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Abstract 

In the context of either Bayesian or classical sensitivity analyses of over-parametrized 

models for incomplete categorical data, it is well known that prior-dependence on pos­

terior inferences of non-identifiable parameters or that too parsimonious over-param­

eterized models may lead to erroneous conclusions. Nevertheless, some authors either 

pay no attention to which parameters are non-identifinble or do not appropriately 

account for possible prior-dependence. We review the literature on this topic and con­

sider simple examples to emphasize that in both inferential frameworks, the subjective 

components can influence results in non-trivial ways, irrespectively of the sample size. 

Specifically, we show that prior distributions commonly regarded as slightly informative 

or non-informative may actually be too informative for non-identifiable parameters, and 

that the choice of over-parameterized models may drastically impact the results, sug­

gesting that a careful examination of their effects should be considered before drawing 

conclusions. 
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1 Introduction 

Models that take the incomplete data generating process into account are, in their most 

general form, over-parameterized and non-identifiable. Paulino & Pereira (1994) present a 

nice review on non-identifiability in Statistics and discuss its consequences in both classical 

and Bayesian analyses. Neath & Samaniego (1997) and Gustafson (2005) also present an 

interesting discussion centred on the Bayesian point of view, while Daniels & Hogan (2007) 

specialize focus on longitudinal missing data. For drawing classical inferences, the most com­

mon way to overcome non-identifiability is to consider identifying constraints that allow the 

model to reHect some specific missing data generating mechanism. Because the underlying 

assumptions are generally unverifiable, statisticians usually perform an "informal" sensitiv­

ity analysis based on a set of plausible (but subjective) identifiable models, even though 

such models may still fail to reHect some desired and more complex missingness mechanism. 

A more formal alternative, which we call classical sensitivity analysis, involves repeated 

sensitivity analyses with different over-parameterized models for which the non-identifiable 

parameters are set to fixed values (see e.g., Nordheim, 1984; Copas & Li, 1997; Scharfstein 

et al., 1999; Vansteelandt et al., 2006). These routes may appear to be unnecessary under 

a Bayesian framework because the use of proper prior distributions unblocks the inferential 

process (Paulino & Pereira, 1995). However, given that the data do not contain information 

to update the prior distribution for all parameters, additional care must be taken in its 

elicitation. Indeed, non-identifiability may be hidden in the proposed priors and this may 

create a false sense of precision if very careful attention is not given to their choice. 

Molenberghs et al. (2001) state that more over-parameterization yields more uncertainty, 

whereas too parsimonious models may miss the true one. In practice, however, these and 

other authors (e.g., Daniels & Hogan, 2007, Chap. 10) usually propose a reduction in the 

dimension of the adopted models and consider only a few parameters for their sensitivity 

analyses. Keeping this in mind, our first objective is to illustrate further that such reduction 
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of the dimension must be carried out with great caution to avoid misleading conclusions. Al­

though we scrutinize this only under a classical approach, similar consequences are expected 

under a Bayesian framework, too. 

When considering Bayesian analyses of incomplete categorical data, Paulino & Pereira 

(1992, 1995) and Forster & Smith (1998) clearly indicate that posterior summaries of param­

eters of interest are prior-dependent. Soares & Paulino (2001) also note this, but erroneously 

believe that the implications of this dependence may be mild for large samples, given that 

the data update some functions of the parameters of interest. Indeed, Neath & Samaniego 

(1997) conclude: 

Bayesian analysis cannot be used with impunity in estimating non-identifiable 

parameters. . .. Because posterior estimates of non-identifiable parameters are 

strongly influenced by prior modelling, even as the sample size grows without 

bound, it is important to use the utmost care in applying and interpreting Bayesian 

analysis in such settings. 

Recently, Tian et al. (2003) and Jiang & Dickey (2008) consider higher levels of over­

parameterization (allowing for misclassification as well as for missingness in categorical data) 

without clarifying that the parameters of interest are non-identifiable and without appro­

priately accounting for the prior-dependence. Our second objective is to show that a good 

deal of prior-dependence still remains for non-identifiable parameters in analyses with huge 

sample sizes and priors commonly considered as non-informative or slightly informative. 

We do this by nnalyzing simple examples with missing categorical responses, although the 

essence of our conclusions will carry over to missing continuous responses, as well as to other 

statistical areas where non-identifiability is of concern, like those where misclassification and 

measurement errors are involved. 

We review both the Bayesian and the classical approaches for the analysis of incomplete 

categorical data in Section 2. We explore and compare both frameworks using illustrative 

data in Section 3 and reanalysing the data from the Collaborative Perinatal Project displayed 
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in Table l (Baker et al., 1992) in Section 4. In the first case, we examine the effects of a 

monotone missingness pattern on identifiable and non-identifiable parameters with data 

from samples with sizes varying from small to large. In the second case, a prospective 

study with pregnant women to assess the association between maternal smoking and low 

newborn weight, we illustrate that the conclusions may change depending on the choice of 

the subjective components of the Bayesian and the classical approaches. 

Table 1: Observed frequencies from the Collaborative Perinatal Project. 

Smoker Newborn weight (kg) 
mother < 2.5 2': 2.5 missing 

yes 4,512 21,009 1,049 
no 3,394 24,132 1,135 

missing 142 464 1,224 

2 Inferential Approaches 

Paulino & Pereira ( 1992) developed a Bayesian solution based upon unconstrained miss­

ingness models for incomplete categorical data analysis when the missingness patterns can 

be structured into partitions of the set of categories. Examples of these patterns are the ones 

generated by incomplete classification only into marginal subtables as in Table 1. Such a 

requirement was relaxed in Paulino & Pereira (1995), who considered more general censoring 

patterns. Their approach serves as the basis of Section 2.1, where we sketch the problem, 

define notation, and specify the likelihood; it also serves as a starting point for the identi­

fication of the prior and posterior distributions discussed in Section 2.2. In Section 2.3, we 

review the classical sensitivity analysis of Vansteelandt et al. (2006). Finally, in Section 2.4, 

we comment on differences between both approaches and on extensions. 
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2.1 Problem description, notation, and likelihood 

