
Stability of the spacetime of a magnetized compact object

Eveling C. Ribeiro ,1,* L. Formigari,1,† Marcos R. Ribeiro, Jr. ,1,‡ Elcio Abdalla,1,2,3,§

Bertha Cuadros-Melgar ,4,∥ C. Molina ,5,¶ Amilcar R. de Queiroz ,6,** and Alberto Saa 7,††

1Instituto de Física, Universidade de São Paulo, 05508-09 São Paulo, SP, Brazil
2Universidade Estadual da Paraíba, 58429-500 Campina Grande, PB, Brazil

3Departamento de Física, Universidade Federal da Paraíba, 58059-970 João Pessoa, PB, Brazil
4Escola de Engenharia de Lorena, Universidade de São Paulo, 12602-810 Lorena, SP, Brazil

5Escola de Artes, Ciências e Humanidades, Universidade de São Paulo, 03828-000 São Paulo, SP, Brazil
6Unidade Acadêmica de Física, Universidade Federal de Campina Grande, 58429-900 Campina Grande, PB, Brazil

7Departamento de Matemática Aplicada, Universidade Estadual de Campinas, 13083-859 Campinas, SP, Brazil

(Received 21 November 2024; accepted 29 December 2024; published 15 January 2025)

We investigate the stability of scalar perturbations around a magnetized stationary compact object in
general relativity. The considered object is one of the simplest exact solutions of Einstein electrovacuum
equations corresponding to a spheroidal body endowed with a dipole magnetic moment. It is effectively
constructed by imposing a perfect reflection (mirror) boundary condition on a central region of the
Gutsunaev-Manko spacetime. A time-domain analysis of the perturbations reveals a quasinormal phase
followed by a power-law decaying tail. Our findings suggest that the exterior region of the magnetized
compact object is stable in the entire parameter space. Moreover, the system tends to become generically
more stable the stronger the magnetization of the central object is. Such findings can be useful for the
qualitative understanding of more realistic astrophysical situations involving highly magnetized sources.
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I. INTRODUCTION

Einstein field equations display an extraordinary diver-
sity of solutions with different and exciting properties. The
Schwarzschild metric is the simplest possible solution
describing an astrophysical object, and many of its gener-
alizations have astrophysical relevance [1–3]. From an
observational point of view, its most reasonable stationary
generalizations should include rotation and magnetization
since these are typical physical attributes of astrophysical
sources.
We are mainly concerned here with the case of magnet-

ized axisymmetric nonrotating bodies as described by the
exterior region of the Gutsunaev-Manko spacetime [4–7],
which can be asymptotically interpreted as a spherically
symmetric core endowed with a dipole magnetic moment.
Such a solution is certainly of astrophysical interest since it
provides a simple yet viable description of the exterior
region of nonrotating magnetized bodies. The closest

magnetized astrophysical body to the Earth is the Sun.
Its field strength is rather feeble by astrophysical standards,
approximately 1 G on its surface, only twice the Earth’s
magnetic field strength, but its dipole component gives
origin to the heliospheric magnetic field which is respon-
sible for many relevant phenomena in the solar system [8].
Nevertheless, it is well known that the Sun has strong local
perturbations on its magnetic field, reaching strengths of the
order of 103 G on some spots. Moreover, the Sun dipole is
known to exhibit a regular dynamics, changing its polarity
in approximate 11-year periods. Although our model might
be useful to describe fast phenomena—compared with the
dipole changes period—of low magnetization stars like the
Sun, we think it is particularly more interesting for the study
of magnetars, i.e., highly magnetized neutron stars, typically
with low angular momentum [9]. This class of solutions has
been gaining prominence in the recent literature [10,11].
The intense magnetic fields (of the order of 1013 to 1015 G)
are prone to produce high-energy electromagnetic radiation
phenomena such as bursts and flares of x-rays, gamma-rays,
and perhaps even fast radio bursts (FRB) [12,13]. This
possibility has gained interest due to the recently reported
detection [14] of a repeating FRB from the magnetar SGR
1935þ 2154, which lies on the outskirts of our own
Milky Way. The investigation of these phenomena is one
of the main scientific goals of the soon-to-start operating
BINGO radio telescope [15,16]. Previous enterprises
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concerning instability of localized solutions turn out to
provide hints into modifications of interactions [17] or even
traditional solutions with chosen specific perturbations [18].
The exterior region of a magnetar is expected to be well

