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Abstract In this paper, we investigate thick accretion struc-
tures around a Kerr black hole in a swirling background,
that is, a rotating black hole immersed in a rotating back-
ground. This is a novel solution characterized by the black
hole mass in addition to two distinct rotational parameters,
the Kerr parameter a, which identifies the rotation of the
black hole, and the swirling parameter j , which describes the
background rotation. The swirling background is character-
ized by an odd Z2 symmetry, where the northern and southern
hemispheres rotate in opposite directions. The rotation of the
black hole embedded into this swirling background leads to
non-trivial spin–spin interactions with the background rota-
tion. The spacetime properties in the vicinity of the black
hole are significantly influenced by this spin–spin interac-
tion. In order to study the influence on the basic properties
of this spacetime, we analyze circular orbits and geometri-
cally thick disks for different spacetime solutions, which are
classified by the black hole and swirling spins. We identify
stabilizing effects on prograde circular orbits and destabiliz-
ing effects on retrograde circular orbits, which originate from
the spin–spin interaction and depend mainly on the Kerr rota-
tion. Furthermore, we discover the emergence of static orbits,
which appears due to the background rotation. The symmetry
breaking of the spacetime rotation with regard to the equato-
rial plane highly influences the spatial distribution of circular
orbits. This asymmetry causes a concave (convex) distribu-
tion of the prograde (retrograde) circular orbits and accord-
ingly, bowl-like deformations of the accretion disk solutions.
Moreover, due to the destabilizing effect of the swirling rota-
tion, an outer marginally stable orbit appears, which heavily
limits the range of the parameter space in which disk solu-
tions can exist. Due to the possibility of an outer and inner
disk cusp, different types of disk solutions are possible. We
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classify the different types of disk solutions, which differ
from each other by the properties of their cusps. Four differ-
ent scenarios can be identified in which different accretion
dynamics could arise.

1 Introduction

In the last century, the paradigm of gravitational physics has
been significantly modified by the publication and develop-
ment of general relativity. Among its most extraordinary pre-
dictions is the existence of black holes, which are believed
to be the final stage of a stellar collapse. Obtaining solu-
tions from the field equations of general relativity, i.e., Ein-
stein’s field equations, has shown to be a herculean task. Of
particular interest is the existence of exact solutions, since
those classes of solutions allow to shed light on the main
properties of gravity using analytical techniques. The most
prominent examples are the black hole solutions of the cou-
pled (electro-)vacuum Einstein(–Maxwell) field equations.
In general, physically meaningful solutions are found by
imposing symmetries on the field equations. Among the most
well-known solutions is the Schwarzschild black hole, which
describes the exterior gravitational field of a spherical com-
pact object; the rotating counterpart of such solution is the
Kerr black hole, uniquely described by the black hole mass
and angular momentum. However, the simplest solution pos-
sessing rotation must be stationary and axially symmetric.
The general formulation to classify solutions with such sym-
metries was developed by Ernst [1,2], in which the coupled
Einstein-Maxwell field equations are replaced by the Ernst
potentials. Besides simplifying the study of the field equa-
tions under the assumed symmetries, this formalism allows
to derive new solutions from old known (“seed”) solutions
by exploring hidden symmetries within the Ernst potentials,

0123456789().: V,-vol 123



  597 Page 2 of 16 Eur. Phys. J. C           (2025) 85:597 

which is often referred to as Ernst generating techniques
[3,4]. In particular, two transformations are often used to
immerse seed solutions into non-trivial backgrounds: (a) the
Harrison transformation, which allows the embedding of
black holes into a magnetic universe [3,5], and (b) the Ehlers
transformations, which generates the swirling background
and the immersion of compact objects into it [6]. Moreover,
these two transformations can also be combined to gener-
ate new solutions [7] and similar approaches have been used
to include non-linear electrodynamics [8]. However, espe-
cially the swirling background is a solution that, although
it has appeared before [9], did not receive much attention
until it was rediscovered more recently in [6], where the
physical properties of this novel family of solutions have
been extensively studied. Overall, the swirling background
is a non-asymptotically flat solution that describes a rotating
background equipped with an odd Z2 symmetry. The space-
time is characterized by the solution’s frame-dragging, which
has an opposite sign in the different hemispheres; thus, the
spacetime rotates in opposite directions below and above the
equatorial plane. This solution is uniquely characterized by
just one parameter, the swirling parameter j , which gives rise
to the presence of exotic features, such as the appearance of
an ergoregion that extends to infinity. A detailed description
of the ergoregion and the geodesic motion in the swirling
background can be found in [10]. Despite these odd char-
acteristics, this novel solution does not possess other exotic
features that often appear in rotating background spacetimes,
like for the Gödel universe or for the Taub-NUT spacetime,
which contain closed timelike curves [11,12]. Due to the sim-
ilarity in the derivation of the swirling family of solutions,
it has been considered as a cousin solution to the magnetic
universe. Moreover, it has been pointed out that such rotat-
ing spacetime could be considered locally to model cosmic
filaments [13], which are believed to be the largest structures
in our universe. They are made of galaxy clusters arranged in
thread-like structures [14]. Interestingly, observations reveal
that such structures do rotate [15,16] and can even possess
electromagnetic fields [17]. Thus, the swirling background
could potentially be used to model such cosmic filaments.
Therefore, the effects of such background on dispersed mat-
ter, especially around compact objects immersed in such non-
trivial geometry, pose as a relevant topic.

In the vicinity of compact objects, diffuse matter gets
attracted by the gravitational pull of the compact object. Over
longer time periods, accumulations of matter orbiting the
compact object gradually form accretion structures. Since
these structures usually have the geometry of a disk or a
torus, they are called accretion disks or tori and are charac-
terized by the circular flow of their disk particles. In complex
disk interactions, angular momentum gets exchanged from
the inner to the outer regions of the disk, which causes mat-
ter to migrate from the outside inwards through the disk to

smaller and smaller orbits towards the central object. When
matter reaches the marginally stable orbit, small perturba-
tions could lead to an inspiral of the matter onto the central
object, where it ultimately gets accreted. The energy con-
verted in this process scales with the mass of the central
object, and in the case of supermassive black holes, it cor-
responds to magnitudes that can be found at the upper end
of our current energy scales for observed and theorized phe-
nomena in the universe. Accretion disks are therefore par-
ticularly important in the study of high-energy physics and
in the observation of astrophysical objects, as a large part
of the energy is converted into radiation energy, with such
high intensities that it can be observed from billions of light
years away. This radiation can have a broad frequency spec-
trum, which mainly depends on the properties of the disk
as well as on the properties of the central object. Overall,
multiple approaches exist in the modeling of accretion disks,
which differ by the dynamical situations they are intended to
describe. When it comes to their morphology, they can gen-
erally be divided into two classes with regard to their vertical
height, namely, thin and thick disks. In this paper, we focus
on the latter, whose theoretical foundations have been vastly
established in [18–27].

