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ABSTRACT
In this paper, we obtain the Bartlett-type correction factor for the
gradient test statistic in heteroskedastic generalized linear models
(HGLMs). We present an extensive Monte Carlo study to evaluate
the performance of the corrected gradient test in small sample sizes.
We also compare its performance with the usual gradient, likelihood
ratio (LR), score, Wald, improved LR and improved score statistics
along with bootstrap tests.
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1. Introduction

Hypothesis testing is an important stage of statistical inference. Without loss of generality,
let θ be the unknown p-dimensional parameter vector. Additionally, let θ = (θ�

1 , θ
�
2 )

�,
θ1 be a q-dimensional vector and θ2 a vector containing the remaining p−q parame-
ters. In a hypothesis test, the interest lies in H0 : θ1 = θ

(0)
1 , the null hypothesis, where

θ
(0)
1 is a known q-vector. In other words, the null hypothesis imposes q restrictions on

the parameter vector. Hence, θ2 is the vector of nuisance parameters. The partition θ

induces the following partition:U(θ) = (U1(θ)
�,U2(θ)

�)�, whereU(θ) is the score func-
tion. Consider θ̂ = (θ̂

�
1 , θ̂

�
2 )

� as the unrestricted maximum likelihood estimator of θ

and θ̃ = (θ
(0)�
1 , θ̃

�
2 )

� as the restricted maximum likelihood estimator θ under the null
hypothesis.

The gradient test [1] is an alternative to the classical likelihood ratio [2], Wald [3] and
score tests [4], and has been employed to test hypotheses. Rao [5] emphasized the fol-
lowing: ‘The suggestion by Terrell is attractive as it is simple to compute. It would be of
interest to investigate the performance of the [gradient] statistic.’ To compute this statis-
tic, it is not necessary to know the information matrix, either expected or observed. The

CONTACT Tiago M. Magalhães tiago.magalhaes@ufjf.br

Supplemental data for this article can be accessed here. https://doi.org/10.1080/00949655.2023.2172170

© 2023 Informa UK Limited, trading as Taylor & Francis Group

http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/00949655.2023.2172170&domain=pdf&date_stamp=2023-06-28
http://orcid.org/0000-0002-6537-6151
http://orcid.org/0000-0003-3814-9532
mailto:tiago.magalhaes@ufjf.br
https://doi.org/10.1080/00949655.2023.2172170


JOURNAL OF STATISTICAL COMPUTATION AND SIMULATION 2053

gradient statistic for testingH0 againstH1 is defined as:

T = U(θ̃)�(θ̂ − θ̃),

and can be expressed as T = U1(θ̃)
�(θ̂1 − θ

(0)
1 ), sinceU2(θ̃) = 0. Otherwise, the gradient

statistic is not invariant under reparameterizations of the model that preserve the param-
eter of interest. Montoril and Souza [6] obtained some properties of the gradient statistic
and Lemonte [7] presented a detailed survey on the gradient test.

Under the null hypothesis with large sample size, the gradient test statistic is asymp-
totically χ2

q distributed. On the other hand, the chi-squared distribution may not be a
good approximation of the null distribution of the gradient test statistic in samples with
small or moderate sizes. Vargas et al. [8] derived a general Bartlett-type correction fac-
tor for the gradient statistic. Under the null hypothesis, the corrected gradient statistic is
distributed as chi-squared up to an error of order o(n−1), while the uncorrected gradient
statistic has a chi-squared distribution up to an error of order o(n−1/2). Based on Var-
gas et al. [8], various studies have been published: Vargas et al. [9] for generalized linear
models; Medeiros et al. [10] for dispersion models; and Medeiros and Lemonte [11] and
Magalhães and Gallardo [12] for exponential andWeibull regression models, respectively.

Our chief goal in this paper is to derive the Bartlett-type correction factor for the gradi-
ent statistic in heteroskedastic generalized linear models (HGLMs). Some attempts have
been made to develop a second-order asymptotic theory for HGLMs to obtain better
likelihood inference procedures. Botter and Cordeiro [13] derived nearly unbiased maxi-
mum likelihood estimators. Barroso et al. [14] provided amatrix formula for second-order
covariances of maximum likelihood estimates. Botter and Cordeiro [15] and Cordeiro
et al. [16] derived the Bartlett and the Bartlett-type correction factors in matrix notation
for the likelihood ratios (LRs) and score tests, respectively, which reduce the size distortion
of these tests.

Another goal in this paper is to perform Monte Carlo simulation experiments to eval-
uate and compare the finite-sample performance of the corrected gradient statistic with
the usual gradient, LR, score,Wald, improved LR and improved score statistics. Bootstrap-
based tests are also included in the Monte Carlo experiments. Since we have not found
any comprehensive simulation study in the statistical literature performing this type of
numerical process in HGLMs, we believe our paper fills this gap.

The paper is organized as follows. In Section 2, we describe the class of HGLMs and
discuss estimation and hypothesis testing inference for the mean and precision regres-
sion parameters. In Section 3, we derive the specific Bartlett-type correction factor of
the gradient statistic for the HGLMs. The Monte Carlo simulation results are presented
and discussed in Section 4. An empirical application that uses real data is presented and
discussed in Section 5. The paper ends with a discussion in Section 6.

2. Heteroskedastic generalized linear models

In the standard formulation of the generalized linear models (GLMs) proposed by Nelder
and Wedderburn [17], the mean of the response variable is a function of covariates, but
the precision parameter is assumed constant across the observations. However, in many
practical situations, this assumption does not hold; see, for instance, Brooks et al. [18],
Hussain et al. [19] and Smyth et al. [20]. It is important to formulate the precision parameter
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also a function of covariates. For this reason, Smyth [21] introduced the generalized linear
models with varying dispersion, also known as heteroskedastic generalized linear models
or double generalized linear models.