described by an asymptotically flat electrovacuum space-
time with a magnetic field originating in the strong
magnetization of the central core. This is precisely the
situation corresponding to the Gutsunaev-Manko space-
time, whose stability we analyze here. It is also possible to
introduce a low angular momentum into this picture
through an approximate solution, see [19]. However, we
opt to consider only the nonrotating case and explore the
effects of magnetization on the stability of the exterior
region of these compact objects.
In the present work, we adopt the simplest model of a

compact object, namely a hard central core, which is
assumed to be large enough to avoid the appearance of the
well-known singularities of the Gutsunaev-Manko space-
time. Hence, the exterior region of our compact object is,
by construction, a regular asymptotically flat magnetized
spacetime, and we will consider its stability by exploring a
quasinormal mode (QNM) [17,20,21] analysis of scalar
perturbations with a total reflection (mirror) boundary
condition on the surface of the central core. Such a total
reflection at the body surface is not a new boundary
condition, it has indeed been used before, see, for
instance, [22], where it was considered in the spherically
symmetric (Schwarzschild) case. On physical grounds,
one expects that such totally reflected QNMs are stable,
and we found that they indeed are. But, interestingly, we
found that the presence of magnetization improves the
stability of the spacetime, i.e., the larger the magnetiza-
tion, the larger the perturbations exponential suppression,
and consequently the faster the relaxation of the system.
This paper is organized as follows. In Sec. II we will

briefly review the construction of our compact object
spacetime starting from the Gutsunaev-Manko solution.
Section III will be devoted to the numerical scheme for
the time-domain calculation of the scalar perturbation.
Features such as tails and quasinormal modes are consid-
ered. The limit of small magnetization will be compared
with an analytical calculation in the Schwarzschild limit.
Finally, in Sec. IV we will discuss our results and some of
its astrophysical implications, and suggest possible future
directions for these studies.

II. MAGNETIZED COMPACT OBJECTS

The objects considered in this paper are assumed to be
modeled by the simplest exact solutions of Einstein electro-
vacuum equations corresponding to a prolate spheroidal
body endowed with a dipole magnetic moment. Effectively,
they are constructed by imposing a perfect reflection
(mirror) boundary condition on a central region of the
Gutsunaev-Manko spacetime, whose main properties we

briefly review in this section. For simplicity, wewill also use
the name “star” for the compact object hereafter.
The Gutsunaev-Manko solution is an axisymmetric

stationary metric which can be derived from the Ernst
equations in the Weyl gauge [7,23]. It is more conveniently
expressed using the prolate spheroidal coordinates
ðx; y;φÞ, which are related to the usual cylindrical coor-
dinates ρ and z by

x ¼ 1

2k

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðzþ kÞ2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðz − kÞ2

q �
; ð1Þ

y ¼ 1

2k

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðzþ kÞ2

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðz − kÞ2

q �
; ð2Þ

where k is a dimensional constant related to the mass of the
central body. The ranges of the prolate coordinates x and y,
which are dimensionless by construction, are x ≥ 1 and
−1 ≤ y ≤ 1. The inverse transformations are also useful

ρ ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 − 1Þð1 − y2Þ

q
; ð3Þ

z ¼ kxy: ð4Þ

The Gutsunaev-Manko metric reads

ds2 ¼ −
�
x− 1

xþ 1

�
f2dτ2 þ

�
kg
f

�
2
�
xþ 1

x− 1
dx2 þ ðxþ 1Þ2

1− y2
dy2

�

þ ðxþ 1Þ2ð1− y2Þ
f2

k2dϕ2; ð5Þ

where

f ¼ ½x2 − y2 þ α2ðx2 − 1Þ�2 þ 4α2x2ð1 − y2Þ
½x2 − y2 þ α2ðx − 1Þ2�2 − 4α2y2ðx2 − 1Þ ; ð6Þ

and

g ¼
�½x2 − y2 þ α2ðx2 − 1Þ�2 þ 4α2x2ð1 − y2Þ

ðα2 þ 1Þ2ðx2 − y2Þ2
�

2

; ð7Þ

with α being a dimensionless parameter, whose interpre-
tation will become clear later. For α ¼ 0, we have f ¼
g ¼ 1 and the Gutsunaev-Manko metric (5) reduces to the
Schwarzschild solution in prolate coordinates, with x ¼ 1
and −1 ≤ y ≤ 1 representing the event horizon. Also, the
metric (5), with the functions (6) and (7), is asymptotically
flat. In the limit x → ∞, we have

gττ ¼ −1þ 2 − 6α2

α2 þ 1
x−1 þOðx−2Þ: ð8Þ

Taking into consideration that for x → ∞ we have r ¼ kx
in spherical coordinates, the asymptotic expansion (8)
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implies that Eq. (5) corresponds to a central object with
total mass

