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1 • INTRODUCTION 

Usually, researches in the medical area should analyse 
data given by the survival times Tor patients submitted to a new 
treatment. These life data can be censored. 

In this situation, researchers usually use nonparametr1cal 
techniques. One of the most pop~lar of these nonparametrical methods 
is the product-limit estimator of Kaplan and Meier (1958) of the 
survival function S(t) = P{T > t). Also, it is common the use of 
nonparametrical tests in the comparison of two or more treatments. 

With covariates, the proportional hazards model of Cox 
(1972) 1s very popular in the medical area. We can also mention, 
some nonparametrical linear models as proposed by Buckley and 
James (1979), Miller (1976) and Koul, Susarla and Van Ryzin (1981). 

In the parametrical approach, we usually use graphical 
methods in the identification and checking of a proposed model and 
asymptotical results for the inferences of interest. 
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Bayesian methods are not very common in the analysis of 

medical data, but they are used in engineering applications (see 

for example, Martz and Waller, 1982). 

As an ' alternative to these classical existing methods, we 

present Bayesian methods in the identification, inferences and 

checking of a proposed model in survival analysis. We also present 

a Bayesian application in the design of. clinical trials. 

2. LOG-LINEAR MODEL WITH A 

GENERALIZED GAMMA DISTRIBUTION 

FOR THE ERROR 

Let T be a nonnegative random variable 

survival time of a patient. 

denoting the 

The generalized gamma distribution has 

density: 

the following 

g( t) • 
, etek-1 

r(K)o 8k 

where o , k , e > O. 

We observe that: 

( t 8 exp t- -) ) 1 
Q 

(1) It e • k • 1, we have an exponential distribution for T. 

( 11) If k •l, we have a Weibull distribution for T, 

' (111) If e • 1, we have a Gamma distribution for T. 

(iv) If k - •• we have . a log-normal distribution for T. 

(1) 

Some authors (Prentice (1974), Farewell and Prentice 

(1977), LawlP.ss (1980)) consider the following reparametrization of 
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( 1): 

Y • tn(T) • 1,1. + oW 
(2) 

where~• &n(a}, o • 1/8 and the error variable W has the density: \ 

g(w) • 1 

r(K) (3) 

A generalization of the log-lienar model (2) is given by: 

Y. 1n(T). µ+ex + ow (4) 

whereµ is a location parameter, o is a scale parameter and 8 is a 
rearession parameter associated with the covariate X. 

Considering T1 , T2 , ••• , Tn, a random sample of size n, ' the likelihood function forµ, a, 8 and k is given by: 

n 
&(µ,a,S,k) • n {a-1g!w )} 

i•1 i (5) 

1 
n n n w1 • {------} exp{k t wi - t e } or(k) 1a1 i•1 

That is, 

n 
8k t x

1 n n 
kn1,1. _ &(1,L,a,8,k) { 1 ) exp{~ t 1•1 

} . .. 
Y1 -o r(k) i•1 a n 

(6) 

n (yi-sx1 )/o 
t e }. 

i•1 



The Jeffreys prior for 11, a, 8 and k is given by: 

where 11<(11 1 0,8) is the Fisher information matrix given k. 

Since E(W) • t(k) = dtn r(k) 

dk 
is the digamma 

4 

(7) 

function 

d 2 t.nT(k) 

dk2 is the trigarnma function, the 

Fisher information matrix given_ k 1s given by 

where: 

8 13 • 8 31 -~ (1 
0 

+ kt (k)) 

n 2 
k t xi 

8 22 • 
i•1 
2 

0 

n 
t xi 

8 23 • 8 32 • 
1•1 (1 + k il(k)) 02 

and 8 33 • 
n [ l 

7°'"· 
+ k •( l ) (k+ l ) + k ( Ci (k+ 1) 2 ] • 

., 

i 
I 

' 



Assuming ~(l)(k+l): 1/(k+l), and a locally 
prior for ,n(k), we find: 

\ 
where a , k > 0; -• < 11 , 8 < • and t(k) = (1 + ½> 112 

5 

uniform 

(8) 

The marginal posterior density for a and k using 
Laplace's methods (see Tierney and Kadane, 1986) is given by:-

• (a ,kl data) " 

yi' 0 

n n 
where a1 • E y 1 ; a2 • E x 1 , v• satisfies the relationship, 1•1 1•1 

n Y1/o A xi/a • 
kn ! xi e v* 

1•1 

i•1 

d2 Lk a(v) 

lv=v• 
and ,.. .. - 1 / ' 

d v2 

d2 ~ (v) 
1 ka

2 1 where ,a -- - {-(- - 1) ~ -dv2 n . a 
V 
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-kn 

xi li -1/] n y / X X - -2 n y /i X n Yi/a xi 
l: e 1 0 -.!c...!. -1 )v 0 ) ( I e 1 a v 1/o)-( I e Vo 

1•1 
a a 0 

=1 .. 
n Y i/o /1/o )2 ( t e 

i•l 

(s~e Achcar and Boltarine, 1986). 