Consider a random sample of size n, wherein each of the units is classified into response 

category r with probability (J,, r = l, . . . , R, and R corresponds to the number of combina­

tions of the levels of the response variables. For several reasons attributable to censoring or 

missingncss mechanisms, we may only be able to observe the frequency of units in nonempty 

subsets C of {l, . . . , R}, which we call response classes. In particular, the response for a 

unit is fully categorized (in category r) or fully missing depending on whether C = {r} or 

C = {l, ... , R}. We assume that units with response in category r are observed in class 

C with probability >.c(r)· We also assume that there is no misclassification, i.e., >.c(r) = 0 

whenever r ¢. C. Taking P0 as the union of the response classes with no missingncss and 

'Pm as the union of those with some degree of missingncss, it follows that 'P = 'P0 U 'Pm em­

braces all possible response patterns. Likewise, the data may be summarized in the vector 

N = (N:,N:.,)', where N0 = (nc,C E P0 )' = (n,,r = l, ... ,R)' stacks the frequencies of 

the fully categorized observations, and Nm = (nc,C E 'Pm)' encloses the frequencies of the 

partially or completely missing observations. Let 8 = (fJ,.r = 1, . .. , R)' be the parameter of 

interest, and .X = (.X:,, r = 1, ... , R)' be the vector of conditional probabilities of missingness, 

where -Xr = ( >.c(r), C E 'Pr)', and 'Pr = { C E 'P : r E C} contains the response classes that 

include category r. Note that the natural constraints are L~cl Or = 1 and Leep, >.c(r) = 1, 

r = 1, ... , R. Hence, the likelihood function for (0, .X) is 

L(8, .XJN) cc [I (L Or>.c(,)) nc = IT (O.~,(r))"' x [I (L Or>.c(r)) nc 
CE'P rEC r=l CEP,.. rEC 

This parameterization is known as selection model (Glynn et al., 1986; Little & Rubin, 2002). 

Alternatively, we may consider the joint probabilities µ. = {JJcr }, where /.'er = 9r>.c(r), or 

yet a version of the pattern-mixture model parameterization (Paulino & Pereira, 1995) that 

is suitable to identify parametric functions for which the sample contains no information. 
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Let '1o = L~=i ''" be the probability that a unit is fully categorized, and -re = kec JJC., 

be the probability of observing the response class C,C E 'Pm. Likewise, let 0 0 = {o,(o),r = 
1, ... , R)', with o,(o) = µ.,/'10 , be the conditional probabilities of response categories r = 
1, . . . , R given a complete classification, and ac = {or(C), r EC)', with O,(C) = JJc,/'1c, denote 

the conditional probabilities of belonging to each of the categories included in the response 

class C given this partial categorization, C E 'Pm- Then, the likelihood function of (-y, a), 

where -y = ('10 ,-rc,C E 'Pm)' and a= (a~,ac,C E 'Pm)', is expressed as 

L(-y,alN) <X -r:• TI '1~ X IT o~(o) X TI (L O,(C))"", 
CE'P'" r=l CE'P ... rEC 

(1) 

where n0 = I:~=I n,.. Since the natural constraints are '1o + LceP~ '1c = 1, I:~=J o,(o) = 1, 

and L,ecOr(C) = 1, CE 'Pm, it is clear that the parameters {or(C),C E 'Pm} actually do not 

appear in ( 1) and, hence, there is no sample information about them. 

To illustrate the concepts introduced so far, we tum to the data presented in Table 1, 

where we replace the index r by two indices, namely, i = 1, 2, to indicate smoking and 

non-smoking mothers, respectively, and j = l, 2, to indicate birthweight < 2.5 or ~ 2.5 kg, 

respectively. Then, the response classes associated to the data in Table 1 arc displayed in Ta­

ble 2, so that, N 0 = (4,512; 21,009; 3,394; 24, 132)' and Nm = (1,049; 1, 135; 142; 464; 1, 224)' 

are the frequencies corresponding to the response classes in 'P0 = { {11}, {12}, {21}, {22}} 

and 'Pm = { { 11, 12}, {21, 22}, {11, 21}, {12, 22}, {11 , 12, 21, 22} }, respectively. 

Table 2: Response classes from the Collaborative Perinatal Project. 

Smoker Newborn weight (kg) 
mother < 2.5 > 2.5 missing 

yes {11} {12} {11,12} 
no {21} {22} {21, 22} 

missing {11,21} {12,22} {11,12,21,22} 

6 



2.2 Prior and posterior distributions 

Paulino & Pereira (1995) emphasized tha t assuming a Dirichlet prior distribution with 

hyper-parameters { ac,} for µ,, i.e. , 

Prior l: µ, ~ D({ac,}), 

is equivalent to selling 

. { 8 ~ D(a+,. r = 1, . .. , R), where a+, = EcE'P ac,·, 
Pnorl : ' 

.>., ~ D(ac.,c e 1',), r = 1, ... ,R, 

all mutually independent, and also to assuming 

. { ..., ~ D(ao,oC+,C E 'Pm), where Oo = E~=I ~ and oC+ = ErECac .. 

Prior 1 : 0 0 ~ D(~,r = l , ... ,R), 

Qc ~ D(ac .. T EC), CE 1',., 

all mutually independent. The posterior distribution of µ,, and also that of 8, can be 

expressed as a generalized Dirichlet distribution (i.e. , a finite mixture of Dirichlet distri­

butions) as defined by Dickey (1983) and has no simple closed form ; Tian cl Ill. (2003) 

took this approach further. The pattern-mixture model parameterization leads to -y!N ~ 

D(ao + no,oC+ + nc,C E 'Pm), OolN ~ D(~ + n, ,r = 1, . . . ,R), oclN ~ D(ac.,r EC) , 

C E 'Pm, all mutually independent. Paulino & Pereira (1992, 1995) used the relation 

8, = 'YoO:r(o) + EcE'P,m>~ -yca:,cc) to obtain the mean and the covariance matrix of 8IN. Us­

ing also .>.,(r) = ')'oO:,c0 if 8, and Ac(r) = ')'cO:,cci/8., C E 1',. Soares & Paulino (2001) adopted a 