M ¼ 1 − 3α2

1þ α2
k: ð9Þ

Expression (9) shows that the physically reasonable
solutions require 3α2 < 1.
The vector potential associated with the metric (5) is

Aμ ¼ ð0; 0; 0; AϕÞ, where

Aϕ ¼ 4kα3

1þ α2
ð1 − y2Þ

×
2ð1þ α2Þx3 þ ð1 − 3α2Þx2 þ y2 þ α2

ðx2 − y2 þ α2ðx2 − 1ÞÞ2 þ 4α2x2ð1 − y2Þ ; ð10Þ

whose asymptotic expansion for x → ∞ is given by

Aϕ ¼ 8k2α3

ð1þ α2Þ2
sin2 θ
r

þOðx−2Þ; ð11Þ

with the spherical polar angle expressed as y ¼ cos θ for
x → ∞. From this asymptotic expansion, we have

AbAb ¼ gϕϕAϕAϕ ¼ μ2
sin2 θ
r4

; ð12Þ

where

μ ¼ 8k2α3

ð1þ α2Þ2 : ð13Þ

It is clear from (12) that the vector potential (11) corre-
sponds to a central magnetic dipole with intensity given
by (13).
Notice that with α in the range − 1ffiffi

3
p < α < 1ffiffi

3
p one can

effectively describe all possibilities of mass M and mag-
netization μ for the central object since

8α3

ð1 − 3α2Þ2 ¼
μ

M2
: ð14Þ

The Gutsunaev-Manko metric is known to be plagued
with curvature singularities. For the sake of illustration, let
us consider the determinant of the metric (5) on x ¼ 1. We
have

ffiffiffiffiffiffiffiffiffi
jgabj

p
¼ 4k3

ð1þ α2Þ8
�
1þ 4α2

1 − y2

�
2

; ð15Þ

which clearly diverges at the poles y ¼ �1 for α ≠ 0,
strongly suggesting the presence of a curvature singularity.
In fact, the denominator of the function f in Eq. (6) has
zeros near x ¼ 1 and y ¼ �1, indicating once more the

existence of curvature singularities. To avoid these prob-
lems, we will consider the Gutsunaev-Manko metric only
for x > xmin, with xmin large enough to hide the spacetime
singularities. We interpret the surface x ¼ xmin as the
boundary of a magnetized prolate spheroidal body.

III. STABILITY OF THE EXTERIOR REGION

A. Scalar perturbations

Our main goal here is to investigate the stability of the
exterior region of the magnetized compact object intro-
duced in the last section. For sake of simplicity, we will
consider massless scalar perturbations, whose dynamics is
described by the standard Klein-Gordon wave equation

1ffiffiffiffiffiffi−gp ∂að
ffiffiffiffiffiffi
−g

p
gab∂bΨÞ ¼ 0: ð16Þ

It is more convenient for our purposes here to introduce the
dimensionless time variable t ¼ k−1τ. In terms of this new
variable, the Klein-Gordon equation for the metric (5) reads

− ∂
2
tΨþ ðx − 1Þf4

ðxþ 1Þ3g2
�
∂xðx2 − 1Þ∂xΨþ ∂yð1 − y2Þ∂yΨ

þ g2

1 − y2
∂
2
ϕΨ

�
¼ 0: ð17Þ

This is our main equation, which will be studied with the
total reflection boundary condition Ψ ¼ 0 on the compact
body surface x ¼ xmin. As we model the compact object as
hard central core, we impose Dirichlet boundary conditions
for the wave equation (16) with. Since the metric (5) is
asymptotically flat, one expects on physical grounds that
any perturbation on the exterior region of our compact body
escapes toward infinity. However, as we will see, the
magnetization of the central body affects the perturbative
dynamics, making the relaxation faster.
Let us introduce the partial decomposition in spherical

