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In this paper, we obtain the Bartlett-type correction factor for the Received 22 June 2022
gradient test statistic in heteroskedastic generalized linear models ~ Accepted 19 January 2023
(HGLMs). We present an extensive Monte Carlo study to evaluate
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1. Introduction

Hypothesis testing is an important stage of statistical inference. Without loss of generality,
let @ be the unknown p-dimensional parameter vector. Additionally, let § = (0T, OI)T,
0, be a g-dimensional vector and @, a vector containing the remaining p—q parame-
ters. In a hypothesis test, the interest lies in Ho : 01 = 050) , the null hypothesis, where

0§O) is a known g-vector. In other words, the null hypothesis imposes g restrictions on
the parameter vector. Hence, 6, is the vector of nuisance parameters. The partition
induces the following partition: U(#) = (U, @)7,U,(0)7) T, where U(8) is the score func-

. T AT . . I .
tion. Consider @ = (0, ,0,)" as the unrestricted maximum likelihood estimator of @

and § = (] go)T’ é;'—)‘l' as the restricted maximum likelihood estimator @ under the null
hypothesis.

The gradient test [1] is an alternative to the classical likelihood ratio [2], Wald [3] and
score tests [4], and has been employed to test hypotheses. Rao [5] emphasized the fol-
lowing: “The suggestion by Terrell is attractive as it is simple to compute. It would be of
interest to investigate the performance of the [gradient] statistic.’ To compute this statis-
tic, it is not necessary to know the information matrix, either expected or observed. The
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gradient statistic for testing H, against H; is defined as:
T=U®"@6-0,

and can be expressedas T = U ((7)T(@\1 - 050)), since U, (5) = 0. Otherwise, the gradient
statistic is not invariant under reparameterizations of the model that preserve the param-
eter of interest. Montoril and Souza [6] obtained some properties of the gradient statistic
and Lemonte [7] presented a detailed survey on the gradient test.

Under the null hypothesis with large sample size, the gradient test statistic is asymp-
totically qu distributed. On the other hand, the chi-squared distribution may not be a
good approximation of the null distribution of the gradient test statistic in samples with
small or moderate sizes. Vargas et al. [8] derived a general Bartlett-type correction fac-
tor for the gradient statistic. Under the null hypothesis, the corrected gradient statistic is
distributed as chi-squared up to an error of order o(n~!), while the uncorrected gradient
statistic has a chi-squared distribution up to an error of order o(n~'/2). Based on Var-
gas et al. [8], various studies have been published: Vargas et al. [9] for generalized linear
models; Medeiros et al. [10] for dispersion models; and Medeiros and Lemonte [11] and
Magalhaes and Gallardo [12] for exponential and Weibull regression models, respectively.

Our chief goal in this paper is to derive the Bartlett-type correction factor for the gradi-
ent statistic in heteroskedastic generalized linear models (HGLMs). Some attempts have
been made to develop a second-order asymptotic theory for HGLMs to obtain better
likelihood inference procedures. Botter and Cordeiro [13] derived nearly unbiased maxi-
mum likelihood estimators. Barroso et al. [14] provided a matrix formula for second-order
covariances of maximum likelihood estimates. Botter and Cordeiro [15] and Cordeiro
et al. [16] derived the Bartlett and the Bartlett-type correction factors in matrix notation
for the likelihood ratios (LRs) and score tests, respectively, which reduce the size distortion
of these tests.

Another goal in this paper is to perform Monte Carlo simulation experiments to eval-
uate and compare the finite-sample performance of the corrected gradient statistic with
the usual gradient, LR, score, Wald, improved LR and improved score statistics. Bootstrap-
based tests are also included in the Monte Carlo experiments. Since we have not found
any comprehensive simulation study in the statistical literature performing this type of
numerical process in HGLMs, we believe our paper fills this gap.

The paper is organized as follows. In Section 2, we describe the class of HGLMs and
discuss estimation and hypothesis testing inference for the mean and precision regres-
sion parameters. In Section 3, we derive the specific Bartlett-type correction factor of
the gradient statistic for the HGLMs. The Monte Carlo simulation results are presented
and discussed in Section 4. An empirical application that uses real data is presented and
discussed in Section 5. The paper ends with a discussion in Section 6.

