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Abstract—In this work, we discuss a corrective bias for the
modified maximum likelihood estimator of the Nakagami-m
fading parameter. The obtained corrected estimator has a closed-
form expression, which plays an essential role in describing fading
effects in wireless communication. Numerical results show that
the bias-corrected estimator outperforms the existing methods
and returns unbiased estimates for the fading parameter even
for very small sample sizes.

Index Terms—Nakagami-m fading parameter, maximum like-
lihood estimator, closed-form estimator, unbiased estimator.

I. INTRODUCTION

The Nakagami-m (NK) distribution [1] has been widely
used for modeling radio links. Let X be a random variable with
Nakagami-m distribution then its probability density function
(PDF) is given by

f (t |m,Ω) =
2
Γ(m)

(m
Ω

)m
t2m−1 exp

(m
Ω

t2
)
, (1)

where Γ(m) =
∫ ∞
0 xm−1e−mxdx for all t > 0, m ≥ 0.5, and

Ω > 0 are the fading and scale parameters, respectively.
Inferential procedures for the parameters of the NK distri-

bution have been discussed earlier. The unbiased estimator for
the scale parameter has been presented by Nakagami [1] and
is given by Ω̂ = 1

n

∑n
i=1 t2

i . On the other hand, the moment
estimator for the fading parameter has a significant bias. The
maximum likelihood estimator (MLE) is also biased for small
and moderate samples as well as does not have closed-form
expression [2], which is undesirable. Considerable effort has
been made to achieved improved estimators with closed-form
expression for the fading parameter [3], [4], [5] due to its
applicability in embed technology. Ramos et al. [6] proposed
a modified maximum likelihood estimator closed-form esti-
mators showing that the proposed approach outperforms the
moment estimator and returns similar results when compared
with the standard MLE.

In this letter, we derive a closed-form expression for the bias
of the modified maximum likelihood estimator using the bias-
corrected approach discussed by Cox and Snell [7]. We prove
that such a bias-corrected estimator outperforms the existing
inferential procedures in terms of minimum Bias and mean
square error and returned improved estimates even for very
small sample sizes (n ≥ 3).
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II. MODIFIED MAXIMUM LIKELIHOOD ESTIMATOR

Ramos et al. [6] proposed a different approach based on the
modified maximum likelihood (MML) to achieve closed-form
estimators. The estimators are given by

Ω̂MML =
1
n

n∑
i=1

t2
i , (2)

m̂MML =

∑n
i=1 t2

i(∑n
i=1 t2

i log
(
t2
i

)
− 1

n

∑n
i=1 t2

i

∑n
i=1 log

(
t2
i

) ) . (3)

The asymptotic variances Var(mMML) and Var(ΩMML) are
given by

Var(mMML) = m2 + m3ψ(1)(m + 1) ,

Var(ΩMML) =
Ω2

nm
,

where the polygamma function is given by

ψ(m)(x) =
∂m+1

∂xm+1 log Γ(x) = −
∫ 1

0

tx−1

1 − t
log(t)mdt.

Wang et al. [8] proposed the same closed-form estimator
but based on the fractional moment estimator that is given by

µ̂k =



m̂1/pm̂2

2p
(
m̂2+1/p − m̂1/pm̂2

) , k > 0

m̂2(
1
n

∑n
i=1 t2

i
log

(
t2
i

)
− 1

n m̂2
∑n
i=1 log

(
t2
i

)) , k = 0
(4)

where

mk =
Γ(µ + k/2)
Γ(µ)

(
Ω

µ

)k/2
.

The authors argued that µ̂0 provides better estimates when
compared with another fractional moment-based estimator
family and should be used. Therefore, the case where k = 0
is the best fractal moment estimator and has the same form as
the MML. It is important to point out that, we have presented
the estimator in terms of the MML approach in order to derive
the bias correction which is discussed next.
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III. BIAS CORRECTION

Here we consider a different approach to correct the Bias of
the MML. Let L(θ; t) be the likelihood function with a vector
θ of size p. The joint cumulants of the derivatives of l(θ; t)
are given by

hi j(θ) = E
(
∂2l(θ; t)
∂θiθ j

)
, hi jk(θ) = E

(
∂3l(θ; t)
∂θi∂θ j∂θk

)
and

hi j,k(θ) = E
(
∂2l(θ; t)
∂θi∂θ j

.
∂l(θ; t)
∂θk

)
, for i, j, k = 1, . . . , p.