harmonics

Ψðt; x; y;ϕÞ ¼
X
l;m

ulmðt; xÞ
xþ 1

Ym
l ðy;ϕÞ; ð18Þ

where we employ the following orthogonality condition

hYm
l ; Y

m0
l0 i ¼

Z
1

−1

Z
2π

0

Ym
l ðy;ϕÞȲm0

l0 ðy;ϕÞdϕdy

¼ δll0δmm0 ; ð19Þ

and the tortoise coordinate x̃ ¼ xþ 2 lnðx − 1Þ, which
leads to

∂x̃ ¼
x − 1

xþ 1
∂x; ð20Þ
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rendering Eq. (17) as

−
X
l;m

Ym
l ∂

2
t ulm þ

X
l;m

f4

g2

�
Ym
l ∂

2
x̃ulm −

x− 1

ðxþ 1Þ3

×

�
lðlþ 1Þ þm2ðg2 − 1Þ

1− y2
þ 2

xþ 1

�
Ym
l ulm

�
¼ 0: ð21Þ

We now follow the usual steps of spectral methods.
Multiply Eq. (21) by Ȳm0

l0 , integrate with respect to y and ϕ,
and invoke the orthogonality condition (19), leading to

−∂2t ulm þ
X
l0

Al0
l ∂

2
x̃ul0m ¼

X
l0

Bl0
l ul0m; ð22Þ

where

Al0
l ¼

	
Ym
l ;

f4

g2
Ym
l0



; ð23Þ

and

Bl0
l ¼ x− 1

ðxþ 1Þ3
�
Al0
l Veff þm2

	
Ym
l ;
g2 − 1

1− y2
f4

g2
Ym
l0


�
; ð24Þ

with

Veff ¼ lðlþ 1Þ þ 2

xþ 1
: ð25Þ

It is worth noting that for g as described in Eq. (7), the limit

lim
y→�1

g2 − 1

1 − y2
¼ 1 ð26Þ

is well defined and, consequently, the integration per-
formed in equations (24) converges for every combination
of l and l0 in the external region. It is also interesting to
consider the Schwarzschild limit α → 0 to grasp the
underlying physical content of the Eqs. (22)–(25). In such
a limit, we have f ¼ g ¼ 1 and, consequently, Al0

l ¼ δl
0

l .
The Bl0

l matrix (24) is diagonal in this case and Eq. (22)
will read simply

−∂2t ulm þ ∂
2
x̃ulm ¼ Ṽeffulm; ð27Þ

where

Ṽeff ¼
x − 1

ðxþ 1Þ3
�
lðlþ 1Þ þ 2

xþ 1

�
; ð28Þ

which is the usual effective potential for scalar (spin 0)
fields in the Schwarzschild case, as one can see by taking
the limit of large x ≈ r. It is quite natural to expect that for

perturbations with other spins s, we end up with the usual
effective potential of the type

Ṽeff ≈
lðlþ 1Þ

r2
þ 2ð1 − s2Þ

r3
; ð29Þ

for large r, but the expression for the Bl0
l matrix (24) are

much more intricate for s ≠ 0, rendering the analysis of
other perturbation types in prolate coordinates a quite
laborious task.
Equation (22) form a set of coupled wave equations in the

coordinates ðt; x̃Þ. They are the basis of our numerical time-
domain analysis, which main results are described in the
following subsection. Notice that, for the actual numerical
calculations, one needs to truncate the sum in Eq. (22) by
introducing a cutoff lmax. As such, for a given a value ofm,
the parameter l0 takes integer values in the interval
½jmj;lmax�. The matrices couple only terms of the same
parity, which stems from the integration over the y-coor-
dinate of an even function when l and l0 have the same
parity, and odd when they have different parities. The
explicitly behavior of the matrices (23) and (24) is displayed
in Figs. 1 and 2. It is worth noticing that, provided lmax is
large enough, the QNM frequencies analysis is effectively
independent of the employed cutoff, and this can be
understood due to the tiny effects of the off-diagonal terms
of the matrices Al

l andB
l
l, as long as xmin is far enough from

l'=1

l'=2

l'=3

l'=4

–10 –5 0 5 10 15
1.00

1.02

1.04

1.06

1.08

x

A
l l

l'=3

l'=5

l'=7

l'=9

l'=11

–10 –5 0 5 10 15
0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

x
A
l ' l

FIG. 1. Top: Al
l diagonal terms. Bottom: Al0

l off diagonal
terms. Both present divergences at x̃sing ≈ −9.07 (dashed line) for
α ¼ 0.057.
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singularities. Otherwise, the lmax might be relevant, espe-
cially for higher values of multipole momenta. In light of
this, in all numerical calculations we ensures that xmin is
sufficiently distant from singularities.