The simplest case of a thick disk imposes the Polish
Doughnut model, in which the disk is modeled as a body
composed of a non-selfgravitating perfect fluid, whose prop-
erties are solely determined by the spacetime geometry. Due
to its simplicity, this approach often results in analytical solu-
tions that can be directly computed from the metric tensor.
Nevertheless, despite its simplicity, such modeling captures
the main qualitative properties of possible accretion struc-
tures and is often used as an initial condition in more com-
plex general relativistic magnetohydrodynamics simulations
[28–30]. The Polish Doughnut model has been applied to a
variety of alternative gravity theories and compact objects,
such as de Sitter black holes, scalarized black holes, NUT
spacetimes, and Born–Infeld teleparallel gravity [31–38].
Furthermore, the thick disk model has recently been gen-
eralized to the swirling family of solutions, more precisely
to the Schwarzschild black hole immersed in a swirling back-
ground [39]. The spacetime of a Schwarzschild black hole
immersed in a swirling background is fully characterized by
the mass of the black hole and the swirling parameter j . It was
shown that the presence of the rotating background modifies
the typical disk structures around the Schwarzschild black
hole by deforming the thick disk into a bowl-shaped matter
distribution as well as by the appearance of an outer disk cusp,
which originates from instabilities of the circular geodesics
within the spacetime [39].

Here, we will focus on generalizing this work to the Kerr
black hole immersed in a swirling background (KBHSB).
This spacetime is characterized by three parameters, namely
the black hole mass M , the Kerr spin parameter a = J/M ,
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where J is the angular momentum of the black hole, and
the swirling parameter j . In contrast to the swirling motion,
the Kerr rotation does not change its sign with respect to
the equatorial plane; therefore the black hole is co-rotating
with the swirling background in one hemisphere and counter-
rotating in the other. This breaking of symmetry and the
resulting spin–spin interaction of the Kerr black hole with the
swirling background have an influence on the main properties
of the local spacetime environment. The motion of particles
in the local vicinity of the black hole is especially affected
by the spin–spin interaction and the symmetry breaking. As
such, unique effects arise on the properties of basic geodesic
motion around the black hole. In this work, we aim to shed
light on these effects by analyzing the influence of the Kerr
and swirling rotations on the properties of circular orbits and
geometrically thick accretion structures.

This work is organized as follows. In Sect. 2, we introduce
the KBHSB solution and briefly discuss its main characteris-
tics. In Sect. 3, an introduction to the theory of geometrically
thick accretion disks is presented, and in Sect. 4 we analyze
qualitatively the circular orbits and thick disk solutions of the
KBHSB spacetime. Throughout this work, we use the Ein-
stein summation convention and geometrized units, where
G = c = 1, with G as the gravitational constant and c as the
speed of light. Note that, in these units, the swirling parameter
j has the dimension [ j] = 1/M2. The metric signature used
is (−, +, +, +) and for all KBHSB solutions considered in
this work, the black hole mass is normalized to M = 1.

2 Kerr black hole in a swirling background

The line element describing a Kerr black hole immersed in
a swirling background can be written in Boyer–Lindquist
coordinates as [6]

ds2 = 1

F(r, θ)
(dϕ + ωdt)2 + F(r, θ)

×

−2dt2 +  sin2 θ


dr2


+ dθ2


, (1)

where the metric functions F and ω, that contain the swirling
parameter j , can be expressed in a finite power series in the
form of

F = F0 + jF1 + j2F2

R2 sin2 θ
; ω = ω0 + jω1 + j2ω2


, (2)

with

F0 = R4, F1 = 4am cos θ R2,

F2 = 4a2m22 cos2 θ + 2 sin4 θ

ω0 = 2amr, ω1 = 4 cos θ(ma4 − r4(r − 2m)

−a2r − a(r − m)),

ω2 = 2m
[
3ar5 − a5(r + 2m) + 2a3r2(r + 3m)

−r3(cos2 θ−6)+a2


cos2 θ(3r −2m)−6(r − m)
]

,

where

 = r2 − 2mr + a2, 2 =  sin2 θ,

 =


r2 + a2
2 − a2 sin2 θ,

 = a cos2 θ,  = r2


cos2 θ − 3


− a2


1 + cos2 θ


,

R2 = r2 + a2 cos2 θ .

The pure Kerr solution is recovered for vanishing j , the
immersion of the Schwarzschild black hole in a swirling
background is obtained by a = 0, and the pure swirling
background is found for m = 0 and a = 0. As noted in [6]
the spin–spin interaction between the Kerr black hole and the
background frame dragging gives rise to a conical singularity
on the symmetry axis. The presence of conical singularities
in the immersion of different spacetimes into the swirling
background was already pointed out in [40], where the accel-
erated Kerr solution was considered and the metric could be
regularized by fixing the swirling parameter. Nonetheless,
this appears not to be possible in the KBHSB case. Further-
more, the KBHSB solution possesses two horizon surfaces,
an inner and an outer one, which in these coordinates are
found by imposing grr = 0, and thus are defined by

r± = m ±
√

m2 − a2, (3)

which is independent of j and equivalent to the Kerr solution.
However, it should be noted that the presence of the back-
ground dragging does deform the horizon geometry. Consid-
ering the main interest of this paper, we will focus only on
the outer horizon here. Taking a slice of constant t leads to
the induced metric

ds2
hor = (r±, θ) sin2 θF(r±, θ)dθ2 + dϕ2

F(r±, θ)
. (4)

Insights about the shape of the horizon can be taken by
considering an isometric embedding of the two-dimensional
surface (4) into a three-dimensional Euclidean space. How-
ever, a full embedding is not always possible. For the pure
Kerr solution, i.e. j = 0, the event horizon geometry
around the poles becomes hyperbolic as the Kerr parame-
ter increases (a  (

