


Indecomposables in derived categories of
skewed-gentle algebras

Viktor Bekkert, Eduardo N. Marcos, Héctor A. Merklen *

Abstract

We give a description of the indecomposable objects in the derived category of
a finite-dimensional skewed-gentle algebra.

1 Introduction

In [BeMe] we determined all the derived indecomposables of a gentle algebra and we
gave an explicit description of them by using a matrix problem studied by Bondarenko.
Here, we do the same for the case of algebras A whose skew-group algebras AG in the
case of chark # 2 are Morita equivalent to gentle algebras. For this we use the papers
[GePe], [De] and [BoDrl, of Geiss, de la Peiia, Deng, Bondarenko and Drozd for which
the general findings of Reiten and Riedtmann ( [ReRd]) are basically needed.

Let A be a finite-dimensional algebra of the form kQ/ (I) over a field k, where [ is
a set of relations for a quiver  and A — mod is the category of finitely generated left
A-modules, and let D*(A) be the bounded derived category of the category A — mod.

The category D¥(A) is known only for a few algebras A. For example, the description
of indecomposable objects of DP(A) is well-known for hereditary algebras of finite and
tame type [Ha], for tubular algebras [HaRi], for gentle algebras [BeMe], for algebras
with radical square zero, and for local and two-point algebras [BeDr].

In this paper we give a description of the indecomposable objects in the derived cate-
gory when the algebra is skewed-gentle. This class of algebras was introduced in [GePe].
We have found that there is a connection between the derived category of a skewed-gentle
algebra and a matrix problem presented by V. M. Bondarenko and Yu. A. Drozd (sce
[BoDr]). We show that the problem of finding the indecomposable objects of the derived
category may be reduced to finding the indecomposable objects in that matrix problem.
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The structure of the paper is as follows. In Section 2 we fix notations and show that
the problem of finding the indecompesables in D*(A) may be reduced to the problem of
finding the indecomposables in a category p(A), a certain subcategory of the category
of bounded projective complexes C*(A — pro). In Section 3 we introduce the category
of S-representations of a linearly ordered poset, Bondarenko-Drozd’s matrix problem. In
Section 4, a functor is defined which will solve our problem. In the final section, the
description of the indecomposables of D*(A) is given.

2 Preliminaries

2.1 Derived representation type

Let A be a finite-dimensional algebra over a field £ and A — mod be the category of left
finite-dimensional A-modules. We will follow in general the notations and terminology of
[Ri] and [Ha].

Given A, we denote by D(A) (resp., D~(A) or D*(A)) the derived category of A—mod
(resp., the derived category of right bounded complexes of A—mod or the derived category
of bounded complexes of A—mod); by C*(A—pro) (resp., C~(A—pro) or C=*(A—pro)) the
category of bounded projective complexes (resp., of right bounded projective complexes
or of right bounded projective complexes with bounded cohomology (that is, complexes
of projective modules with the property that the cohomology groups are non zero only at
a finite number of places)); and by Kb(A — pro) (resp., K=(A — pro) or K~*(A - pro))
the corresponding homotopy categories.

We identify the homotopy category K®(A — pro) with the full subcategory of perfect
complexes in D*(A4). Let us recall that a complex is perfect if it is isomorphic to a bounded
complex of finitely generated projective A-modules.

We will also use the following notations. By p(A) we denote the full subcategory of
C*(A — pro) defined by the projective complexes such that the image of every differen-
tial map is contained in the radical of the corresponding projective module. Since any
projective complex is the sum of one complex with this property and two complex where,
alternativelly, all differential maps are 0’s or isomorphisms (which is, hence, isomorphic
to the zero object in the derived category) we can always assume that we reduce ourselves
to consider projective complexes of this form.

It is well known that D?(A) is equivalent to K=*(A — pro) (see, for example, [KoZi],
Proposition 6.3.1 and [Har]).

Proposition 1. [Har] D~(A) is equivalent to K~(A—pro). The image of D*(A) under
this equivalence is K~*(A — pro).

Given M* € D¥(A), we denote by Py;. the projective cover of M* (see [KoZi]) and
by H'(M?*) the i-th cohomology module.
We call a category C basic if it satisfies the following conditions:
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e all its objects are pairwise non-isomorphic;
e for each object z there are no non-trivial idempotents in C{z, z).

A full subcategory S C C is called a skeleton of C if it is basic and each object z € C
is isomorphic to a direct summand of a (finite) direct sum of some objects of S. Itis
evident that if C is a category with unique direct decomposition property, then it has a
skeleton and the last one is unique up to isomorphism. We will denote it by SkC and the
set of its objects by VerC.

In order to simplify our exposition, let us introduce two easy constructions, as follows.

For P* € C~*(A— pro) \ C*(A —pro), let s be the maximal number such that P* #0
and H'(P*) = 0 for i < s. Then, a( P*)* denotes the brutal truncation of P* below s (see
[Wb]), i.e. the complex given by

oyi Pt ifi2 s
o ) = { 0 , otherwise,

5 O ,if1 28
a(P*)* — 1 0, otherwise.
For P* # 0° € C*(A — pro), let t be the maximal number such that P* = 0 for i < t.

Then, B(P®)° denotes the (good) truncation of P* below ¢ (see [Wh]), i.e. the complex
given by

) P LJif1 2>t
B(P*Y = Kerdp. ,ifi=t—1
0

, otherwise,
Jb. Lifi2> 8
ag(P‘)' = iKerB;,. 3 ifl =t- 1;
0 , otherwise,

where igerst, 18 the obvious inclusion.

Lemmal. Let M* € K—*(A—pro)\K*(A—pro) be an indecomposable. Then B(a(M°®)*)"
is also indecomposable in D*(A) and

M* = Pgiamey)e
Proof. Obvious. O

Lemma 2. There exist skeletons Skp(A) and Sk K*(A — pro) of p(A) and K*(A — pro),
respectively, such that Verp(A) = Ver K*(A - pro).

Proof. Obvious. o



Let X(A) = {M" € Verp(A)| Fgpre & KA —pro) }. Let 2y be the equivalence
relation on the set X(A) defined by M* 2y N* iff Py & P3yu. in K=4(A - pro).
We use the notation X'(A) for a fixed set of representatives of the quotient set X'(A) over
the equivalence relation 2.

iFrom lemmas 1 and 2 we obtain the following

Corollary 1. There exist skeletons Sk D*(A) and Sk p(A) of D%(A) and p(A), respec-
tively, such that Ver D*(A) = Verp(A) U {B(M°)* | M* € Y(A)}.

Remark 1. If A has finite global dimension, we have X (A) = @ and VerD*(A) =
Verp(A).

Let T' be the translation functor D(A) - D(A). By analogy with [Dr] we will use
the following definitions.

Definition 1. Let k be an algebraically closed field and A be a finite-dimensional k-
algebra. Then

o A is called derived wild if there ezists a complex of A~k (z,y)- bimodules M* such
that each M® is free and of finite rank as right k (z,y)-module and such that the
Junctor M @y, ,) — preserves indecomposability and isomorphism classes.

® A is called derived tame (sce [GeKr]) if, for each cohomology dimension vector
(di)iez, there exist a localization R = k[z]; with respect to some f € k[z] and a
finite number of bounded complezes of A~ R-bimodules C},--- +Cr such that each
Ci is free and of finite rank as right R-module and such that every indecomposable
X* € DY A) with dim Hi(X*)=d; is somorphic to C; ®n S for some j and some
simple R-module S.

® A is called derived discrete (see [Vo]) if for every cohomology dimension vector
(di)iez, we have up to isomorphism a finite number of indecomposables X* € D?(A)
with dim H (X*) = d;.

o A is called derived finite if we have a finite number of indecomposables
X1+, X3 € DY(A)

such that every indecomposable object X* € DY(A) is isomorphic to T*(X}) for some
i € Z and some j.

In the case of an arbitrary field k we will say that a k-algebra A is derived wild (zesp.,
derived tame, derived discrete, derived finite) if the k-algebra A®yk is derived wild (resp.,
derived tame, derived discrete, derived finite), where k is the algebraic closure of k.



2.2 Quivers and relations

A quiver Q is a tuple (Qo, @1, 5, €), where Qo is the set of vertices, Q; is the set of arrows
and s,e are functions s,e : Qb — Qo which determine, resp., the starting and ending
vertex of the arrows.

Given two vertices a and b we define @, [a,b] as the set of all arrows from a to b.

A path pin Q of length I(p) = n > 1is a sequenced, ...a, of arrows such that s{eit1) =
e(a;) for 1 <i<n—1. Weset s(p) = s(a1) and e(p) = e(an). The concatenation pyp; of
paths py and p; is defined (in the natural way) if and only if e(p1) = s(p2). Additionally,
for every a € Qo, we introduce 1., a path (of length 0) with s(1,) = e(1s) = a. The set
of all paths (resp., all paths of length > m) in Q is denoted by P(Q) (resp., Pom(Q))-

Let k be a field. A relation in Q is a non-zero k-linear combination of paths of length
at least 2 having the same starting vertex and the same ending vertex. A zero relation in
Q is a relation of the form w where w is a path. A commutative relationin @ isa relation
of the form u — v where u and v are paths.

