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Abstract 

The psirpose o] this paper is to st11.dy in partic11.lar a class of tra.in 
algebras of rcuk 4 thaJ satisfy tlie t-eq11ation :i:4 = w(x?:r. Some 
resulis coiicerninq to strucl:u.re t.heorems of tlicse algebms are g·i-uen . 
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1. Introduction 

Let F be an infinite field of characteristic not 2 and A a finite 
dimensional, c:ommutative, nou-associative algebra over F. [f w : A ~ 
F is a nau-zero bomomorphism, the ordered pair (A, w) is r.alled ª 
baric algebra aud w t he weight function of (A.,,:). The ideal B = kf'n) 

has codimension 1 iu A and if e E A, w(r) = 1 t.heu A cau be 
descornposed as A= Fe Ef:l B. lf there exist elemrnts ,1, · · ·, ,n-1 E F 
such that t.he equation 

r + ( ) r- l ( ) r- 1 O :r ,1w x :i: + · · · + í'r-JW :r :r = (1) 

holds identically in A, t.hen A is called a trnm alqebro- The equation 
like (1) with minimum degree is the rank equation of A, ris Lhe r ank of 
A and the roots of the algebraic equation xr + 11 xr-l + · · · + í'r-1 :r = O 
in some extension field of F are the train roots of A. We will as­ 
sume that ali these traiu roots are in F itself. ln these conditions, 
1 + í'l + · · · + í'n-1 = O and B satisfies the monomial equation :rr = O. 

We will be mainly concerned in this note with tr ain algebras of ') 0 f) 

r ank 4, for which equation (1) becomes .i:4 + ,1w(:i:):1:·' + ,2w(:z:)-:i:- + 
3 ,:,,w(:r) :1: = O. 

Every baric algebra-with an idempotent of weigbt 1 can he obtainecl 
in the following way. Suppose B is au arbitrary con11n11tative finit.P 
dimensional algebra over F. Take the direct sum A= FEoB and define 
a multiplicatiou in A hy 

(2) 
(n:, a)(/3, b) = (c\'/3, ab + TB(o:b + /30)), n, {-J E F; o, b E B 

where TB : B _, Bis a11 arhitrary linear mapping. Tlwn w : A __, F 
given by w(n:, a)= n is uou-zero homomorphism, (A, w) is a haric alge­ 
bra and (1, O) is an idernpotent of weight. 1. As (1, 0)(0, a) = (O, T(a) ), 
rnultiplication by (1, O) is the sarne as t,Jw operator TB actiug on B. 
ln general two differeut T1s may give ris<' to B-isornorpbic algebras. 

rri 11 f t . 1 l i· 1 2 . . . l l ·1·c 1· 7' -e :.; t. l \l' 11e , ieory o ram a gc Has o ran ._ 1s tnv1a a11( > - · ' 

papers 111 and [2] contain some basic: 111aterial. ln this pap<-'1 we tr.Y 
to develop the theory for r = tJ, whC'rP a small nu111lier ol' rC'snlts ar<' 
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known. For instance, it is known that every nuclear Ber11stei11 algebra 
satisfies t.he traiu equation :r4 - ~w(:r):/l + ~w(:rfr

2 
= O. We shall 

study mainly the case particular of algebras that satisfy í.he t-e4u,ttio11 

x4 = w(:r f'':r. 

2. General results 

With the previous notation, if B satisfies the identity a
4 
= O for 

all a E B, it is easy to see that A satisfies the rauk equation 

if and only if the following identities hold: 
(4) 

(T2 + ')'1T + ,21B)(a?) + [2T + (1 + 2,1)1B](aT(a)) -\-2T2(a)a = O (5) 

2T3 + (1 + 2,i)T2 + (1 + í'l + 2,2)T + í'?JB = Ü (6) 

where a is an arbitrary elemeut of B and 18 is the identity operator 

in B. These equations are obtained hy substituting :i: = (a, a) E A = 
FEf::lB in the equation (3), where 

2 ') ') :r =(a-,a-+2o:T(a)) 
:, 'l ., ') ') ') ::r · = (a·, a·,+ a[2T(a)a-+ T(a-)]-\- n-lT(a)-\- 2T-(a)J 

:r4 = (o:4, a4 + n\2(T(a)a)a + T(a2)a + T(i)] + o
2
\T(a)a-\- 2T

2
(a)a -\- 

2T(T(a)a) + T2(a2)] + ci[T(a) + T2(a)2T:l(a)] 
and c:omparing like powers of a,···, a

4
. 