√
3/2, 1)), and the embedding of those

regions into Euclidean space is not feasible. For this purpose,
insights about the geometry can be shown by considering
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the composition of an Euclidean embedding with the metric
ds2

E = dx2 +dy2 +dz2 and a pseudo-Euclidean embedding
described by the metric ds2

pE = dx2 + dy2 − dz2 [41,42].
The presence of the swirling background affects the north-

ern and southern hemispheres differently, which is also
directly reflected by the horizon geometry. We note that even
small variations of j deform the usual oblate structure of
the Kerr horizon. For a positive spin–spin relation (aj > 0)
the neighborhood of (r = r+, θ = ) becomes hyperbolic.
For a rapidly rotating Kerr black hole, where the neigh-
borhood of the poles is already hyperbolic, the vicinity of
(r = r+, θ = 0) is dragged into an elliptic geometry. In Fig.
1 we show a representation of the outer horizon for a variation
of the swirling parameter j  {0, 10−4, 10−3}, and the Kerr
parameter, a  {0.5, 0.9}. For a negative spin–spin relation
(aj < 0) an analogous behavior would be present, where just
the northern and southern hemispheres are interchanged.

When j increases further, the geometry of the event hori-
zon is significantly modified. Some examples are shown in
Fig. 2, where we have chosen the limiting Kerr parameter
a = √

3/2, for which the horizon geometry starts to become
hyperbolic, to illustrate the hyperbolic behavior appearing
due to the swirling dragging.

Despite the significant changes in geometry, the horizon
area A is not affected by the presence of the swirling param-
eter j ,

A =
∫ 2

0

∫ 

0

√
gθθ gϕϕdθdϕ

=
∫ 2

0

∫ 

0

√
sin2 θdθdϕ |r=r± = 8mr±, (5)

which has already been seen for the Schwarzschild black
hole in a swirling background [6,43]. The ergosurfaces for
the KBHSB solution are rather complicated and change sig-
nificantly depending on j . Since it appears not to be possible
to find simple analytical relations, as it is possible for pure
Kerr and the swirling background, we perform a qualitative
study on the boundaries of the ergoregions, which are defined
by the condition gtt = 0. The pure Kerr solution has two of
these ergosurfaces, an outer and an inner closed surface, that
touch the respective horizons on the symmetry axis, thus

rE−(m, a, θ) ≤ r− < r+ ≤ rE+(m, a, θ), (6)

where rE± are the radial coordinates of the outer and inner
ergosurface, respectively. These surfaces are also present in
the KBHSB solution and the constraints given in Eq. 6 still
hold for the KBHSB case. Furthermore, two additional ergo-
surfaces appear, which, for small values of j , are discon-
nected patches in the southern and northern hemispheres
extending to infinity. These surfaces are a property of the
swirling background. They also appear for the Schwarzschild
black hole immersed in a swirling background. A detailed

discussion of these ergosurfaces can be found in [6,10,43].
For the main interest of this paper, we will restrict the dis-
cussion of the ergoregions to the outer area, i.e. r > r+.

The ergoregions of the KBHSB are intrinsically related
to the spin–spin interaction between the black hole and the
swirling background. For smaller variations of j , the ergo-
surfaces resemble roughly a superposition of the intrinsic
ergoregions from each spacetime (Kerr and swirling back-
ground) described above. This is illustrated in Fig. 3. In Fig.
4, we show a representation of these surfaces in a three-
dimensional space for a small swirling parameter value of
j = 0.01.

The KBHSB ergosurface, corresponding to the outer Kerr
surface, remains qualitatively similar for small values of j
(Fig. 3a). The ergosurfaces originating from the swirling
background show a minor deviation for smaller j , but their
general structure is similar. However, as j increases the ergo-
surfaces deviate more and more from the Kerr and swirling
background surfaces and are no longer resembling a superpo-
sition of the two limiting solutions. The non-linear spin–spin
interaction causes greater symmetry breaking for larger j ,
and the ergosurfaces become more asymmetrical with respect
to the equatorial plane.

Generally, we conclude that the spin–spin interaction
between the black hole and the swirling background enhances
the symmetry breaking with regard to the major spacetime
properties, as showcased for the horizons and ergosurfaces.
This symmetry breaking also has an influence on the proper-
ties of circular orbits and thick disks, as will be demonstrated
in the following sections.

3 Geometrically thick disks

In axisymmetric and stationary spacetimes, geometrically
thick disks can be modeled as a body of fluids, where the
fluid particles are moving on circular orbits around a central
compact object. The stress-energy tensor of the disk, T  ,
can be written as a sum of the different contributing terms, i.e.
the fluid, viscosity, radiation, and magnetic terms. In general,
the degree of complexity of the model can increase signif-
icantly if the various terms are taken into account. In the
Polish doughnut model, the viscosity, radiation, and mag-
netic terms are neglected and only the fluid part is taken into
account. The accretion disk is therefore modeled as a perfect
fluid and due to its simplicity, it offers a suitable model to
investigate the qualitative properties of geometrically thick
accretion disks. The stress-energy tensor is then given by

T  = T 
Fluid = huu + pg, (7)

where  is the rest mass density, h is the specific enthalpy,
u = (ut , 0, 0, uϕ) is the four-velocity of the fluid parti-
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Fig. 1 Embeddings of the outer horizon geometry for different
KBHSB solutions and small variations of the swirling parameter j .
The orange curves and surfaces represent an Euclidean embedding, the
cyan curves and surfaces represent a pseudo-Euclidean embedding. The
top row shows the horizon geometry for a KBHSB with Kerr parameter
a = 0.5, where the vicinity of the southern pole becomes hyperbolic
due to the swirling dragging. This effect increases with j . The middle

row shows the geometry for a rapidly rotating KBHSB with a = 0.9.
Here, the regions close to the northern and southern poles are already
hyperbolic and with increasing j the horizon region close to the northern
pole becomes elliptic. The bottom row presents a 3D representation of
the embedding for the rapidly rotating case with a = 0.9. The equatorial
plane has been set to be Z(/2) = 0 in all plots
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Fig. 2 Embedding of the outer horizon geometry for a fixed value of
a = √