If Q is a quiver, then we denote by kQ the corresponding path algebra with basis the
set of paths in Q. The multiplication is induced from the concatenation of paths.

As usual, if ] is a set of relations in Q, let (Q,T) denote k@/ (I}, the path algebra
modulo the ideal generated by the elements in I. Note that our algebras have a unit
element if and only if the set of vertices Qo is finite.

We call a path pin Q a path in (Q,I)if p & (I). The set of all paths (resp., all paths
of length > m) in (Q, ]) is denoted by P(Q,I) (resp., P>m(Q, 1)) Note that if u —v is
a commutative relation, then we identify the paths u and v. It is clear that if I consists
of zero and commutative relations, then the set of elements of the algebra A = kQ/ (I)
which correspond the elements of P(Q, I) is a bases of A. We warn the reader that we
are taking only one element for each commutative relation.

A path w = w; - w, of length l(w) > 1in (Q,]) is called mazimal in (Q,I), or
simply, mazimal if uw and wv are not paths in (@, J) for each u,v € Q1.

We will denote by M = M(Q, I) the set of maximal paths in (@, ).

It is clear that if kQ/ (I) is finite-dimensional, then any path w € P(Q, I) is a subpath
of a maximal path in (@, I).

2.3 Gentle algebras
Let Q be a quiver and I a set of relation for Q.

Definition 2. The pair (Q, I) is said to be special biserial [SkWa] if the following holds:
o At every vertez of Q at most two arrows stop and at most two arrows start;

o For each arrow b there is at most one arrow a with e(a) = s(b) and ab ¢ I and at
most one arrow c with e(b) = s(c) and bc & I.



The pair (@, I) is said to be gentle [AsSk] if, it is special biserial, and moreover the
following holds:

e I ts generated by zero-relations of length 2;

o For each arrow b there is at most one arrow a with e(a) = 3(b) and ab € I and at
most one arrow ¢ with e(b) = s(c) and bce I.

A k-algebra A is special-biserial, or gentle, if it is Morita-equivalent to a factor algebra
kG /(T), where the pair (Q, I) is special-biserial or gentle, respectively.

2.4 Skewed-gentle algebras

We now define some basic notion and fix some gotation. Let Q be a quiver with a fixed
distinguished set of vertices which we denote by Sp, and I a set of relations for Q. We
call the elements of Sp special vertices, the remaining vertices are called ordinary.

For a triple (@, Sp, I) let us consider the pair (Q*?, I’?), where Q7 = Qo, QF :=
Q1U {a;|i € Sp}, s(a;) := e(a;) := i and I’P := T U {a?|i € Sp}.
Definition 3. A triple (Q, Sp,1) as above is called skewed-gentle if the corresponding pair
(Q*?, I*?) is gentle.

Let (Q,Sp,I) be a skewed-gentle triple. We associate to each vertex i € Qo a set,
which we will denote by Qo(%), on the following way: If i is an ordinary vertex then
Qo(s) = {i}, if i is special then Qoli) = {G¢,-). G, +)}

(Q*, I°%) will denoted the pair defined in the following way:

Q0 = UieqoQoli),
Q;y[a! ﬂ] = {(aial ﬂ) I a€ Qlaa € Qo(s(a))vﬂ € Qo(e(a))},
I:={ > Ms(aa,8)(B,b7)labe I,a € Qofs(a)), 7 € Qule(d))},
BEQo(s(b))
where Ag = —1if 8 = (¢, —) for some i € Qo, and \g = 1 otherwise.
Note that the relations in I*? are zero relations or commutation relatjons.

Definition 4. A k-algebra A is called skewed-gentle, if it is Morita-equivalent to a factor
algebra kQ*?/ (1*), where the triple (Q, Sp, I) is skewed-gentle.

Remark 2. We use signs Ag in the definition of I*® for technical reasons. Consider the
algebra B = kQ*s/ <r" > , where

Po:={ 3 (a,6,8)8,b7)]abe I,a € Qo(s(a)),r € Qule(®))}.
BeQo(s(b))

It is easy to see that the algebras A = kQ*?/(I*?) and B are isomorphic.
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Example 1.

1 & 2 [={ab,ba} a b B 9y 7= {ah —ab,
® T e QY: e ° .

Q: : .
b SP = {2} a by b.‘d]’,l,] = 1’2}

where a = (2,+), B=11~= (27_)’ a = (ﬂvaaa) az = (ﬂ:aa'Y)’ b = (aabaﬁ) and
by = (71b7ﬂ)'

Example 2.
1 & 2 ¢ 3 m  9m m+l I ={aain|l <i<m}
Q: o———~eo——~9o - 0 .
Sp==GQo
B B 2 B Bm G Bmur 19 = {cicis1 — difiyr,
" ® L 4 L ] LR *® L ]
Q7 : (31 E {1 %2 E ifg %mg ?‘m cidigr — digigr, ficivr — gifinns
[ 2 [ ] [ ] s [ ] [ ]
a Nt g B2 o3 an  I9m Oomi fidiys — gigin |1 S <m}

where o; = (i, =), Bi = (iy+), & = (Bir0ix Bina), & = (B 0is 1), fi = (04,84, Bit1) and
gi = (@i, ai, @ig1).

Let (Q,Sp,I) be a skewed-gentle triple. Let us consider a group of order 2, like
G = {e,g|g* = €}, with the following left and right action on A = kQ"/ (I*7): g(i, +) ==
G, 4)9 := (G, =), g(i,=) := (i,—)g = (i,+), g7 := jg := j for all i € Sp and all j €
QD\SP-) g(asa, ,B) = (gar a, .3)7 (a’aiﬂ)g = (0, a,ﬁg), g(uv) = (gu)v and (uv)g = u(vg)
for all &, B € Q¥¥,a € @, and u,v € P(Q*, I*%). We denote by A; the algebra generated
by the elements of the form (e, a, a,) and 1,,, where o; # (J,—), j € Sp. We remark
that in general the units in A and in A, are different.

Lemma 3. The algebra A, is gentle.
Proof. 1t is ease to see that Ay = kQ/(J), where J = I\ {ab|ab € I,e(a) € Sp}- (]

We set M+(A) = M+(Q", I'.V) = M(A+) = M(A) n A+.

We define a k-linear map € : A = Ay by the following rule: e((i,+)) = (G,+),
€((i,~)) == (i,4), (j) := j for all i € Spandall j € Qo\5p, e((a, ,8)) = (e(a), a,€(8)),
which extends to paths by the rule: e(uv) := e(u)e(v) for all o,B € Q¥,a € @y and
u,v € P(Q™, I').

Lemma 4. Let (Q,Sp,I) be a skewed-gentle triple and w € P>1(Q%,1%). Then
o if s(w) € Ay and e{w) € A, thenw = ge(w);
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o if s(w) € A} and e(w) & A4, then w = e(w)g;
o if s(w) € Ay and e(w) € Ay, then w = ge(w)g.
Proof. Evident. a

Corollary 2. Let (Q, Sp,I) be a skewed-gentle triple and w € P51(Q**,1*%). Then the
following hold:

e if w € Ay, then there ezist mazimal path m = m(w) € A, and paths w(w),w’' € A,
such that m = w(w)ww';

o if s(w) € A,y and e(w) € Ay, then there ezist mazimal path m = m(w) € A, and
paths w(w),w’ € A4 such that m = w(w)gww';

¢ if s(w) € Ay end e(w) € A,, then there exist mazimal path m = m(w) € A, and
paths w(w},w’ € A, such that m = w(w)wgw';

o if s(w) ¢ Ay and e(w) € Ay, then there exist mazimal path m = m(w) € A4 and
paths w(w), w’ € Ay such thet m = w(w)gwgw'.

In each case, paths m(w), w(w) and w' are uniquely determined by w.

Proof. By Lemma 3, A, is gentle. Hence the first statement follows from [BeMe)]. The
others statements follow from first statement and Lemma 4. For example, if s(w) ¢ A,
and e(w) € A4, then m(w) = m(e(w)), w(w) = w(e(w)) and w' is the same as for e(w). O

2.5 Skew-group algebras

(Compare with [GePe], section 4.) Geiss and de la Pefia define skewed-gentle k-algebras as
(non necessarily basic) algebras where certain loops - together with their corresponding vertices
- are distinguished to allow for naturally determining a group action of a group of order two.
We find preferrable to, say, create two vertices for each ordinary one, and two arrows for each
arrow, and to add some natural relations, obtaining in this way a basic algebra which is Morita
equivalent to the other one.)

Let A be a k-algebra, and G a finite group acting on A via k-linear automorphisms.
The skew-group algebra AG is the vector space @,eqAlg] with multiplication induced by

alg]b[h] := ag(b)[gh].