Let Y1, . . . ,Yn be independent random variables, with each Y� having probability
density function (or probability function) in the exponential family given by:

π(y�; θ�,φ�) = exp{φ�[y�θ� − b(θ�)+ c(y�)] + a(y�)+ d(φ�)}, (1)

where a(·), b(·), c(·) and d(·) are known functions. The mean and variance of Y� are,
respectively, E(Y�) = μ� = db(θ�)/dθ� and Var(Y�) = φ−1

� V�, where V� = dμ�/dθ� is
the variance function and θ� = ∫

V�−1dμ� = q(μ�), q(μ�) is a known one-to-one func-
tion of the mean μ�. The parameters θ� and φ� > 0 are called the canonical and the
precision parameters, respectively.

The HGLMs are defined by (1) and the systematic components

t1(μ) = η = Xβ and t2(φ) = τ = Sλ, (2)

where t1(·) is a known, continuous, invertible and twice differentiable function, called
the mean link function, μ = (μ1, . . . ,μn)

�; η = (η1, . . . , ηn)� is the mean linear pre-
dictor, X = (x1, . . . , xn)� is a specified n × p matrix of full rank p < n, with �th row
x� = (x�1, . . . , x�p)�, β = (β1, . . . ,βp)� is a vector of unknown parameters to be esti-
mated, t2(·) is a known, continuous, invertible and twice differentiable function, called
the dispersion link function, φ = (φ1, . . . ,φn)�, τ = (τ1, . . . , τn)� is the dispersion lin-
ear predictor, S = (s1, . . . , sn)� is a specified n × qmatrix of full rank q < n, with �th row
s� = (s�1, . . . , s�q)�, and λ = (λ1, . . . , λq)� is also a vector of unknown parameters to be
estimated. Occasionally, some columns of X and S can be equal. In others words, X and S
can overlap.

Let �(β ,λ) be the logarithm of the likelihood function of the model described by (1)
and (2) given a set of observations y = (y1, . . . , yn)�. Thus

�(β ,λ) =
n∑
�=1

φ�[y�θ� − b(θ�)+ c(y�)] +
n∑
�=1

[a(y�)+ d(φ�)]. (3)

We assume that the function in (3) satisfies the usual regularity conditions [22, Chapter
9] concerning all derivatives for β and λ to the fourth-order. The following notation will
be used from now on: dk� = dkd(φ�)/dφk� and φk� = dkφ�/dτ k� for k = 1, . . . , 4 and � =
1, . . . , n.

Table 1 shows some quantities for distributions belonging to the exponential fam-
ily. The quantity �(φ) = ∫ ∞

0 tφ−1e−tdt is the gamma function, ψ(φ) = �′(φ)/�(φ) is
the digamma function, and ψ(r)(φ) = drψ(φ)/dφr for r = 1, 2 and 3 is th rth digamma
function’s derivative.

The score vector, obtained by differentiating (3) for the unknown parameters, is given
by U(β ,λ) = (Uβ(β ,λ)�,Uλ(β ,λ)�)�, where

Uβ(β ,λ) = X��W1/2V−1(y − μ) and Uλ(β ,λ) = S��1ν,

withW = diag{w1, . . . ,wn}, w� = V−1
� (dμ�/dη�)2, V = diag{V1, . . . ,Vn}, � = diag{φ1,

. . . ,φn}, �1 = diag{φ11, . . . ,φ1n} and ν = (ν1, . . . , νn)�, ν� = y�θ� − b(θ�)+ c(y�)+
d1�.
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Table 1. Quantities and their derivatives for some distributions in the
exponential family.

Quantity Normal: N(μ,σ 2) Inverse Gaussian: IG(μ,φ) Gamma: G(μ,φ)

θ μ −1/2μ2 −1/μ
b(θ) θ2/2 −√−2θ − log(−θ)
φ σ−2 φ E2(Y)/Var(Y)
V(μ) 1 μ3 μ2

d(φ) 1/2 logφ 1/2 logφ φ logφ − log�(φ)
d1 1/2φ 1/2φ logφ + 1 − ψ(φ)

d2 −1/2φ2 −1/2φ2 (1/φ)− ψ(1)(φ)

d3 1/φ3 1/φ3 (−1/φ2)− ψ(2)(φ)

d4 −3/φ4 −3/φ4 (2/φ3)− ψ(3)(φ)

The Fisher information matrix is given by:

K = K(β ,λ) =
(
Kβ 0
0 Kλ

)
,

where Kβ = X�W�X, Kλ = −S�D2�
2
1S and D2 = diag{d21, . . . , d2n}.

Note that the Fisher information matrix is a diagonal block matrix, so the param-
eters β and λ are globally orthogonal [23]. Under the regularity conditions, refer-
enced above, when the sample size is large, (β̂

�
, λ̂

�
)� is approximately distributed as

Np+q((β
�,λ�)�,K−1(β ,λ)). It follows from these facts that β̂ and λ̂ are asymptotically

independent. These estimators satisfy equations U(β̂ , λ̂) = 0, and to solve them it is nec-
essary to apply iterative methods [24] such as Fisher’s scoring, or equivalently, re-weighted
least squares.

