algebra homomor-
phism (£I0). For that reason, let {f,; v € AT} be a root basis of the opposite
nilradical n. We denote by {z,; v € AT} the linear coordinate functions on n
with respect to the basis {f,; v € At} of n. Then the Weyl algebra Az is gen-
erated by {z,,0:,; v € AT} together with the canonical commutation relations.
The homomorphism 7 : U(g) — Az of C-algebras for A € h* is then given by the
formula [I6), see [27].

Let M be a i&Dg‘(—module for A € h* and o € AT, Since i, : X, — X is a closed
embedding, D% |v, ~ Dx/|u, as sheaves of rings of twisted differential operators on
U and U, N X, ~ s, we immediately obtain

ias (DX x, @is,py M)lv. = Cl0,, 7 € AL] Oc ian(M)|v, =5, (4.11)
where A = AT\{a} and the action of the Lie algebra g on the right-hand side is
given through the homomorphism 7 : U(g) — Az of C-algebras.

If we denote by Mga, ((A+p—a)pns, ) the Verma module with highest weight
(A4 p — a)jpns, for the Borel subalgebra b N s, and by Nga, (A + p)jpns,) the

contragredient Verma module with highest weight (A 4 p)|sns, for the opposite
Borel subalgebra b N s,, then we have

ler%sa (A +p— O‘)Ihﬁsa) ~T'(Xa, L, (Xa,N,e» OX@,N,e)) ~ C[0,,]
and
Nets,, (A +0)prss) = T(Xa, L, (Xa, 5,6, Ox. 5..)) = Clza]
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as 5a—_rnodules, where X, v = NéBo /By and X, 5. = NéB, /B, are the N-orbit
and N-orbit in X, respectively. Let us denote by

Ka(XaNe, Oane) = iax (DX x, Dpy Lre (Xane Ox,n.) (412)
and
Ka(Xa,N.e,OaN,e) = iar(Dx x, ®ppy Lra (XaNeOxax.) (413)

for A € h* and o € AT coherent D -modules.
The following theorem gives us the geometric realization of Verma modules
MZ(X) and of a-Gelfand-Tsetlin modules W (A, @) for A € h* and v € A™.

Theorem 4.5. Let A € b* and o € AT. Then we have
(X, Ko p(XaN.e, Oane)) = Mg (N) (4.14)
and
L(X, Kasp(Xa,N,e, Oan.e)) = WEN, a) (4.15)

as g-modules.

Proof. Let M = Kx(Xq,N,e; Oa.N.e)- Then we may write
NX,M) ~TU,, M)
~ Cl0,,, v € ALl @c T(Ue N Xa, La, (Xa,Ne: Oxun.))
~ Cl0,,, v € AY] ®c C[0,,] ~ C[D,,, v € AT],
where used (@II) and (#IZ). Analogously, for M = Kx(Xo N, OaNe) We
have
NXxX,M) ~T(U,, M)
~ Cl0y,,v € ALl @c T(Ue N Xa, L2, (XaN,e, OXan.))
~ C[0,,,7 € AY] ®c Clza] = Clza,0,,,7 € AL

By [27] we have that the g-module C[d,,, « € A™] is isomorphic to the Verma
module Mg (XA — p) and by Theorem EI0 we get that the g-module Clz,, 8., ,7 €
A] corresponds to the a-Gelfand-Tsetlin module W (X — p, ). O

4.3. Geometric realization of W (XA, a) — Ezplicit formulas

In this section, we describe an explicit form of the geometric realization of a-
Gelfand-Tsetlin modules Wy (X, ) for A € AT (p) and o € A In the case when g
is a simple Lie algebra, p = b and « is the maximal root of g such realization was
constructed in [I6, Theorem 2.14].

Let {fa; a € A} be a basis of the opposite nilradical . We denote by {z,; o €
A} the linear coordinate functions on o with respect to the basis {fo; o € Af}
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of u. Then the Weyl algebra Ay of the vector space it is generated by {zs, 0, ; a €
A} together with the canonical commutation relations. For A € AT (p) there is a
homomorphism

TN U(g) — Ai ®c EndF)\_;,_pu

of C-algebras given through

ad(u(z))
7T)\(CL) _ Z [ad(u(x))e (67 ad(u(x))a)ﬁ 8za

6ad(u(x)) —id

aeAt «
+ ot (€21 a)y) (4.16)
for all a € g, where the Weyl vector p, € AT (p) is defined by
1
Pu = B} Z «,
acAF

[a]o denotes the ath coordinate of a € u with respect to the basis {f.; o € A}
of U, ay and ap are u-part and p-part of a € g with respect to the decomposition
g =u®p, and finally the element u(z) € C[u] ®c g is given by

u(z) = Z Zofa-
acAf

Let us note that C[u] ®c g has the natural structure of a Lie algebra. Hence, we have
a well-defined C-linear mapping ad(u(z)) : Clu] ®c g — C[u] ®c g. In particular, we
have

mala) == > {% a] On.. (4.17)
aeAt «
for a € u and
m(a) = Y [ad(u(z))alads, + orip, (@) (4.18)
aeA}

fora e L.