B. Numerical results

In order to solve the differential equation (22), we
employ the same strategy used in [24], namely a finite-
difference scheme with the spatial derivative calculated at
fourth order and the time derivative at second order, see
Fig. 3. To avoid unnecessary clumsy notation, we will drop
the l and m indices and denote the integration lattice
position by a par of integers i and j. At our proposed
accuracy level, the second derivatives are

∂
2
x̃ui;j ¼

1

12ðΔx̃Þ2 ð−ui−2;j þ 16ui−1;j − 30ui;j

þ 16uiþ1;j − uiþ2;jÞ ð30Þ

and

∂
2
t ui;j ¼

1

Δt2
ðui;jþ1 − 2ui;j − ui;j−1Þ: ð31Þ

The parameter space of our model is spanned α (constant
related to the magnetic field), xmin (position of the mirror), l

(multipole number of the scalar field) and n (overtone
number of the scalar field). This parameter space has been
thoroughly explored. For sake of illustration, we present in
Table I the results corresponding to three different positions
of the mirror: x̃min ¼ −15;−10, and −5, and a cutoff
lmax ¼ 5. For each of these x̃min values, the range of α
was chosen in equal intervals from zero up to the con-
vergence limit, respectively, αmax ¼ 0.01, 0.03, and 0.11.
For all considered cases we have found usual decaying
quasinormal oscillations, for all tested values of α.
Moreover, we found out that the stronger the magnetic
dipole intensity, the larger is the imaginary part of the
frequency of the QNM. The dependence of both the real and
imaginary parts of the quasinormal frequencies on α can be
well approximated by the quadratic expression 1þ bα2

with b > 0, see Fig. 4. Such a quadratic behavior is not
surprising, at least for small α, since both metric functions
f and g depend explicitly only on the square of α.
It is important to stress that the obtained quadratic

dependence on α is different from that one would initially
expected from the dependence of the massM of the star on
α given by (9), and this is indeed one of our main findings.
In analogy with the usual Schwarzschild and other black
hole examples, one might expect the quasinormal frequen-
cies to be proportional to M−1 and, hence, proportional to
1þ 4α2 for small α. Nevertheless, from our fits, we have
that the b coefficient for the imaginary part of the
frequencies is always greater than the real part, meaning
that the “stabilization” phenomena of the quasinormal
modes is not solely due the mass variations, but it indeed

l'=1

l'=2

l'=3

l'=4

–10 0 10 20 30
0.0

0.2

0.4

0.6

0.8

x

B
l l

l'=3

l'=5

l'=7

l'=9

l'=11

–10 –5 0 5 10 15
0.0000

0.0002

0.0004

0.0006

0.0008

0.0010

0.0012

0.0014

x

B
l' l

FIG. 2. Top: Bl0
l diagonal terms. Bottom: Bl0

l off diagonal
terms. Just as previous matrices, This one presents divergences at
x̃sing ≈ −9.07 (dashed line) for α ¼ 0.057.

FIG. 3. Two-dimensional fourth/second finite-difference discre-
tization, see [24] for further details. Our numerical results were
performed using the PYTHON code finite-difference-
GM.py which is publicly available at [25].
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increases with the magnetization of the star, see Fig. 5. It is
worth noticing that the effect of α, and hence of the
magnetic field, on the perturbations was typically small,
on the order of a hundredth to a few tenths of the value of
the frequency, and thus much smaller than the effect of the
size of the star. Even for the maximum excursion of α
studied in these runs, the real frequency differed from the
nonmagnetized case by 5%, while the imaginary frequency
varied by about 15%. However, a variation of the mirror
from x̃min ¼ −10 to x̃min ¼ −5, corresponding to a varia-
tion of 2% in the radius of the star, would produce a
variation of a tenfold factor for the imaginary frequency
and of about 30% for the real frequency.
For all considered cases, the quasinormal oscillations

were followed by a final power-law tail ∝ t−r. Such tails

TABLE I. Fundamental modes for different mirror positions and cutoff lmax ¼ 5.