2. Heteroskedastic generalized linear models

In the standard formulation of the generalized linear models (GLMs) proposed by Nelder
and Wedderburn [17], the mean of the response variable is a function of covariates, but
the precision parameter is assumed constant across the observations. However, in many
practical situations, this assumption does not hold; see, for instance, Brooks et al. [18],
Hussain et al. [19] and Smyth et al. [20]. It is important to formulate the precision parameter
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also a function of covariates. For this reason, Smyth [21] introduced the generalized linear
models with varying dispersion, also known as heteroskedastic generalized linear models
or double generalized linear models.

Let Yi,...,Y, be independent random variables, with each Y, having probability
density function (or probability function) in the exponential family given by:

7 (yes 0o, de) = exp{Pelyede — b(Op) + c(ye)] + alye) + d(@e)}, (1)

where a(-), b(-), ¢(-) and d(-) are known functions. The mean and variance of Y, are,
respectively, E(Y,) = we = db(60)/d0, and Var(Yy) = d)ZlVg, where V, = due/do, is
the variance function and 6, = f Ve ldpe = q(ie), q(tee) is a known one-to-one func-
tion of the mean . The parameters 6; and ¢, > 0 are called the canonical and the
precision parameters, respectively.

The HGLMs are defined by (1) and the systematic components

ti(w) =9 =XB and tH(¢) =1 =SA, (2)

where t;(-) is a known, continuous, invertible and twice differentiable function, called
the mean link function, u = (u1,.. .,,un)T; n=y..., 77,,)T is the mean linear pre-
dictor, X = (x1,...,x,) " is a specified n x p matrix of full rank p < n, with £th row
xp = (X¢15. .. ,xgp)T, B=(b,... ,,Bp)T is a vector of unknown parameters to be esti-
mated, t,(-) is a known, continuous, invertible and twice differentiable function, called
the dispersion link function, ¢ = (¢, ..., é) T =(11,...,7,) " is the dispersion lin-
ear predictor, § = (s, ... ,sn)T is a specified n x g matrix of full rank g < #, with £th row
se = (se1, . .,qu)T, and A = (Aq,..., Aq)T is also a vector of unknown parameters to be
estimated. Occasionally, some columns of X and § can be equal. In others words, X and S
can overlap.

Let £(B,)) be the logarithm of the likelihood function of the model described by (1)
and (2) given a set of observations y = (y1,...,y,) . Thus

LBN) = dulyede — bB) + cy)] + D _lalye) + d(@o)]. (3)

=1 =1

We assume that the function in (3) satisfies the usual regularity conditions [22, Chapter
9] concerning all derivatives for 8 and A to the fourth-order. The following notation will
be used from now on: diy = dkd((pg)/dqbéf and ¢y = dk(bg/d‘téc fork=1,...,4and ¢ =
L...,n

Table 1 shows some quantities for distributions belonging to the exponential fam-
ily. The quantity I'(¢) = [, t?~'e~'dt is the gamma function, ¥ (¢) = I''(¢)/T'(®) is
the digamma function, and ¥ (¢) = d"y(¢)/d¢" for r = 1,2 and 3 is th rth digamma
function’s derivative.

The score vector, obtained by differentiating (3) for the unknown parameters, is given
by UB. M) = (Ug(B. 1), Ur(B. 1)), where

Us(B,A) =X OW'/2V ' (y —p) and U,(B,A) =S @,

with W = diag{w1,...,w,}, we = V[l(d,ug/dng)z, V = diag{Vy,..., V,}, ® = diag{¢1,

e a¢1’l}> <I)l = diag{¢ll>- .. 7¢11’l} and V= (vla ‘e avn)Ta Ve :)/ZQZ - b(ef) + C()}Z) +
dig.



JOURNAL OF STATISTICAL COMPUTATION AND SIMULATION 2055

Table 1. Quantities and their derivatives for some distributions in the
exponential family.