3. Corrected gradient statistic

In HGLMs we have θ = (β�,λ�)�. Assuming we are interested in simultaneously test-
ing the mean and dispersion effects, the null hypothesis is written asH0 : β1 = β

(0)
1 ,λ1 =

λ
(0)
1 , which will be tested against the alternative hypothesis H1: at least one violation,

where β and λ are partitioned as β = (β�
1 ,β

�
2 )

�, with β1 = (β1, . . . ,βp1)� and β2 =
(βp1+1, . . . ,βp)�, λ = (λ�

1 ,λ
�
2 )

�, with λ1 = (λ1, . . . , λq1)� and λ2 = (λq1+1, . . . , λq)�.
The dimensions of the specified vectorsβ(0)

1 andλ
(0)
1 are p1 and q1, respectively. The vectors

β2 and λ2 are nuisance parameter vectors. Additionally, these partitions induce:

Kβ =
[
Kβ11 Kβ12
Kβ21 Kβ22

]
, K−1

β =
[
K11

β K12
β

K21
β K22

β

]
,

Kλ =
[
Kλ11 Kλ12
Kλ21 Kλ22

]
, K−1

λ =
[
K11

λ K12
λ

K21
λ K22

λ

]
,

whereKβ andKλ are the Fisher informationmatrices ofβ and λ, respectively, with inverses
K−1
β and K−1

λ .
Let T be the gradient statistic [1] for testing a general null hypothesis H0. Vargas

et al. [8] improved the gradient test by defining a statistic, say Tb, such that PH0(Tb ≤
w) = P(χ2

q ≤ w)+ O(n−2), under the null hypothesis, while PH0(T ≤ w) = P(χ2
q ≤
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w)+ O(n−1). More accurate inferences are expected with this error reduction. The expan-
sion proposed by Vargas et al. [8] is very general and there is no closed-form for all
models. For instance, although Vargas et al. [9] found the improved gradient statistic for
the dispersion models, there is no closed-form for the simplex distribution.

Using the general result of Vargas et al. [8] and after some tedious algebra, we obtain
a closed-form for the Bartlett-type corrected gradient statistic for testing H0 in het-
eroskedastic generalized linear models, as follows:

Tb = T
[
1 − (c + bT + aT2)

]
, (4)

where a = A3/{12q(q + 2)(q + 4)}, b = {A2 − 2A3}/{12q(q + 2)}, and c = {A1 − A2 +
A3}/12q. For the sake of brevity, the quantities A1 to A3 are presented in the Appendix.
The expression present in (4) is the major result of this paper.

In the Supplementary Material to this paper, we present two particular null hypotheses:
(i) for a subset of β and (ii) for a subset of λ. If there are unknown parameters, they must
be replaced by the maximum likelihood estimate under the null hypothesis. Although the
derivation of (4) is cumbersome, the result depends on simple matrix operations that can
be easily computed using a matrix programming language, such as Ox [25] or R [26].

4. Numerical results

In this section, our objective is to compare, through simulation, the performances of the
usual likelihood ratio (LR), score (SR),Wald (W) and gradient (T) tests, and their improved
versions LR adjusted via Skovgaard adjustment (LRa; Equation (5) in [27]), LR with the
Bartlett correction factor (LRb), SR with Bartlett-type correction factor (SRb), and T with
the Bartlett-type correction factor (Tb), considering small and moderate sample sizes in
HGLMs. We also include bootstrap tests (LRboot, SRboot,Wboot and Tboot).

We test the effects on the mean and the dispersion separately. The performances are
evaluated according to the proximity of the probability of rejection of the null hypothesis
when it is true (probability of type I error) with the respective nominal levels of the tests.
We also evaluate the power of the improved and bootstrap tests under study.

The simulations are based on the gamma regressionmodel with systematic components
defined by:

μ� = β1 + β2x�2 + · · · + βpx�p and log(φ�) = λ1 + λ2s�2 + · · · + λqs�q, (5)

where the covariables x2, . . . , xp and s2, . . . , sq are obtained from the U(1, 2) distribution
independently. These covariables are kept constant during the simulations. All parameters,
except those in the null hypothesis, are defined as one. Simulation results for the inverse
Gaussian regression model are presented in the Supplementary Material.

All simulations are performed using the matrix programming language Ox [25]. Max-
imization of the logarithm of the likelihood function for β and λ is done by the quasi-
Newton method BFGS [24] with first analytic derivatives. The number of Monte Carlo
replicates is set at 5,000 and the following nominal levels are considered: α = 10%, 5%, 1%.
We use B = 500 replicates for the bootstrap tests.

For each sample size and nominal level, we calculate the rejection rate of each test,
that is, we estimate P(LR > zα), P(LRa > zα), P(LRb > zα), P(SR > zα), P(SRa > zα),
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P(W > zα),P(T > zα),P(Tb > zα), where zα is the (1 − α)-quantile of the reference χ2

distribution. In other words, we calculate for each statistic the percentage of times that the
null hypothesis is rejected. For the tests based on the statistics LRboot, SRboot, Wboot and
Tboot, the rejection rates are obtained from the probabilities P(LR > q̂α), P(SR > q̂α),
P(W > q̂α) and P(T > q̂α), where q̂α is the (1 − α) bootstrap quantile estimated as
follows.

Let S be any of the uncorrected statistics. Using the bootstrap technique, we can find the
S empirical distribution from the observed sample y = (y1, . . . , yn)�. This method con-
sists of generating B bootstrap samples (y∗1

1 , . . . , y∗B
n )

� from the assumed model with the
parameters replaced by restricted estimates computed using the original sample, under the
null hypothesis. Then we calculate the value of the statistic S for each sample, that is, we
obtain S∗b for b = 1, 2, . . . ,B. Finally, these values are placed in ascending order. By set-
ting the significance level α, the percentile 1 − α of S is estimated by the value q̂α such that
#{S∗b ≤ q̂α}/B = 1 − α. Therefore, the test rejects the null hypothesis if S > q̂α . Further
information on bootstrap tests can be found in Efron and Tibshirani [28, Chapter 16].