3/2 and three values of the swirling parameter, j  {0, 0.01, 0.1}.
The equatorial plane is set to Z(/2) = 0. With increasing j the horizon
geometry becomes more conical and the symmetry breaking between

the northern and southern hemispheres is more accentuated. A large part
of the horizon geometry in the southern hemisphere becomes hyperbolic
for larger values of j

Fig. 3 Comparison of the
ergosurfaces for KBHSB, Kerr,
and the swirling background in
the r − θ plane for two different
values of the swirling parameter.
The orange curves show the
outer KBHSB ergosurfaces, the
blue-dashed curve shows the
outer Kerr ergosurface and the
red-dashed curves show the
swirling background
ergosurfaces. The Kerr
parameter is set to a = 0.9 in
both plots

cles, p is the pressure and g is the contra-variant metric
tensor. To construct disk solutions, the fundamental conser-
vation laws, i.e. the conservation of energy-momentum and
the continuity equation need to be solved,

T  = 0 (8)

(u) = 0. (9)

The continuity equation (9) is always trivially satisfied since
ur = uθ = 0 for circular motion and ∂t = ∂ϕ = 0 due to the
axisymmetry and stationarity of the spacetime. By applying
the orthogonal projection tensor hα

β = δα
β + uαuβ to Eq. (8)

and by rewriting it in terms of the specific angular momentum
 = − uϕ

ut
and the angular velocity  = uϕ

ut of the particle,
the relativistic Euler equations can be derived,

∂(ln |ut |) − 

1 − 
∂ = − 1

h
∂ p, (10)

where −ut is the mass-normalized energy. As a necessary
integrability condition the von Zeipel theorem must be pre-
sumed, which states that the angular velocity can be written

Fig. 4 Representation of the outer KBHSB surfaces in a three-
dimensional space with Z(/2) = 0. The Kerr parameter is set to
a = 0.9 and the swirling parameter to j = 0.01. The inner struc-
ture showcases the ergosurface originating from the outer Kerr surface,
and the structures in the northern and southern hemispheres showcase
the ergosurfaces from the swirling background. This representation is
obtained by conducting a rotation around the symmetry axis
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as a function of the specific angular momentum,  = ().
By assuming a polytropic equation of state, where the pres-
sure is solely a function of the density, such as p = K ,
with K and  as constants, the von Zeipel theorem is always
satisfied. Hence, the Eq. (10) becomes integrable and can be
written as

ln |ut | − ln |(ut )in| −
∫ 

in



1 −  d = −
∫ p

pin

d p

h

= −
∫ h

hin

dh

h = − ln h, (11)

where the subscript in refers to the inner edge of the accre-
tion disk. Assuming a uniform specific angular momentum
distribution of the disk, the integral term regarding the spe-
cific angular momentum vanishes and the right-hand side
can be defined as an effective potential, W = ln |ut | and
Win = ln |(ut )|in , which corresponds to the combined grav-
itational and centrifugal potential of a disk particle. The effec-
tive potential at the inner edge of the disk Win is taken as a
free parameter which should not be lower than Wcenter and
not higher than 0, since particles with W > 0 could escape to
infinity. In order to represent all physically feasible solutions
(composed of particles on bound orbits), we will set Win = 0
in all further calculations. Rewriting the specific enthalpy in
Eq. (11) in terms of the rest mass density is leading to,

W − Win = ln

∣∣∣∣1 + K−1

 − 1

∣∣∣∣


. (12)

The rest mass density can therefore be expressed as a function
of the effective potential W . As a consequence, the equi-
density and equi-pressure surfaces coincide with the equi-
potential surfaces. The four-acceleration a can be expressed
through the partial derivatives of the effective potential,
a = ∂W . Thus, the extrema of the effective potential
correspond to geodesic motion. Minima of W correspond
to stable geodesic motion, where the pressure and rest mass
density are maximal. The minima are defined as the accretion
disk centers. Maxima of W correspond to unstable geodesic
motion and correspond to minima of the pressure and rest
mass density, they mark the disk cusps. Cusps are charac-
terized by a self-intersection of the equi-potential surface.
Due to the unstable flow at their radial location, small pertur-
bations could trigger accretion processes. By expressing ut

through the metric components, the effective potential W is
solely determined by the spacetime geometry and the specific
angular momentum of the disk particles,

W = 1

2
ln

(
g2

tϕ − gtt gϕϕ

2gtt + 2gtϕ + gϕϕ

)
. (13)

Due to the odd Z2 spacetime symmetry in the KBHSB
solution, the local extrema of the potential are not located
in the equatorial plane for j = 0. In order to determine
the locations of the extrema, one needs to solve the sys-
tem of equations composed of ∂rW = 0 and ∂θW = 0
for the specific angular momentum . The resulting distri-
bution of , which solves this system of equations, repre-
sents therefore the Keplerian specific angular momentum K

of the circular geodesics for that spacetime. For a chosen
specific angular momentum 0 of the disk, the location of
the disk center is then given by (rcenter , θcenter ) = {(r, θ) :
K (r, θ) = 0 ∧ ∂r |K (r, θ)| > 0} and of a disk cusp by
(rcusp, θcusp) = {(r, θ) : K (r, θ) = 0 ∧ ∂r |K (r, θ)| < 0}.

4 Circular orbits and disk solutions

In order to conduct an exemplary study of circular orbits and
geometrically thick disks around KBHSB, we have analyzed
different solutions, which are classified by their Kerr spin
parameter a and the swirling parameter j . For a represen-
tative analysis regarding the Kerr spin parameter range, we
selected solutions in the lower, middle, and upper param-
eter range, namely a = 0.2, a = 0.5, and a = 0.9. To
investigate the influence of the swirling parameter j on the
solutions, we have varied j for the mentioned Kerr spin
parameter and analyzed the resulting spacetime and disk
properties. The swirling parameter j was thereby set to
j  {0, 10−5, 10−4, 2 ·10−4, 5 ·10−4}. Figure 5 illustrates
the specific angular momentum of circular orbits for the dif-
ferent Kerr spin parameters and varying swirling parameters.

