





Equation (1.1) clearly has the spatially homogeneous equilibria 0 and +mg; mgs
being the positive solution of the equation

mg = tanhBmg . (L.2)

It also has been proved in [3] that, in the space of continuous bounded functions in
IR, there exists a exponentially stable stationary solution whose asymptotic values at
+o0 are £mg (the instanton).

We consider here the same equation restricted to the subspace P,, of functions
periodic in space with a given period 27, 7 > 1. As we will see below this leads naturally
to the consideration of a flow in L%(S?), where S! denotes the one dimensional unit
sphere. In this space, one can show existence of a global compact attractor and the
existence of stationary solutions in addition to the ones mentioned above.

2 The flow in L?(S!)
We start by observing that, using uniqueness of solutions, it is easy to show that P,
is invariant under the flow defined by (1.1). Now, if = > 1 is a given positive number,
we define J7 as the 27 periodic extension of the restriction of J to [—7, 7].
Lemma 2.1 Ifu € Py,, then

(rw@) = [ T -yu)dy.
Proof: If u € P,., then

(xu)@ = [ J-yul)dy
= [Tz -yt dy

4T
[ e - vuwdy
[ 7@ -vuwdy.

In view of this lemma, the problem (1.1), restricted to P;,, with 7 > 1, can be

written as Om(r, 1)
o = —m(ryt)+tanh (8 [ (2 - yym(y) dy)
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Now, define ¢ : [—7,7] = S* (the exponential map), by

p(z) =¢

and, for any u € P, v: S = R by
o((z)) = ().

In particular, we write J(¢(z)) = J7(z). Then, a simple computation shows that
u = u(z,t) is a 27 — pertodic solution of 1.1 if and only if v(y,t) = u(e " (y),y) is a
solution of

Om(y,1)

ot

where now * denotes convolution in S*, that is

= ~m(y,t) + tanh (8. * m(y, 1)) (2.3)

(Jrm) @) = [ T =m(z)dz

and dz = Zds where ds denotes integration with respect to arclenght. This will be
the measure adopted in S! in the sequel. From now on, we drop the “sign in J for
simplicity.

Equation (2.3) generates a C! semiflow T(t) in X = L*(S") since its right-hand
side is a Lipschitz continuous function in this space.

3 Existence of the global attractor

In this section we prove the existence of a global maximal invariant compact set A C X
for the semiflow T, which attracts the bounded sets of X (the global attractor) (see [1]
or [5]).

We recall that a set B C X is an absorbing set for the semiflow T if, for any bounded
set C in X, there is a t; > 0 such that T(¢)C C B for any t > t; (see [5]).

Lemma 3.1 For any ¢ > 0, the ball of radius g is an absorbing set for the flow
T(t).

Proof: For u € X, we denote the norm of u by ||ul|. Let u(t) = T'(t)u. Then, while
Hull 2 :1_@:, we have



Zid_t/sl luffdz = —2(/Sluzd:c—/slutanh(ﬂJ*u)dm)
—2/;lu2dz+2(_[glu2dx)%(-/;l(ta.nh(ﬂ.f*u))zda:)%

<

< —2/Slu2dx+2x/§?(j;1u2dz)%
< =2(|luli® - Var|lul))

< ~2HUH2(1-”T‘/§E)

< —2¢ffulf?

Therefore, while ||u}| > Y21 we have

1-e?
d 2 2
@I < ~2ljul

Thus
() < et ju(to)|]. (34)

and the result follows imediatelly.

Remark 3.1 The estimate (3.4) above actually shows uniform exponential decay with
rate € to the ball of radius 51_@:

Theorem 3.2 There exists a global attractor A for the semiflow T(t) generated by 2.3
in X, which is contained in the ball of radius \/27.