Conversely, tlw proof is obvious, up to the calculations which are 

Ioug. Tbe equation (6) can be written as 

VI/e sball study uow í.he case ,1 = ,2 = O and 1:l = -1, that 1s, 

algebras that satisfy the t-equation 
4 •) 

:r = w(x )":i: 

Furthennore the relation (7) in this case can he writ.ten as 
(7') 
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] 
thus the proper values of T are -, .\, b, where ,\ and b are t he roots 

2 
of the polynoinial 

:r2 + :r + 1 = O (8) 

\1\/e note that they satisfy the following relations: ,\:l = b:', = 1, /\ + b = 
-Jand/\b=l. 

If we have a traiu algehra A of rank 4, constructed as it is PX­ 

p lained before, WP can decompose B = U 4J V E!:, W where U = 
1 

kcr(T - 2IB), V= ker(T - >-Is) aud W = kcr(T - bls)- 

On the other haud, the linearizatiou of the equation (:3') yields 

or 

2z[x(xy)] + 2x[z(xy)] + 2:i:[x(yz)] + z(:i:2y) + 2:r[y(:rz)) + y(zx2) 
2 ') ) +2y[x(:1:z)] = 6w(x)w(z)w(y):1: + 3w( . .:) w(y)z + 3w(:r)-w(z Y (1 O) 

or 

t[ :i:(y z) +y( :i:z) + z(:ry )) +:r [ y( zt) + z(yt, )-1-l(yz)] + y [:r( zt,) + z(:1:t) +I (:rz )] 

+z[t(;ry) + :r(t.y) + y(:rt) [ = 3[w(:q;z )t, + w(:i:y/, )z + w(:dz )y + w(yi,z ):r] 
- (11) 

From (11) we obtain sorne relatious between tbe above defined sub­ 
spaces. We note also that they are obtained from /4): 

u2 e v 4l w v2 e w w2 e v ) ) 

UV e U 4l W, UW e U E!:, V anel VW = {O} ( 12) 

Remark. 
ln relation to the suhspaces V and W above defined, we can deduce 
immediately from (12) that y:l = O anrl w:', = O. BesidEs frow 141 it 
· 1 1 '1 ') z vwW is rnown t iat V-W = O, W-V = O and thc s11hspací' = · 
satisfies z::i, = O. • 

011 t.lw otlwr haud, i11 view of tlic-'S<-' resnlts wr obtai11 c,.1sily: 
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Corollary 1 U2V2 = O U2W2 = O V2W
2 = O (V

2
)
2 
= O 

(W2)2 = O, (U2)2V = o: (U2)2W = 'o and (U2
)
2
~T

2 
= o. , 

• 
Also from 141 it is known t.hat: 
Corollary 2 Lei A satisfy (:J'). Ttien (3') is a iraui cqualion o] 
minimal dcgrcc for A if only if V and W are both. nonzcro subspaccs . 

• 
Corollary 3 Tlic algcbra C = Fc E!:J U E!:J V (whcrc W = O} is a t.rnú1 

olqebra of rauk S. 

Proof: ln these couditions anel from (12) we bave t.hat: 

') 9 uv e u, u- e V, v- == o 

Now, similarly as was proved iu the corollary 2 (see 14]), we obtain 
that (C,w) satisfies the t-equatiou: :r:3-(l+>-)w(:r.):i:

2
+>.w(:r)2:r = O. 

A similar result is obtained when V= O. Thus the assertion is valid . 

• 
Proposition 1 For all k 2: 1, B1

'' is an ideal of A. 

Proof: This is obvious for k = 1 anel we proceed by iuductiou. We 
note that it is suf-ficient to show th at e· Bk+1 C Bk+l, t hat is, B'-+l is 
Le-invariant. Suppose that Bk is au ideal of A. Froin (10) and takiug 
:r E B, z E Bk-l, y = e we bave 

2z[.1:(c:r)J + :h[z(c:r)] + 2:r[:r(cz)J + z(c:/') + :2:r[c(:rz)] 

+ e ( z :r 2) + :2 e 1 :r ( :r z) J = O 
besides, z:r:2+:2:i:(:i:z) E Bk-t-l whence c[z:r2+:2:r(.rz)] E Bi.:+l since ali 
í.he otber sumands of the above relation are i11 Bk+l _ Tlrns B

1
: is an 

ideal of A. • 
Proposition 2 rr A is a traiu a.l_qr.bro sai'isfyin_q O) t.hr.n it. 1,S no/ a 

y1owcr·- assoriativc al_qcbra. 
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Proof: This is trivial from 15]. • 
3. Some special cases 

(A) ln t.he following, we shall do refneuce to the alge lna C = Fe 8-i 
Z (U = O). We do note that if e E fp(C) then w(e) = 1. 111 fact , if e E 
Ip(C) and w(c) = O, then e E kerco and c4 = e= O, a contradiction. 
Hencew(e) -f- O. Besides as w(e) = w(c2) = w(c)2 then w(c)lw(c)-11 = 
O and so w(e) = 1. 
Proposition 3 The alqebra C = Fe EB z Iuis excciu) onc idnn,poU:iil 

elemeni, 

Proof: Let :r = C\'e + v + w he a uouzero idempotent element iu C. 
From :r2 = x we deduce that 