Let us note that the same construction of the homomorphism 7 : U(g) —
Ai ®c EndFy,, of C-algebras, as was described in the previous section, works for
any parabolic subalgebra p of g and any 1-dimensional p-module Fy,, , see [27].
For a general simple finite-dimensional p-module Fy,,, the expression for my may
be extracted from the formula for the affine Kac-Moody algebra g associated to g
since g is a Lie subalgebra of g, see [18].

The generalized Verma module M7 (A) for X € AT (p) is realized as Ay /Ty ®&c
Fat2p,, where Jy is the left ideal of Ay defined by Ty = (zq; a € A}, see e.g. [27]
and [I8]. The g-module structure on Ay /Iy ®c Fatop, is then given through the
homomorphism 7x4,, : U(g) = As ®c EndFy19,, of C-algebras.
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The C-algebra Clu] of polynomial functions on i has the natural structure of
a @4-graded C-algebra uniquely determined by the requirement deg(z,) = « for
a € Af. Therefore, we have a direct sum decomposition

uj = @ C[ﬁ]w
TEQ+

We say that a differential operator P € Ay has degree § € Q if P(Clul,) C C[ti]y 15
for all v € Q4. The degree of a differential operator defines on the Weyl algebra
Ay the canonical structure of a Q-graded C-algebra, which gives us a direct sum

Az = P Ay

vEQ

decomposition

Further, for o € A} we introduce a differential operator p, € Ay by

ad(u(z))
pa== 2 [m faLa“

yeAad

-~ Y o, [W)))_)ld fa} , (4.19)
yeay Y
where u(z) = }_ A+ @ fy. Besides, we may write
Pa = *8za + Qo
with

veAT

-y a,w[(ﬁ —id)faL (4.20)

yeAd

for « € A}, Let us note that the differential operators p,, ¢, and 9., have degree
—a for a € A}. We denote by N, the Lie subalgebra of Ay generated by the subset
{ad(0z,)"(qa); n € No} and by U, the C-subalgebra of Ay generated by N,.

As 9, and p, for a € A are locally ad-nilpotent regular elements of Ay, we
may construct left rings of fractions for Ay with respect to the multiplicative sets
{07 ; n € No} and {pZ; n € No}. Let us recall that for X € A*(p) we have an
isomorphism

ME(A = pu) = Ag/Iy @ Fag, (4.21)

of U(g)-modules, which gives rise to an isomorphism Mg (X — pu) s,y =~ (A/Iv @c
Fxatp.)(fa) of U(g)(s,)-modules. Since the U(g)-module structure on Agz/Jy ®¢c
Fxtp, is given through the homomorphism

m : U(g) = Ag @c EndFiyp, (4.22)
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of C-algebras and 7y (fs) = pa for A € AT (p), we obtain that

MJ(A = pu)(ta) = (Aa/IV) () ®c Fatp, (4.23)

as U(g)(f.)-modules, where the U(g)y,)-module structure on (Ag/Iv)(p,) @cFrp,
is given by the uniquely determined homomorphism

Taa 2 U(8)(5.) = (Aa)(pa) ©®c EndFyy,,

of C-algebras.
Let us note that the structure of an Ag-module on (Ag/Iv)(p,,) is quite compli-
cated in general. However, we show that

(Aa/IV) (po) = /W) o,

as modules over the Weyl algebra Ayg.

Lemma 4.6. The element qaﬁ;} € (Au)(a,,) acts locally nilpotently on
(Aa/Iv)(a,,) for € Af.