Consequently, the derivatives of such cumulants are given by

h(k)i j (θ) =
∂hi j(θ)
∂θk

, for i, j, k = 1, . . . , p.

The Bias of θm studied by Cox and Snell [7] for an indepen-
dent sample without necessarily be identically distributed can
be written by

Bias(θ̂m) =
p∑
i=1

p∑
j=1

p∑
k=1

smi(θ)sjk(θ)
(
hi j,k(θ) + 0.5hi jk(θ)

)
+O(n−2) ,

(5)
where si j is the (i, j)-th element of the inverse of Fisher’s
information matrix of θ̂.

The likelihood function for the Nakagami is given by

L(Ω,m; t) =
2n

Γ(m)n

(m
Ω

)nm {
n∏
i=1

t2m−1
i

}
exp

(
−

m
Ω

n∑
i=1

t2
i

)
.

(6)
The Bias correction has been presented by Schwartz et al.

[9] for the MLE of m, which is given by

Bias(m̂) =
m̂ψ(1)(m̂) − m̂2ψ(2)(m̂) − 2

2n
(
m̂ψ(1)(m̂) − 1

)2 +O(n−2). (7)

It follows that

m̂BC = m̂MML − Bias(m̂MML), (8)

hereafter, BC estimator. Unfortunately the solution of this
estimator involves the computation of transcendental func-
tions, increasing considerably the computational time as well
as the complexity of the estimator. The following theorem
provides a useful closed-form approximated Bias corrected
(ABC) estimator.

Theorem III.1. The estimator (8) can be approximated in a
closed form expression given by

m̂ABC = m̂MML−
m̂MML

n

(
3
2
+

3
2

(
m̂MML

1 + m̂MML

)
+

5
6

m̂MML

(1 + m̂MML)2

)
,

(9)

Proof. See Appendix A. �

The asymptotic variance of m̂BC is also given by

Var(mBC) = m2 + m3ψ(1)(m + 1) .

An important issue that may arise when dealing with an
approximation is that the obtained estimator could return a

negative value. The following theorem guarantees that m̂ABC >
0 for all n ≥ 3.

Theorem III.2. Let t = (t1, . . . , tn) be random sample with
size n ≥ 3 such that t1, t2, · · · , tn are positive and not all
equal, then m̂ABC > 0.

Proof. See Appendix B. �

IV. SIMULATION STUDY

This section is devoted to comparing the quality of our
proposed approach in terms of minimum Bias and the root-
mean-square error (RMSE). Here we also consider the moment
estimator (ME), where ˆΩME is given as the same as (2)

and µ̂ME =
(∑n

i=1 t2)2
[ (

n
∑n

i=1 t4) − (∑n
i=1 t2)2

]−1
and the

standard maximum likelihood estimator (MLE) that is given
in [2]. The metrics used in the comparison are computed by

Biasm =
1
N

N∑
i=1
(m̂i − m) and RMSEm =

√√√
N∑
i=1

(m̂i − m)2

N
,

where N = 100, 000 is the number of estimates obtained
through the ME, MLE, MML, BC, and ABC estimators.
Since Ω is unbiased and has the same form the different
estimation procedures, we have omitted the results related to
this parameter. The moment estimator is not considered here
since Ramos et al. [6] have already shown that this inferential
method returned inferior estimates when compared with MML
estimator (see also, [8]). The most efficient estimation method
will return the Bias closer to zero with smaller RMSEs.
The software R (R Core Development Team) was used to
conduct this simulation study. The codes are available in the
supplemental material.

Figures 1-4 displays the Bias and the RMSEs from the
estimates of m obtained using the N samples. The horizontal
lines in the figures correspond to Bias and RMSEs being one
and zero, respectively.
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Fig. 1. Bias and RMSEs for m considering m = 0.5, Ω = 2 for N = 100, 000
random samples and n = (4, 5, . . . , 30).