α x̃min ¼ −5 x̃min ¼ −10 x̃min ¼ −15

0 0.3717þ i0.0676 0.284242þ i0.008034 0.211650þ i0.000749
0.002 0.211654þ i0.000749
0.0025 0.284253þ i0.008035
0.005 0.3725þ i0.0692 0.284282þ i0.008037 0.211678þ i0.000749
0.007 0.211705þ i0.000749
0.0075 0.284330þ i0.008041
0.01 0.3725þ i0.0692 0.284397þ i0.008039 0.211763þ i0.000749
0.015 0.284590þ i0.008054
0.02 0.3731þ i0.0694 0.284860þ i0.008075
0.03 0.3739þ i0.0698 0.285635þ i0.008137
0.04 0.3752þ i0.0703
0.05 0.3769þ i0.0710
0.08 0.3841þ i0.0740
0.11 0.3942þ i0.0775

FIG. 4. Dependence of the complex fundamental quasinormal
frequencies ω on the parameter α. The blue solid line is
the variation expected from the dependence of M−1 on α,
namely 1þα2

1−3α2, see (9). The (red) circles, (cyan) squares, and
(green) stars are, respectively, the quasinormal frequencies for
x̃min ¼ −5;−10, and −15. The dashed lines are the quadratic fit
1þ bα2. The values of b are, respectively, b ≈ 4.9, 5.4, and 5.4
(Top), and 9.7, 13.7, and 14.8 (Bottom).

FIG. 5. Path in the complex plane of the curve given by
ωðαÞ=ωð0Þ. The (red) circles, (cyan) squares, and (green) stars
correspond, respectively, to x̃min ¼ −5;−10, and −15. Notice the
clear deviation from the case with a simple dependence of the
type ωðαÞ ∝ M−1ðαÞ, which would correspond to the dashed
horizontal lines. This a clear indication that the QNM spectrum
does depend directly on the magnetization of the compact body,
and not only indirectly through the mass dependence on α.
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also have their behavior dependent on the magnetization
and the size of the star. Figure 6 depicts the results for
x̃min ∈ ½−3; 1� and the magnetization parameter α∈ ½0; 2�.
These parameters have antagonistic effects on the power-
law tail. The dependence of the power-law exponent r on
x̃min and α is well fitted by the quadratic expression
r0ð1þax̃minÞð1þbα2Þ, with a≈7×10−4, b≈−3.3×10−2,
and r0 ≈ 5.97. As one can see, the power-law exponent
r increases linearly with the size of the star, meaning
that the tail decays faster, and, conversely, for fixed x̃min,
it decreases quadratically, implying that the tail decays
at a slower pace. Nevertheless, the values of r accum-
ulate around r ¼ 6, the expected power-law tail of a
Schwarzschild black hole perturbed by static initial
conditions.
Finally, it is worth noticing that the position of

the mirror boundary condition also affects the ring-down
phase of the scalar perturbation. As the surface of the
star approaches the peak of the potential, the number of
oscillation periods before the onset of the power-law
tail also decreases. Conversely, the modes for smaller
stars have longer ring-down times. For instance, the
results for x̃min ¼ −5 have few spatial points in which
the wave could be analyzed and the ring-down phase
reconstructed.

C. The truncated Schwarzschild limit

The α ¼ 0 limit of our problem can be solved analyti-
cally in terms of the Heun functions. In this limit, we have
f ¼ g ¼ 1 and Eq. (17) simplifies considerably. By using
ulω ¼ eiωtvlω in the decomposition (18), we have the
following ordinary differential equation

d2v
dx2

þ 2

x2 − 1

dv
dx

−
1

x − 1

�
lðlþ 1Þ
xþ 1

−
ðxþ 1Þ2ω2

x − 1

þ 2

ðxþ 1Þ2
�
v ¼ 0; ð32Þ

where, for simplicity, we have dropped the lω indices.
Equation (32) can be extended to the entire complex plane
and recast into the standard confluent Heun differential
equation [26]

d2v
dz2

þ
�
ϵþ βþ 1

z
þ γþ 1

z− 1

�
dv
dz

þ
�
μ

z
þ ν

z− 1

�
v¼ 0; ð33Þ

with

μ ¼ 1

2
ðϵ − β − γ þ ϵβ − βγÞ − η; ð34Þ

ν ¼ 1

2
ðϵþ β þ γ þ ϵγ þ βγÞ þ η: ð35Þ

The confluent Heun differential equation appears fre-
quently in QNM studies, see for instance [22,26–29].
Their solutions have two regular singular points (z ¼ 0, 1)
and one irregular point located at infinity. Local solutions
of Eq. (33) around the regular singular points are written in
terms of the Heun confluent function, often denoted by
HeunCðϵ; β; γ; δ; η; zÞ. Solutions of Eq. (33) around the
point z ¼ 0 can be written as a linear combination of the
functions