Monte Carlo simulation approach that easily allows one to draw inferences on general func­

tions of (8,.>.). Even knowing that the prior distribution of {oc,C E 1',.} is not updated 

by the data, they believed that the possible prior-dependence implications on the posterior 
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distribution of (8, A) should be mild for large samples, given the actual updating of -y and 

The expert is not free to make individual judgments about the most meaningful param­

eters (8 o.nd A) with Prior 1 and the existing connection among the hyper-parameters is not 

generally justifiable from a practical point of view as discussed by Soares & Paulino (2007) 

and Jiang & Dickey (2008). For this reason, they ndopted 

1
8 ~ D(b., r = 1, ... , R), 

Prior 2 : 
Ar~ D(ac,,C E 'Pr), r = 1, . .. , R, 

all mutually independent; these authors and Tian et al. (2003) also allowed for misclassifica­

tion in their modelling strategy. Jiang&, Dickey (2008) worked with the resulting generalized 

Dirichlet posterior distribution, while Soares & Paulino (2007) used a chained data augmen­

tation algorithm (Tanner &, Wong, 1987) to obtain a sample of the posterior distribution, 

wherein the augmented data are the hypothetical frequencies m = {mer} of units with re­

sponses in category r and classified in C. Apart from the case when there are no missing data 

( m,.,. = n,.), these frequencies are non-observable and we only know that Lrec mer = nc, 
CE 'P,... Given (8,A) and N, {me,,r EC} are multinomially distributed with parameters 

nc and 0,:(8, A), C E 'P,.., and 8lm ~ D(br + m+r, r = l, .. . , R), where m+r = LceP. me,. 

and A.Im ~ D(acr + me,.C E 'Pr), r = l, ... , R, are all mutually independent. Hence, 

the algorithm proposed by Soares &, Paulino (2007) consists of sampling alternately from 

these distributions. Even though there is no sample information about ore, its prior and 

posterior distributions arc no longer the same in this case, because -y, °'•• and 0c are no 

longer mutually independent a priori and lead to indirect learning through the dependence 

among them, as Scharfstein et al. (2003) pointed out. 

Prior 2 seems to be flexible enough to represent information elicited by experts or ob­

tained from historical data. However, when such information cannot be obtained, as in most 

practical cases, the question is what should be regarded as a non-informative prior distri-
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bution. Natural choices may be to set all {b,} and { ac,} equal to 1, 0.5, or some small 

value, say 0.1. The first choice leads to Bayes-Laplace's prior, i.e. , uniform distributions on 

the corresponding simplices. The second resembles Jeffreys' prior in the complete-data case. 

The third is even more diffuse, in the direction of Haldane's prior, which cannot be used 

because non-identifiability does not allow us to consider improper priors for all parameters, 

setting all { b,} and { ac,} equal to O. If we tum to Prior l, the corresponding choices are even 

less clear because the connections among the hyper-parameters do not allow, for example, 

to use the same values for the hyper-parameters of O and { >.,}. 

The problem is that Jeffreys' prior cannot be computed for non-identifiable models, be­

cause the Fisher information matrix is singular. In a different context, Wang & Ghosh 

(2000) overcame the same problem by (i) choosing some non-identifiable parameters to turn 

the others conditionally identifiable, (ii) specifying a conditional version of Bayes-Laplace's 

prior to the selected non-identifiable parameters given the conditionally identifiable ones, 

(iii) computing the marginal likelihood function of the conditionally identifiable parameters, 

and (iv) obtaining Jeffreys' marginal prior for them. Although there is no unique choice, an 

option is to consider 9 and, for each class CE Pm, one Ace,), r EC, in the conditionally iden­

tifiable parameter set, and the other Ac(,), C E Pm, in the selected non-identifiable parameter 

set; P-r(r)} may be obtained using the natural constraints, and therefore they arc also condi­

tionally identifiable. Given the conditionally identifiable parameters, the Bayes-Laplace prior 

for the selected non-identifiable parameters is a uniform distribution on the space obtained 

by the direct product of the ''reduced" simplices of >.,, r = 1, . .. , R, generated by fixing 

the conditionally identifiable parameters. Although this route could be taken further, it is 

simpler to switch to the pattern-mixture model parameterization if one believes that the inde­

pendence between (-y, a 0 ) and {oc,C E Pm} is reasonable. Because the parameter spaces of 

(-y,00 ) and {oc,C E Pm} are not related, the independence assumption between them leads 

to the same marginal likelihood (1) under any prior distribution for {oc,C E Pm}- Jeffreys' 

prior is then"'(~ D(R/2, {0.5,C E Pm}) and 0 0 ~ D(0.5, r = 1, ... , R), considered mutu-
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ally independent. This fits into Prior 1 with a,.,. = 0.5, r = 1, ... , R, and 1::,.c ac, = 0.5, 

CE 'Pm. To complete specification of Prior l, a natural choice is ac, = 0.5/#C, C E Pm, 

where #C is the cardinality of the class C. We may also break the connections among the 

hyper-parameters of Prior 1 and consider 

. { -y ~ D(R/2, {0.5,C E Pm}), 

Prior 3: c,0 ~ D(0.5, r = 1, . .. , R), 

etc~ D(ec,, r EC), CE Pm, 

all mutually independent. This gives us more flexibility to use Bayes-Laplace's prior (cc, = 
I), a Jeffreys analogue (cc, = 0.5) or more diffuse priors (e.g., Cc, = 0.1) for these non­

identifiable parameters. Scharfstein et al. (2003) presented reasons why the above mentioned 

independence assumption may not be adequate in practice, but this does not seem to have an 

impact on analyses with non-informative priors. Like in Prior 1 with this parameterization, 

posterior distributions are easily obtained, leading to -rlN ~ D(R/2 + n0 , 0.5 + nc, CE Pm), 

0 0 IN ~ D(0.5+n,, r = 1, . . . , R), oc[N ~ D(ec,, r EC), CE Pm, all mutually independent. 