Let (Q, Sp,I) be a skewed-gentle triple. For a given special (resp., ordinary) vertice
1 let us denote by Qofi] the set {i} (resp., {(i,~),(i,+)}). Consider the pair (Q9,I9),
where Qg =3 UiGQoQO{iL { S {(a! +)7(a7 _') Ia € Q1}7

._ J (s(a),£) ,if s(a) & Sp; _ | (ela),x) ,ife(a) & Sp;
slla, %)) = { s(z(z)) : it 3(23 c sy clla) "{ e(a)) : o': 88 < Sp
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and [* := {(as +)(ba +)a (a, —)(bv _)I ab € I, e(a) g, SP}U {(a’ +)(ba ")? (ai _)(b) +) |
ab € 1,¢e(a) € Sp}. It follows from [GePe] that algebra B := kQ?/ (I*) is gentle. Consider
the group G = {e,g|g* = e} which acts on B defined by the rule:

g((i,+)) = (4,-), 9(4) =13, g((a, +)) = (a"")

for all i € Qo\ Sp,j € Sp and a € Q. It follows from [GePe] that the skewed-gentle
algebra kQ*/(I*?) is Morita-equivalent to the skew-group algebra BG in the case of
chark # 2.

Consider the group G = {e,g| g* = e} whith acting on A = kQ* / {19} defined by the

rule:
g(('a+)) = (11 _), g(]) = j1 g((avavﬂ)) = (g(a)aa7g(ﬂ))'
It is easy to see that the skew-group algebra AG is gentle in the case of chark # 2.

Example 3.
d
a 01 g 2 «
Q: e o I={adi,dici,i=1,2}
[5] dz

It is easy to see that B = kQ/ (I) is a gentle algebra, Morita equivalent to AG, where A
is the skewed-gentle algebra of Example 1 (see Subsection 2.4).

Example 4.

(5] [+] Cm
Q: ° ° . R - I = {cidig1, dicig1 }
d] d2 dn

It is easy to see that B = kQ/ (I) is a gentle algebra, Morita equivalent to AG, where A
is the skewed-gentle algebra of Example 2 (see Subsection 2.4).

3 S-representations

(Cf. [BeMe).)

We explain now the strategy we use from now on, and fix some notation. In the
remaining of the paper we consider A a skewed-gentle algebra and we want to describe
the indecomposables of p(A). We reduce this problem to a solved problem [BoDr]. We
proceed as follows.

We consider Y a linearly ordered set and a fixed subset )., in this subset we assume
we have defined an involution. We introduce a k-category S(V,k). This category is
useful since the problem of finding the indecomposables of it can be reduced to a matrix
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problem solved in [Bo],[De]. In this paper we show that, when A is skewed-gentle, we
can construct a linearly ordered set )’ = J(A) and subset J), with an involution defined
on the subset, such that the problem of finding the indecomposables of p (A4) is equivalent
to finding the indecomposables of a certain subcategory of S(),k), which we describe
completely.

Having described the strategy which we will use we start introducing the necessary
preliminaries.

In this section k is a field (as usual) and Y is a linearly ordered set (may be infinite)
provided with an (fixed) involution * on some subset Y. C Y (see [BoDr]). For each
z € ). such that 2" = z we introduce a new symbol Z and let J denote the union of
with the set of all z. We extend the order to Y assuming that the inequalities Z < y,
z < § and % < §j (more precisely, those that have meaning) hold if and only if z < y.

Given two block matrices B and C' (not necessarily square blocks), we say that the
horizontal partition of B is compatible with the vertical partition of C if the number of
rows in each B; is equal to the number of columns of each C* - so that we can multiply
CB by blocks -, and similarly we define what it means that the vertical partition of B is
compatible with the horizontal partition of C.

We define next the category S(V, k).

Definition 5. The objects of S(¥,k) are (finitc) square block matrices, B = BY (z,y e
Y), called S-representations of Y or V-matrices with all the entries of all the blocks sitting
in k, and verifying the following properties. (Notice that we represent the row z of the
blocks of B by B., and the column z, by B*. Notice also that some blocks may be empty.)

¢ The horizontal and vertical partitions of B are compatible.

e Ifz,y € Y. are such that y = z*, then all matrices in B, have the same number
of rows as the matrices in B, (and, consequently, all matrices in B® have the same
number of columns as the matrices in BY).

e B?=0.

A morphism of S(V,k) from B to C is a block matriz T¥ (z,y € V) with entries in
k such that the following are satisfied:

o the horizontal (resp., vertical) partition of T is compatible with the vertical (resp.,
horizontal) partition of B (resp., C );

e TC = BT;
o ifyfz, thenTV =0;

o ifz* =y, then T? = T¥.
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It follows from the definition that T is invertible if and only if all diagonal blocks T}
are invertible. )

Tt is clear that S(V, k) is an additive k-category. It was shown in [BoDr] that finding
the indecomposables of S(¥, k) can be reduced to finding the indecomposables of a matrix
problem introduced and solved in [NaRo]. Presently, we show that, when A is skewed-
gentle, finding the indecomposables of p(A) is equivalent to finding the indecomposables
of certain subcategory of S(J, k).

3.1 Bunches of semi-chains

We recall some definitions and results related to the bunches of semi-chains considered
by Bondarenko in [Bo] and Deng in [De] in a form convenient for our purposes (see
also [CB] for an alternative approach). We will use the classification of indecomposables
representations of a bunch of semi-chains given in {De].

Definition 6. A bunch of semi-chains C = {I, E:, F;*} is defined by the following data:
1. A set I of indices;

2. Two chains (i.e., linearly ordered sets) E; and F; given for eachi € 1;
Put E := U;a1 E;, F := U;al F; and ICI =EUF.

9. An involution * on some subset |Cl. C |C|.

We consider the ordering on |C|, which is just the union of all orderings on E; and F;
(i-e., @ < b means that a and b belong to the same chain E; or F; and a < b in this chain).
For each z € |C|. such that z* = & we introduce a new symbol # and let E; (resp.,
F)) denote the union of E; (resp-., F;) with the set of all Z for z € E; (resp., z € F; ). We

extend the partial order to E; and F, as we did above for ¥, and we put E := Uiar B,

F := U;iF; and [C| = EUF. We extend the partial order to |CJ as we did above for |C].
We recall the definition of the category rep C of representations of C (see [Bo]).

Definition 7. The objects of rep C are sets A = {A(1)]i € I} of block matrices A(3) =
(A% (z € F,y € E;) with entries in k, and verifying the following properties. (Notice
that we represent the row x of the blocks of A(i) by Az, and the column y, by AY. Notice
also that some blocks may be empty.)

o ifz" =y z, wherez,y€F (resp, z,y € E), then the number of rows in Az and
A, (resp., the number of columns in A% and AY) is the same;

o ifz* =y # z, wherez € F,y € E, then the number of rows in Az is equal to the
number of columns in AY.
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A morphismS : A = B inrep C is a set vf ggipg of block matrices S = {(S(i,1), (i, 2)|
i € I} with entries in k, where S(i,1) = (5Y) (z,, Fi), 8(5,2) = (8Y) (z,y € E;), such
that:

o the horizontal (resp., vertical) partition of S(i,1) is compatsvie with the horizontal
partition of A(t) (resp., B(i));

e the vertical (resp., horizontal) partition of S(¢,2) is compatible with the verticql
partition of B(z) (resp., A(i));

o S(i,1)B(i) = A()S(,2) for all i € I;

o ify ¥z in E; (or F;), then S¥ = 0;

* ifz* =y#z forz,y €|Cl, then §7 = 57.

iFrom now onwards, we suppose that C is complete, i.e. that |C|. = |C].

Definition 8. Let C = {1, E;, F;,* } be a complete bunch of semi-chains. We give now
the following related definitions.

e WORDS.

— A C-word is a sequence w = wyws - - - wy, of elements of [C| such that w}|w;y;
for all i < m, where, by definition ulv if and only if u € E;, v € F} for some
t € I or vice versa.

— The reverse for a C-word w = wywy - - - wy, is the sequence w* := wy, - - - wiw).

— Call a C-word w symmetric if w* = w and asymmetric otherwise.

e PERIODIC WORDS.

— A periodic C-word is a sequence w = (wi)iez of elements of |C| such that
w}|wiyy and wiy, = w; for some x> 0 and alli € Z. The smallest T salisfying
these conditions is the period of w.

The reverse for a periodic C-word w = (wi)iez s the sequence w* = (u;)iez
such that w; := w?; foralli € Z.

The p translates (p € Z) for a periodic C-word w = (wi)iez are the sequences
w(p] := (w[pl;)iez such that wpi := wiyy forallic Z.

Call @ periodic C-word w = (w;)iez symmetric if w* = wlp] for some p and
asymmetric otherwtse.

We remark that in general a periodic C-word is not ¢ C-word.

12



We will consider two equivalence relations on the set of C-words and periodic C-words,
which will be denoted by 2, and by %,. By definition, =, is the equivalence relation on
the set of all C-words, given by u &, w & u = w*; and =, is the equivalence relation on
the set of all periodic C-words which identifies each periodic C-word with its translations
and their reverses.

We denote by Irro k[z] the set of all irreducible polynomial f(z) # z over a field k
with leading coefficient 1.

We set Indo k[z] := {f*| f € Irro k[2],n € N}.