Proof. From ([{20) we have ad(9;,)"(qa) € Iy for n € Ny, which gives us N, C Iy
and U, C Jy since Jy is a left ideal of Ay. Further, let {FpA;}ren, be a filtration
of Ay given by the order of a differential operator. Then we have

Na(ffk.A,ﬁ + jv) C ad(Na)(.’fk.Aﬁ) + jv C .rfk.Aﬁ + jv

for k € Ng. Besides, we have
Na = @ Na,fna
n€Ng

with No,0 = 0 and Ny, —o = Cq,, which together with the fact that for each v € @
there exists an integer ny . € Ng such that Fp Az y—na = 0 for all n > ny , implies
that

ua,,m (ffk.Aﬁ,»y + jv) C Iy

for all n > ny, . In other words, for each ¢ € Ay/Jv there exists an integer ny € Ng
such that Uy, —naog = 0 for all n > n,.
Further, we show by induction on k that

oo
(220; )% = 027pak,
j=k

where par; € Ua,—jo for j > k. Moreover, there exists an integer ji € Ny such
that pa k,; =0 for j > ji. For k = 0 we have

1 ifj=0,
Pa,k,j =
7o ifj>o0.
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Let assume that it holds for some k € Ny. Then we may write

oo
(¢a0; ) = a0 123 TPakg =D 0:7 7101400, Pak,

k=j

I
gk
o
R
L
MS
7N
.
~ +
~
N———
o
~
=
&
Q
Sy
Q
hs}
£
>
<

j=k =0
) j—k—1 j—l
= Z 9. Z ( ! )ad(a ) (qa)Pavk,j—t-1,
j=k+1 £=0

where we used
noaen s~ (ntk—1\,_
a0 = (" ok a0

for n € Ny and g € Ay in the third equality, which gives us

j—k—1 ]71
Pakit = Y ( ’ )ad(ﬁza)e(qa)pa,k,jm

£=0
for j > k + 1. Therefore, we have pqr+1,j € Ua,—jo for j > k+1 and jry1 =
Jk +m+ 1, where m € Ny satisfies ad(9.,)™(qa) = 0.
Furthermore, for n € Ny and ¢ € Ay we have

Pa, k,]a 6 na p(x k,]a

Ta

P N AP ¢ _
oy (M )axa (. ) (P

for j,k € Ng and j > k. As we have pq x,; € Ua,—ja, We obtain ad(axa)e(pa,k,j) €
Uq,—(t44)a for £ € No. Since for ¢ € Ay/Jv there exists an integer k, € Ny such that
Uq,—kaq = 0 for all k& > k4, we get that pq, kj(?’ g=0forall k > k; and j > k.
Therefore, we have (¢o0;!)*0;"q = 0 for k > kq. Hence, we have the required
statement. |

Lemma 4.7. For a € A} the C-linear mapping
Pa : (‘Aﬁ/JV)(axa) = (Aa/Iv) s

3904)

defined by
a) = -0, ! Z(qaa;;)ka (4.24)
k=0

for a € (Au/Iv),,) satisfies the relations
pa(Pa<a) =a and (Pa(paa) =a
fO’I’ a &€ (Aﬁ/JV)(6ma)'
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Proof. By Lemma we have that the C-linear mapping ¢, is well defined since
the sum on the right-hand side is finite. Further, we may write

PaPa (a) = (a;va - qa)ax—al Z(qaaz_al)ka
k=0

= Z(QQaac_al)ka - (Qaaac_al)k+1a =a
=0 k=0
and
‘Pa(paa) = ax_al Z(Qaaz_al)k(awa —qa)a
k=0
= 0,1 ) (020;1)" (1 = 4a0; )0z a
k=0
= a;al ( Z(C,Iaa;al)k - Z<QQama1)k+l) 6Iaa =a
k=0 k=0
for all a € (Au/Iv)(a,.)- O

Lemma 4.8. Let o € A, Then for all a € (Ay/Iv)a,,) we have

n—m

(1) va(Paa) =pyvala) =pa""(a) for n,m € Ny and n > m;
(i) prael(a) = Sy (") ek (ad(pa)*(g)a) for n € No and q € Ay.

Proof. The first statement follows immediately from Lemma 7l Further, for n €
Ny and ¢ € Ay we have

Patpa(a) =Y h(ad(pa)*(9)a) + 2 (ad(pa)™ " (¢)pa(a))
k=0

for a € (A3/Iv)(a,, ), which follows by induction on n. Indeed, for n = 0 we have

PaqPa(a) = qpapala) + ad(pa)(q)pa(a) = ga + ad(pa)(q)pa(a)

for a € (As/Iv)(s,,)- Let us assume that it holds for some n € Np. Then we may
write

n

Padpala) =Y ¢h(ad(pa)*(9)a) + @i (ad(pa)" (a)pa(a))

ok (ad(pa)™(@)a) + ¢ (pa ad(pa)™ ™ (¢)pala))

ob(ad(pa)*(q)a) + o3 (ad(pa)™ ™ (q)a)

ol ol
M: HM3 i
o o

>
Il

0
ert (ad(pa)"(9)pa(a))
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for a € (Au/Iv)(a,, ). As there exists an integer n, € Ny such that ad(pa)"(¢q) =0
for all n > n,, we obtain