2.3 Classical sensitivity analysis 

To motivate the present discussion, we consider again the data in Table 1 and the no­

tation introduced in the last paragraph of Section 2.1. Under any of the parameterizations 

considered in that section, there are 15 parameters not functionally related, but only 8 ob­

served frequencies (the total, n = 57,061, is fixed) . Therefore, any model with 9 or more 

parameters is over-parameterized. Let us recall the construction of conditional models con­

sidered in Fay (1986) where, as suggested by Molenberghs et al. (1999), the elements of A are 

reparameterized by ,Pi(ij), the probability of observing the maternal smoking status, 1P2I(ij), 

the probability of observing the newborn weight given that the maternal smoking status is 

observed, and 'P'lo(ij) , the probability of observing the newborn weight given that the ma-



tcrnal smoking status is missing. These probabilities are also conditioned on the maternal 

smoking status and the newborn weight. We consider the following two models: 

Model 1 { 

Model 21 

logit (t/Jic;;J) = ¢1o + ¢1(i - l} + tf>-i(j - l} + ,p3(i - l}(j - 1), 

logit (,J,,1c;;)) = 4>-io + ¢1(i - 1) + tf>-i(j - 1) + ¢3(i - l)(j - 1), 

logit ('P2oc;;>) =¢Jo+ ¢1(i - 1) + tf>-i(j - 1) + ¢3(i - l)(j - 1), 

logit (t/J1c;;)) = ¢10 + ¢u(i - I}+ ¢12(j - 1}, 

logit (,J,,1c;;i) = 4>-io + tf>-i1(i - 1) + tf>-i2(j - !), 

logit ('P2oc;;>) = ¢30 + tf>-i1(i - I}+ ¢n(j - 1), 

which have, respectively, 9 and 10 non-redundant parameters when combined with 8. 

Kenward et al. (2001) and Molcnberghs et al. (2001) distinguished between two types 

of statistical uncertainty: statistical imprecision and sLaListical ignorance. The former is 

caused by not observing the entire population, and is usually quantified by standard errors 

and confidence regions. The latter is due to deficiencies in the observation process; e.g., 

when some responses are missing, misclassified, and/or measured with error. When the 

sample size tends to infinity, the magnitude of statistical imprecision decreases to zero, but 

statistical ignorance may not change. In our case, statistical ignorance is related to the 

distribution of the censored response classes over the appropriate response categories. For 

example, given that w = ¢3 in Model l, or that w = (¢u,<f>-i2} in Model 2 arc fixed, we 

may estimate 8 and the other estimable parameters as a function of w and also obtain a 

100(1 - 0)% confidence region for them. After repeating the analysis for a set n of values 

for the sensitivity parameters, w, the range of the estimates of the estimable parameters 

provides an estimate for the so-called ignorance region, and the union of the 100(1 - 0)% 

confidence regions, for the so-called 100( 1 - o )% uncertainty region. 

Vanstcelandt et al. (2006) provided appropriate definitions of consistency for the igno­

rance region and of coverage for the uncertainty region. The estimated regions are termed 
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Honestly Estimated Ignorance Region (HEIR) and Estimated Uncertainty Region (EURO). 

For a scalar estimable parameter fl of interest, the interval of ignorance obtained by set­

ting w equal to w1 and w. is denoted by ir(fl,rl) = [fl(w1),fl(w.)) = [P1,fl.). The HEIR, 

G(fl, n) = [.B,..B.), is said to be weakly consistent for the true /Jo = fl(w0), if convergence 

in probability of .B = P(w) to fl = fl(w) holds for all w E n. Of course, there is always 

the underlying assumption that w0 E n. Uncertainty regions for /Jo with uncertainty level 

100(1 - 0)% were defined in three diflerent ways: (i) strong EUROs cover fl(w) simultane­

ously for all w E n with at least 100(1 - 0)% probability, (ii) pointwise EUROs cover fl(w) 

uniformly over w En with at least 100(1- 0)% probability, and (iii) weak EUROs have an 

expected overlap with ir(fl, rl) of at least 100(1-0)%. The authors also provided algorithms 

for constructing these EUROs, all with the usual form [.81 - Ca•t2 ie(,81),.B. + Ca-12 se(,8.))1 

where _81 and .B. are obtained from consistent and asymptotically normal estimators of fl, 

and fl., and se(,81) and se(,B.) are obtained from consistent estimators of the standard errors 

of i31 and iJ •. For strong EUROs, the critical value Ca·/2 is the 100(1 - o/2)% percentile of 

the standard normal distribution. This type of interval was used by Kenward et al. (2001) 

and Molenberghs et al. (2001), among others. For pointwise EUROs, c,,.12 is the solution of 

where cl> denotes the standard normal cumulative distribution function. For weak EUROs, 

Ca• 12 is the solution of 

se(.B,) + se(.B.) 1+oo 
o= . . z,p(z+ea-12)dz+t:, 

fl. - fl, 0 
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where I{) is the standard normal density function and E: is the correction term 

that may be set equal to zero unless the sample size is small and/or there is little ignorance 

about /3. Strong EUROs are conservative pointwise EUROs, which in turn are conservative 

weak EUROs. When there is much ignorance about /3 and the sample size is large, pointwise 

EUROs approach strong EUROs. The choice e.mong the three versions of EUROs depends 

on which is the more appropriate definition for the uncertainty region or on the desired 

degree of conservativeness. 

2.4 Differences between Bayesian and classical approaches and ex­

tensions 

Many criticisms to Bayesian methods rest essentially on the subjective choice of the prior 

distribution. Such criticisms may also apply to classical sensitivity analyses, because of the 

subjective choice of values for the sensitivity parameters and for the over-parameterized 

model. 

The set n of possible values for the sensitivity parameters may cover an in-depth grid 

of: (i) the whole parameter space for w or, (ii} only a "plausible range" elicited by experts, 

if ignorance with regard to the missing data generating process is not complete. The latter 

alternative, considered by Vansteelandt et al. (2006} in a simple setting, may sound like a 

prior distribution for the sensitivity parameter, but actually it only constrains the parameter 

space and does not account for any further probabilistic reasoning with respect to the more or 

less probable values. This effort of cautiously eliminating unnecessary ignorance is welcome, 

but will not be extensively explored here. This can also be done via prior distributions in 
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the Bayesian approach, and, like in this case, can only be fulfilled for parameters that have 

meaningful interpretations to the experts, which probably would exclude Models 1 and 2 

described in Section 2.3. 