We denote by M the set of the following matrices (n2>0):

0175 1, ((an)T 1n+l) (1n+1 lata Jart lans
1n+l (an)T ! 1, Olﬂ ! 1n+1 Jn+1 ’ 1n+1 1n+1 ’
<1n+1 (1n0)T> ( 1, 0111) (1n+l 1n+1) o4 Jnt
o1, 1, /°\(1.0)7 1) ' \Jnrr Lasi) \Inp1 lapa)’

(Ff(r) La
1n+1 1n+1 ’

where .
01000 0 1 0 0o -0 O
001 -0¢0 0o 0 1 0o -0 0
000-00 0 0 0 1 -0
Japr=|. . . fadFm=} . .. (.) ,
000 -01 0o 0 0 o - 0 1
000 .00 G Qi1 Ge-2 Gi-3 * G2 B
and where f(z) = z* — a;7"' —--- —a; € Indo k[z], f(z) # (z — ).

For each asymmetric C-word w (resp., pair (w, i), where w is a symmetric C-word and
i € {0,1} ), Deng constructed in [De] some indecomposable representation of C, which
we will denote by T(w) (resp., T(w,1)), and for each pair (w, f(z)) (resp., (w, M)), where
w is an assymetric (resp., symmetric) periodic C-word and f(z) is an indecomposable
polynomial from Indo k[z] (resp., M is a matrix from the set M), some indecomposable
representation of C, which we will denote by T(w, f(z)) (resp., T(w, M)) (see [De] for
details).

A representation of a bunch of semi-chains C, that is isomorphic to some T(w) (resp.,
T(w,3), T(w, f(z)) or T(w, M)) will be called an assymetric string (resp., dimidiate
string, assymetric band or dimidiate band).

We denote by € (resp., §,) the set of all C-words (resp., all periodic C-words).

We denote by €, (resp., 2,) a fixed set of representatives of asymmetric (resp., sym-
metric) C-words over the equivalence relation =, and we denote by (., (resp., () 2
fixed set of representatives of asymmetric (resp., symmetric) periodic C-words over the
equivalence relation =,.

13



Theorem 1. De],Bo]. Let C be a complete bunch of semi-chains. Then each indecom-
posable representation of C is a string (esymmetric or dimidiate) or a band (asymmetric
or dimidiate). The representations T(8), where

§€Q, U, x {0,1} U N,y x Indo k2] T Q,, x M,

constitule an ezhaustive list of pairwise non-isomorphic indecomposable representations
of the bunch of semi-chains C.

4 The functor

Let A = kQ*8/ (I*%) be a skewed-gentle algebra and let (Q, Sp, I) be the corresponding
skewed-gentle triple (see Section 2). Set P := P(Q*,1%) and Py, := P51(Q",1%). To
begin with, we will fix a finite projective complex, P°, of length m, with the property
that the images of all differential maps are contained in the radical of the corresponding
module (in other words, P* € p(A))

0-+m -3 snim—1
—

p: 5. prm-t P nmel.

(Cf. for all what follows, {BeMe].)

We denote by P; the indecomposable projective corresponding to the vertex i € QY
and by p(w) the morphism between two indecomposable projectives corresponding to the
path w in (Q**, I*?). Let us say that in each P’ of the complex P*, the indecomposable
P; appears, d;; times or, simplifying our notations, that P is the component of P’
envolving the indecomposable P;. Thus, we can rewrite our complex as

L3 gntm-2

d; F:] 8n+m—l
®:=1Pl'"" —+ -

$:=1P?i,n+m-l ®:=1P"_1€.n+m.

As it is well known, each morphism between projectives (thm being finite direct
sums of indecomposables) is given by a block matrix, each block giving the morphism
component that corresponds to each pa.lr of 1ndecomposables In other words, each block
matrix corresponds to a morphism P& — P##*! And as we know, the paths w €
P,s(w) = r,e(w) = s form a basis of the morphisms space, Hom (P,,P,), but in our
particular case of the category p(A) we can assume that only paths w € P31 are involved.

(If wis as indicated, it defines the morphism p(w) from P, to P, consisting in mul-
tiplication times w on the right: u 3 v = uw. Any homomorphism from P, to P, is
associated then to a linear combination of paths like w.)

Hence, in order to represent our complex, we need to give a matrix, say, X = (X2/*)
determining the sequence of morphisms &, (j = n,...,n +m —1) which in turn determine
our complex. In particular, we have to represent the family of morphisms p(w) which

14



appear in & : PP — P+, To facilitate to remember, it is now convenient that we use a

formal sum ‘
& Z Xu,jp(w),

WG'le

where X,,; denotes the matrix block that expresses the "multiplicities” of the morphism
p(w) in the component corresponding to P41 of the restriction of & to P2, Let us
explain this in a detailed way:

Fixed the place j the component of &’ going from P to P29+ is represented by a ma-
trix X '}“ € Mat(d, xd,; k{p(w1), . . ., p(w0:))), where w;’s are the parallel non trivial paths
from r to s and k(p(w1),...,p(ws)) is the k-vector space with basis {p(wi),--.,p(we)}. It
is clear that X ‘}H can be writing uniquely as

i
X:j+1 = Z-Xw,'.jp(wi):

i=1

where X, ; € Mat(d, x d,; k).

(1t should be kept in mind that our convention is that the indecomposable projectives
appearing in the domain of our &, say, correspond to rows, whereas the indecomposable
appearing in the co-domain (target) correspond to columns.)

The condition #*8*+! = 0 is equivalent to:

Xun i Xunjr1 =0 (1)

w1 €P 5 w2 €Pp w=un w2

for all w € P>z and all j € Z.

Now, let us consider a morphism ¢* : P* = P'* between two complexes in p(A). At
each place, the morphism ¢° is a homomorphism from the projective, P? to the projective
P'; that is, a block matrix between the direct sums of indecomposable projectives. By
representing the blocks of ¢’ similarly as how we did with the differentials maps, by ¢w,j,
and the blocks of the differential maps of P”* by X, ;, we must have that

Gun i Xl i = > Xoun,iPuni+t @)

w1 €P . uwp€P 1 w=uwwy wy €Py w4 EP:w=wywy

The preceding ideas and Corollary 2 Jead us to the definition of our poset IV = V(A).
It has to be a product of two posets: the first corresponding to the paths and the second
to the places j. As a matter of fact, we introduce a poset Vo = y.,,(A) for each path
w € My = My(A). It is the set of the subpaths u of w such that s(u) = s(w), ordered
by the lenght of them. Then our definitions are the following.

Y= (UWGM+yw) X Z)
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where the first component is an ordered disjoint union and the second one is the set of
the integers and where we order the two products antilexicographically. (As for this, we
assume to have given some linear ordering, fixed, to M,.) This means that {u,i] < [v, j]
if and only if 1 < j or (£ = j and m(u) < m(v)) or (i = j, m(u) = m(v) and I(v) < I(v))
(see Corollary 2 for the meaning of the notation m(w)). It should be observed that it is
possible that a (trivial) path u belongs to two differen paths from M. If it is so, the two
occurrencies of u must be regarded, obviously, as different.

Next, we indicate how to define the subset Y, C ) and the involution * on ),. For
given u,v € Uyem, Vo, We state that u* = v if and only if either u # v and e(u) = e(v)
or u = v and e(u) € Sp. Then we state that [u,i]" = [v,;] if and only if { = j and u™ = v.

Next, to facilitate our exposition, let us introduce mapsy; : YV = Pand v, : Y — Z,
which we define according to the following rules:

o n([w,i]) = u and 7 (fu,i]) := ug;
o Y2([u,i]) := i and p([u, 1]) == i.
In order to fulfill all our promises, it will be enough to define a functor, F, from the

category p(A) to the category S(Y, k) and show that it respects and preserves indecom-
posable objects. This is what we do next.

In objects,
F(P*)! = Xum(ry » 1Y) =7(z) + L,ny) = n(=)w,w e Por;
& 0 , otherwise,
where the block F(P*), (resp., F(P*)*) has d,;(s),(z) rows (resp., columns).
In morphisms,

F(p°)! = Pum(z) 5 if 12(y) = 12(2), n(y) = n(e)w,w € P;
2 0 , otherwise.

It follows easily that (F(P*))* = 0 and that F(y*) is a morphism of S(J, k) for all
P* € Obp(A) and all ¢* € Morp(4).

Example 5.

Let (Q, I, Sp) be the skewed-gentle triple of Ezample 1 (see Subsection 2.4) and A =
kQ*/ (I°%) be the corresponding skewed-gentle algebra. We will use the notations of Ez-
ample 1. Firstly, we look for the set My of mazimal paths in the algebra Ay, We
see that there is only one mazimal path, so that My, = {a;b,}, and Por(Q%, 1) =
{a1,a2,b1,b5, 0151 }. Hence, the poset Y will be

{lﬁ <a < albl} xZ,
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and the involution * will be given by [15,7]* = [a1dy,]] and [a1,5]" = [ay,5]. The poset Yy
will be
{13 < {a;,a_l} < albl} X Z.

We see that the differential maps correspond to the formal sums

& = Xay j9(@1) + Xag i(02) + Xy P(b1) + Xy P(b2) + Xoghn P(a2b)-
Now, let us consider the following projective complex P*:
om0 P =P53‘>P’=P§®P5€BP.,—>0—)--- ,
where
8" = (2p(a) 0 plaib) plaz) ).