In Table 2, we present the rejection rates considering hypothesis H0 : βp = 0, n = 30,
q = 2 and different values of p. We vary p to analyze the effect of the number of covariates
present in the model in the various tests. Note that the likelihood ratio (LR) andWald (W)
tests are extremely liberal, rejecting the null hypothesis more often than expected based on
the nominal level, for any value of p. The score (SR) and gradient (T) tests are also liberal
in almost all cases but have smaller distorted sizes than the likelihood ratio andWald tests
in all cases. For example, when p = 6 and α = 5%, the test rejection rates are 11.08% (LR),
7.68% (SR), 15.02% (W) and 9.32% (T). The test Tb outperforms the test T, especially
when the number of parameters p increases. We also note that the impact of the number of
parameters is less accentuated in the corrected tests LRa, LRb, SRb and Tb. For the tests LRa
and LRb, the Skovgaard adjustment and the Bartlett correction factor, respectively, cause
the rejection rates to be closer to the nominal levels considered. For example, for p = 5
and α = 10%, the LR test has a rejection rate of 17.18%, while its modified versions have
12.06% (LRa) and 12.72% (LRb). The bootstrap tests, in general, perform better than the
other tests but are similar to each other.

In Table 3, we set the null hypothesis asH0 : βp = 0, p = 2, n = 30with different values
of q. The tests that have their rejection rates most affected by the increase in the number
of dispersion parameters are the W, LR and T tests. The other tests show reasonable per-
formance, and the tests LRa and LRb have more unstable empirical sizes relative to their
respective nominal levels. The rejection rate of the Wald test for q = 5 and α = 5% is
19.56%, that is, almost four times the nominal level considered, while the rejection rates of
the LR, LRa, LRb, SR, SRb, T, Tb, LRboot, SRboot, Wboot and Tboot tests are 11.56%, 7.32%,
6.64%, 5.28%, 4.86%, 9.12%, 4.96%, 5.24%, 5.42%, 5.26%, and 5.72%, respectively. The
other previous conclusions obtained from Table 2 are also verified here.

In Table 4, we consider the null hypothesisH0 : βp = 0, p = 3, q = 3 and n = 20, 30,
40. As the sample size increases, the rejection rates of all the tests approach the respective
nominal levels. In addition, the SRb, Tb and bootstrap tests present rejection rates near
the corresponding nominal levels for all values of n. It is worth mentioning here that even
for n = 40, the tests based on the statistics LR, W, and T are still liberal. For example,
for α = 10%, the rejection rates of the respective tests are 14.02% (LR), 16.96% (W) and
12.86% (T). The other previous conclusions show in Tables 2 and 3 can also be seen here.
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Table 2. Rejection rates forH0 : βp = 0; gamma distribution with n = 30 and q = 2.

p α(%) LR LRa LRb SR SRb W T Tb LRboot SRboot Wboot Tboot

10 12.76 9.72 9.98 10.12 9.34 15.50 11.56 9.56 9.56 9.64 9.54 9.56
2 5 6.68 4.74 4.80 4.50 4.34 9.28 5.48 4.50 4.68 4.60 4.62 4.72

1 1.56 0.86 0.80 0.70 0.84 3.38 0.78 0.68 0.96 0.90 1.10 0.98
10 13.40 10.40 10.38 11.14 9.88 15.82 12.54 10.08 9.94 10.08 9.86 9.86

3 5 7.70 4.84 5.04 5.48 4.66 9.94 6.12 4.78 4.66 4.66 4.46 4.84
1 1.80 1.04 1.12 1.00 0.94 3.36 1.04 0.86 1.02 1.10 1.02 0.98
10 16.74 11.94 12.66 12.60 10.82 21.58 15.10 11.38 10.98 10.58 10.82 11.12

4 5 10.42 6.10 6.62 6.68 5.74 14.68 8.54 5.62 5.44 5.62 5.64 5.70
1 2.86 1.44 1.56 1.44 1.38 6.40 1.68 1.26 1.34 1.42 1.28 1.54
10 17.18 12.06 12.72 13.34 10.58 22.24 15.78 11.56 10.42 10.10 10.80 10.62

5 5 10.74 6.38 6.96 7.10 5.30 14.72 9.02 5.82 5.24 5.22 5.58 5.36
1 3.28 1.36 1.64 1.36 0.94 6.76 2.00 1.12 1.22 1.08 1.30 1.18
10 18.14 10.90 12.78 14.22 10.12 22.72 16.72 10.82 9.68 9.50 9.72 9.60

6 5 11.08 5.64 6.72 7.68 5.42 15.02 9.32 5.52 4.98 5.14 5.16 5.06
1 3.54 1.22 1.64 1.50 0.98 6.66 2.24 1.02 1.14 1.08 1.06 1.26
10 17.80 11.28 12.20 14.02 10.28 21.08 16.58 10.74 9.46 9.76 9.86 9.42

7 5 10.70 5.36 6.38 7.76 4.66 14.48 9.16 5.32 4.70 4.52 4.62 4.56
1 3.28 0.96 1.40 1.56 0.90 6.06 1.86 0.86 0.78 0.94 0.76 0.70

Table 3. Rejection rates forH0 : βp = 0; gamma distribution with n = 30 and p = 2.

q = 2 q = 3

Statistic α = 10% α = 5% α = 1% α = 10% α = 5% α = 1%

LR 12.76 6.68 1.56 15.42 9.12 2.54
LRa 9.72 4.74 0.86 11.52 5.80 1.48
LRb 9.98 4.80 0.80 12.04 6.02 1.44
SR 10.12 4.50 0.70 11.44 5.68 0.98
SRb 9.34 4.34 0.84 10.26 5.26 1.04
W 15.50 9.28 3.38 20.28 13.86 5.80
T 11.56 5.48 0.78 14.40 7.54 1.56
Tb 9.56 4.50 0.68 10.88 5.36 1.14
LRboot 9.56 4.68 0.96 10.56 5.44 1.38
SRboot 9.64 4.60 0.90 10.62 5.48 1.28
Wboot 9.54 4.62 1.10 10.78 5.36 1.32
Tboot 9.56 4.72 0.98 10.82 5.68 1.52