Models 1 and 2 have got only one and two real-valued sensitivity parameters, respectively. 

This simplifies the problem from a computational point of view, but has the drawback of 

restricting attention to these particular families of arbitrary models. Depending on the 

functions of the parameters to be investigated, the resulting sensitivity analysis may be 

affected in unforeseen ways as we will show in the next sections. Therefore, unless these 

models also translate expert beliefs, it may be more reasonable to use the unconstrained ( or 

non-parametric) missingness models of Section 2.1. To accomplish this, we use the strategy 

described in the last paragraph of Section 2.2, i.e., to split (8, .X) into conditionally identifi­

able and selected non-identifiable parameters to be respectively employed as estimable and 

sensitivity parameters; in addition, we may use {log(Ac(rJ/ A,(r)), C E P, nPm} instead of)., 

to easily incorporate the natural constraints and also simplify the task of working with n 
in a Euclidean space instead of in simplices. An alternative is to use (-y, 0 0 ) as estimable 

parameters and {ac,C E Pm} as sensitivity parameters. The corresponding ignorance re­

gion, also called non-parametric or best-worst case bounds in such a context, is expectedly 

much wider, but is a sensible starting point for careful modelling, as Kenward et al. {2001) 

advocated. 

Constrained models, over-parameterized or not, may also be considered under a Bayesian 

approach, but the prior distributions and/or algorithms described in Section 2.2 need mod­

ification. For example, to fit log-linear models to 8, following the proposal of Bedrick et al. 

(1996), Soares & Paulino (2007) used the induced priors from Prior 2 for the parameters 

of the log-linear model and then conditioned on the parameters assumed to be null. The 

slice sampling ideas of Neal (2003) were employed in one of the steps of the chained data 

augmentation algorithm Lo sample from the posterior distribution of the log-linear parame­

ters. Slice sampling was also used by Soares (2004) to sample from the posterior distribu-
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tion of the parameters of constrained missingness models (e.g., missing at random model: 

>.c(r) = Tc(c), Vr E C). To overcome the hard task of working with priors that account for 

both the natural and the model constraints, be used ideas of Walker (1996} and penalized 

the prior distribution of the unconstrained model in the direction of the postulated model. 

In summary, both approaches have some degree of subjectivity, but this is an unavoidable 

characteristic of incomplete data, which we ought to carefully control, as pointed out by 

Molenberghs et al. (2001). Adopting a particular sensitivity analysis route may be a matter 

of ease of implementation or adequacy in tbe context of the problem, or yet of some personal 

preference. For example, Scharfstein et al. (2003) were dissatisfied for not obtaining a single 

summary with the ignorance region of the classical strategy, while Vanstcelandt et al. (2006) 

did not want to average out the extremes of the uncertainty interval with Bayesian machinery. 

In subsequent sections, we will show that the posterior means may easily shift with small 

cho.nges of the prior distributions, even for large sample sizes. Therefore, we believe that the 

classical ignorance region is an interesting alternative. Nevertheless, the conclusions obtained 

under a Bayesian approach shall not be taken from means, but rather from credible intervals 

or regions, whid1 reflect both statistical ignorance and imprecision. Using a constrained 

over-parameterized model and/or limiting the range of n may obfuscate extremes even 

more than Bayesian averaging, but such an effect can be avoided in all cases: either using 

an unconstrained over-parameterized model, or trying to cover the whole parameter space 

of w or using diffuse prior distributions. 

3 Illustrative Study 

3.1 Description of the analyses 

To explore and compare the Bayesian and classical approaches, we consider simulated 

data sets of sizes n = 40; 400; 4,000; 40,000, and 4,000,000, all with the same relative 

frequencies exhibited in Table 3. 
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Table 3: Relative frequencies of simulated data. 

Y1 \ Y2 1 2 missing 
1 0.05 0.35 0.05 
2 0.05 0.40 0.10 

Again, we replace the index r by two indices, i , j, to indicate, respectively, the pos­

sible values of Y1 and Y2, which may be equal to 1 or 2. In this monotone missingness 

pattern setting, as Y1 is always observed, its marginal probabilities (e.g., 92+) are identi­

fiable. However, the difference between marginal probabilities (e.g., 9+2 - 92+), the odds 

ratio (OR= 9u022/[912021]), or its logarithm, are non-identifiable, because they cannot be 

expressed as a function of the identifiable parameters -y and 0 0 only. A comparison of the 

results for these two sets of parametric functions for increasing sample sizes provides a clear­

cut distinction between cases where analyses are only affected by statistical imprecision or, 

additionally, by statistical ignorance. 

Under a Bayesian perspective, we consider the non-informative prior distributions men­

tioned in Section 2.2, namely, those where all hyper-parameters are set equal to 1.0, 0.5, 

and 0.1 in Priors 2 and 3, as well as our suggestion to complete Jeffreys' prior specification 

embedded in Prior I, which here lead to Prior 3 with {cc,; = 0.25}. We also tried Prior 3 

with {cc,;= 0.001}. To contemplate slightly informative priors, we consider Prior 2 with 

the hyper-parameters 

(bu,b12,~1.~2) = (0.1,0.3,0.1 ,0.5), 

(a{ll)ll , a(ll,12)11) = (0.6,0.4), 

(a(21J21, a(21.22}21) = (0.7, 0.3), 

(a{12}12,a{u,12J12) = (0.8, 0.2), 

( a 122J22,a(21,22}22) = (0.8, 0.2), 

as well as another version with all values multiplied by 10. Because the hyper-parameters of 

each distribution (8 and {~.;))sum up to I and 10, we label them Infl and lnflO, respectively. 