Then we have Xan = (20), Xoppy1 = (1), Xapy = (1), Xpyp = 0, Xp,1 = 0,

F(P)RA = Xewt, F(P)T = Xab, F(P')m Xap1 ond F(P*)Y is a zero

or the empty matriz in other cases.

Let U be the full subcategory of S(¥, k) defined by the objects of ImF. We can prove
the following lemma which has, clearly, the corollary that follows it. Remember that we
use the symbol Ver to denote the set of objects of a skeleton of a Krull-Schmidt category.

Lemma 5. Let F and U be as above. Then

e KerF =0;

e XY inU ifand only if X XY inImF.
Proof. The proof is similar to the proof of the Lemma 3 in [BeMe]. O
Corollary 3. VerImF = (Ver §(),k)) N ImF = Ver U.

5 Description of the indecomposables

In this Section, k is a field and A denotes a finite-dimensional skewed-gentle algebra
of the form kQ*/ (I*?), where (Q,Sp,I) is the corresponding skewed-gentle triple (see
Subsection 2.4 for the definition). We will identify the algebra A; with the algebra
kQ/ (J), where J = I\ {ab]ab € I,e(a) € Sp}.

17



5.1 Generalized strings and bands

In this Subsection we use the following notations: P := P(Q,J) and P5; := P>:1(Q,J).
Note that this notations are distinct from the same given in Section 4. Given an arrow a
of @, let us denote by a™! a formal inverse of a, and let us set s(a™") = e(a) and e(a™?) =
s(a), and let us extend it, as usual, writing (a=')~! = a. For each path p = a,...a, we
define (a;...a.)? =a;t...a7", 5(p~!) = e(p) and e(p~?) = s(p).

By a walk w (resp., a generalized walk) of length n > 0 we mean a sequence w; - - - w,
where each w; is either of the form p or p™*, p being a path of length 1 (i. e. an arrow)
(resp., a path of length > 0 ) in (Q, J) (= in A4) and where s(w;41) = e(w;) for 1 < i < n.
Again, s(w) = s(w;) and e(w) = e(w,). As usual, we consider inverses of a walk (resp.,
generalized walk). It is clear that passage to inverse is an involutory transformation.

If we have a closed walk (resp., closed generalized walk), i.e. it happens that s(w) =
e(w) we consider also its , rotations, w(j], which are the walks (generalized walks)
wj+1...w"wl...wj (j = 1,... N _1).

The product (= concatenation) of two walks (resp., generalized walks) w = w; - --w,
and w' = w) - - - wy, is defined as the walk (resp., generalized walk) wu’ = to; -+ - wyw} - -
w,, provided that e(w,) = s(w}).

We will consider two equivalence relations on the set of generalized walks, which will
be denoted by 2, and by &¢,. By definition, 2, is the equivalence relation on the set
of all generalized walks, generated by stablishing that « &, w ¢ u = w™!; and 2, is
the equivalence relation on the set of all closed generalized walks which identifies each
generalized walk with its rotations and their inverses.

By definition, a string is a walk w = w, - - - w, such that wipn Fwtforl <i<n
and such that no subword of w or of w™! is in J. The set of all strings will be denoted
by St.

With G5t let us denote the set of all generalized walks w = w; -+ -0, satisfying

o if wy,wy, € Ps1 and e(w;) ¢ Sp, then wywiy; € J;
o if w ', w3} € Py, and e(w;) ¢ Sp, then wihwt € J;
o if wi, wi; € Py1 or w7, wiyy € Py, and e(w;) & Sp, then wiwiy,; € St.

We denote by GSt a fixed set of representatives w of GS? over the equivalence relation
&, and all trivial paths, and its elements will be called generalized strings.

Call a nontrivial generalized string w symmetricif w = w=! and asymmetric otherwise.
Call a trivial generalized string 1; symmetricifi € Sp and assymetric otherwise We denote
by GSt, the subset of all symmetric generalized strings and put GSt, := GSt\ GSt,.

Similarly, we define the generalized bands in the following way.,

Given the generalized walk v = w, - - - w,, we put,for1 <i<n,

Hw(0) = 0, po (i) = po(i — 1) + 1 (if w; € Ps1) or (i) = pu(i — 1) — 1 (otherwise).
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After this, let us consider the set GBa of all closed generalized walks w = w;---wy,
(i.e. e(w,) = s(w;)) such that w?* € GSt, such that u,(n) = p,(0) and such that
they are not themselves powers. We use GBa for a fixed set of representatives of the
quotient set of GBa over the equivalence relation ¢, and we call its elements generalized
bands. Call a generalized band w symmetric if w = w™![t] for some t and asymmetric
otherwise. We denote by GBa, the subset of all symmetric generalized bands and put
GBa, := GBa\ GBa,.

Remark 8. In practice, we assume thal py(0) < pw(n). One is ellowed to do this
(inverting w if necessary) because if 1y, (0) > pu(n), then py-1(0) < py-1(n).

We will need the following

Lemma 6. Let w = w, - - - wy, be a generalized walk. Then

#u(i) = po-t(n — i) = pu(n) forany 0 <i<n.
Proof. Straightforward. 0

We define an order relation on the set GSt by the following rule: u =4y -um <v=
vy« - - vy, if and only if one of the following conditions hold:

. v;=u;for1SiSmand”;}+1€P21;
° u.-=t);f0f1_<_isﬂandﬂn+IEPZI;

o v; = u; for i < s (it is always true if s = 1), u,,v, € P5; and {(w(u,)u,) < {(w(v,)v,)
(see Corollary 2 for the meaning of the notation w(w;));

o v; = u; for i < s, u;,v;! € Py and l(w(u;?)) < Hw(v;1)).

5.2 String and band complexes

In this subsection we associate to generalized strings and bands certain finite projective
complexes which, as we shall see, give all the indecomposables in the category p(A).
For each ¢ € Qo we put

N _ | P;®P, ,ifi€Sp
P(i) = { P; , otherwise.

We consider the following left and right action of the group G = {e,g|g* = €} (see
Subsection 2.4) on A — pro : gp{w) := p(gw), p(w)g := p(wg) for all w € P(Q*, [%).

For given w = w; ++ * Wy, € GStandi=1,---,m, we define two matrices G(w, ¢) and
H(w,$) over kG by the following rule:
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o Case w; € P»;. Construction of G(w,1):
If s(w;) & Sp, we set G(w,1) == (e).

s(w;) € Sp and i = 1, we set G(w,i) := (e g)T.

If o

If s(w;) € Sp, i > 1 and wi_; € Py, we set G(w,i) := (e —g)T‘
If s(w;) € Sp, i > 1 and w(!| € P5,, weset G(w, ) := (0 g)T provided w}, .. w! <
Wi+ Wy and G{w,3) := (e g)T otherwise.

o Case w; € P»;. Construction of H{(w,i):
If e(w;) € Sp, we set H(w,?) := (e).

Ife(w;) € Sp, weset H(w,3) := (e 0) provided§ < m, w;}, € Py;and wj* -+ wi* <
Wig1 -+ W, and H(w,1) := (¢ g) otherwise.

o Case w]! € P>;. Construction of G(w,i):
If e(w;) € Sp, we set G(w, 1) := (e).
If e(w;) € Sp and i = m, we set G(w,i) := (e g)T.
If e(w;) € Sp, i < m and wi € Py, we set G(w,i) := (e —g)T.

If e(w) € Sp, i < m and wiy; € Pyi, we set G(w,i) := (e O)T provided

w{‘ R _wl—l > Wigy Wy, and Glw, i) 1= (e g)T otherwise.

o Case w;' € P5;. Construction of H(w,1):
If s(w;) & Sp, we set H(w,1) := (e).

If s(w;) € Sp, weset H(w,i) := (0 g) providedi > 1, w;_; € P>;and w7} ---wi! >
Wi W, and H(w,i) := (e g) otherwise.

For given i = 1,--- ,m we define a matrix F(w,t), defining a morphism in 4 — pro,
by the following rule:

o F(w,3) := G(w,)p(w;)H(w,i) if w; € P>y;
o F(w,i) := G(w,i)p(w;)H(w,i) if w]! € Ps1.

Definition 9. e For each nontrivial generalized string w = wy ... w, let us define a
projective complez P} as follows. For each i € Z, let us define the projective module

at the place i by .
F, = ©}00(1(5),1)P(c(4)),

where c(7) := e(w;) for 1 < j < n and ¢(0) = s(w), and where § is the Kronecker-
delta.
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And, for each i € Z, let us define the differential map from the module at i to the
module at i +1 by 85, = (8%, Jogjkcn, where

, F(w,j+1) , ifwj € Py, pu(s) =i andk=j+1;
O = F(w,j) ifwit € Porpu(f) =iandk=j-1;
0 , otherwise.

o For each trivial generalized string 1, let us denote by Py, the following projective
complex

03P =P, 50>

Example 6. Let (Q,I,Sp) be the skewed-gentle triple from Ezample 1 (see Subsection
2.4) and A = kQ*?/ (1*%) the corresponding skewed-gentle algebra. We will use for A the
notations from Ezample 1. As a typical ezample, we consider the generalized string

w = wyw, - - we = (b)(a)(a) 7 (b) ' (B)(a),
which is visualized by the following diagram:

ab a

The corresponding projective complez PJ is then visualized by the following diagram:

ot R a, % i
=20 - P - P} - P2 5> 0 =
F(w,1 F(w,2
P, (w,1) P, (w,2) P 0P,
e
P.oP P — P,&P
" Fw,s) " F(ws) K
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where F(w7l) = p(albl)J F(w1 2) = (p(al) 0) 1] F(wa 3) = (p(al) p(a2)) 3 F(w74) =
(p(br) 0)", F(w,5) = (p(b) p(b))" and F(w,6) = (plar) p(az)).