q = 4 q = 5

Statistic α = 10% α = 5% α = 1% α = 10% α = 5% α = 1%

LR 16.70 9.98 2.84 18.38 11.56 3.56
LRa 11.80 6.18 1.26 13.74 7.32 1.96
LRb 11.46 6.00 1.26 12.68 6.64 1.40
SR 10.50 5.26 0.70 11.22 5.28 0.74
SRb 9.70 5.02 0.84 9.98 4.86 0.84
W 23.90 16.74 8.22 26.98 19.56 10.08
T 14.86 7.88 1.18 16.34 9.12 1.76
Tb 9.98 4.88 0.78 10.38 4.96 0.92
LRboot 9.88 4.94 1.08 10.10 5.24 1.22
SRboot 9.76 5.20 1.10 10.50 5.42 1.24
Wboot 9.72 4.80 1.22 10.08 5.26 1.08
Tboot 9.96 5.26 1.14 10.66 5.72 1.34

In Table 5, we take the null hypothesis H0 : λ2 = · · · = λq = 0, q = 3, p = 2 and
n = 20, 30, 40. The rejection rates of all tests approach their respective nominal levels as
the sample size increases. Furthermore, the tests LR, W and T present high distortion of
size, with the distortion of W being more accentuated. In contrasts, the tests SR, SRb and
Tb are conservative. We further find that the test LRa is slightly better than the LRb test.
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Table 4. Rejection rates forH0 : βp = 0; gamma distribution with p = 3 and q = 3.

n α(%) LR LRa LRb SR SRb W T Tb LRboot SRboot Wboot Tboot

10 22.94 15.88 14.74 12.38 9.90 33.04 18.58 11.10 10.30 9.82 10.70 10.78
20 5 14.42 9.50 8.36 6.22 5.22 26.30 10.38 5.38 5.36 5.28 5.44 5.52

1 5.60 2.64 2.24 0.70 0.76 15.46 2.06 1.06 1.02 1.34 1.26 1.58
10 16.96 12.12 12.32 11.66 10.02 24.16 15.38 10.68 10.12 10.22 10.10 10.42

30 5 10.26 6.44 6.48 5.64 4.88 16.74 8.24 5.28 4.88 5.00 4.86 5.10
1 2.98 1.40 1.50 1.04 1.02 7.84 1.68 1.16 1.20 1.22 1.18 1.40
10 14.02 10.50 10.64 10.72 9.52 16.96 12.86 10.14 9.74 9.76 9.78 9.86

40 5 7.64 5.32 5.60 5.54 4.94 10.46 6.94 5.18 4.94 5.06 4.98 5.06
1 1.84 1.08 1.12 0.98 0.90 3.74 1.40 0.98 1.06 1.24 0.98 1.16

Table 5. Rejection rates forH0 : λ2 = · · · = λq = 0; gamma distribution with p = 2 and q = 3.

n α(%) LR LRa LRb SR SRb W T Tb LRboot SRboot Wboot Tboot

10 18.98 12.32 13.38 8.22 10.38 34.84 17.70 10.30 10.54 10.68 10.88 10.92
20 5 11.06 6.20 7.10 4.26 4.96 26.52 9.68 4.14 5.36 5.58 5.56 5.46

1 3.10 1.50 1.68 0.72 0.88 14.92 2.46 0.40 1.40 1.14 1.48 1.30
10 13.64 10.14 10.98 8.60 9.74 23.30 13.06 9.86 10.24 9.86 9.64 10.14

30 5 7.68 5.14 5.64 4.46 4.82 15.92 7.16 4.32 5.00 4.96 5.42 5.04
1 2.00 1.20 1.26 0.92 0.80 7.04 1.82 0.60 1.28 1.20 1.06 1.32
10 12.70 10.42 11.00 9.44 10.18 19.82 12.44 10.34 10.38 9.96 10.72 10.22

40 5 7.10 5.34 5.44 4.68 4.86 13.08 6.82 4.84 5.30 5.02 5.10 5.32
1 1.78 1.38 1.42 1.24 1.02 4.58 1.68 0.88 1.22 1.38 1.30 1.20

Finally, we find that the corrected gradient test rates (Tb) are closer to the nominal levels
than those presented by the gradient test (T). As an example, for n = 20, the rejection rates
for the levels α = 10% and α = 5% are, respectively, 17.70% and 9.68% for T and 10.30%
and 4.14% for Tb. The bootstrap tests perform satisfactorily.

In Table 6, we fix the null hypothesis asH0 : λ2 = · · · = λq = 0, p = 1, n = 20, 30, 40
and q = 2, 3, 4. The Wald test (W) is quite liberal, as the number of parameters increases.
The likelihood ratio (LR), and gradient (T) tests are also liberal but have a smaller distorted
size than theW test. Furthermore, the score (SR) and corrected gradient (Tb) tests are con-
servative, the latter in almost all cases. We also note that as the sample size increases, the
tests’ rejection rates approach the respective nominal levels. Among the modified likeli-
hood ratio tests, the LRa test presents slightly better results. Finally, the bootstrap and SRb
tests lead to a considerable reduction in size distortion.

In Table 7, we present the simulation results to evaluate the non-null rejection rates of
the tests (power) LRa, LRb, SRb, Tb, LRboot, SRboot,Wboot and Tboot. The LR, SR,W and T
statistics are not included, because the simulation results showed they are oversized. The
powers of the tests were calculated based on estimated critical values that make the size of
each test equal to α. We set n = 30, p = 1, q = 2, α = 10% and consider the hypothesis
H1 : λ2 = ε for ε = 0.5, 1.5, 2.5, 3.5. As expected, the powers of the tests are very similar
and increase as ε increases.