Hþ
0 ðzÞ ¼ HeunCðϵ; β; γ; δ; η; zÞ; ð36aÞ

H−
0 ðzÞ ¼ z−βHeunCðϵ;−β; γ; δ; η; zÞ; ð36bÞ

For z → ∞, it is possible to derive asymptotic series [26]
such that the linearly independent solutions take the forms

Hþ
∞ðzÞ ∼

e−βðzþln zÞ

z

X
ν≥0

aþν
zν

; aþ0 ¼ 1; ð37aÞ

H−
∞ðzÞ ∼

1

z

X
ν≥0

a−ν
zν

; a−0 ¼ 1; ð37bÞ

with the coefficients a�ν determined by the known recur-
rence relations of the Heun functions [26]. Thus, the
general solution UXðzÞ around the point X ¼ 0 or
X ¼ ∞ can be written as

UXðzÞ ¼ Cþ
XH

þ
X ðzÞ þ C−

XH
−
XðzÞ; ð38Þ

where C�
X are constants.

FIG. 6. The power-law tail t−r as function of x̃min and α. The
data is well fitted by the quadratic expression r0ð1þ ax̃minÞ×
ð1þ bα2Þ, see the body text for further details. The main graphics
depicts the values of rðαÞ for x̃min ¼ −3;−3;−1, 0, and 1. All data
points are clustered up to the graphics resolution. The dashed line
is the quadratic dependence on α. The inset shows the linear
dependence of rð0Þ on x̃min.
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Let us return to the original problem of solving Eq. (32)
with the Dirichlet boundary condition on the surface of
the star,

vðxminÞ ¼ 0: ð39Þ

It is convenient here to introduce the following ansatz

vðzÞ ¼ ð1 − zÞ2iωðzþ 1Þeiωzw: ð40Þ

One can see that the function w also satisfies a confluent
Heun differential equation. In terms of this ansatz, the
solution of the confluent Heun equation (33) obeying the
Dirichlet boundary condition (39) reads

vðzÞ ¼ C1ð1− zÞ2ikωðzþ 1Þeikωz

×

"
HeunC

�
ϵ;β;0;δ;η;

1− z
2

�
−
�
1− xmin

1− z

�
4ikω HeunC

�
ϵ;β;0;δ;η; 1−xmin

2

�
HeunC

�
ϵ;−β;0;δ;η; 1−xmin

2

�HeunC�ϵ;−β;0;δ;η; 1− z
2

�#
; ð41Þ

where

ϵ ¼ −4iω; β ¼ 4iω; γ ¼ 0; ð42aÞ

δ ¼ −8ω2; η ¼ 8ω2 − lðlþ 1Þ: ð42bÞ

The quasinormal spectrum can be directly extracted from
the solution (41). To accomplish this, we must ensure that
there are no ingoing modes coming from infinity. The
solution can be also written in terms of asymptotic series at
infinity,

vðzÞ ¼ Cþ
∞Uþ

∞ðzÞ þ C−
∞U−

∞ðzÞ; ð43Þ

where, in accordance with our ansatz (40),

U�
∞ðzÞ ¼ ð1 − zÞ2iωðzþ 1ÞeiωzH�

∞ðzÞ: ð44Þ

The next step is to find the condition that implies C−
∞ ¼ 0,

since this is the requirement that no wave should come from
infinity. By exploiting the fact that the solution approaches

zero as z → ∞, it is possible to constraint the constants
C�
∞ as

jC−
∞j ¼ jCþ

∞j lim
z→∞





Uþ
∞ðzÞ

U−
∞ðzÞ





; ð45Þ

from where we have that C−
∞ ¼ 0 for

lim
z→∞

jU−
∞ðzÞj ¼ ∞: ð46Þ

As noted in [22], condition (46) is satisfied in the lower half
of the complex plane,