It follows from Subsection 5.2 that, if w is an asymmetric generalized string, then
the projective complex P} is indecomposable. Projective complexes isomorphic to such
a P will be called asymmetric strings. If w is a symmetric generalized string, then the
projective complex P; decomposes into the direct sum of two indecomposables projective
complexes Pj, and Pj,. Projective complexes isomorphic to a Py, (i = 0,1) will be
called dimidiate strings.

Next, we consider the case of generalized asymmetric bands.

Definition 10. For each asymmetric generalized band w = w; ... w, and each f(z) €
Indo k[z] we define a projective complez P} ; as follows.

First, we consider the matrices G(u,1), H(u,i) and F(u,1) which correspond to the
generalized string

U= U Unlingy * Usnlgngs ***Usp = Wy -+~ Wyth) -+ Wthy * - - Wp.
For each i € Z, let
Py = O7238(pul3), §) P(e(7)) @4 kU1,
and, also, for each i € Z, &, ; = (8% )ogjren—1, where

F(u,j+n+1)® iy y fwin € Porypu(f) =i andk=j5+1;
. F("1j+ n) ® ldeyj(z) » ifw;l € PZI;/‘W(j) =iandk =j-1;
T ={ (G(u,2n)p(wa)H(u,n)) @ Fyay , if wn € Por,pu(j) =4, j=n—1and k=0;
(G(u,n)p(w; ) H(4,20)) ® Fyz)y , if wy' € Por,pu(j) =4, j=0andk=n—1;
0 , otherwise.

Example 7. Let (Q,I,Sp) be the skewed-gentle triple from Ezample 1 (see Subsection
2.4), k the field Zy and A = kQ*? [ (I*9) the corresponding skewed-gentle algebra. We will
use for A the notations from Ezample 1. As a typical ezample, we consider the asymmetric
generalized band

w=wy -+ -wy = (a)(b)(ab)(ab)7?,

which is visualized by the following diagram:

a b
[ ] ® [ ]
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First we consider the matrices Q(y,i), H(u,i) and F(u,i) which correspond to the
generalized string

U = Up®  UnUnpl " Uanlopg * " Uspn = W1 W, -« w0y » - - Wy
For each 0 < j < n we set

l ,ifOSjST—l,'

d(j) := i r+1<5j<2r;
=Y m! L if 2r+1<j<2r+s—1;
m ,if r+s+41<5<n-1.

For each i € Z, let P':= @}") P(i, ), where

o PG, 5) = 6(uy(3), R @k P(c(j)) if 5 & {r,2r + s);

o Pi,) 1= 6(alr)s (K © Pugy) © (K" @ Poeey)) if 5 =15

o P(i,5) = 8(po(2r + 8), ) ((K™ @ Petars)) & (k™ @4 Pyears))) i 5 = 2r +5,
and, also, for each i € Z, 8;, ; = (8 )ogihgn—1, where

J ::k = 1a) @ Flun+ 7+ 1) if wipg € Poy, pu(j) =4, k=j+1andj ¢
{r—1,r2r,2r + s —1,2r + s};

o &y =145 @ Fu,n+3) fw' € Poy, pulj) =i, k=j—1andj ¢ {r,r+1,2r +
L,2r+s,2r+s+1}

. 8},‘ = (L, ®G(u,n +r)p(w,) 0) ifw. € Psy, pu(j) =i, j=r—1landk=3+1;
o O = (L@ p(w ) H(u,n+1) 0)" if wy' € Pyy, pulf) =i, j=r and k=j - I

o 3 = (0 1r @ plgwesr)H(u,n +r + 1))T if wrys € Py, pu(f) =4, j =r and

k=j7+1;
0 ‘Zik = (0 L @G(u,n+r+1)p(wg)) if wi € Py, puli) =4, j=r+1 and
=3-1
. a;:k = (lm‘ ® G(u,n + 27' + S)p('u)g,-+.) 0) if'UJQr.i., [ le, yw(J) = i, J == 2T+8—1
andk=j+1;

. Jikd:: (1 81 plwak )H(u,n+2r +3) 0)7 ifwyl, € Poy, tulf) =4, j =2r +s
and k=j3—1;

® 6;,, = (0 1,,.®p(gwg,+,+1)H(u,n+2r+s+ 1))T if Warget1 € le, ﬂw(]) L} i,
j=2r+sandk=j+1;
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hd a;:k = (0 IM®G(u!n +2r+8+1)p(w‘2-rl+:+lg)) tf w;rl+o+l € PZIJ P’w(]) = ir
j=2r+s+landk=3-1;

o 3, = (1® Glu,m) Ap(bi)(Lm © Hw,n +2r +1)) if by € Pon, i) = 1,3 =0
andk=n-—1;

o 8y = (Ln ® G(u,n + 2r + 1))ATp(b7") (L ® H(y,n)) bt € Py, puld) = 4,
j=n—1andk=0;

o &) = (L ® G(u,n))Cp(b)(1m ® H(u,2n)) if b1 € Py, pu(j) = 1,5 =0 and
k=2r+1;

o &y = (Lo ® G(u,20))CTp(57 ") (1 ® H(u,m)) if b7 € Pyy, () =4, =2r +1
and k=0

o J:k = (11’ ®G(u,n +2r + 1))Bp(bl)(1m ® H(u’n +2r+ 1)) ’fbl € PZ]; P’w(j) = i;
j=2randk=n-1;

o 8, 1= (1, ®G(u,n+2r+1))BTp(b] ") (L@ H(u,n+2r+1)) if b € Py, puld) =4,

j=n—1andk =2r;

. 3;'-,, = (1r @ G(u,n +2r +1)) Dp(b1 ) (1 ® H(u,2n)) if by € Po1, pu(j) =1, 5 =2r
and k=2r+1;

o &= (1w ® G(u,2n))DTp(b7")(1r ® H(u,n +2r + 1)) if b7t € Por, puld) =4,
J=2r+1 and k = 2r;

° 3;:,, := 0 in the others cases.

Example 8. Let (Q,I,Sp) be the skewed-gentle triple of Ezample 1 (see Subsection 2.4)
and A = kQ" /[ {I*%) be the corresponding skewed-gentle algebra. We will use for A the

notations from Ezample 1. As a typical ezample, we consider the symmetric generalize
band

w= wy - we = (a)(@)(ab)~(8) " (B)(ab),

which is visualized by the following diagram:

b ab a
¢ ——— . ¢ — ¢ ———— ®
b\. b ./
a
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Given a matriz

AC
MeM, M=(B D)eMat(k,(l+v)~m+m')),

the corresponding projective complez Py y is then visualized by the follow.., giggrom:

= = — 2
aw.aﬂl aw,zhf awjl{ agM a:;,M aw,M
=20 - Py = Py o Py = Ply o2 0 o -

pm 1;p(b,) Py M, Pl 1,;p(a1) PL

Py — Pl py P
Lp(by) M, 1ip(a2)

where My = A" plujt,) M; = BTp(albl), M; = CTplarhy), My = DTp(albl).

It follows from Subsection 5.2 tuet if o is a symmetric generalized band and M € M
(see Subsection 3.1), then the projective cunplex P? s is indecomposable. Projective
complexes isomorphic to such a P. ¢ Will be called Atmidigte bands.

5.3 Bunch of semi-chains C(A4)

In this subsection we associate to a skewed-gentle algebra A a bunch of semi-chains.

Initially, we recall some definitions and notations from [BoDr] in a form convenient
for our purposes.

We set
V(1) =Y\ D, V(2) = {z € Vo | 2" = 2}, I(2) := { |z € Y(2)},

Y(3) ={z €Nz <2*},Y(4) := {z € Y|z > z*},
Yult) := {m(z) |z € V()} N Y%,

where 7, is as in Subsection 4.

Definition 12. We associate to the given skewed-gentle algebra A a complete bunch of
semi-chains C = C(A) := {I, E,, F;,* }, where

eI = (M+ X Z)U (y(l) X {_7 +})r
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Fruw = {ulil%, v[i]L, v[i]2 | v € Yu(1),v € Ui 00(5)}

Ewpy = {uli + 1}, o[ + 1, 0fi + 15| v € Yu(1),v € Ui Du(5)}s
Foyp- = {2} Fegne = 0;

Ezp4 = {18}, Eaty,- =05

ufi}. < v[i]% if and only if either u <v oru=v and j > k;

ufi], < v[i]k if and only if either u < v oru =v and j <k;
o (u[il})" = (ufi]), WlElL)” = (ul])L end (ulily)* = (uli])2 for all uli] € Y.;
o (ufilL) = ufi]° and (ufil)* = uli]$ for all u[i] € Y(1).