In Figure 1, we present the graph of the asymptotic quantiles versus the relative discrep-
ancies of the quantiles. The relative discrepancy is defined as the difference between the
exact quantile (estimated via simulation) and the asymptotic quantile divided by the latter.
The closer the discrepancy is to zero, the better the approximation is of the exact distribu-
tion under the null hypothesis of the test statistic by the limit distribution χ2. We consider
the null hypothesis H0 : β3 = 0, p = q = 3 and n = 40, that is, asymptotic quantiles are
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Table 6. Rejection rates forH0 : λ2 = · · · = λq = 0; gamma distribution with p = 1.

q n α(%) LR LRa LRb SR SRb W T Tb LRboot SRboot Wboot Tboot

10 12.58 10.70 11.16 9.00 10.36 16.92 11.98 10.46 10.42 10.60 10.00 10.48
20 5 6.80 5.54 5.82 4.16 5.52 10.48 6.30 4.94 5.28 5.76 5.50 5.36

1 1.90 1.50 1.58 0.84 1.24 4.54 1.62 0.94 1.62 1.42 1.34 1.54
10 10.54 9.28 9.18 8.40 9.32 13.78 10.34 9.04 9.22 9.56 9.48 9.22

2 30 5 5.44 4.72 4.78 3.90 4.62 7.86 5.30 4.50 4.78 4.96 4.74 4.78
1 1.22 0.90 0.90 0.66 0.82 2.44 1.02 0.58 1.06 1.14 1.12 1.12
10 11.52 10.20 10.50 9.20 10.04 13.66 11.24 10.20 10.48 10.20 10.22 10.44

40 5 5.52 4.92 4.96 4.48 4.98 7.64 5.38 4.74 5.10 5.20 5.22 5.04
1 1.22 0.94 0.92 0.90 1.04 2.16 1.06 0.72 1.08 1.24 0.94 1.10
10 14.08 10.92 11.52 8.54 10.10 23.12 12.84 9.90 10.38 10.34 10.60 10.38

20 5 7.36 5.62 5.96 4.02 4.90 16.14 6.54 4.54 5.34 5.48 5.70 5.22
1 2.08 1.02 1.16 0.66 0.82 7.50 1.38 0.38 1.18 1.02 1.28 1.18
10 11.50 9.94 10.30 8.94 10.10 17.98 11.08 9.36 9.82 10.14 9.86 9.80

3 30 5 6.34 5.24 5.44 4.24 4.92 11.30 5.92 4.52 5.20 5.12 4.74 5.20
1 1.34 1.02 1.06 0.74 0.78 4.20 1.16 0.66 1.24 1.02 1.18 1.22
10 11.30 9.90 9.98 9.22 10.06 15.82 11.06 9.62 9.88 10.08 9.90 9.86

40 5 6.20 5.18 5.42 4.72 5.24 9.72 5.72 4.72 5.52 5.38 5.26 5.42
1 1.34 1.00 1.08 0.94 1.00 3.46 1.16 0.68 1.12 1.24 1.32 1.10
10 15.54 10.40 12.44 8.22 10.56 31.70 14.10 9.66 10.76 10.86 10.46 10.88

20 5 8.58 5.44 6.50 4.16 5.00 23.80 7.28 4.14 5.36 5.36 5.30 5.24
1 2.40 1.16 1.68 1.08 0.16 12.66 1.86 0.20 1.36 1.26 1.16 1.38
10 12.46 10.30 10.80 8.82 9.82 22.64 11.76 9.46 10.04 10.02 10.00 10.14

4 30 5 6.66 5.12 5.52 4.32 4.86 14.76 6.16 4.12 5.04 5.20 5.06 5.20
1 1.70 1.32 1.34 1.18 0.94 6.42 1.40 0.60 1.40 1.44 1.12 1.30
10 12.08 10.68 10.70 9.68 10.70 19.62 11.64 9.92 10.56 10.82 10.14 10.52

40 5 6.28 5.34 5.40 4.56 4.88 12.56 5.74 4.50 5.34 5.40 5.14 5.36
1 1.42 1.16 1.26 1.18 0.90 4.44 1.30 0.64 1.40 1.28 1.52 1.34

Table 7. Power of theH1 : λ2 = ε; n = 30, p = 1, q = 2, α = 10%; gamma distribution.

ε LRa LRb SRb Tb LRboot SRboot Wboot Tboot

0.5 16.06 16.32 15.84 16.04 15.14 15.16 14.82 15.10
1.5 42.76 43.16 41.40 42.84 41.38 40.18 40.08 41.46
2.5 75.78 76.06 72.66 75.84 74.80 71.64 74.54 74.90
3.5 94.06 94.12 91.30 94.06 93.82 90.84 94.40 93.78

obtained from the χ2
1 distribution. The figure confirms the tendency of the Wald test (W)

to be too liberal. The likelihood ratio (LR) and gradient (T) tests are also liberal but less so
thanW. The other tests reject the null hypothesis less frequently compared to the nominal
level. Note that the distribution of the test Tb is closer to the reference distribution than the
T distribution. The best agreement between the exact and asymptotic quantiles is obtained
by Tb.

5. An application

To illustrate the application of the usual likelihood ratio, score, Wald and gradient statis-
tics and their corrected versions, we consider the dataset analyzed in Simonoff and
Tsai [29]. These data represent the monthly return of the market (x) and Acme-Cleveland
Corporation (Y) stocks from January 1986 to December 1990.

In the original analysis of these data, the authors suggested a normal heteroscedastic
regression model N(μ�,φ−1

� ) to predict Y� in terms of a linear return function of the
market x�, considering the following systematic components for the mean and precision:



JOURNAL OF STATISTICAL COMPUTATION AND SIMULATION 2061

Figure 1. Relative discrepancies of quantiles – gammamodel with n = 40, p = 3 and q = 3.