Proof: If u(z,t) is a solution of 2.3, we have by the variation of constants formula
t
u(z,t) = eu(z,0) +/0 e'~* tanh {B(J * u)(z,s)} ds . (3.5)

Write T3 (t)u = e~*u(z,0), Ta(t)u = f e'~* tanh {B3(J * u)(z, 3)} d s and suppose u € C,
where C is a bounded set in X. Then ||Ty(t)u|| = 0 as ¢ = oo, uniformly in u. Also,
by lemma 3.1 there exists a to such that, for any u € C, ||u(t)|] < 31_@: for t > ¢,.
Therefore, for these values of ¢
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|§;T2u| |/ -—ta,nh{ﬁ(J*u)(:c s)} ds
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It follows that, for ¢ > o and any u € C ||£T5u|| is bounded by a constant

(independent of ¢t and u). Thus U T»(t)C is relatively compact in X by Sobolev’s
t>to
imbedding theorem.
The result follows than imediately from Theorem 1.1 of [5].

Now, once estimates in L? for solutions in the global attractor have been proved,
one can use a bootstrap argument to obtain more regularity for them.

Theorem 3.3 The global attractor A is bounded in H*(S').

Proof: I u(z,t)is a solution of 1.1 in A, we have by the variation of constants formula
t

u(z,t) = e~y (2, ¢) +/ e~ tanh {B(J * u)(z,s)} d's (3.6)
to

Since u(z, o) is bounded by /27 for any choice of to, letting to — —o0, we obtain

u(z,t) = /_:o e tanh {B(J * u)(z,3)} ds (3.1

(equality in L?).
Therefore, proceeding as in the proof of theorem 3.2, we get



aeu(edl S [ e tanh (U + w)(@,)} ds]

V2r
< (=8 L &) ds

2y

IA

and, similarly

I U(z ) <

The result is, therefore, proved.

V2r
1-—-¢

4 Stationary solutions

The following functional F(m) is used in [3] to prove the existence of the instanton.

Fim) = [(fm(z)) - fmg)ldz+ 7 [ [ (&~ y)lm(z) — m(y)} dz dy

where f(m) (the free energy density) is given by
1,

f(m) = —5m = B~ 1i(m)
and i(m) is the entropy density
i(m) =~ P log( 1My 1M ypg( 1)

2

A difficulty encountered w1th this functional in the space of continuous bounded

functions in IR is that it is not defined in the whole space. F(m) < oo if, and only if

m(z) is close -in a certain sense- to +mg in a neighborhood of the infinity (see [3] for
details).

In our setting though, we have a similar functional defined in the whole phase space,
as follows

Fom) = [Um(@) = fomglda+7 [ [ Ia-y)im(a) ~ mip)Pdzdy .

The following result is an adaptation of proposition 2.8 of [3] to our context.
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Lemma 4.1 Let m(-,t) be a solution of 2.8 m(-,0) < 1. Then (F(m(.,t)) is well
defined for all t > 0, it is differentiable with respect to t for t > 0 and

d
;7 (m(51) = —I(m(-,2)) < 0

where, for any h € L*(5Y), ||h]le < 1,

I(h(-)) = /S 1(J * b)(z) ~ B arctanh(h(z))][tanhB(J * h)(z) - h(z)]d=

We are now ready to establish the existence of non trivial periodic equilibria for
equation 1.1. For any n € N*, we define the subspace A, of X by

A= {v € Xlolp(= + 1) = =o(e(w)}

It is easy to show, using uniqueness, that these subspaces are invariant under T'(t).
Our result is given by

Theorem 4.2 For any no € N, there is a 7(ng) such that, if T > 7(ny), there ezists
e nontrivial stationary solution of 2.3 in A,, for any n < ng. Furthermore, these
solutions are all unstable.

Proof: Consider the function in A, defined by I(p(z)) = mg for 0 € = < L, and
{(x,t) the solution of 1.1, with initial condition /(-,0) = [. We then have, if r > n

1 T T
F = 7 [ [ T@-ye) - w)idyds
1 &3 s+ ik 2
= = (x — dyd
1 & pe e
+ - Y / / JT(:c—y)4m?,dyd.1:
R 2 —1)m} [ [ e~ y)dyd
= (2'n--1)mﬁ/0 /I_IJ(I—!!) ydz + (2n - 1)my _1/0 (z-y)dydz
1 pz
< 2(2n—1)m,23/ f lJ"’(m:—y)dyd:c
0 Jz—
1 40
. _ 2 T
= 2(2n l)mﬁf0 ]_IJ(z)dzd:l:
= (2n—1)m}



On the other hand
FO) = [ (F0) - fimg))dz = 2r(7(0) = f(ms))

Therefore, if T > ﬂ}%%z‘”ﬁ)—), F(0) > F(I) and the w-limit of ! does not contain

the null stationary solution.