In Table 1, we have the survival times of patients in two 

treatment groups (data in Lee, 1980). 

TREATMENT l 

TREATMENT 2 

TABLE 1 - SURVIVAL DATA IN WEEKS 

5, 10, 17, 32, 32, 33, 34, 36, 43, 44, 44. 48, 

48, 61, 64, 65, 65, 66. 67, 68. 82, 85, 90, 92, 

92, 102. 103, 106, 107, 114, 114, 116, 117, 124, 

139, 142, 132, 151, 148, 195. 

20.9, 32.2, 33.2. 39.4, 40.0, 46.8, 54.3, 57.3, 

58.0, 59.7, 61.1, 61.4, 66.0, 66.3, 67.4, 68.5, 

69.9, 72.4, 73.0, 73.2, 88.7, 89.3, 91.6, 93.1, 

94.2, 97.7, 101.6, 101.9, 107.6, 108,0, 109.7, 

110.8, 114 o l 1 117.5, 119.2, 120.3, 133.0, 133.8, 

163.3, 165.1 

Considering xzO for treatment 1 and X•l for treatment · 2, 
80 80 

we have a1 • t y 1 • 341.4, a 2 • t xi• 40 1 n1 • n 2 • 40 and n=80. 
1•1 i•1 

> 
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From {9), the marginal posterior density for k and o is 
given by: 

1(1t,oldata)" 

IC 
12k+l ( 4ok+ o)40k-1/2 ( 40k-o )40k-1/2 e341,4 k/a 

. In figure l, we have contours of posterior density for k . 
and a. From figure 1, we observe that the mode of 1(k,oldata) is aE 
proximately f<-1 .o and ;.o.4. Assuming k-=l .O arid a=0,4 known., and a 
locally prior density for~ and 8, the marginal posterior density 
for 8 is given by: 

exp{-1008} 1(8ldata) x 
(11) 

{3736745 + 3435657 e-2 •58 }80 

where - • < 8 < • , 

In figure 2, we observe that the marginal posterior 
density for 8 has a mode close to zero, that.is, we conclude that 
both treatments have same effect on the survival times 
patients. 

of the 
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3. TRANSFORMATION OF SURVIVAL DATA 

TO AN EXTREME VALUE DISTRIBUTION 

Let us consider the power transformation of Box and Cox 

(1964) given by: 

( l) y • 

-•<W<•. 

I 
< 

(T>. - 1) 

). 

£ (T) 

if 

if ). - 0 

µ+aw and W has an extreme value density 

We observe that if>. c o, the survival time T 

Weibull distribution with parameters as ell and es 1/a. 

(12) 

has an 

The log-likelihood function for IJ., a and>. considering W• 

• (y(>.)_µ)/a, with an extreme value density, is given by: 

n 
L(IJ.,a,l)s (1-l) t £n(!1 ) - ntn(a) + 

1•1 

1 
+ --a 

n (l) -IJ,/O n t Y1 - n: - e t 
1•1 1•1 

The Jeffreys prior density for IJ., o and k is given by: 

(13) 

(14) 

' \ 
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where IA(11,a) is the Fisher information matrix given A. 
Since E(W) • 11(1) (digamma function and var{W) .. .,< 1 > (1) 

(trigamma function, we have IA(11,a) • {b1j>' 1,j=l,2, where 

Thus, since .,(2) • 1 + 11(1), detIA(11,a)=n2a-4{1+J 1 )(2)}. 
Considering an uniform prior for 1, we have (from (14)): 

2 •(11,a,A)" 1/a 

where - • < µ. , A < • and a > . 0. 

(15) 

The Joint marginal posterior for a and A is given by: 

w(a,Afdata)" 

ll( 

n 
n 

i•1 

where a > 0 and - • < A < • • 

The marginal posterior density for A {using 
m~thod) is given by: 

(16) 

Laplace's 



•C>-ldata) tc 

where;.• 

n 
- nin( J: 

i•'1 

(n+1) 

t• • - l/ 

Per1cch1, 1987). 
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(17} 

(n+l) 

(see Achcar, Bolrarine and 

As a numerical example ,' consider the survival times of 

21 patients submitted to a new treatment (times in weeks): l, l, 4, 

4, 9, 16, 25, 25, 64, 64, 64, 64, 121, 121. 144, 144, 225, 289, 

484, 529. 