First, we combine these hyper-parameters for {b,;} with {ac,; = 0.5}, and then, reversely, 
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we use the {ac,;} with {b,; = 0.5}, so we can compare both cases with {b,; = ac,; = 0.5} 

and assess the change of the priors of (J and .>. separately. The resulting prior means for 02+, 

0+2 -02+ (= 012 -021), and log OR are, respectively, 0.5, 0.0, and 0.0, for the non-informative 

priors, and 0.6, 0.2, and> 0.5, for the informative {b,;}. The posterior summaries for these 

parameters are presented in Tables 4, 6, and 8. Conventional diagnostics were employed to 

assess convergence for the analyses based on Prior 2 (Heidelberger & Welch, 1983; Geweke, 

1992; Raftery & Lewis, 1992). For all priors and sample sizes, the magnitude of the Monte 

Carlo errors was smaller than the precision of the figures in the tables. In agreement with 

Agresti & Min {2005) regarding a possible change of conclusions when analysing 1/OR 

instead of OR via highest posterior density (HPD) intervals, we consider 100(1- 0)% equal­

tailed credible intervals {CI). 

For the classical sensitivity analysis, we consider three over-parameterized models labelled 

A, Band C. Let 'P2(,;) (= A(,;)(,;)) be the conditional probability of observing Y2 given that 

Yi = i and Y2 = j. Then, reparnmeterizing .>. as 

logit ("'2<,;J) = 4>o + ¢1{i -1) + ,J,,(j -1) + "'3(i - l)(j - 1), 

Models A and B are, respectively, obtained by setting ¢3 = 0 and "'2 = O; the corresponding 

sensitivity parameters are w = "'2 and w - ¢3. The unconstrained model, with sensitivity 

parameters w = ("'2,"'3), is labelled Model C. Although "'2 and ¢3 can take any real value, 

we pragmatically use n = 1-20; 20) for Models A and B, and n = (-20; 20}2 for Model 

C. The grids were constructed with increments of 0.1 and 1, respectively. Enlarging n did 

not change the results which arc displayed in Tables 5, 7, and 9. Weak EUROs were not 

computed for 02+ since there is no ignorance about this parameter. For this identifiable 

parameter, it is interesting to note that pointwise EUROs coincide with strong EUROs, and 

correspond to intervals obtained via the usual asymptotic normal distribution, and also that 

the HEIR reduces to a point estimate. We present the results using the exact version of the 

17 



weak EUROs (i.e., computing E), but we compare them to the one where E = 0 and notice 

negligible differences ( < O.Ql for log OR, and < 0.001 for 8+2 -02+) for the resulting EUROs 

under nil models with n > 40 or under Models A (for 8+2 - 02+) and C (for both parametric 

functions) with n = 40. 

3.2 Findings 

The effect of the priors on the posterior summaries of 82+ practicnlly disappears for 

n ;::: 400 (Table 4). In addition, the means and Cls coincide, respectively, with the (point) 

HEIRs and the EUROs for such sample sizes (Table 5). These expected results, usually 

encountered in analyses of identifiable models, are not shared by the ones obtained for the 

non-identifiable parameters. 

The posterior means, standard deviations (SD) and the Cls for 8+2 - 02+ and for log OR 

vary substantially across the different priors (Tables 6 and 8). Prior-dependence was also 

exhibited by Forster&. Smith (1998) and Soares&. Paulino (2001), but the fact that the level 

of dependence remains almost unaltered for n ;::: 4,000 is alarming. Although the shifts of the 

posterior means are not very large when compared to the corresponding SDs, the sensitivity 

analysis of the priors suggests that one should not rely too much on this single summary. 

To deal with statistical ignorance, there will always be a set of non-observable (augmented) 

distributions compatible with the one we are able to observe. Posteriors will take us in the 

direction of one subset or another, depending on the chosen prior. Oversynthesizing in this 

scenario of lack of information may be dangerous. We believe that it is more appropriate to 

consider Cls. 

Posterior SDs no longer tend to zero as the sample size increases for these non-identifiable 

parameters. On the contrary, they lie on plateaux that are drastically different across priors. 

These differences are more impressive for the priors commonly taken as non-informative. Of 

course, there is nothing wrong to use any of the priors suggested by the expert. Nevertheless, 

if we are looking for a really non-informative prior, there is no obvious choice, but we believe 

18 
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that an adequate one is certainly far from those with hyper-parameters equal to 0.5 or 1.0 

usually chosen for the Dirichlet family. We repeated the analysis based on Prior 3 with 

increasingly diffuse priors until stable results were obtained for n = 4,000,000, and they did 

not change further for hyper-parameters with values smaller than 0.001. In the same spirit, 

one should be aware that even priors conventionally considered to be slightly informative 

may actually change the posterior distributions considerably for any sample size. 

Priors with all hyper-parameters smaller than 1.0 exhibited multi-modal posterior den­

sities for 11+2 - 112+ and for log OR when n 2: 4,000; see Figure I, where some posterior 

densities obtained from Prior 3 are displayed. The same was observed for 8, when n 2: 400, 

and for .>., irrespectively of the sample sizes (results not shown). In the continuous data case, 

Scharfstcin et al. (2003) pointed out that this may also happen when informative priors for 8 

and .>. arc not simultaneously 'compatible' with the observed data, and suggested that "the 

experts re-evaluate their priors by reducing the 'informativeness' of one of them" to avoid 

the unsatisfactory multi-modality for inferences. We believe that uni-modality should not 

be expected for posterior densities of non-identifiable parameters. Actually, multi-modality 

may be the rule rather than the exception in our case, given that the posterior distribution 

of 8 can be expressed as a finite mixture of Dirichlet distributions. Therefore, this is an 

inherent characteristic that should be taken into consideration and not simply avoided. 

Results from classical inferences using the parsimonious Model A coincide with those 

based on the unconstrained Model C for 11+2 - 112+, but not for log OR (Tables 7 and 9). 