Now, the existence of a global compact attractor implies precompacity of the orbits
of T(t). It follows then by La Salle’s invariance principle (see [2]) that I(z,t) — M,
where M is the maximal invariant subset of E = {m € L*(S")|F = 0}.

Since any point in E is a stationary point of 2.3, the first part of the theorem follows
immediately.

Let m(z) be a nontrivial equilibrium in A,. The linearization of the evolution
equation 2.3 around m is

dv=-v+(1-m)BJxv=Ly

The operator Tv = (1 — m?)B3J * v is compact and self-adjoint in L?. Now, since
L(m') = 0, w’ is an eigenfunction of T' with corresponding eigenvalue A = 1, that
is, Tra’ = m'. Let ¢ = |m'|. From Tm' = m', we obtain immediately 7o > .
Furthermore, since m’ changes sign, there exists a point Z in S where #(Z) = 0, and
© does not vanish in any neighborhood of Z. It follows that T%(Z) > v(Z). But then,
by the minimax principle, we obtain for the maximum eigenvalue A, of T

’\p = max{fwlvelﬁ}

<v,v>
S <Tv, o>
- <0,7>
> 1

Therefore £ = —I + T has a positive eigenvalue and m is unstable.

Remark 4.1 Since mg — 0 as 8 = 1 and F(0) = 7(1 — })mf + O(m3) as mp — 0,
it follows that F(0) < F(I) if B is close to 1. Therefore, for anyn > 1 and 7 fixed the
argument above cannot be used to show ezistence of solutions in A,.
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Figure 1: Stationary solution: 1 =2 and n =1

5 Numerical Simulations

We have implemented a numerical scheme for solving equation (2.3), based on a second
order predictor-corrector method for the discretization of the differential equation.
The convolution is computed through a multiple Simpson-rule, while the J function is
chosen as a cubic spline, giving it the further property of being twice differentiable.

Numerical simulations helped on gathering evidence of the existence of the station-
ary solutions that we proved to exist. On the other hand, numerical experiments also
provide means for illustrating the behaviour of the solutions in certain cases. In Figure
1 we plot the stationary solution obtained as in theorem 4.2 with 7 = 2 and n = 1, after
the temporal evolution of the initial state. We used the value # = 2 in the simulations.

In Figure 2 we display how the shape of these stationary solutions vary with n, for
a fixed value of 7. In this case we employ 7 = 8 and show in the same graph the cases
n =4,n=2and n = 1. We point oul that the stationary functionfor r =8and n =4
is actually the same as the one for 7 = 2 and n = 1, presented in Figure 1. All these
stationary solutions present a similar shape, having almost flat parts close to +mg or
—mg and transition zones between them. We also note that the value n = 8 in the
case 7 = 8 does not lead to a stationary solution (the conditions for theorem 4.2 are
not satisfied in this case).
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Figure 2: Stationary solutions: r=8 andn=4,n=2,n=1.
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Figure 3: Unstable behaviour of perturbed stationary solution: 7 =2 and n=1

In Figure 3 we present results of the use of the numerical method as a mean for
illustrating the unstable behaviour of the stationary solutions. In this case, the proof
of theorem 4.2 provided the guidance for the choice of the perturbation we added to
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the stationary solution, in order to be able to observe the instability of the solution.
We perturbed the stationary solution ( 7 = 2, n = 1, 8 = 2 ) by one percent of the
modulus of its derivative and computed the evolution of this initial state. The solution
remains close to the stationary one for a long time, departing slowly from it, until
reaching a point when it converges very fast to the stable stationary point given by the
constant solution equal to mg. This evolution is shown in Figure 3.
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