In figure 3, we have the graph of tn {- 1n ecw1 ))} versus 

ti, where e(w) is the empirical distribution function. We conclude 

that the extreme value density 1s not appropriate for the origin~l 
data set. 

l 
\ 



• 
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FIGURE 3 
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In figure 4. we have the graph of the marginal posterior 
density for l. We observe that the mode of the marginal posterior 
density for A is i = 0.0. In figure 5 1 we see that the transformed 
data &n(ti) is well fitted to an extreme value distribution. 

CZ:S:I 
). 

FIGURE 4 
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4. A BAYESIAN ANALYSIS CONSIDERING 

AN EXTREME VALUE DENSITY FOR W 

Assuming k=l 1 B=O and o known in (4) 1 and 

14 

a locally 
unfiorm prior for µ 1 the posterior density for 1J. is given by: 

•(1J.ldata): 
yn 

oT(n) (18) 

n 
where - • < µ < • ; V • t exp{y1/a.}, 

i•1 

The posterior density for the median survival time m • 
= (tn 2fe 11 is given by: 

,r(mldata) • 

(Vr.n 2 )n 

o r(n) 

where m > o • ., 

-(!! +l) 
m O 

exp { -
Vtn 2 

ml/a (19) 
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Assuming o unknown and a Joint prior for µ and a 
-1 proportional too , the Joint posterior density for l,L and o is 

given by: 

11(1,L, !data) tc 

tc o-(n+l) exp{a-1 ~ yi - µ.na- 1 - Ve-1J./a} 
1•1 

where - • < 11 < • and 0 > o. 

The marginal posterior density for the shape parameter 
e • a-l of the Weibull distribution is given by: 

11 (e I data) • 
n-2 

8 n 
exp(e .E y 1} 

1=1 
( 21) 

As an example, consider the Gehan's (1963) data, where we 
have the survival times (in weeks) of 42 patients 1n two treatment 
groups: 21 patients in group l (treatment GMP) with 12 censored 
observations and 21 patients in group 2 (treatment placebo) with no 
censorings. 

Considering an exponential model, we have in figure 6 the 
graphs of posterior densities for the median m for both treatments. 
We conclude that there is a great treatment effect of the drug GMP 
in the survival times of the patients. 
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We can also consider the posterior density for the ratio 

of medians R = ml/m2 given by: 

dl d2 
d2 

-1 
r(d1+d2 )V1 v2 Ra 

,r(Rldata)-= 
lfe d 1+ d 2 

11 r ( dl ) r { d2) (V 1+R V2) 

where d1 is the oumber of deaths in group 1, d2 is the 
n1 

deaths in group 2, Vi• . t exp£y1 j/o}, 1 = 1,2, n 1 is 
J•1 

size in group 1 and n 2 is the sample size in group 2. 

(22) 

number of 

the sample 

In figure 7, we have the graph of the posterior density 

" 
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•(Rldata) with a• 1. We also conclude that there 1s strong treat­
ment effect, since P{R < 1} • o. 

8 10 12 14 16 18 20 

RATIO R 

FIGURE 7 

Considering a unknown, the contours of posterior density 
-1 fore= o &nd the median mare given in figure 8. From figure 8, 

we observe that the exponential model (ea a= 1) 1s adequate to 
analyse the data for both treatment groups (see Achcar, Brookmeyer 
and Hunter, 1985). 
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5. USE OF PREDICTIVE DENSITIES 

IN SURVIVAL ANALYSIS 
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The predictive density for l' • (y1 ,y2 , ••• ,yn) given a 
proposed model A is given by: 

• ( ~ I A) • f • ( i I e • A )w ( e I A) de • 
8 

(23) 

Considering the log-linear model (4) with density (3) for 
the error variable W, and o and k known, the likelihood function 
for~ and a is given by: 

I 
' \ 



\ . 

where 

n 
Bk r x1 1::1 ---0---}. 
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(24) 

Considering a locally uniform prior for~ ands. we have 
(from (23)): 

n (y1-ex1 )/a}kn 
< t e 
i•1 

n 
'l'here a 2 • t x1 • 

1 .. 1 

Using Laplace's method. we find: 

a 

Ink ( ~ e (y 1-ixi) /a }kn-1 

1•1 

where i satisfies the relation. 