Let us define a map f : |[C(A)| = Y x N by the following rules:

(z[i],2) ,if =[] € Y(1);
falily) = (=[i],3) ,if 2fi] € J(2);
(=lil,4) ,if =[i] € Y(3) U V(4);

(z[4],2) ,if z[i] € Y(2) U V(4);

flalil3) { 2[:] 3) if:[i] € Y(3); “

oy _ | (=lil.2) ,if 2[5] € Y(2) U Y(3);
ftl) = { Glil3) it oli] € ey

F(=lilL) = (2lil, 1), f(=BI) = =01,3), F(=BI) = (=[], 1)-

Now, if T is an indecomposable representation of the bunch of semi-chains C(A), we
define an Y-matrix B = B(T) as follows.

The horizontal and vertical bands of B will be partitioned in a compatible way into
narrower bands B, and B®*, where z € Y and k assumes the following values: k = 1,2
ifze Y1), k=1,23ifzeY2)uI(2)and k=1,2,3,4if z € Y(3) UY(4).

The blocks BY; are defined as follows:

BY =T if (z,k) = f(r) and (y,8) = f(2),
BY = —-BY%, if z € Y(2),
B, = BY, ify € Y(2),
and BY; = 0 otherwise,

where the sizes of zero blocks are the smallest such that conditions in the definition of
S-representations are satisfied.

27



We define a map A : |C(A)| = P by
Mzlilf) ==
for any o € {—,+} and any 3 € {0,1}.

Definition 13. We denote by Q'™ the set of all C(A)-words w = wyw, - -+ w, such that
the following conditions hold:

o«n>9;
e if w; € E, then A(wy){1] € Y(1);
e ifw: € E, then Mw,){1] € Y(1);
e ifw; € E, then Mwl_;) < AMw;), where 1 < i < n;
o if w; € F, then Mw}_,) > A(w;), where 1 <i < n.
We set O™ := ™ N Q, and Q™ := Q™ N Q,.

Definition 14. We denote by Q™ the set of all periodic C(A)-words w = (w;)iez such
that the following conditions hold:

e if w; € B, then Awl_,) < Mw;) foralli € Z;

o ifw; € F, then AMw!_;) > Mw;) foralli € Z.
We set Q7 := ™ N Qyyp and Q7 = Um N Q,,.

The next theorem follows from Theorem 3 in {BoDr] and Theorem 1.
Theorem 2. The Y-matrices B('T(8)), where

s IO™ x {0,1} TQT x Indg klz} I QI x M,

constitute an ezhaustive list of pairwise non-isomorphic non-zero indecomposable Y-matrices
inImF.

For a given generalized walk u = u;---u, in GSt and m € Z, we define a sequence
7((u,m)) := wy - + - Wap1, where w; € [C|, by putting

o wi=wl(tin)viafpu(i —1)+m]} if 1 <i<n+1and uiy,u; € Poy;

o w; = w(u‘-'_ll)[y,,(i -1)+mllifl<i<n+1and u,-'_ll,u,-'l € Poy;

o wi=w(u)[p(i—1)+m]L if 1 <i<n+1and ull,u € Py
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w; = w(ui— i [pu(i — 1) +mL if 1 <i<n+1and uioy,ui" € Pyy
w; 1= (w(w))m]t if i =1, uy € Py and w(u)[1] € s

wi = (w(uy)ur? ) [m2 i i = 1,47 € Py and w(uiup'[1] € Vs

w; 1= w(ug)[m]2 if i = 1, u; € Py1 and w(uy)[1] € Y(1);

wi = w(uyur [m]} if i = Luy" € Py and w(uy)up 1] € J(1);

w; 1= w(tgunfpe(n) + mlS if i = n+ 1, ux € Py and wlua)ua[l] € Vs
w; 1= w(uY)[pu(n) + mlt if i =n + 1" € Py and w(u7')[1] € Vos

w; 1= w(tn)nlpta(n) + ml} if i = n + 1, un € Pyy and w(ua)ua{l] € Y(1);
w; 1= w(u)pa(n) + m]L if i = n + Lu;' € Py and w(u;?)[1] € Y(1).

And, for a given closed generalized walk u = u; - - - 4, in GBa and m € Z, we define a
Z-sequence 7.((u,m)) := (vi)iez, where v; € |C|, by putting vinys 1= w; for any | € N and
any 0 < i < n, where w; are as above.

Lemma 7. Let u = uy - - -t € GSt. Then

1.
2.

3.

7((u,m)) is a C(A)-word for anym € Z;
If u € GBa, then 1.((u,m)) is a periodic C(A)-word for any m € Z;

((u,m)) = (r((u,m + pa(n))))* and 7((v™},m)) = (re((v,m + po(n))))" for any

u€GSt,veGBaandanym€Z ;

. 7((uli], m)) = ((u,m + pu(3)))[8] for any u € GBa and anym € Z;

. Ifu € G5 is symmetric (resp., asymmetric), then 7((u,m)) is symmetric (resp.,

asymmetric) for anym € Z;

If u € GBa is symmetric (resp., asymmetric), then 7.((u,m)) is symmetric (resp.,
asymmetric) for anym € Z.

Proof. 1. Let 7{(u,m)) = wy---wn41. We are going to show that w}lwiys for any
1 < i € n. We distinguish the following cases.

(a) i = 1, u; € P>y and w(u)[1]} € ..
Then wy = (w())*[m]L, wi = w(w)[m]L and w; = wlw)mlm + 1}3 for some s €
{0,1}. Therefore w} € Fim(u;)m) a0d w3 € E(m(u;).m), hence wilw,.

(b) i =1, u7* € Py and wlu Yuy'[1] € Ji.
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Then w; = (w(uyur) m]?, wi = wuru'[m]} and w; = w(ay!)jm — 1]° for
some s € {0,1}. Therefore wj € E,,(,-1) mm_y) a0d w2 € Fi 1) o, _y), hence wi|w,.
(c} i =1, uy € Py and w(w,)[1] € Y(1).

Then wy = w(u)[m]2, w} = w(u1)[m]L and wy = w(us)uy[m + 1} for some s € {0,1}.
Therefore w; € Fim(uy),m) a0d w2 € E(m(u;)m), hence wi|w,.
(d) i =1, u* € Py and wur )ur'(1] € Y(1).

Then wy = w(uy)uy[m]S, w] = w(u )ur{m]l and wa = w(u;*)im — 1)* for some
s € {0,1}. Therefore w] € Epyctym-1) a0d W € Fip(yot) m_y), hence wijw,.

(e) 1 <i<nand uiy,u € Py

Then w; = w(tic1)uioifu(i—1)+m]S, w} = (@(tim1)tiz1)* [ (i—-1)+m]2 and wiy, =
w(u;)u;[py(3) +m]5 for some s € {0,1}. Smce ui_yu; € GS1, we have m((w(ui=1)uim1)*) =
m(w(u;)u;) = m(u;) and therefore w] € Fim(u)pu(i-1)4m) 280d Wis1 € Efm(u)pali-1)+m)s
hence w}|wiy.
(f) 1 <1< nand ujy,u; G'P>1

Then w; = w1 )ui-a [pu(§—1)+m]}, v} = (w (u._l)u._l) [/.4..(1—1)+m]+ and wiyy =
w(u;!)[gu(i) +m]2. for some s € {0,1}. Since ui—14; € G5, we have m((w(ui—1)ui—1)*) =
m(w(u7Y)) = m(u;!) and therefore w? € Emurt)atiym) 20d wirs € F(m(“-n)'m(.)_'_m),
hence w}|w;4.

(g)1<1<na.ndu 2huit € Py

This, in a sense, is the dual of case (e).
(h) 1 <i<nand ui,u € Py

This, in a sense, is the dual of case (f).

2. Since u, ul] € G5, this statement follows from the statement 1.

3. Let 7((u,m)) = w1 -+ Wy, (T((u,m)))" = wiyy -+ w} = 21+ Tpyy a0d 7((uv™),m +
#u(n))) = Y1+ -Yns1. It is necessary to prove that x; = y; for all i. We distinguish the
following cases.
(a') Un € PZl,w(un)un[]-] € yn-

Then y1 = (W(un)un)*[m + pu(n)] and z; = (Wop1)* = (w(un)un[pu(n) + m]3)"
(@(un)un)*[m + pu(n))2, hence z; = y.
(b) uz! € Pyy,w(u,t)[1] € M.

Then gy = (w(uz1))m + pu(W)E and 21 = (wasa)" = ((uz?)lialn) + miL)"
(@(u3"))"[m + pu(n)]L, hence 2, = y1.
(€) un € Pa1,w(uq)un[1] € Y(1).

Then y1 = w(up)unlm + pu(n)]} and 21 = (wp41)* = (W(un)ualpu(n) + ml)*
wW(tn)un[m + pu(n)]3, hence z; = y;.

(d) uz! € Psy,w(uzh)[1] € Y(1).
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Then y = w(u;)[m + pu(2)]2 and 21 = (Won)® = (W(uZ")p(n) + mlL)
w(uz)[m + pu(n)]°, hence z; = 1.
(e) ur € Pyy,wlu)[l] € N

Then yups = w(u)lm + pa(m) + et ()] a0 2y = (01)" = ((o(ur))"[mlt)"
w(ul)[m]_ hence Tp+1 = Ynt1 by lemma 6.
(f) u' € Por,wluy 1)ui'l[l] € Y.