The specific angular momentum of circular orbits changes
significantly for the KBHSB solutions compared to the Kerr
solutions. Up to a critical value of the swirling parameter, jc,
the specific angular momentum develops an outer extremum.
For prograde orbits, this extremum is a maximum; for retro-
grade orbits, it is a minimum (Fig. 5 upper and lower row,
respectively). For radial values beyond the outer extremum,
the specific angular momentum converges asymptotically to
0 in both cases. The outer extremum corresponds to the emer-
gence of an outer marginally stable orbit for KBHSB solu-
tions. Stable circular orbits are therefore only possible in a
specific spacetime region, which is lower bounded by the
inner marginally stable orbit and upper bounded by the outer
marginally stable orbit. The inner marginally stable orbits of
the KBHSB solutions are closely located to the marginally
stable orbit of the Kerr solution. A greater deviation of K

from the Kerr solution is only noticeable from the inner
extremum outwards. For solutions with a swirling param-
eter greater than the critical swirling parameter, j > jc, the
extrema vanish and the specific angular momentum becomes
monotonic; all circular orbits are therefore unstable. For pro-
grade orbits, the critical value jc increases with increasing
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Fig. 5 Specific angular momentum K of circular orbits for the dif-
ferent Kerr parameter solutions with varying swirling parameter j . The
upper row presents K for prograde orbits, and the lower row presents
K for retrograde orbits. The terms prograde and retrograde refer here to
the rotation direction of the KBHSB, which is defined by the Kerr spin

parameter a. The dotted vertical line in each plot marks the marginally
bound orbit rmb and the dashed-dotted vertical line marks the marginally
stable orbit rms of the Kerr solution ( j = 0). Dashed vertical lines mark
the outer marginally stable orbits rout

ms , which appear for the KBHSB
solutions ( j = 0). Black curve sections mark unbound orbits

Kerr spin parameter a, thus stable circular orbits are possible
for a larger range of the swirling parameter j (Fig. 5 upper
row). For retrograde orbits, the value of jc decreases with
increasing Kerr spin parameter a; stable circular orbits for
fast rotating KBHSB occur therefore for a smaller range of
the swirling parameter (Fig. 5 lower row). Furthermore, the
swirling rotation causes the emergence of static orbits for
prograde as well as retrograde motion. An illustration of the
rest specific angular momentum, which is used to determine
the static orbits can be found in Fig. 6a–f.

The rest specific angular momentum r alongside the cir-
cular orbits has an intersection with K for the analyzed
KBHSB solutions. The specific angular momentum of the
circular orbit corresponding to this intersection is equal to
the specific angular momentum a particle at rest would have
in the co-moving reference frame. Therefore, a test parti-
cle, which is initially at rest in the co-moving reference
frame, would always stay at rest in this reference frame in
the absence of disturbances. However, it should be noted that
all static orbits are unstable since the intersection point for
each solution is outwards of rout

ms . Furthermore, for r > rso,
the absolute value of K is smaller than r for prograde as
well as retrograde motion. Thus, all circular orbits outwards
of the static orbit are counter-rotating in the co-moving refer-

ence frame of the spacetime background. With increasing j ,
the radial location rso of the static orbits is moving inwards,
regardless of the Kerr parameter a. The differences between
the various Kerr parameters are in general negligible, thus
rso is located for each solution roughly at the same radial
location for a fixed j , regardless of the rotational direction.
Therefore, we conclude that the Kerr parameter and rota-
tion direction have a lesser impact on the properties of static
orbits, which are mostly determined by j .

As mentioned in section 3 the circular geodesics are not
located in the equatorial plane, in contrast to the Kerr solu-
tion. To each point of the presented curves for the K and r

distributions, there is a corresponding varying θ coordinate.
For a better understanding regarding the spatial distribution
of the circular orbits, a cross-section plot is shown in Fig. 7
for the various analyzed KBHSB solutions.

The spatial location of KBHSB circular orbits is highly
affected by the swirling parameter, it deviates from the equa-
torial plane and is located in planes orthogonal to the rota-
tional axis in the upper and lower hemispheres. With increas-
ing j the verticality of the circular orbit distribution increases,
and for K → 0 the height of the corresponding circular orbit
above or below the equatorial plane diverges. The location
of static orbits is largely unaffected by a and for increasing j
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Fig. 6 Rest specific angular momentum, r = − gtϕ
gtt

, plotted along-
side the prograde and retrograde circular orbits for the various KBHSB
solutions. The previously shown K distributions are plotted as dotted

curves for comparison. The circular marker symbols indicate the radial
location of the static orbits rso. At these radial locations K is identical
to r , as a consequence the corresponding circular orbit is a static orbit

it moves closer to the equatorial plane. Stable orbits are only
possible close to the equatorial plane. In the case of prograde
motion, the orbits are solely located in the upper hemisphere
(Fig. 7 upper row); they are therefore co-moving with the
swirling background. For retrograde motion, the orbits are
solely located in the lower hemisphere (Fig. 7 lower row).
Since the frame-dragging direction of the swirling back-
ground changes its sign for the lower hemisphere, a counter-
rotating test particle regarding the Kerr rotation is co-moving
with the swirling background in the lower hemisphere. All
circular orbits are therefore co-moving with their surround-
ing spacetime background reference frame. The spatial distri-
bution of circular orbits throughout the Kerr parameter range
is very similar, thus the influence of the Kerr parameter is
negligible. We conclude that the general properties of circu-
lar orbits for KBHSB are largely determined by the swirling
parameter, with the Kerr parameter playing a minor role.
However, the Kerr parameter has a significant influence on
the values of the angular momentum distribution and the sta-
bility of the circular orbits. The rotation of the KBHSB has a
stabilizing effect on the co-rotating orbits and a destabilizing
effect on the counter-rotating orbits. This can be attributed
to the rotation of the swirling background. Orbits located
in the lower hemisphere are co-rotating with the spacetime
background but counter-rotating with the black hole, which

is inducing instabilities due to the opposite spin direction of
the swirling and Kerr rotation. The magnitude of this effect
grows with increasing swirling and Kerr parameters j and a.

As a consequence, accretion structures can exist only for
a specific range of 0, which is lower bounded by in

ms and
upper bounded by out

ms , since only for |0|  [|in
ms |, |out

ms |]
stable circular orbits exist. Thus, disk solutions with static
orbits and static surfaces do not exist. The disk center can
only be located between r in

ms and rout
ms and with increasing

j the solution space for prograde accretion structures gets
smaller, as the solution range of stable orbits decreases. Due
to the stabilizing effect of the KBHSB rotation, the solution
space for prograde (retrograde) accretion structures is greater
(smaller) for faster rotating KBHSBs compared to slower
rotating ones. This is depicted exemplarily in Fig. 8 for j =
10−4 and varying values for 0.