argðzÞ þ argðωÞ∈ ð−π; 0Þ: ð47Þ

with optimal convergence for argðzÞ ¼ −π=2 − argðωÞ.
Hence, we have finally a transcendental equation in terms
of the confluent Heun functions,

lim
z→∞

argðzÞ¼−π
2
−argðωÞ







ð1 − zÞ4iω
HeunC

�
ϵ; β; 0; δ; η; 1−z

2

�
HeunC

�
ϵ;−β; 0; δ; η; 1−z

2

� − ð1 − xminÞ4iω
HeunC

�
ϵ; β; 0; δ; η; 1−xmin

2

�
HeunC

�
ϵ;−β; 0; δ; η; 1−xmin

2

�






 ¼ 0: ð48Þ

TABLE II. The first four modes for l ¼ 1 for different values of x̃min. These values where determined numerically
by adopting jz∞j ¼ 100, which was enough to guarantee a good convergence of the results.

n x̃min ¼ −5 x̃min ¼ −10 x̃min ¼ −15

0 0.37033þ i0.06688 0.28409þ i0.00802 0.21155þ i0.00074
1 0.54250þ i0.32595 0.45383þ i0.10192 0.36120þ i0.02769
2 0.75345þ i0.62517 0.64775þ i0.24144 0.50976þ i0.09814
3 0.98312þ i0.92643 0.85580þ i0.38376 0.67266þ i0.17503
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Equation (48) is valid only for discrete values of ωn, with
the first mode, corresponding to n ¼ 0, referred to as the
fundamental mode. Actually, there are several approaches
to solve the zero-finding problem for equations like (48).
We have opted to recast the complex equation in a system
of two real equations in two real variables, and use a
standard Newton method to numerically determine the first
modes, whose values are shown in Table II. As one can see,
we have a good agreement with the numerical results of
Table I, indicating that our numerical and analytical
approaches are indeed robust.

IV. FINAL REMARKS

We have shown that the spheroidal magnetized compact
body described by a simple modification of the Gutsunaev-
Manko is well defined and stable. Moreover, we have
observed that the magnetic field has a slightly stabilizing
effect on QNM spectrum, i.e., greater magnetization leads
to faster decay of the modes. An opposite effect was noted
in the tails regime.
For any practical purpose, we must be able to express the

mass M and the magnetic moment μ of our compact object
in terms of usual astrophysical units. This can be easily
done by recasting the GN and c factors in (9) and (13).
Recalling that GNM⊙=c2 ≈ 1.48 km, we have

M ¼ 1 − 3α2

1þ α2

�
k

1.48 km

�
M⊙; ð49Þ

with, of course, k given in km. For the magnetic moment μ,
the situation is a little bit more intricate. From (12), we have
that the magnitude of the magnetic field in our solution is
such that jBj ∝ μ=r3. Hence, to accommodate the typical
magnetic field (1013 to 1015 G) of a magnetar with super-
ficial radius of 10 km, the magnetic moment μ must be of
the order 1016 to 1018 Gkm3. Recalling that in Gaussian
units the magnetic dipole moment μ is expressed in
erg=G ¼ cm

5
2 g

1
2 s−1, we have that

ffiffiffiffi
G

p
μ=c2 has units cm2

and the units of (13) can be restored straightforwardly.

μ¼ 8α3

ð1þα2Þ2
c2k2ffiffiffiffiffiffiffi
GN

p ¼ 8α3

ð1þα2Þ2
�

k
1.48 km

�
2G

3
2

NM
2
⊙

c2
; ð50Þ

with

G
3
2

NM
2
⊙

c2
≈ 7.6 × 1019 Gkm3: ð51Þ

One can see that our model can describe the typical
magnetic field observed in magnetars for small values of α.
Although we have focused only on fundamental frequen-

cies for the perfect reflection (mirror) model, the excited
modes can also be extracted using numerical methods such
as those ones discussed in [30]. Finally, the analysis
conducted in this work is restricted to uncharged scalar
perturbation. Therefore, its straightforward extension
would be to introduce other fields with distinct spin and
charges. Electrically charged fields, in particular, would be
especially interesting since they could interact electromag-
netically with the magnetic moment present in our model
based on the Gutsunaev-Manko solution.
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