This shows that for different parametric functions, over-parameterized missingness models 

may affect inferences in various ways. Taking, for example, the OR into account, it is 

clear that the presence of the interaction between Y1 and Y2 in the missingness model is 

more important than the presence of the main effect of Y2 • This leads to the ad hoc non­

hierarchical Model B. The HEIR for log OR based on Model B is considerably larger than 

the one resulting from Model A, but its upper limit is still too far from the one obtained 

for Model C. On the other hand, the lower limit of the HEIR for 11+2 - 112+ based on Model 
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Figure I: Posterior densities of 0+2 - 02+, (a) and (b), and log OR, (c) and (d), using Prior 
3: {cc;;= 0.25} in (a) and (c), and n = 4,000 in (b) and (d). 

B is also distant from the corresponding ones obtained from Models A and C. The shorter 

intervals obtained under Models A and B are welcome, but only if these models make sense 

to the experts. Otherwise, they may generate misleading conclusions. 

Comparisons between Bayesian and classical approaches make sense only when restricted 
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to the less informative priors in the former and to the unconstrained Model C in the latter. 

The Cis are, in general, somewhat closer to the pointwise EUROs when the values of the 

hyper-parameters approach zero. The difference between both intervals decreases as the 

sample size increases. 

It is natural to search for a more parsimonious missingness model, since this leads to more 

precise inferences. The so-called missing at random (MAR) mechanism is usually the focus of 

attention not only because in many problems it makes sense to assume that the missing data 

depend only on the observed data, but also by virtue of the ignorability of the corresponding 

parameter .>. from the standpoint of likelihood-based or Bayesian inferences on 8 when both 

kinds of parameters are not functionally or a priori related (Rubin, 1976). In our case, the 

MAR model may be obtained by taking .>.(11,12}(11) = .>.(11,12)(12) and .>.121,22)(21) = .>.(21,22)(22)• 

Comparing the posterior distributions of these individual parameters as in Soares&. Paulino 

(2001) may misleadingly point to a rejection of the MAR hypothesis, while their differences 

indicate a fairer picture. This is clear in Figure 2, where we display boxplots of the posterior 

draws of the parameters, and of differences thereof, for the more informative Prior 2 hyper­

parameters with n = 4,000,000. The MAR model was not rejected a posteriori for any of 

the prior distributions and sample sizes. The MAR assessment can also be conducted via the 

classical approach if.>. is switched to the estimable parameter set. However, it is not possible 

to distinguish between MAR and non-MAR models with information obtained exclusively 

from the data, as shown, for example, by Molenberghs et al. (2008). This notwithstanding, 

distinctions may occur if more informative priors or shorter ranges for n are used, and/or 

constrained models are adopted. 

For the same reasons why the MAR hypothesis cannot be accepted or rejected on the basis 

of the present results, we cannot assert whether there is an association between Y1 and Y2 or 

not. In practice, non-rejections are usually taken as evidence in favour of the null hypotheses. 

The use of hypothesis tests without looking at the power for different alternatives may not 

be a so condemnable procedure for analyses of regular identifiable models when the power 
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Figure 2: Boxplots of some ~ parameters a posteriori, and differences thereof, for Prior 2 
with n = 4,000,000. 

of the test is expected to be high. Nevertheless, this is more dangerous when the hypothesis 

involves non-identifiable parameters. By definition, tests obtained via EUROs have very 

low power for most of the alternatives that belong to the ignorance region, irrespectively of 

the sample size. SimilOily, Cls based on priors for which the hyper-parameters have values 

close to zero are also generally useless to reject a hypothesis if the alternative lies within 

the non-parametric ignorance interval. These wide intervals have an appealing protection 

against unverifiable assumptions, but they deserve careful evaluation. 

Although we address a series of important issues for the analyses of non-identifiable mod­

els, rejection of the marginal homogeneity ( or symmetry) and other inferential conclusions 

remain unchanged for all priors and models. In the next section, we present an alternative 

motivating scenario. 
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4 Reanalysis of the Data from the Collaborative Peri­

natal Project 

We reanalyse the data of Table 1 along the lines of the preceding section. The results 

obtained via Bayesian and classical approaches are displayed, respectively, in Tables 10 and 

11. The classical sensitivity analysis with an unconstrained missingness model is conducted 

following the guidelines of Section 2.4. 

Tobie 10: Posterior means, standard deviations (SD) and 95% equal-tailed credible intervals 
(Cl) for OR. 

Prior Hyper-parameters Mean SD 95% CI 
3 { Ccij = 0.001} 1.49 0.40 [0.85; 2.40] 
3 { Ccij = 0.1} 1.48 0.35 [0.90; 2.27] 
3 {Cc;;} =. 1.47 0.33 [0.93; 2.19] 
3 {Ccij = 0.5} 1.45 0.26 [1.02; 2.01] 
3 {Ccij = 1.0} 1.44 0.21 [1.09; 1.89] 
2 { b;, = CJc;, = 0.1} 1.48 0.35 [0.90; 2.28j 
2 {b;, = ac;; = 0.5} 1.46 0.26 (1.03; 2.02j 
2 {b;i = OCii = 1.0} 1.46 0.21 [1.10; 1.90j 

• Ccij = 0.125, if C = {11, 12,21,22}, and Cc;;= 0.25, otherwise. 

Table 11: HEIR and 95% strong, pointwisc and weak EUROs using maximum likelihood 
estimates for OR. 

Model 
I 
1 
1 
2 

Unconstrained 

n 
[- 3; 3] 
[- 5; 5j 
[-10; 101 
(-10; 1012 
I-IO; 1017 

HEIR 
[1.06; 2.04j 
(0.94; 2.23] 
(0.89; 2.32] 
(1.10; 1.73] 
[0.82; 2.50] 

Strong 
[1.01; 2.14] 
[0.90; 2.33] 
[0.84; 2.451 
[1.06; 1.81) 
[0.79; 2.611 

Pointwise 
[1.02; 2.121 
[0.91; 2.321 
[0.85; 2.431 
[1.07; I.SOI 
[0. 79; 2.59j 

Weak 
11.01; 2.02] 
[0.96; 2.19] 
[0.90; 2.281 
[1.11; 1.73] 
[0.84; 2.44] 