(25) 

(26) 

, , 
I 



n (yi-sxi)/a 
I xi e 

i•1 

n {yi-sx1)/a 
J: e 

i• 1 
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In the selection of a model between two possible ones A1 
or A2 • we can find the ratio of predictives w(ilA1 )/,(ilA2 ) to 

decide by the best one. In the diagnostic checking of a proposed 

model A, we can calculate o = P{w{ilA) < •CidlA)} (Box, 1980). . 
where id is the vector of observed data. If o is too small (e.g., 

o < 0.001), we have strong evidence against the use of model A. 

In the two-sample problem, consider x c O (treatment 1) 

and x = 1 (treatment 2). Also consider T11 , r12 , ••• , T1 n a randcm 
1 

sample of size n1 representing the survival times for treatment 1 

and T21 , T22 ••••• T2n
2 

a random sample of s1ze"2 representing the 

survival times for treatment 2. From (26), we have is 
"2 1,h o1 1/a • a{tn(n1 I T2 i) - 'n(n2 I T11 )> and the predictive density for 

1•1 1•1 
!' = (t1 ,t2 , ••• ,tn}, n • n1 + n2 1s given 9y: 

kn-1 
/kn n 

Considering the data of table 1, where n1 • 40, X • 0 

(group 1), n2 s 40 and x • l (group 2), we have from figure 1 two 

possible models: ., 



21 

A1 with k(l) •land o(l) • 0.4 (Weibull model ) !O~ A
2 

with 

k( 2 ) • 3 and 0< 2 > • 1 (Gamma model). The ratio of predictives (frcrn 
(27)) is given by: · 

•<ilAl) 
11(~IA2) 

: la r(80) 80160 (0.4) 2 e-17o. 7 280 (3381.50) 120 

(0.4) 80 r(240) 40160 (3736745) 40 (3435657)40 (3254)-120 

That is, 11(!1A1 )/.(EIA2) = 57.103. and we conclude that 
model A1 (Weibull) 1s preferable to model A

2 (Gamma). 
2 We also can calculate a= P(X20_1 > c} where 

c • 4 exp { - l 
0 

(J& ,.. _e_) } ( ; tl/o )l/2 
2 

1 • 1 dli 

With k • 1, o • 0.4, e • - 0.045 and~• 4.578 (see 
Achcar and Bolfarine, 1986), we find a= P{X~59 > 161.24} = 0.56, · 
that is, we conclude that the Weibull model is appropriate. 

6. BAYESIAN METHODS IN THE DESIGN ---
OF CLINICAL TRIALS 

Usually, researchers in the medical area should determine 
\ the required number of patients in one clinical trial before 

starting the experiment. 

Let us consider two periods of study. In the first 
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period, we consider n1 patients and a fixed period of time t 1 • Let 

us call this data as "data l". From the first period of time, we 

have n18 survivors and d1 • n1 - n16 deaths. In the second period 

of time, we consider n2n new patients and the n
16 survivors of the 

first period. Thus, we have n2 = n2n + n18 (sample size) and t 2 

the fixed follow-up period of time for the second period 

2 11
} I 

{"data 

We assume the log-linear model (2) given by yi c 1.n{T~)• 

= µ + awi where T~ is the time survival time and w1 is the error 

variable with an extreme value density. The observed survival time 

is given by Ti a min(T~,Ci) where Ci is the fixed censoring time 

associated to T~. 

With a known and a locally uniform pior for ~, the 

posterior density for the logarithm of the medianm • C,n2) 0 e 11 

considering the "data 1 11 is given by (from (19)): 

where - • < ♦ = 1.n(m) < -. Vl 

deaths in period 1. 

v1 ,n2 
et./a } 

n1 
• t Tl/a 

: 1 11 l.• 

Approximately, we have: 

♦ ldata 1,a 
V 1.n2 2 

! N(atn{--1--) :+.> 
dl 1 

(see Achcar, 1984), 

(28) 

and dl is the number of 

(29) 
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We consider the posterior density (29) in period l as 
the prior density for period 2. 

In the second period of study, the likelihood function 
for• is approximated by: 

\ 
v21.n2 2 &( ♦ !data 2,o) - N{al.n( ) ; 0 } 

d2 a;-

~2 where d2 is the number of death~ in period 2 and v2 ct T~f~ 
i•1 

Combining (29) and (30), we find: 

♦ !data 1, data 2,o - N{♦ i 1} 

where ♦ = 
a 

(30) 

(31) 

The length of a 100( 1-a )% HPD Interval for ♦ • tn(m) is 
given by t = 2Z I al ✓d1 +d2 where Z 1-a 2 l-a/2 

is a percentile 
of the standard normal distribution. 