As shown in Figures 1-2, both Bias and RMSEs related
to the estimates of the fading parameter tend to zero when
n increases. The MML estimator return estimates with a
significant Bias. On the other hand, the corrective approach
applied in the MML improves the obtained estimates, the bias
correction approach returns precise estimates even for samples
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Fig. 2. Bias and RMSEs for m considering m = 2, Ω = 4 for N = 100, 000
random samples and n = (4, 5, . . . , 30).
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Fig. 3. Bias, RMSEs for different values of m = (0.5, 0.75, . . . , 15) and
Ω = 4 for N = 100, 000 simulated samples with size n = 8.
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Fig. 4. Bias, RMSEs for m = (0.5, 0.75, 1.0, 1.5, . . . , 15) considering Ω = 80
for N = 100, 000 simulated samples and n = 8.

with size n = 4. Moreover, both BC and ABC returned similar
results. However, ABC has a simple structure. From Figures
3 and 4, we observed that the ABC estimator also returned
precise estimates for different values of m. More importantly,
the RMSE is the same as the BC estimator and smaller than the
other currently inferential methods. It is worth mentioning that
we considered different values Ω, which does not influence
the Bias of m. This is expected since they are independent
and orthogonal, i.e., h12(m, ω) = h21(m, ω) = 0. Overall, these
results show that ABC estimators should be considered for
estimating the fading parameter of the NK distribution.

V. DISCUSSION

In this paper, we have proposed a bias-corrective approach
for the modified maximum likelihood estimator of the Nak-

agami fading parameter. The bias is obtained under formal
rules; however, it does not have closed-form expression. To
overcome this problem, we proposed a useful approxima-
tion that has closed-form and returns precise estimates. A
simulation study is presented to demonstrates that our new
method outperforms the existing estimators in terms of Bias
and RMSE. Overall, the proposed bias-corrected estimators
returned precise estimates even for very small sample sizes
and should be used to estimates the fading parameter. As
a possible extension of this current work we will consider
the approximate form of the distribution obtained by Cheng
et al. [10] with our estimator and compare the obtained
confidence intervals with other common intervals achieved
from asymptotic theory and Bayesian methods.

APPENDIX A
PROOF OF THEOREM III.1

Let r(x) = xψ(1)(x)−x2ψ(2)(x)−2
2(xψ(1)(x)−1)

2 be a function that will be

approximated via a rational function. Using the asymptotic
relations

lim
x→0+

ψ(1)(x)
1
x2

= 1, ψ(1)(x) =
1
x
+

1
2x2 + o

(
1
x2

)
,

lim
x→0+

ψ(2)(x)
1
x3

= −2, and ψ(2)(x) = −
1
x2 −

1
x3 + o

(
1
x3

)
,

we obtained

lim
x→0+

r(x) = 0 and lim
x→∞+

r(x) − 3x = −
2
3
.

and since limx→∞+ 3x −
(

3x
2 +

3x2

2(1+x)

)
= limx→∞+

3x
2(x+1) =

3
2

we obtain

lim
x→0+

r(x)−
3x
2
−

3x2

2(1 + x)
= 0 and lim

x→∞+
r(x)−

3x
2
−

3x2

2(1 + x)
=

5
6
.

Therefore, defining f (x) = r(x) − 3x
2 −

3x2

2(1+x) and using
the reparametrization x(y) = y

1−y we noticed graphically (see
Figure 5) that f (x(y)) closely resembles a quadratic function
ky2 and since limy→1 f (x(y)) = 5

6 we choose k = 5
6 . Thus,

defining g(x) = r(x) − 3x
2 −

3x2

2(1+x) −
5x2

6(1+x)2 , the global error
maxy∈(0,1) |g(x(y))| is expected to be very small, as we can
see in Figure 5.
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Fig. 5. Left Panel: Graph of f (x(y)). Right Panel: Graph of g(x(y)).

The following proposition formalizes this fact.
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Proposition A.1. For g(x) = r(x) −
(

3
2 x + 3x2

2(1+x) +
5x2

6(1+x)2

)
, it

follows that maxx∈(0,∞) |g(x)| < 5 · 10−2.

Proof. Let

p1(n,w) =
(n − 1)!
wn

+
n!