Then yns1 = w(uy Jup [m+pu(n)+pe- ()]} and 21 = (w1)* = ((w(uyuy ) [m]2)* =
w(uz)ui[m]}, hence Tnt1 = Yn41 by lemma 6.
(8) v1 € Po1,w(wi)[1] € J(1).

Then ynp1 = w()[m + pu(n) + 1 ()L and zp4r = (w1)* = (W(w)m]2)* =

(ul)[m]l hence Zn41 = Yn41 by lemma 6.

(h) uy' € Poryw l)uid[l] € Y(Q).

Then yn+l = “’("1 Dupt [m+pu(n)+pe-1 (n)]} and zag = (w1)* = (w(uy Duy l[m] )=
w(ur ! [m] hence Tp41 = Ynt1 by lemma 6.

(i) utipg v "_,_H € Py1, where1 <i<n+1.

Then we have g; = (7 )i g2 () + 0+ s i = DI and 23 = (wn_isa)” =
(w(u"“"'l)[““(n -1+ 1) + m]D) = w(un—!+2) n—|+2[0u|l(n' it 1) + m]+) hence z; = Yi
by lemma 6.

(J) “n-.+za Un—it1 € 'P>1, wherel <i<n+1.

Then we have y; = u.:(uﬂ_,_,_z)uﬂ_ﬂ,2 W(n) +m+ py(§ ~ 1))} and 25 = (Wn_ig2)* =
(wW(ttnmit1)un-isi[pu(n — i +1) + mli)* = “’(“n—:+2)“n—'+2[}‘u("‘ —i+1) + m]}), hence
z; = y; by lemma 6.

(k) Unmit2, Un—is1 € Py1, wherel <i<n+ 1.
This, in a sense, is the dual of case (i).

(1) tn-ip2,uptiyy € Por, wherel<i<n+1.
This, in a sense, is the dual of case (j).

4. Evident.
5. The statement follows from 3.

6. The statement follows from 4. 0

Corollary 4. The map 7 (resp., 7c) is a map from GStxZ (resp., GBaxZ) to § (resp.,
Q).

We denote by GSt™ (resp., GSt™) the set of all nontrivial asymmetric (resp., sym-
metric) generalized strings.

Lemma8. 1. Themaps7:GS5t xZ — Q™ and.:GBaxZ — Q;"‘ are bijections;
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2. We can choose GSt and 2, such that T(GSt¥ x Z) = Qi™;
3. We can choose GSt and Q, such that T(GSt¥ x Z) = Qim;
4. We can choose GBa and §,p such that 1.(GBa, x Z) = Qi™;

ap ?

5. We can choose GBa and §,, such that 7.(GBa, x Z) = Q‘;;‘.

Proof. 1. We define maps ' : @ — G5t x Z and 7 : 2™ — GBa x Z by the following
rule.

Let w = w; - -- Wy € O™, where n > 1. Suppose first that w;y; € E, where 1 <1 <
n. Since w}wiy; and A(w}) < A(wiq1), we have w! = z;[m;]% and wiyy = zyyi[m; + 1)%
for some z; € P, y; € P>1, m; € Z and s;,t; € {0,1}. Then we set u; := y;.

Suppose finally that w;yy € F. Since wf|wiy1 and A(w}) > Mwiy1), we have w} =
zy:(ms)¥ and wiyy = zifm, — 1}¥ for some z; € P, y; € P51, m; € Z and s;,t; € {0,1}.
Then we set u; := y;!.

We will show that « = u; -+ -u, € GS¢, that is that UiUip1 € GStforl <i<mn. As
for this, we distinguish four cases.

(a) Wit1,wiy2 €E, where 1 <i < n.

Then u;,uit1 € Pp1. Since wiy = zui{m; + l]s‘_, wi, = Zip1[mig ]
Tiprtipi[mips + 15+ (see above), we have (z;u;)* = ;4 and hence e(u;) = s(uiyq). If
e(u;) € Sp, then z;u; # ;41 and therefore u;u;4; € J becose of 7,414 € J and A is
skewed-gentle. Hence u;u;4, € GSt.

and wiy; =

(b) wiy1 € B, wiy2 € F, where 1 <i < n.

Then u;,u7}, € Pz,l' Since wiy1 = ziwilm; + 1Y, wiyy = ziugh[min]d and
Wips = Tipa[mipr — 1% (see above), we have (zju;)* = zipauzyy and hence e(y;) =
e(uisy) = s(uip1). If e(u;) € Sp, then ziu; # ziy1uy)y and therefore wusy; € St. Hence
u;tsy € GSt.

{(c) wit1,wis2 € F, where 1 <i < n.

This, in a sense, is the dual of case (a).
(d) wiy1 € F, wiya € E, where 1 <i < n.

This, in a sense, is the dual of case (b).

Then we set 7/(w) := (u,m;).

Let v = (vi)icz be a periodic C(A)-word from ™ and n + 1 be the period of it.
Then w = v+ vap1 € Q™ and we set 7/(v) := 7/(w). Since '(ww) € GBI, we have
74(v) € GBa.

It is easy to see that 77/, v'7, 7.7} and /7, are identity maps.

The others statements follow from the statement 1 and lemma 7. O
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5.4 The main theorem

For a walk w = w; - w, let us write g{w) for the minimum of the u, (i), = 0,--- ,n
and let us introduce also the following additional notations.

o Q.={a€ @i} ay...,am € Q1 such that s(a;y1) = e{a;),s(a1) = e(an),a1 = q,
@;ai41,ama € [}; .

o GSi. = {w € GSt] l(w) > 0 and 3 a € Q. such that aw € GSt, and p(w) = 0};

¢ GST = {w € GSt] l(w) = n > 0 and I a € Q. such that wa™' € GSt, and
#(w) = pu(n)};

e GSt,={w=w...w, € GSt.| if w; € Q. then wy...w, ¢ G5t}

o GSt*={w=1w...w, € G | if w! € Q. then w; ... way € GSE };
o GSt¢ = GS. N GSte.

Given w = wy - -+ w, € P51(Q, J), we set

. a, if 3 a € @, such that aw, € I;
W= .
0, otherwise.

Lemma 9. Let A be a skewed-gentle algebra and let w € P31(Q,J). Then we have
1. If s(w) € Sp, then Ker (p(w) p(gw))T = A(w, —wg) + A(gw, —gg);
2. If s(w) ¢ Sp, then Ker p(w) = Ker p(wg) = Aw + A(gw);
8. B(P2)° = P, for any w = wyw; such that wy! and wa are in Px(Q,J).

Proof. 1is obvious and, for 2, let us observe that, since A, is gentle, we have Ker p(w;')N
Ker p(w,) = Ker p(w;g) N Ker p(wag) = 0.

As consequence we obtain the following

Lemma 10. Let A be a skewed-gentle algebra. Then we have
1. For every w € GBa, and f € Indok[z], B(FPy ;)* = Fu i
2. For every w € GBa, and M € M, B(P} )" = Py

8. In order that Py p.y. ¢ K¥(A —pro) for some w € GSt it is necessary and sufficient
that w € GSt, or w € GSt°.
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The complexes in D?(A) isomorphic to T*(8(P2)*), where v € GSt,UGSt*,i € Z and

Py is an asymmetric (resp., a dimidiate) generalized stxing , will be called uwmetﬁc

(resp., dimidiate) periodic string.

Now we are in a good position to state and proof our main theorem which gives all
the indecomposable objects of the derived category.

Theorem 3. Let A be a finite-dimensional skewed-gentle algebra and let us keep our
foregoing notations. Then eack indecomposable object of D¥(A) is a string (asymmetric
or dimidiate) or a periodic string (asymmetric or dimidiate) or a band (asymmetric or
dimidiate). The complezes T*(P;) and T*(B(Py)"), where

& € GSt, L GSt, x {0,1} I GBa, x Indo k[z] Il GBa, x M, 3)

v € GSt. U (GSt°\ GStS) and i € Z, (4)
(T being the translation functor) constitute an ezhaustive list of pairwise non-isomorphic
indecomposable objects of D*(A).

Proof. A straightforward calculation, whicl} we omit, shows that for any nontrivial §
satisfying (3) and any ¢ € Z we have F(T*(F;)) = B(T(7(4,1))). Therefore it follows
from Lemma 5, Theorem 2 and Lemma 8 that, for § satisfying (3), the complexes T*( F})
constitute an exhaustive list of pairwise non-isomorphic indecomposable objects of K*(A—
pro).

We end up our proof with the following observation. It follows from Lemma 10 that
{B(M*)*|M* € Verp(A) and Pgy,.). & K*(A-pro)} = {T*(B(P})*)| v € GSt I(GSt°\
GSt:) and i € Z}. O

As consequence we obtain the following

Corollary 5. Let A be a finite-dimensional skewed-gentle algebra. Then

(i) A is derived tame;

(i) A is derived discrete if and only if GBa = @;

(3i) A is derived finite if and only if |GSt| < oo.

Remark 4. If A has finite global dimension, the statement (i) of the corollary follows
Jrom [GePe].
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