If we specify the length L of the HPD interval for ♦ = 
= &n(m) and a is known, we can find an estimate of the number n2n 
of new patients required in the second part of the study 
by solving the following equation for n2n: 

p r 2z1-a/2 a 

t /dl + d2 

-1 
< & f data 1, a > a l - a 

J 
(32) 
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where (1-B) is a given confidence coefficient. 

That is, 

.. - d1 I data 1, a> • 1 - B (33) 

where d1 is fixed (number of deaths in the first period) and d2 = 

the number of deaths among the nls 
survivors of the first period of study and d20 is the number of 

deaths among the n20 new patients. 

Using "delta method" and assuming that the entry times 
I 

e1 of the patients are uniform in the second period of time, we 

£ind (see Achcar, 1984): 

n 
s 

l: 

i•1 

where 

(34) 

is the estimated probability of death for survivors of the first 

period andAconditional on the entry times ei, 1 • 1,2, ••• ,nls' J • 
• 1/o • e-µ (maximum likelihood estimator), and 
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is the estimated probability of death in the second follow-up 
period t 2 assuming that they enter uniformly on study, Ik(s) is 
the incomplete gamma integral, and 

· n 
n,a "1s ", 2 is 

Ai+ 2 82 
t t / AiAj -+ 2n2na /~ a3\ [ t "2n + 

C • i•1 i ~ I 1-1 
l dl + {1/a-l)Vl 3 l/a] 

and 

, and 

ar(a) dI ( ( j t ) l / 0 ) 
a 2 

dj 

Thus, we find n2n such that: 

r 2 
0

2/J.2 _ 
d2 - &1< 0 2n> 

-I 4Zl-a/2 • < >z:: & (35) 

L 1&2<n2n> ·J 
where • is the distribution function of a standard normal 
distribution, 
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In table II, we have the survival data of thirty-eight 

patients with non-small cell carninoma of the lung (data obtained 

from the Wisconsin Clinical Cancer Center). Using the infonnation 

of the thirty-eight patients in table II, we want to find an 

estimate of the number of new patients _n2n needed in a second part 

of the study. 

TABLE II - SURVIVAL TIMES IN DAYS 

1 t 1 DATE OF ENTRY 

1 181 05/17/79 

2 11 06/01/79 

3 64 06/06/79 

4 216 08/08/79 

5 374 08/22/79 

6 216 08/31/79 

7 227 09/04/79 

8 237 

9 229 

10 264 

11 97 

12 53 

13 361 

14 214 

15 799+ 

16 786+ 

17 158 

18 75 

19 754+ 

12/06/79 

12/12/79 

12/27/79 

01/22/80 

02/15/80 

02/20/80 

02/21/80 

03/14/80 

03/27/80 
' 04/09/00 · 

04/11/80 . 

04/28/80 

0 

15 

20 

83 

97 

106 

110 

203 

209 

224 

2S0 

274 

279 

280 

301 

314 

327 

329 

346 

20 62 

21 147 

22 723+ 

23 146 

24 130 

2S 67 

26 87 

27 169 

28 201 

29 · 510 

30 661+ 

31 543 

32 600+ 

33 38 

34 18 

35 15 

36 561+ 

37 527+ 

38 193 

DATE OF ENTRY ei 

05/14/80 362 

05/20/80 368 

05/29/80 377 

06/06/80 385 

06/24/80 403 

07/08/80 417 

07/12/80 421 

07/21/80 

07/28/80 

07/29/80 

07/30/80 

08/10/80 

09/29/80 

10/16/80 

11/04/80 

11/07 /80 

11/07/80 

12/11/80 

01/28/81 

430 

437 

438 

439 

441 

S00 

517 

536 

539 

539 

573 

622 

.. 
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The survival times ti are given in days and the entry 
times ei, in terms of calendar time from start of study, also are 
given in days. We observe that the patient 22 has a survival time 
t = 723+ and entry time e 22 = 377. Thus, we assume a fol low-up 
period t 1 = 1100 (that is, the end of study is 05/22/82). We also 
assume that all censored patients are alive by the end of the 
sutdy. From table II, we have n1 = 38, n18 • 8 and d1 = 30, 

Assuming a fixed period of time t 2 • 500 d~ys for the 
second period of study, and considering a • 8 = 0.05, we have in 
table III some estimated values of n2n required for each 
length 1.. 

TABLE III 

NUMBER OF PATIENTS IN SECOND PERIOD 

LENGTH t n2n 

0.53 10 

0.44 20 

0.34 38 

0.26 64 

given 

We observe that we need to add 38 new patients in the 
second period of study to have a length & a 0.34 for the HPD 
interval for•• &n(m). That is we need a total of 76 patients in 
both periods. 
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