In addition to our previous discussion, we note that even the Cl based on the least 

informative prior (Prior 3 with { Cc;; = 0.001}) is now closer to the weak EURO than the 

pointwise EURO for the results obtained with the unconstrained missingness model. The 

problem here is the possibility of obtaining different conclusions depending on the subjective 
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choices within each approach. Unless some prior information suggests that it is reasonable 

to restrict inferences to Model 2 or to Model 1 with n = [-3; 3], or to use an informative 

prior distribution (or "non-informative" ones for which the hyper-parameters have values 

~ 0.5), we cannot conclude whether or not maternal smoking and low newborn weight are 

associated. TI1ese conclusions arc different from those of Baker et al. (1992), who conducted 

an informal sensitivity analysis based on 9 models that reinforced their belief in a significant 

association. Kenward ct al. (2001) presented another example wherein an informal sensitivity 

analysis that led to consistent conclusions was misleading, but it is interesting to note that 

this bolds when the sample size is as large as n = 57,061 and the proportion of data that 

are missing is as small as 7%. 

5 Concluding Remarks 

In an effort to include relevant aspects of a problem into its statistical analysis, one may 

frequently arrive at non-identifiable models. We explored Bayesian and classical approaches 

to analyse these specialized models in a missing categorical response setting. Both frame­

works provide sensible answers if meticulous attention is devoted to the subjective choices 

and there is a clear understanding of the strengths and limitations of the analyses. Otherwise, 

one may generate misleading conclusions. 

The keystone to understand analyses of over-parameterized models is related to the 

distinction between observable and non-observable data, or what we can and cannot learn 

from the study. At first sight, simplifying a model to gain identifiability seems to be a good 

decision that throws us directly to what can be learned from the study and prevents us from 

dealing with the obscure non-observable part. Indeed, to a certain degree, inferences obtained 

therefrom arc much less uncertain, but rely on usually untestable underlying assumptions. 

Thus, identifiable models tum out to be an extreme and subjective tool to deal with the 

ignorance about the non-observable data. 
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In the process of facing statistical ignorance and performing analyses of non-identifiable 

models, new issues have surfaced. Particularly, we learned that larger sample sizes do not 

increase our knowledge about what is non-identifiable when statistical imprecision is already 

sufficiently negligible. Asymptotically, credible and uncertainty intervals cover the ignorance 

interval to a great extent. Therefore, the former intervals are useless if we want to distinguish 

between the parameter values that belong to the latter interval. NJ a consequence, if the 

alternative lies in the ignorance interval, the power of these tests no longer tends to one as the 

sample size increases. This is the reason why it is inadmissible to consider the non-rejection 

of a hypothesis as its acceptance, in general. This should always be clarified in any report 

of these analyses. 

An objective strategy is to use unconstrained missingness models, diffuse prior distri­

butions in Bayesian analyses or try to cover the whole parameter space of the sensitivity 

parameter in the classical approach. Although this constitutes a reasonable starting point 

that, in many cases, seems to be the only alternative, we believe that a more suitable anal­

ysis should attempt to incorporate all the available information. Thls may be achieved by 

following the opposite route, i.e., considering informative prior distributions, or plausible 

ranges for the sensitivity parameter, and/or constrained missingness models. Our objective 

here is only to illustrate that such added information should be carefully evaluated, because 

arbitrary choices may have a significant impact ou results. 

Under a Bayesian perspective, we showed that priors usually taken as slightly informa­

tive or non-informative (e.g., by setting the hyper-parameters of Dirichlet distributions equal 

to 0.5 or 1.0) may actually add substantial information, irrespectively of the sample size. 

Constrained over-parameterized models may also affect the results considerably. Although 

such models may also be used in Bayesian analyses, they are more frequently adopted in 

the classical approach, mainly because it is cumbersome to deal with too many sensitiv­

ity parameters. In the reanalysis of the Collaborative Perinatal Project, for example, we 

considered only 3 values, {-10, 0, 10}, for each of the 7 ~nsitivity parameters, obtaining 
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37 = 2187 combinations. Using such a coarse grid could have generated an even shorter 

ignorance region than the ones obtained with constrained missingness models, but it was 

not difficult, for this particular contingency table, to identify the configurations that lead to 

extreme inferences for the odds ratio and, as a consequence, we could validate the resulting 

ignorance region of the unconstrained model. 

As the credible intervals obtained with diffuse priors were somewhat close to the uncer­

tainty intervals obtained with the unconstrained missingness models, the Bayesian approach 

may offer advantages over the classical sensitivity analysis when (a) there is prior information 

to be incorporated, or (b) no prior information is available, but there is interest in results 

for a high-dimensional unconstrained missingness model. In such a case, however, we must 

point that diffuse (proper) priors are convenient to avoid averaging out the extremes of the 

credible intervals, but these intervals may still be a little narrower than the weak uncertainty 

intervals that would be obtained otherwise. 

While Prior 2 is the more appropriate one to incorporate prior information, the generated 

Gibbs sampling chains become highly autocorrelated as the sample size increases and the 

values of hyper-parameters approach zero. Computational time for some of the analyses 

ranged from hours to weeks, depending on whether n $ 4000, n = 40,000 or 4,000, 000. 

Nevertheless, we may use an ordinary Monte Carlo approach with Prior 3 and conduct 

analyses for any hyper-parameter values in a few minutes. Therefore, when there is no prior 

information, we suggest to use Jeffreys' marginal prior for the identifiable parameters with 

the values of hyper-parameters associated to the prior distribution of the non-identifiable 

parameters cJ05e to zero. Note that in continuous data settings, looking for non-informative 

priors is even trickier (Daniels & Hogan, 2007). 

When attempting to incorporate available information about the missing data generating 

mechanism, not only covariates may be useful, but also some justification for the missing 

values may facilitate the task of including certain assumptions, as MAR or non-MAR, for 

some sampling units. In longitudinal studies, time is generally an additional important 
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factor. When the missingness pattern is monotone, it may be reasonable to ensure that 

the dropouts do not depend upon future values (Diggle &c. Kenward, 1994; Kenward et al., 

2003), leading to an interesting and more parsimonious over-parameterized model than the 

unconstrained one. 
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