Table 8. Parameter estimates.

Parameter β1 β2 λ1 λ2

Estimate −0.005 1.253 4.410 −8.092
Standard error 0.020 0.249 0.265 4.009

Table 9. Values of test statistics and
p-values of test H0 : λ2 = 0 in the
complete database.

Statistic Value P-value

LR 3.329 0.068
LRa 3.095 0.079
LRb 3.120 0.077
SR 2.698 0.100
SRb 2.889 0.089
W 4.075 0.044
T 3.316 0.069
Tb 3.086 0.079
LRboot – 0.076
SRboot – 0.081
Wboot – 0.077
Tboot – 0.076

μ� = β1 + β2x� and log(φ�) = λ1 + λ2x�, for � = 1, . . . , 59, where observation 22, which
indicates that the market lost approximately one-third of its value during two weeks in
October 1987 [29, p. 359], was removed from the analysis. Here, we are interested in testing
the null hypothesisH0 : λ2 = 0 (homoscedasticity).

The estimates of the parameters are shown in Table 8. We can observe in Table 9 that if
we consider the nominal level of 5%, the null hypothesis is only rejectedwhen the inference
is based on the usual Wald test. However, if the nominal level considered is 10%, the null
hypothesis is only not rejected by the test score.

Similar toMelo et al. [30], we randomly select a subset of the dataset, with n = 20 obser-
vations, to illustrate the effect of the different correction factors. Table 10 presents, for this
reduced database, the results of the same tests performed for the complete database. Note
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Table 10. Values of test statistics and
p-values of test H0 : λ2 = 0 in the
reduced database.

Statistic Value P-value

LR 5.187 0.023
LRa 3.129 0.077
LRb 4.159 0.041
SR 3.147 0.076
SRb 3.939 0.047
W 8.245 0.004
T 5.094 0.024
Tb 3.629 0.057
LRboot – 0.059
SRboot – 0.039
Wboot – 0.106
Tboot – 0.050

that the observed values of the test statistics LR, SR, W and T preserve the order shown
in the simulation studies (see Section 4: W>LR>T> SR. For α = 0.05, the conclusions
are different between the LR, SR and T tests and their improved versions LRa, SRb and Tb,
respectively.

6. Concluding remarks

Broadly speaking, the likelihood ratio, Wald and gradient tests may be too liberal when
working with small sample sizes, rejecting the null hypothesis more frequently than
expected based on the nominal level selected. The score test is the least distorted and can be
conservative in some cases. The Bartlett-type correction factors for the score and gradient
tests have empirical rejection rates closer to the nominal levels. This result is more pro-
nounced concerning the usual gradient test. The adjusted and corrected likelihood ratio
tests present greater size distortion than the corrected score and gradient tests. The boot-
strap tests lead to a considerable reduction in observed size distortion for asymptotic tests,
especially for the likelihood ratio andWald tests, whose usual versions are typically liberal.
However, they are costly computationally and they add two uncertainties: the number of
replications and the size of each replication. On the other hand, the corrected score and
gradient tests are less distorted, in most cases analyzed, and are therefore recommended
for practical applications. For future work, we suggest analyzing the behaviour of the four
tests when the systematic components, in (2) are nonlinear. Since, in a general setting,
there is no Bartlett-type correction factor to improve the Wald test, a second suggestion is
to derive a modified version of the Wald statistic based on the general result of Magalhães
et al. [31].
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Appendix

In order to express the corrected gradient statistic, presented in (4), it is helpful to define the fol-
lowingmatrices: Zβ = X(X�W�X)−1X�,Zλ = S(−S�D2�

2
1S)

−1S�,Zβd = diag(zβ11, . . . , zβnn),
Zλd = diag(zλ11, . . . , zλnn), Zβ2 = X2(X�

2 W�X2)
−1X�

2 , Zλ2 = S2(−S�
2 D2�

2
1S2)

−1S�
2 , Zβ2d =

diag(zβ211, . . . , zβ2nn), Zλ2d = diag(zλ211, . . . , zλ2nn), F = diag{f1, . . . , fn}, G = diag{g1, . . . , gn},
B = diag{b1, . . . , bn}, C = diag{c1, . . . , cn}, E = diag{e1, . . . , en}, �1 = diag{φ11, . . . ,φ1n}, �2 =
diag{φ21, . . . ,φ2n},�3 = diag{φ31, . . . ,φ3n},D2 = diag{d21, . . . , d2n},D3 = diag{d31, . . . , d3n} and
D4 = diag{d41, . . . , d4n}, with f� = 1

V�
dμ�
dη�

d2μ�
dη2�

, g� = f� − 1
V2
�

dV�
dμ� (

dμ�
dη� )

3, ν1� = 1
V3
�

(
dV�
dμ� )

2
(
dμ�
dη� )

4
,

ν2� = 1
V2
�

d2V�
dμ�2

(
dμ�
dη� )

4, ν3� = 1
V2
�

dV�
dμ� (

dμ�
dη� )

2 d2μ�
dη�2

, ν4� = 1
V� (

d2μ�
dη�2

)2, ν5� = 1
V�

dμ�
dη�

d3μ�
dη�3

, b� = −6ν1� +
3ν2� + 12ν3� − 3ν4� − 4ν5�, c� = −4ν1� + 2ν2� + 9ν3� − 3ν4� − 3ν5�, e� = −2ν1� + ν2� + 5ν3� −
2ν4� − 2ν5� andφk� = dkφ�/dτ k� and dk� = dkd(φ�)/dφk� , for k = 1, 2, 3, 4 and � = 1, . . . , n.Z(2)

β =
Zβ � Zβ , Z

(3)
β = Z(2)

β � Zβ etc., where � represents a direct product.
The quantities A1 to A3, where A1 = A11 + A12 + A13 + A14 and A2 = A21 + A22 + A23, in