Pagqpala Z% (ad(pa)*(q)a)
for a € (Au/Iv)(a,,)- Therefore, we proved the second statement for n = 1. The

rest of the proof is by induction on n. Let us assume that it holds for some n € Nj.
Then we may write

prtae @ =3 (") hledta henta)

<n +: - 1) i Pt (ad(pa) ™ (q)a)

0j=
= (n+k
-y < ' )Mad(pa) (4)a)
k=0
for a € (‘Aﬁ/JV)(aza). O
The previous lemma enables us to define the structure of an (Ajg)(p,)-module
on (As/Iv)a,,) for a € Al by
pa"qa = ¢i(qa),
where n € Ng, ¢ € Az and a € (Az/Tv) s
Proposition 4.9. Let a« € A}. Then the C-linear mapping
Ca: (Aa/IV) o) = Ha/W)a,,)
defined through
Do (p,"a) = ¢o(a) (4.25)

forn € Ny and a € Ay /v is an isomorphism of (Ag)(p,,)-modules.

Proof. Since @, is a homomorphism of (Ag),,)-modules based on the previous
considerations, we only need to prove that the C-linear mapping ®,, is injective and
surjective. We may write

o, | I omwart) = I oen =1 T omozr

veAad veAad yeAad
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for n € Ny and n., € Ny for v € A, which implies that @, is surjective. To prove
the injectivity of @, let us assume that ®,(a) = 0 for some a € (Az/Iv)(p,). Then
there exists an integer n € Ny such that pla € Ay/Iv C (Au/Iv)p.)- Hence, we
have

0 =pa®ala) = Pa(pga) = pra € Aa/Iv C (Aa/Iv) @, )

which gives us a = 0. Therefore, we proved that @, is an isomorphism of (Ag)p,)-

modules. O

Let us recall that for A € A*(p) and o € A} we have an isomorphism

MJA = pu)(ta) = (Aa/IV) () ®c Fatp,

of U(g)-modules, where the U (g)-module structure on (Az/Iv)p.)@cFatp, is given
through the homomorphism ([@22)) of C-algebras. By Proposition we have an
isomorphism (Ag/Iv)(p.) = (Aa/Iv)(,,) of Az-modules, which gives rise to an
isomorphism

M = pu)(fa) = (Aa/IV) 5, ) ®C Fatp, (4.26)

of U(g)-modules, where the action of U(g) on (Ag/Iv)a,,) @c Fatp, is given by
the homomorphism ([#22)) of C-algebras.

We denote by Af, the set Af\{a} for & € Af. Further, let us consider Ag-
modules

Fu=Cl0,,,y€A)] and Fyo =Clra, 0,7 €AF,] (4.27)
for « € A, where F and Fy , are endowed with the structure of Ag-modules by
means of the canonical isomorphisms of vector spaces

.Aﬁ/jV’QiGh and .Aﬁ/jGTﬂxﬁigﬁ@. (428)

The left ideals Jy and Jgr,o of the Weyl algebra Aj; are defined through Jy =
(zy,7 € AY) and Jgr,0 = (O2,, 2,7 € Af,). In addition, we have a short exact
sequence

0—JF5 — (Fu)o.,) = Taa—0 (4.29)
of Az-modules, where the surjective homomorphism of Ay-modules from (&'}1)(5%)
to J4,q is given by

xfnafl )
s H o ifng <0,
T o { Cra D i
Ty 'YGAI,OL
veaf 0 if ng >0

for no € Z and n, € No, v € Af .

Theorem 4.10. Let A € AT (p) and o € Af. Then we have

A,
MJ(N) ~ j—\l; ®c Fatop, = Ta @c Fayop, (4.30)
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and

A,
ng()\,oz) ~ jc;Tu ®c Fatop. ~ Tia @c Fasop,, (4.31)

where Jyv and Jgr.o are the left ideals of the Weyl algebra Ay defined by Iy =
(zy,y € AY) and Igr,0 = (0p,, T4, 7 € AIQ).

Proof. From the previous considerations and definition of W (A, &) for A € AT (p)
and a € A we have

M{N¢o (T,
M) T\ Fa

where we used (£20), ([{28)) and ([€29). |

W\ a) ~ ) 9 Frsap, = Fan @ Frsap,,
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