Quantity Normal: N(zt,6°2) Inverse Gaussian: IG(u,¢) Gamma: G(u,¢)

6 3 —1/2u2 —1/1

b(8) 0%/2 —=26 —log(—6)

¢ o2 ¢ E2(Y)/Var(Y)
V(w) 1 w3 u?

d(¢) 1/2log ¢ 1/2log ¢ $logg —logT'(¢)
d 1/2¢ 1/2¢ log¢ +1— ¥ ()
da —1/2¢? —1/2¢? (/) — V()
d3 1/¢3 1/¢3 (=1/¢% — v P(¢)
da -3/¢* -3/¢* /%) — v (¢)

The Fisher information matrix is given by:

K=K(@B,\) = (If)ﬂ ng) ,

where Kﬁ = X—r W(I)X, I()L = —STDZ(I)%S and D2 = diag{d21, ey dzn}.
Note that the Fisher information matrix is a diagonal block matrix, so the param-
eters B and A are globally orthogonal [23]. Under the regularity conditions, refer-

enced above, when the sample size is large, (ﬂ i )T is appr0x1mately distributed as
Npq((B TAHTK K~'(B,))). It follows from these facts that ﬂ and X are asymptotically
independent. These estimators satisfy equations U(ﬂ ,A) = 0, and to solve them it is nec-

essary to apply iterative methods [24] such as Fisher’s scoring, or equivalently, re-weighted
least squares.

3. Corrected gradient statistic

In HGLMs we have § = (8T,AT) . Assuming we are interested in simultaneously test-
ing the mean and dispersion effects, the null hypothesis is written as Hy : f1 = ,3(0)

)‘50)’ which will be tested against the alternative hypothesis H;: at least one violation,
where B and A are partitioned as 8 = (ﬂ;r,ﬂ;r)—r, with g1 = (B1,. .. ,Bpl and B, =
Bor+1-- B A= AT, AT, with A = (A1,.. ., 40) T and Aa = (gi1,- .. 29) T
The dimensions of the specified vectors {0) and lgo) are p; and g, respectively. The vectors
B2 and A, are nuisance parameter vectors. Additionally, these partitions induce:

:|:Kﬁ11 Kﬂ121| K_lz Kél K;;Z
P~ |Ksm Kpna]” P Kg' K|

B
K Kz -1 [KIY K2

K = C K= |
* [Kxn K22 A K K

where Kg and K, are the Fisher information matrices of 8 and A, respectively, with inverses
Ky and K; .

Let T be the gradient statistic [1] for testing a general null hypothesis H,. Vargas
et al. [8] improved the gradient test by defining a statistic, say T}, such that Ps, (T} <
w) = ]P()(q2 < w) + O(n™?), under the null hypothesis, while Py, (T < w) = ]P()(q2 <
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w) + O(n~1). More accurate inferences are expected with this error reduction. The expan-
sion proposed by Vargas et al. [8] is very general and there is no closed-form for all
models. For instance, although Vargas et al. [9] found the improved gradient statistic for
the dispersion models, there is no closed-form for the simplex distribution.

Using the general result of Vargas et al. [8] and after some tedious algebra, we obtain
a closed-form for the Bartlett-type corrected gradient statistic for testing Hy in het-
eroskedastic generalized linear models, as follows:

Ty = T[1— (c+bT +aT?], (4)

where a = A3/{12q(q+ 2)(q + 4}, b = {A2 — 2A3}/{129(q + 2)}, and c = {A; — A, +
A3}/12q. For the sake of brevity, the quantities A; to A3 are presented in the Appendix.
The expression present in (4) is the major result of this paper.

In the Supplementary Material to this paper, we present two particular null hypotheses:
(i) for a subset of B and (ii) for a subset of A. If there are unknown parameters, they must
be replaced by the maximum likelihood estimate under the null hypothesis. Although the
derivation of (4) is cuambersome, the result depends on simple matrix operations that can
be easily computed using a matrix programming language, such as Ox [25] or R [26].