Equation (4), to define an improved gradient statistic are, respectively:

A11 = 3{1��(F + 2G)[Zβd(Zβ + Zβ2)Zβ2d − 2Zβ2dZβ2Zβ2d + 2(Zβ − Zβ2)� Z(2)
β2

]

× �(F + 2G)1}
+ 3{1��1W[Zβd(Zλ + Zλ2)Zβ2d − 2Zβ2dZλ2Zβ2d + 4(Zβ − Zβ2)� Zβ2 � Zλ2

+ 2(Zλ − Zλ2)� Z(2)
β2

]�1W1}
− 3{1��1W[Zβd(Zλ + Zλ2)Zλ2d − 2Zβ2dZλ2Zλ2d](D3�

3
1 + 3D2�1�2)1}

− 3{1�(D3�
3
1 + 3D2�1�2)[Zλd(Zλ + Zλ2)Zβ2d − 2Zλ2dZλ2Zβ2d]�1W1}

+ 3{1�(D3�
3
1 + 3D2�1�2)[Zλd(Zλ + Zλ2)Zλ2d − 2Zλ2dZλ2Zλ2d

+ 2(Zλ − Zλ2)� Z(2)
λ2

](D3�
3
1 + 3D2�1�2)1},

A12 = 12{1��(F + G)[ZβdZβZβd − Zβ2dZβ2Zβ2d + Z(3)
β − Z(3)

β2
]�(F + G)1}



JOURNAL OF STATISTICAL COMPUTATION AND SIMULATION 2065

+ 12{1�(D3�
3
1 + 2D2�1�2)[ZλdZλZλd − Zλ2dZλ2Zλ2d + Z(3)

λ − Z(3)
λ2

]

× (D3�
3
1 + 2D2�1�2)1},

A13 = −6{1��(F + 2G)[(Z(2)
β − Z(2)

β2
)� (Zβ + Zβ2)+ (Zβd − 3Zβ2d)Zβ2Zβ2d

+ (Zβd + Zβ2d)ZβZβd + 2Z(2)
β2

� (Zβ − Zβ2)]�(F + G)1}
− 6{1��1W[(Z(2)

β − Z(2)
β2
)� (Zλ + Zλ2)+ 2Z(2)

β2
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3
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3
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(2)
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λ2

� (Zλ − Zλ2)](D3�
3
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A14 = 6{1��B(Zβd − Zβ2d)Zβ2d1} + 6{1��2W[(Zβd − Zβ2d)Zλd + (Zλd − Zλ2d)Zβ2d]1}
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4
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2
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2
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]
× �1W1

}
+ 3

{
1��1W(Zβd − Zβ2d)

[
1
4
(Zλ − Zλ2)(3Zλd + Zλ2d)+ Zλ2(Zλd − Zλ2d)

]
× (D3�

3
1 + 3D2�1�2)1

}
+ 3

{
1�(D3�

3
1 + 3D2�1�2)(Zλd − Zλ2d)

[
1
4
(Zλ − Zλ2)(3Zβd + Zβ2d)

+ Zλ2(Zβd − Zβ2d)

]
�1W1

}
− 3

{
1�(D3�

3
1 + 3D2�1�2)

[
1
4
(Zλd − Zλ2d)(Zλ − Zλ2)(3Zλd + Zλ2d)

+(Zλd − Zλ2d)Zλ2(Zλd − Zλ2d)+ 1
2
(Zλ − Zλ2)

(2) � (Zλ + 3Zλ2)

]
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× (D3�
3
1 + 3D2�1�2)1

}
,

A22 = 6{1��(F + 2G)[(Zβ − Zβ2)� (Z(2)
β − Z(2)

β2
)+ (Zβd − Zβ2d)(ZβZβd − Zβ2Zβ2d)]

× �(F + G)1}
+ 6{1��1W[(Zλ − Zλ2)� (Z(2)

β − Z(2)
β2
)]�1W1}

+ 6{1�(D3�
3
1 + 3D2�1�2)[(Zλ − Zλ2)� (Z(2)

λ − Z(2)
λ2
)

+ (Zλd − Zλ2d)(ZλZλd − Zλ2Zλ2d)](D3�
3
1 + 2D2�1�2)1}

− 6{1��1W(Zβd − Zβ2d)(ZλZλd − Zλ2Zλ2d)(D3�
3
1 + 2D2�1�2)1},

A23 = 3{1��(2C − B)(Zβd − Zβ2d)
(2)1}

+ 3{1�(D4�
4
1 + 6D3�

2
1�2 + 3D2�

2
2 + 2D2�1�3)(Zλd − Zλ2d)

(2)1},

A3 = 1��(F + 2G)
[
3
4
(Zβd − Zβ2d)(Zβ − Zβ2)(Zβd − Zβ2d)+ 1

2
(Zβ − Zβ2)

(3)
]

�(F + 2G)1

+ 1��1W
[
3
4
(Zβd − Zβ2d)(Zλ − Zλ2)(Zβd − Zβ2d)+ 3

2
(Zβ − Zβ2)

(2) � (Zλ − Zλ2)

]
× �1W1

− 3
2
1��1W(Zβd − Zβ2d)(Zλ − Zλ2)(Zλd − Zλ2d)(D3�

3
1 + 3D2�1�2)1

+ 1�(D3�
3
1 + 3D2�1�2)

[
3
4
(Zλd − Zλ2d)(Zλ − Zλ2)(Zλd − Zλ2d)+ 1

2
(Zλ − Zλ2)

(3)
]

× (D3�
3
1 + 3D2�1�2)1.

Once again, although deriving the expressions for A1 to A3 entails a great deal of algebra, these
expressions only involve a repetition of matrices, F, G andW, for instance, in simple operations of
diagonal matrices, i.e. they are simple expressions to implement.
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