With increasing a prograde disk exists for a greater range
of 0 for the same j (Fig. 8 upper row). For retrograde disks
the solution space narrows down for the same j and 0 param-
eter range (Fig. 8 lower row). All possible disk solutions can
be classified into two main types: Type 1 solutions are com-
posed of an inner cusp and an outer cusp, between which
the disk center is located. The inner cusp corresponds to an
inner local maximum, the disk center to the local minimum,
and the outer cusp to the outer local maximum of the effec-
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Fig. 7 Cross section plots of circular orbits and their corresponding
specific angular momentum K for the different Kerr parameter solu-
tions with varying swirling parameter j . The upper row presents K of
prograde orbits and the lower row presents K for retrograde orbits. The
terms prograde and retrograde refer here to the rotation direction of the
KBHSB, which is defined by the Kerr spin parameter a. The different

symbols mark selected solutions for circular orbits for varying j . They
are coloured according to their specific angular momentum, which is
described by the scale on the right of each plot. Unstable orbits are
marked by a black edge around the symbol, and the static orbits are
marked by a circle

tive potential W . These solutions can be further classified
into three subtypes: Type 1a disks, where the inner maxi-
mum is greater than the outer maximum (Fig. 8d). Type 1b
disks, where the outer maximum is greater than the inner
maximum (Fig. 8b). And the special case Type 1c, where the
inner and outer potential maxima have the same value. It can
be viewed as the limiting case of a Type 1a or 1b solution.
In contrast to Type 1 solutions, Type 2 solutions are only
composed of a disk center and an outer cusp, the effective
potential has one minimum and only one maximum, which is
located outwards to the minimum (Fig. 8c). With increasing
a the disk solution space moves from mostly Type 1 solutions
to Type 2 solutions for prograde disks. For retrograde disks
all solutions are of Type I. Exemplary cross-section plots of
the different disk types are presented in Fig. 9 for prograde
disks. In the case of retrograde disks, the defined disk types
are analogous; besides that only solutions of Type 1 exist as
mentioned.

For Type 1a disks, the equi-potential surface of the inner
cusp is not closed, it is open towards the KBHSB center
and expands from the cusp outwards to infinity. The equi-

potential surface of the outer cusp is semi-closed, with the
closed region containing the disk center and the open region
expanding from the outer cusp towards infinity. This enclosed
region with the disk center is fully surrounded by the equi-
potential surface of the inner cusp. Depending on the initial
conditions various disk evolutions seem possible, as the com-
plexity of disk dynamics could increase due to the presence of
two cusps. Matter could be accreted through the inner cusp
by flowing past the center region, without having a major
effect on the dynamics and stability of the center region, as
it is fully enclosed by the equi-potential surface of the outer
cusp. On a different note, the whole disk could become unsta-
ble, since matter from the disk center could disperse through
the outer cusp to unstable orbits, leading to a diffusion of
the whole inner disk region. In the case of Type 1b disks,
the equi-potential surface of the inner cusp is semi-closed, it
fully encloses the disk center and is open towards the KBHSB
center. The equi-potential surface of the outer cusp is open
towards the KBHSB center and from the outer cusp outwards
to infinity. It surrounds the inner cusp potential surface and
the disk center. Accretion processes through both cusps are
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Fig. 8 Effective potential W alongside circular geodesics for the dif-
ferent Kerr spin parameters and various 0. The swirling parameter is
set to j = 10−4 in all solutions. The upper row presents W for prograde
motion and the lower row for retrograde motion (referring to the rota-

tion direction defined by the Kerr parameter a). Dashed curves indicate
solutions for which no closed disk surfaces can exist due to the absence
of a local minimum

conceivable. Matter from outside could accrete through the
outer cusp towards the KBHSB center, flowing past the cen-
ter region. Accretion from the disk center through the inner
cusp towards the KBHSB could also take place. Since the
center region is fully surrounded by the outer cusp poten-
tial surface, an indirect accretion process could take place,
where matter flows through the outer cusp towards the inner
potential surface, feeding the central region of the accretion
structure, which could trigger an accretion process through
the inner cusp. In the limiting case Type 1c, the effective
potential at the inner and outer cusp is identical; the corre-
sponding equi-potential surface has two intersections, it is
open towards the KBHSB center and open outwards of the
outer cusp. Between the inner and outer cusp it fully encloses
the disk center region. An accretion process may happen
through the outer cusp towards the disk center and through
the inner cusp towards the KBHSB center. The disk could
also disperse if matter from the center region flows through
the outer cusp to the outer regions. For Type 2 disks only an
outer cusp exists, with the equi-potential surface of the cusp
being closed towards the KBHSB and open outwards of the
cusp towards infinity. As for Type 1a disks it fully encloses
the disk center. Due to the absence of an inner cusp, no accre-
tion processes without additional inner-physical disk effects
are possible. Nevertheless, the discussed runaway instability
for Type 1 disks could also apply to Type 2 disks, where mat-

ter dispersing through the outer cusp towards unstable orbits
could lead to a diffusion of the center region.

In order to investigate the influence of the Kerr parameter
on prograde disk properties, different exemplary solutions
for the same parameters and varying Kerr parameter are pre-
sented in Fig. 10.

Using the same disk parameters besides the Kerr param-
eter, reveals that prograde disk solutions are in their general
morphology largely unaffected by the Kerr parameter. All
disk solutions are asymmetrical with respect to the equatorial
plane, and their spatial distribution is similar, regardless of
the Kerr parameter. They extend mainly into the upper hemi-
sphere with only a small region extending into the lower
hemisphere. This effect originates from the Z2 symmetry
of the swirling background and increases with increasing
j . We follow, that even in the vicinity of the KBHSB, the
Kerr rotation gets dominated by the swirling rotation, albeit
j being small compared to a. However, differences regarding
the physical disk properties are noticeable. For the same disk
parameters, the effective potential for the slower Kerr rotation
has a deeper minimum and therefore a higher density at the
center of the disk compared to the faster rotating black hole.
The disk solution for a = 0.2 is of Type 1a, where the disk
center is enclosed by the equi-potential surface of the outer
cusp, which itself is surrounded by the equi-potential surface
of the inner cusp (Fig. 10a). The a = 0.5 and a = 0.9 disk
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Fig. 9 Meridional cross section
of W for the different disk
types. As an example for a Type
1a disk, the parameters a = 0.2,
j = 2 · 10−4 and 0 = 3.6
where used. For Type 1b the
parameters a = 0.5,
j = 2 · 10−4 and 0 = 3.23. For
Type 1c the parameters a = 0.5,
j = 5 · 104 and 0 = 3.1964
and for Type 2 the parameters
a = 0.5, j = 2 · 10−4 and
0 = 3.45. The dotted curve
corresponds to the equi-potential
surface of the inner cusp, the
dashed curve corresponds to the
equi-potential surface of the
outer cusp. The × symbol marks
the location of the disk center