4, Numerical results

In this section, our objective is to compare, through simulation, the performances of the
usual likelihood ratio (LR), score (SR), Wald (W) and gradient (T') tests, and their improved
versions LR adjusted via Skovgaard adjustment (LR,; Equation (5) in [27]), LR with the
Bartlett correction factor (LRp), SR with Bartlett-type correction factor (SRp), and T with
the Bartlett-type correction factor (T3), considering small and moderate sample sizes in
HGLMs. We also include bootstrap tests (LRpoot> SRboot> Whoot a0d Thoot)-

We test the effects on the mean and the dispersion separately. The performances are
evaluated according to the proximity of the probability of rejection of the null hypothesis
when it is true (probability of type I error) with the respective nominal levels of the tests.
We also evaluate the power of the improved and bootstrap tests under study.

The simulations are based on the gamma regression model with systematic components

defined by:
e = B1+ Baxez + -+ + Bpxep and  log(e) = A1 + Azsea + -+ + Agsegs  (5)

where the covariables x5, . ..,x, and 53, .. ., 54 are obtained from the {/(1, 2) distribution
independently. These covariables are kept constant during the simulations. All parameters,
except those in the null hypothesis, are defined as one. Simulation results for the inverse
Gaussian regression model are presented in the Supplementary Material.

All simulations are performed using the matrix programming language Ox [25]. Max-
imization of the logarithm of the likelihood function for g and A is done by the quasi-
Newton method BFGS [24] with first analytic derivatives. The number of Monte Carlo
replicates is set at 5,000 and the following nominal levels are considered: o« = 10%, 5%, 1%.
We use B = 500 replicates for the bootstrap tests.

For each sample size and nominal level, we calculate the rejection rate of each test,
that is, we estimate IP(LR > zy), P(LR; > z4), P(LRy > zy), P(SR > zy), P(SR,; > zy),
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P(W > z,), P(T > z4), P(Ty > z4), where z, is the (1 — )-quantile of the reference x>
distribution. In other words, we calculate for each statistic the percentage of times that the
null hypothesis is rejected. For the tests based on the statistics LRpoot> SRboot> Whoot and
Thoot> the rejection rates are obtained from the probabilities P(LR > ), P(SR > qq),
P(W > qy) and P(T > qy), where g, is the (1 — ) bootstrap quantile estimated as
follows.

Let S be any of the uncorrected statistics. Using the bootstrap technique, we can find the
S empirical distribution from the observed sample y = (y1,...,y,) . This method con-
sists of generating B bootstrap samples (yi',...,y5)T from the assumed model with the
parameters replaced by restricted estimates computed using the original sample, under the
null hypothesis. Then we calculate the value of the statistic S for each sample, that is, we
obtain $*! for b = 1,2,..., B. Finally, these values are placed in ascending order. By set-
ting the significance level o, the percentile 1 — « of S is estimated by the value g, such that
#{S*Y <Gy}/B =1 — a. Therefore, the test rejects the null hypothesis if S > G,,. Further
information on bootstrap tests can be found in Efron and Tibshirani [28, Chapter 16].

In Table 2, we present the rejection rates considering hypothesis Hy : Bp = 0, n = 30,
q = 2 and different values of p. We vary p to analyze the effect of the number of covariates
present in the model in the various tests. Note that the likelihood ratio (LR) and Wald (W)
tests are extremely liberal, rejecting the null hypothesis more often than expected based on
the nominal level, for any value of p. The score (SR) and gradient (T') tests are also liberal
in almost all cases but have smaller distorted sizes than the likelihood ratio and Wald tests
in all cases. For example, when p = 6 and @ = 5%, the test rejection rates are 11.08% (LR),
7.68% (SR), 15.02% (W) and 9.32% (T). The test Ty, outperforms the test T, especially
when the number of parameters p increases. We also note that the impact of the number of
parameters is less accentuated in the corrected tests LR,, LRy, SRy, and Ty,. For the tests LR,
and LRy, the Skovgaard adjustment and the Bartlett correction factor, respectively, cause
the rejection rates to be closer to the nominal levels considered. For example, for p = 5
and o = 10%, the LR test has a rejection rate of 17.18%, while its modified versions have
12.06% (LR,) and 12.72% (LRy,). The bootstrap tests, in general, perform better than the
other tests but are similar to each other.