') ') ') (\'-(' + v- + w- + 20'eV + 20'C'W = o:e + v + w 

aud this shows that 

If o = O then :i: = x4 = O. Tbus o: = 1, besides we find (2,\ - 1 )v
2 = O 

wheuce v2 = O which jrnplies w = O and v = O. Tberefore .T = e, 
wbich proves the proposition. • 

P 
. . e d 1 ' ,f]('- rop osi ti on 4 = Fc EB Z is a speriol traui algebrn tui ieiu» 

ueiic, 

Proof: We know tbat C is a traiu algebra of rank 4 and that z:3 = O 
then Z is a uilp o teut algebra. Furtbermore, from the propositioll 1 WP 

can conr.lude th at C is a spccial traiu algebra aud so c:011scquently ª 
genetic algebra. • 

(B) Now, we shall stucly the algehra A == Fc EB U 6:: Z with sol)IP 
restrictions of the proper snb:-;paces U, V and W. Also, wc do note 
that the results ohtai11ed for Valso ar<' verified for W. Ali this 11Y 1,]ic 
symmetric properties of th<' nwntion<'cl snbspaces. 

Proposition 5 Jf UV e W th1·11 Z(UV) =- O and UV'..' == 0. 
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Proof: (a) As UV e W it follows inunediately that V(UV) = O. 
On the other hand, we choose :r = u EU, y = 11 E V, z = w E W anel 
f. = e. Therefore frorn (11) jt, follows that c\u(vw) +v(uw) +w(uv)\-1 
ulv( ew) +w(ev) + e ( ""' )1 +vlv(cw) +w(rn) Cc(vw)\ +w\c(vv) + u(cv) + 
u(cu)] = O. ln this conditions we obtain that 2cjw(uP)\ = w(110) 
and so w(uv) E U. But also w(v.v) E V. then w(uv) = O whence 

W (UV) = O. Therefore Z(UV) = O. 
(h) Also, from ( 11) with :r = u E U, y = z = v E V and /. = e we 
have ejuv2 + 2v( uv )] + u\2v( cv) + ev2\ + 2v\u(cv) + 11(cu)e(u11 )] = O or 
else e(uv2) +(ó+ 2,\)v.v2 = O whence e(uv2) = (1 - ,\)v.v

2 
so uu

2 

= O 
because 1 - ,\ is not a proper value. Tberefore UV

2 
= O. • 

Proposition 6 Jf VZ C Z tliet» u(uZ) = O, u EU. 

Proof: Let :r = y = u EU, z = v E V anel t = e. Then from (11) we 
have c\2u(uv) + 

11112
\ + 2uju(cv) + v(eu) + c(uv)] + v\cv

2 
+ 2u(cv)\ =- O 

or else (2,\ - l)u(1w) +(ó+ l)vu2 + v(eu2) = O. As U
2 
C Z heuce we 

do u2 = v' + w' whence we get (2,\ - l)u(uv) +(ó+ l)vu
2 
+ ,\vv' = O 

aud so fiually we obtain (2,\ - 1 )u( uv) + (,\ 2 + ,\ + 1 )vu
2 
= O, rernern­ 

ber that ,\2 + ,\ + 1 = O. Tberefore u(uv) = O for all v E V, tbat is, 
u(uV) = O. Analogously we have u(uW) = O aud so ·u(uZ) = O. • 

Now, we want to detenniue some tbeorems of structure of tlwse 

algebras. Vve sball aualize the case U
2 e Ann(kcrw) 

(1) u2 -1 o. 
ln this situation we have tbP following results: 

Proposition 7 B = U EB Z is o. nilal_qcbro. 

Proof: Let :i: E U EB Z tbe11 :i: = u + 11 + w where v E U, v E V 
m1d w E W. Tbus :r:2 = 1

/ + 112 + w'.2 + 2uv + 2uw and inunediately 
it follows from above 'fac:t.s that. :r;) = O. • 

Proposition 8 The sd o.f idcinpol.r'11/. c/cmenls of A are _qivf:71 liy 

l ') ,-, 
lp(A) = {Cu:= <' + 11 + 7(3u- + 2r11-)/11 EU} 

whrrP e is an iclcmpot.cnl. dcmcnl of A. 
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Proof: Let c1 = e+ u + v + w be a nonzero idempotent elemeut iu A. 
From e12 = c1 we have that u2+v2+w2+2>-v+2ów+2n11+2uw = wl-11'­ 
Thus uv = O, uw = O, v2 = O and ·w2 = O. Let 11.