Fig. 10 Meridional cross section of the effective potential W for dif-
ferent disk solutions with the same swirling parameter j = 10−4 and
different Kerr parameter a. The specific angular momentum of the disks
is set to 0 = 3.7 in all solutions. The lower boundary of the scale is set

in all solutions to W = − 0.055 for better comparison. Black curves
represent equi-potential surfaces. The dotted curve in (a) corresponds to
the equi-potential surface going through the inner cusp. Dashed curves
represent the equi-potential surface going through the outer cusp

123



Eur. Phys. J. C           (2025) 85:597 Page 13 of 16   597 

Fig. 11 Meridional cross
section of the effective potential
W for a Type 1b disk with
a = 0.9, j = 5 · 10−4 and
0 = 2.55. a Presents a more
detailed view of the center
region, with the dotted curve
corresponding to the
equi-potential surface of the
inner cusp. b Presents a broader
view of the vertical structure.
The dashed curves represent the
equi-potential surface going
through the outer cusp in both
plots

solutions are of Type 2, with only an outer cusp. Since they do
not possess an inner cusp, no accretion process without fur-
ther inner-physical disk effects is possible. For faster rotating
KBHSBs, prograde disks solutions can exist for higher j and
smaller values of lower 0, leading to more compact disks,
as shown in Fig. 11.

In this Type 1b solution above, the center region is highly
compact, most of the matter is located close the density max-
imum (minimum of W) and the disk center is located closely
to the KBHSB center. The effective potential decreases
monotonically outwards the outer cusp, also on a greater
scale. We follow that with increasing a and j and decreas-
ing 0 disk solutions are more localized and compact. The
verticality of the accretion structure is mainly affected by the
swirling parameter. Since with increasing a disk solutions
are possible for larger values of j , solutions with a greater
verticality are possible for faster rotating KBHSB.

In the following Fig. 12, examples of retrograde disk solu-
tions are presented for various values of a, j and 0. Due to
the more limited parameter space for retrograde accretion
structures, solutions with the same 0 and j value do not
exist for the picked Kerr parameters (a  {0.2, 0.5, 0.9}). A
comparison for different Kerr parameters but same swirling
and disk parameters, as done for the prograde disks, is there-
fore not possible. Thus, we picked exemplary solutions with
different parameters to showcase the main properties of ret-
rograde disks.

Retrograde disks are similar to prograde disks regard-
ing their asymmetry with respect to the equatorial plane.
In contrast to prograde disks, they extend mainly into the
lower hemisphere with only a small part extending into
the upper hemisphere. This corresponds to the spatial dis-
tribution of the retrograde circular orbits, which originates
from the change of the swirling rotation in the lower hemi-
sphere. With increasing j , the asymmetry and verticality of
the accretion structure increases. The Fig. 12a, b present ret-
rograde Type 1b disks, for which the same properties apply

as explained for the prograde case. The Fig. 12c illustrates a
retrograde Type 1c disk, where the effective potential at the
inner and outer cusp has the same value. This value is also
close to the value of the potential minimum. The potential
difference between the disk center and inner/outer cusp is
minuscule, which causes the enclosed region between inner
and outer cusp to appear as vanishing. The only stable region
of the structure lies inside this small narrow region close to
the disk center. Regarding disk dynamics this solution could
therefore be highly unstable. The following Fig. 13 presents
a retrograde disk solution for the fast rotating KBHSB with
a = 0.9.

The presented solution above is of Type 1a, with the equi-
potential surface of the outer cusp enclosing the disk center.
The main disk properties are similar to the prograde Type
1a disks. Nevertheless, for faster rotating KBHSB, the retro-
grade disk center moves outwards and the disks are less com-
pact compared to other disk solutions. This is also reflected
by the large scale structure (Fig. 13b), where the horizon-
tal extension is greater compared to the prograde case for
a = 0.9 due to the smaller swirling parameter j . A greater
verticality would correlate with a higher value of the Swirling
parameter; however, the retrograde disk parameter space
regarding the swirling parameter is very limited in the case of
faster rotating KBHSB, since for higher j no stable circular
geodesics and therefore no disk solutions exist.

5 Comparison to thick disks around Schwarzschild
black holes in a swirling background

Ahead of the conclusion, we want to conduct a brief com-
parison to thick disks around a Schwarzschild black hole
in a swirling background, which were studied in [39], and
point out the effects of the black hole rotation and their
consequences. We identify the spin–spin interaction of the
rotating black hole with the swirling rotation of the space-
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Fig. 12 Meridional cross section of the effective potential W for different retrograde disk solutions. Black curves represent equi-potential surfaces.
Dotted curves correspond to the equi-potential surface of the inner cusp. Dashed curves represent the equi-potential surface of the outer cusp