In Table 3, we set the null hypothesis as Ho : B, = 0,p = 2,n = 30 with different values
of g. The tests that have their rejection rates most affected by the increase in the number
of dispersion parameters are the W, LR and T tests. The other tests show reasonable per-
formance, and the tests LR, and LR}, have more unstable empirical sizes relative to their
respective nominal levels. The rejection rate of the Wald test for g = 5 and o = 5% is
19.56%, that is, almost four times the nominal level considered, while the rejection rates of
the LR, LR,, LRy, SR, SRy, T, Tt,, LRpoot> SRboots Whoot and Theot tests are 11.56%, 7.32%,
6.64%, 5.28%, 4.86%, 9.12%, 4.96%, 5.24%, 5.42%, 5.26%, and 5.72%, respectively. The
other previous conclusions obtained from Table 2 are also verified here.

In Table 4, we consider the null hypothesis Ho : B, = 0, p = 3, q = 3 and n = 20, 30,
40. As the sample size increases, the rejection rates of all the tests approach the respective
nominal levels. In addition, the SRy, Ty, and bootstrap tests present rejection rates near
the corresponding nominal levels for all values of n. It is worth mentioning here that even
for n = 40, the tests based on the statistics LR, W, and T are still liberal. For example,
for @ = 10%, the rejection rates of the respective tests are 14.02% (LR), 16.96% (W) and
12.86% (T'). The other previous conclusions show in Tables 2 and 3 can also be seen here.
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Table 2. Rejection rates for Hy : B, = 0; gamma distribution withn = 30and g = 2.

p a(%) LR LRa LRb SR SRb w T 7-b LRboot SRboot Wboot Tboot

10 12.76 9.72 998 10.12 934 1550 11.56 9.56 9.56 9.64 9.54 9.56

2 5 668 474 480 450 434 928 548 450 468 460 462 472

1 156 086 080 070 084 338 078 068 096 0.90 1.0 098

10 1340 1040 1038 11.14 9.88 1582 1254 10.08 9.94 10.08 9.86 9.86

3 5 770 484 504 548 466 994 612 478 466 466 446 484

1 180 104 112 100 094 336 104 08  1.02 1.10 102 098

10 16.74 1194 1266 1260 1082 2158 1510 1138 1098 1058 10.82 11.12

4 5 1042 610 662 668 574 1468 854 562 544 5.62 564 570

1 2.86 1.44 1.56 1.44 1.38 6.40 1.68 1.26 1.34 1.42 1.28 1.54

10 1718 1206 1272 1334 1058 2224 1578 1156 1042 1010 10.80 10.62

5 5 1074 638 696 7.0 530 1472 902 582 524 522 558 536

1 3.28 1.36 1.64 1.36 0.94 6.76 2.00 1.12 1.22 1.08 1.30 1.18

10 1814 1090 1278 1422 10,12 2272 1672 10.82 9.68 9.50 9.72 9.60

6 5 11.08 564 672 768 542 1502 932 552 498 514 516  5.06

1 354 122 164 150 098 666 224 102 1.14 1.08 106  1.26

10 1780 1128 1220 14.02 10.28 21.08 16.58 10.74 9.46 9.76 9.86 9.42

7 5 10.70 5.36 6.38 7.76 466 1448 9.16 532 4.70 452 4.62 4.56

1 328 096 140 156 090 606 186 086 078 094 076 070

Table 3. Rejection rates for Ho : B, = 0; gamma distribution withn = 30andp = 2.
q= 2 q= 3
Statistic o =10% o =5% oa=1% a = 10% a=5% oa=1%
LR 12.76 6.68 1.56 15.42 9.12 2.54
LR, 9.72 474 0.86 11.52 5.80 1.48
LRy 9.98 4.80 0.80 12.04 6.02 1.44
SR 10.12 450 0.70 11.44 5.68 0.98
SRy, 934 434 0.84 10.26 5.26 1.04
w 15.50 9.28 3.38 20.28 13.86 5.80
T 11.56 5.48 0.78 14.40 7.54 1.56
Ty 9.56 4.50 0.68 10.88 536 1.14
LRboot 9.56 468 0.96 10.56 5.44 1.38
SRboot 9.64 4.60 0.90 10.62 5.48 1.28
Whoot 9.54 462 1.10 10.78 5.36 1.32
Thoot 9.56 4.72 0.98 10.82 5.68 1.52
q= q=