2wn+1 +
(n + 1)!
12wn+2 −

(n + 3)!
720wn+4 ,

p2(n,w) =
(n − 1)!
wn

+
n!

2wn+1 +
(n + 1)!
12wn+2 ,

q1(n, x) = p1(n, x + 1) +
n!

xn+1 ,

q2(n, x) = p2(n, x + 1) +
n!

xn+1 ,

g1(x) =
xq1(1, x) + x2q2(2, x) − 2

2(xq2(1, x) − 1)2
− β(x) and

g2(x) =
xq2(1, x) + x2q1(2, x) − 2

2(xq1(1, x) − 1)2
− β(x).

In the following, in item i) we shall prove that g1(x) < g(x) <
g2(x) for all x > 0 and in ii) we shall prove that −5 · 10−3 <
g1(x) and g2(x) < 5 · 10−3 for all x > 0 which will conclude
the proof.

i) Theorem 9 of Alzer [11] states precisely that the inequal-
ity

p1(n,w) < (−1)n+1ψ(n)(w) < p2(n,w) (10)

holds for all n > 0 and w > 0. This inequality gives us an
increasingly worse approximation for (−1)n+1ψ(n)(w) the
closer w gets to 0. To fix this, using the classical relation
ψ(n)(x + 1) = ψ(n)(x) − (−1)n+1 n!

xn+1 combined with the
inequality in (10) applied for w = x + 1 it follows that

q1(n, x) < (−1)n+1ψ(n)(x) < q2(n, x) (11)

for all n > 0 and x > 0. In special we have

xq2(1, x) − 1 > xψ(1)(x) − 1 > xq1(1, x) − 1 =
15x5 + 80x4 + 175x3 + 199x2 + 120x + 30

30x(x + 1)5
> 0

(12)

for all x > 0. Thus, from (11) and (12) we conclude that

g1(x) < g(x) < g2(x)

for all x > 0, which proves item i).
ii) Through careful manual computation or any symbolic

arithmetic software available one can compute explicitly
2(xq1(n, x) − 1)2(5 · 10−2 + g1(x)) =

N1(x)
540x2(x+1)8 and

2(xq2(1, x) − 1)2(5 · 10−2 − g2(x)) =
N2(x)

13500x2(x+1)12 where

N1(x) = 27x8 + 384x7 + 1627x6 + 3072x5+

2976x4 + 1728x3 + 1044x2 + 648x + 108, and

N2(x) = 675x12 + 4800x11 + 15125x10 + 40610x9+

141565x8 + 423580x7 + 836018x6 + 1059426x5+

864483x4 + 448020x3 + 142920x2 + 27000x + 2700.
Thus N1(x) > 0 and N2(x) > 0 for x > 0 which combined
with (12) implies 5 · 10−2 + g1(x) > 0 and 5 · 10−2 −
g2(x) > 0 for all x > 0, which proves item ii) and thus
the Proposition.

�

APPENDIX B
PROOF OF THEOREM III.2

Ramos et al. [6] has proved that m̂MML > 0 for all
n ≥ 1, and since m̂ABC = β(m̂MML) where β(x) = x −
1
n

(
3
2 x + 3

2

(
x2

1+x

)
+ 5

6
x

(1+x)2

)
, it follows that in order to prove

that m̂ABC > 0 it is enough to prove that β(x) > 0 for all
x > 0 and n ≥ 3.

Under the reparametrization x(y) = y
(1−y) , to prove that

β(x) > 0, is equivalent to proving that δ(y) = β(x(y)) =
y
(1−y) −

1
n

(
3y

2(1−y) +
3y2

2(1−y) +
5
6 y

2
)
> 0 for y ∈ (0, 1). But since

δ(y) =
6n + 5y2 − 14y − 9

6n(1 − y)
,

and d
dy (−5y2 + 14y + 9) = −10y + 14y > 0 for 0 ≤ y ≤ 1 it

follows that −5y2 + 14y + 9 ≤ −5(12) − 14(1) + 9 = 18 ≤ 6n
for n ≥ 3 and y ∈ (0, 1) an thus δ(y) > 0 for y ∈ (0, 1). Hence,
it follows that β(x) > 0 for all x > 0 and n ≥ 3 and the proof
is completed.
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