2 = v' + w' 
then it is clear that v' = (1 - 2>-)v aud w' = (1 - 2ó)w. Therefore 
u.2 = (1 - 2>-)11 + (1 - 2ó)w. 

'I I 
On t he ot.her hand, if C'

1 = c + u + :r with :r E Z anel as (',_ = 1
· 

then :i: = 2c:r + n2 heuce 2c:r = 4c(c:r) + 2cu2 and besides 4e(f·.r) = 
2 1 ') · '' ( '')! B t 8e(e(c:r))+4e(cu ),thusweobtain:i:=-7\u-+2cu-+4c eu.-· 

11
· 

from (10) we have e(cu2) + e112 + u2 = O anel so finally 
/ 1 ') ') 
e= c+u+-(Ju.-+2cu-) 

7 • 
(2) U2 = O. 

ln t his case we have the following new prcperty: 

Proposition 9 The sei o.f ulempoteni elemcnis of A are givcn by 

Ip(A) ={cu:= e+ v./u EU} 

Proof: Let x = CH' + u + v + w be a uonzero ielempotent element in 
A. From :r2 = :r we have that 

'l ') ') . 
n-c + v- + w- + 2n,\v + 2o:ów + '2uv + Zui» = o:c + ·u. + v + w 

Therefor e o:2 
whence 

= o:, w2 + 2>-v + 2v.w = v anel v2 -1- 2ów + '2:u.·o = w. 

o·= 1, w2 + 2uw = (1 - 2,\)v anel u2 + 2uv = (1 - 2ó)w 
Hence w2v + 211( vw) = (] - 2,\ )v2 ===} 11

2 = O because v(uw) = O. 
Analogously w2 = O anel t his show í.hat v = 2( J - 2>-)-1.uw ªnd 
w = 2(1 - 2ó)-111.11, bu t u11 = 2(1 - '2>-)-1·u.(uw) = O and uu' .z: 

2(1 - 2ó)-1u(uv) = O. Finally we deduce tbat 11 = w = O aiiJ so • 
4. Train algebras of rank 4 in fields of 
characteristic 2 

ln the followiug, we sball ass111nr that F bas cl1arac:trrislic 2. 
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Proposition 10 If A veri.fics thc t-equation (S'), tlieu lh.« followú1q 

asscrtions are satis.fied: 
( a) A admii aii ,11,níq'llr'. idcmpoten! elemeu! e, 
(b) If besules, A is a, powcr-assor.iativc al,11cl11·a tlieu. d is o <rnosi- 

ccnist.ant. olqebro o] arder 2. 

Proof: (a) Let :r E A such th at w(;r) = 1 then .r2-J: E kcrw t herefore 

( 

2 4 ° ,, ') 2 . ') ') ') ') ') ,, :r - :r) =O{==} (x- - :r)-(:1:- - :r) = (x-)-(:i:-)- + :i:-:i:- = O whence 

(

')2·')0 í)') ')') .•• ')') 
:1:-) (:r-)~ = :1:-x- = (:r-)~ which 1mphes e= (:r-)-. 
(b) Let x = w(:r)c + y, y E keru: then easily we c:onclude that x

4 
= 

w (:1: )4 e since y4 = O. 
Ou the other haud, in these conditions we cau prove that the idem- 

potent element e is unique. Since, supposE' that e' is another idem- 
• ') · I () () IJ 14 

potent, that 1s, e'- = e' then w(c') = l and e = e - = (e-)- = e = 
w(c')4e = e so e= e'. • 
Proposition 11 Lei A bc a, trau: a,lgebra. satisfying (8'). Thrn un: 

have th.e [ollounnq rcsults: 
( a) B is a nil Jordan algcbra.. 
(b) A is a special tra.in algebra. and hencc gcnctic, 

. ') .,, ') ') 

Proof: (a) Use (9) to obtalll :r(:ry) +:1:·y = w(x)"y +w(:i:)-w(y):r. 
N 

''1• • • d B (') ow , replace :r by x- m this equat1011 an y E we get :r y:i:-) = 
:r2(xy). Also for :r E B from (3) we find :r4 = O. So B is anil Jordan 
algebra and c:onsequently a nilpotent algehra. Besides clearly B is a 

power-assoc:iative algeb.ra. 
(b) We will provE' that Bk is an ideal of A and this is easily establishecl 
by incluction ou k. Suppose that Bk is an ideal of A. Frorn (10) we 

l 
') 2 0 )') . . iave that z(:1:-y) + y(zx ) = w(:i:)-w(y)z + w(:r -w(z)y. Now takmg 

J: E B, z E Bk-J, y = e we get c(z:r2) = -z(c:r2) E Bk+l _ TberE'fore 
e - Bk+l e Bk-i-J anel so Bk is an ideal of A as required. • 
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