Statistic o =10% a=5% oa=1% a = 10% a=5% oa=1%
LR 16.70 9.98 2.84 18.38 11.56 3.56
LR, 11.80 6.18 1.26 13.74 7.32 1.96
LRy, 11.46 6.00 1.26 12.68 6.64 1.40
SR 10.50 5.26 0.70 11.22 5.28 0.74
SRy 9.70 5.02 0.84 9.98 4.86 0.84
w 23.90 16.74 8.22 26.98 19.56 10.08
T 14.86 7.88 1.18 16.34 9.12 1.76
Ty 9.98 4388 0.78 10.38 496 0.92
LRboot 9.88 494 1.08 10.10 5.24 1.22
SRboot 9.76 5.20 1.10 10.50 5.42 1.24
Whoot 9.72 4.80 1.22 10.08 5.26 1.08
Thoot 9.96 5.26 1.14 10.66 5.72 1.34

In Table 5, we take the null hypothesis Ho: Ay =--- = hg=0,g=3,p=2 and

n = 20, 30, 40. The rejection rates of all tests approach their respective nominal levels as
the sample size increases. Furthermore, the tests LR, W and T present high distortion of
size, with the distortion of W being more accentuated. In contrasts, the tests SR, SRy, and
Ty are conservative. We further find that the test LR, is slightly better than the LRy, test.
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Table 4. Rejection rates for Hy : 8, = 0; gamma distribution withp = 3and g = 3.

n a%) LR LR, LRy SR SRy w T To LRooot  SRooot  Whoot  Thoot
10 2294 1588 14.74 1238 990 33.04 1858 11.10 10.30 982 1070 10.78
20 5 1442 950 836 622 522 2630 1038 538 536 528 544 552
1 560 264 224 070 076 1546 206 106 1.02 134 126 158
10 16.96 1212 1232 1166 10.02 2416 1538 10.68 10.12 10.22 10.10 10.42
30 5 10.26 6.44 6.48 5.64 488 16.74 8.24 5.28 4.88 5.00 4.86 5.10
1 298 140 150 104 102 784 168 116 120 122 118 140
10 1402 1050 1064 1072 952 1696 1286 1014 974 976 978  9.86
40 5 764 532 560 554 494 1046 694 518 494 506 498 506
1 1.84 1.08 1.12 0.98 0.90 3.74 1.40 0.98 1.06 1.24 0.98 1.16

Table 5. Rejection rates for Hg : Ay = - - - = Aq = 0; gamma distribution withp = 2and g = 3.
n o (%) LR LRa LRb SR SRb w T Tb LRboot SRboot Wboot Tboot
10 1898 1232 1338 822 1038 3484 1770 1030 1054 1068 1088 1092
20 5 11.06 6.20 7.10 4.26 496 26.52 9.68 4.14 5.36 5.58 5.56 5.46
1 310 150 168 072 088 1492 246 040 140 114 148 130
10 1364 1074 1098 860 974 2330 1306 986 1024 986 964 10.14
30 5 768 514 564 446 482 1592 716 432 500 49 542 504
1 2.00 1.20 1.26 0.92 0.80 7.04 1.82 0.60 1.28 1.20 1.06 1.32
10 1270 1042 1100 944 1018 1982 1244 1034 1038 996 1072 1022
40 5 710 534 544 468 48 1308 682 484 530 502 510 532
1 1.78 1.38 1.42 1.24 1.02 4.58 1.68 0.88 1.22 1.38 1.30 1.20

Finally, we find that the corrected gradient test rates (T},) are closer to the nominal levels
than those presented by the gradient test (T). As an example, for n = 20, the rejection rates
for the levels &« = 10% and o = 5% are, respectively, 17.70% and 9.68% for T and 10.30%
and 4.14% for Ty,. The bootstrap tests perform satisfactorily.