Fig. 13 Meridional cross
section of the effective potential
W for a retrograde Type 1a disk
with a = 0.9, j = 10−4 and
0 = − 4.36. a Presents a more
detailed view of the center
region, with the dotted curve
corresponding to the
equi-potential surface of the
inner cusp. b Presents a broader
view of the vertical structure.
The dashed curves represent the
equi-potential surface going
through the outer cusp in both
plots

time background as a major differentiating factor for possi-
ble disk solutions. The spin–spin interaction influences the
stability properties of circular geodesics and by that, it also
affects the parameter space for thick disk solutions. The Kerr
spin parameter determines the critical Swirling parameter,
jc = jc(a), up to which stable circular geodesics exist in the
spacetime. For prograde motion, jc is an increasing function
of a, while for retrograde motion, it is a decreasing func-
tion of a. If the value of the swirling parameter is fixed,
the black hole rotation determines the spectrum of specific
angular momenta for the disk particles, for which solutions
exist (Fig. 8). In the case of prograde motion, a higher value
of the Kerr spin parameter leads to a greater range of pos-
sible values of the specific angular momentum, while for
retrograde motion the opposite holds. However, the vertical
position of circular geodesics is mostly unaffected by the
Kerr spin parameter, hence it is mainly determined by the
Swirling parameter. Thus, the spatial distribution of circular
geodesics stays similar to the Schwarzschild case for all Kerr
spin parameters (Fig. 7). Additionally, the positions of static
orbits are mostly unaffected by the choice of the Kerr param-
eter (Fig. 6a–f). When it comes to the disk morphology and

matter distribution, the Kerr parameter has a smaller influ-
ence, the disk shape is mainly determined by the Swirling
parameter. However, disk solutions for Kerr spin parameter
near the Kerr limit are more vertically bent and less horizon-
tally outreaching. This applies to prograde as well as retro-
grade disks. Finally, we conclude that the major differences
resulting from the spin–spin interaction appear in the range
of the parameter space for which stable circular geodesic and
by that also accretion structures can exist.

6 Conclusion

In this work, we investigated qualitatively geometrically
thick disks around Kerr black holes in a swirling background.
We classified different KBHSB solutions by their Kerr spin
parameter a and varied for fixed a the swirling parameter j
to analyze the influence of the swirling background and the
effects of the spin–spin interaction between the black hole
and the background. For an exemplary analysis regarding the
circular orbits and disk solutions, we chose the Kerr param-
eters a = 0.2, a = 0.5, and a = 0.9, for slow, medium, and
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fast rotating black holes, respectively. The swirling parameter
was varied between j = 10−5 and 5 ·10−4, as for higher val-
ues of j no stable circular orbits exist. Furthermore, we have
considered prograde and retrograde motion. In both cases, the
properties of the orbits and disks are highly affected by the
swirling parameter, as circular orbits deviate from the equato-
rial plane with increasing j . Prograde (retrograde) orbits get
shifted into the upper (lower) hemisphere, where they are co-
moving with the swirling background, and the verticality of
the spatial distribution increases with j for all possible values
of a. The differences regarding the spatial distribution for the
different Kerr parameters are negligible. The Keplerian spe-
cific angular momentum distribution develops in all cases an
additional outer extremum, which marks an outer marginally
stable orbit. The range of stable orbits is therefore bounded
by the inner and outer marginally stable orbit, which also
severely limits the parameter space of possible disk solutions.

In the case of prograde orbits, we found a stabilizing effect
of the spin–spin interaction, since for higher values of a, sta-
ble circular orbits were possible for larger j . Faster rotating
black holes therefore exhibit a broader parameter space for
prograde disk solutions. For retrograde orbits, which are all
located in the lower hemisphere, we found the opposite effect.
In the lower hemisphere, the black hole is counter-rotating to
the swirling background, which has a destabilizing effect on
the circular orbits. Therefore, with increasing a, the range of
stable circular orbits decreases for larger j and the parameter
space for disk solutions shrinks.

In all solutions, the rotation of the swirling background
causes the emergence of a static orbit at which a test particle
is at rest in the co-moving reference frame. Since the rest
specific angular momentum has a higher absolute value for
all orbits outside the static orbit, test particles on these outside
orbits are counter-rotating in the co-moving reference frame
of spacetime.

Due to the outer extremum of the Keplerian specific angu-
lar momentum, all possible accretion structures possess an
outer cusp. Depending on the KBHSB solutions and the cho-
sen value of the disk momentum 0, we found and classified
four different possible disk types. Type 1 solutions are char-
acterized by an inner cusp and an outer cusp, between which
the disk center lies. Type 2 solutions only exist for prograde
disks for the analyzed values of a and are characterized by
the absence of an inner cusp, they only possess an outer cusp.
The Type 1 solutions can be further subclassified regarding
their effective potential values at the cusps. For Type 1a solu-
tions, the effective potential has a higher value at the inner
cusp than at the outer cusp. This causes the equi-potential
surfaces of the inner cusp to be open towards the center and
towards the outer disk regions. The equi-potential surface
of the outer cusp fully encloses the disk center region and is
closed towards the KBHSB center but open towards the outer
region. In the case of Type 1b solutions, the effective poten-

tial of the outer cusp has a higher value than the inner cusp.
This causes the equi-potential surface of the outer cusp to be
open towards the center and towards the outer region. The
inner cusp potential surface now fully encloses the disk cen-
ter, it is closed towards the outer region and open towards the
KBHSB center. In the special case of Type 1c, the effective
potential has the same value at the inner and outer cusp, the
potential surface is fully closed between the inner and outer
cusp, and it encloses the disk center but is open towards the
KBHSB center and the outer disk region. All mentioned solu-
tions have a high complexity of disk dynamics due to the dif-
ferent conceivable accretion mechanisms regarding the inner
as well as the outer cusp. However, direct accretion onto the
KBHSB, with the absence of inner-physical disk effects, is
only possible for Type 1 solutions, as Type 2 do not possess
an inner cusp and are closed towards the KBHSB center.
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likaris, Mixing “magnetic” and “electric” Ehlers–Harrison trans-
formations: the electromagnetic swirling spacetime and novel type
i backgrounds. Eur. Phys. J. C (2024). https://doi.org/10.1140/epjc/
s10052-024-13093-x

8. J. Barrientos, A. Cisterna, M. Hassaine, K. Pallikaris, Electromag-
netized black holes and swirling backgrounds in nonlinear electro-
dynamics: the modmax case. Phys. Lett. B 860, 139214 (2025).
https://doi.org/10.1016/j.physletb.2024.139214

9. G.W. Gibbons, A.H. Mujtaba, C.N. Pope, Ergoregions in
magnetised black hole spacetimes. Class. Quantum Gravity
30, 125008 (2013). https://doi.org/10.1088/0264-9381/30/12/
125008. arXiv:1301.3927 [gr-qc]

10. R. Capobianco, B. Hartmann, J. Kunz, Geodesic motion in a
swirling universe: the complete set of solutions. Phys. Rev.
D 109, 064042 (2024). https://doi.org/10.1103/PhysRevD.109.
064042. arXiv:2312.17347 [gr-qc]
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