In Table 6, we fix the null hypothesis as Ho : A2 = --- = A4 = 0, p = 1, n = 20, 30,40
and g = 2, 3, 4. The Wald test (W) is quite liberal, as the number of parameters increases.
The likelihood ratio (LR), and gradient (T') tests are also liberal but have a smaller distorted
size than the W test. Furthermore, the score (SR) and corrected gradient (T7,) tests are con-
servative, the latter in almost all cases. We also note that as the sample size increases, the
tests’ rejection rates approach the respective nominal levels. Among the modified likeli-
hood ratio tests, the LR, test presents slightly better results. Finally, the bootstrap and SRy,
tests lead to a considerable reduction in size distortion.

In Table 7, we present the simulation results to evaluate the non-null rejection rates of
the tests (power) LRy, LRy, SRy, T, LRboot> SRboot> Whoot and Thoot- The LR, SR, W and T
statistics are not included, because the simulation results showed they are oversized. The
powers of the tests were calculated based on estimated critical values that make the size of
each test equal to . We set n = 30, p = 1, g = 2, @ = 10% and consider the hypothesis
Hy: Ay =€ fore =0.5,1.5,2.5,3.5. As expected, the powers of the tests are very similar
and increase as € increases.

In Figure 1, we present the graph of the asymptotic quantiles versus the relative discrep-
ancies of the quantiles. The relative discrepancy is defined as the difference between the
exact quantile (estimated via simulation) and the asymptotic quantile divided by the latter.
The closer the discrepancy is to zero, the better the approximation is of the exact distribu-
tion under the null hypothesis of the test statistic by the limit distribution x 2. We consider
the null hypothesis Hy : 3 = 0, p = g = 3 and n = 40, that is, asymptotic quantiles are
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Table 6. Rejection rates for Hg : 1 = - - - = Aq = 0; gamma distribution withp = 1.

qa n  a%) LR LR, LRy SR SRy w T Tb LRooot  SRboot  Whoot  Thoot

10 1258 1070 1116 9.00 1036 1692 1198 1046 1042 1060 10.00 10.48

20 5 680 554 582 416 552 1048 630 494 5.28 5.76 5.50 5.36

1 1.90 1.50 158 084 124 454 162 094 1.62 1.42 134 154

10 1054 928 918 840 932 1378 1034 9.04 9.22 9.56 9.48 9.22

2 30 5 544 472 478 390 462 786 530 450 4.78 4.96 474 478
1 122 090 090 066 082 244 1.02 058 1.06 1.14 1.12 1.12

10 1152 1020 1050 920 10.04 1366 1124 1020 1048 1020 1022 1044

40 5 552 492 496 448 498 764 538 474 5.10 5.20 5.22 5.04

1 122 094 092 090 1.04 216 1.06 072 1.08 1.24 0.94 1.10

10 1408 1092 1152 854 1010 2312 1284 990 1038 1034 1060 10.38

20 5 736 562 59 402 490 16.14 654 454 5.34 5.48 5.70 5.22

1 2.08 1.02 116 066 082 750 138 038 1.18 1.02 1.28 1.18

10 1150 994 1030 894 1010 1798 1108 936 9.82 10.14 9.86 9.80

3 30 5 634 524 544 424 492 1130 592 452 5.20 5.12 474 5.20
1 134 1.02 106 074 078 4.20 116 0.66 1.24 1.02 118 1.22

10 1130 990 998 922 1006 1582 11.06 9.62 9.88  10.08 9.90 9.86

40 5 620 518 542 472 524 972 572 472 5.52 5.38 5.26 5.42

1 134  1.00 1.08 094 100 346 116 0.68 1.12 1.24 132 1.10

10 1554 1040 1244 822 1056 3170 1410 966 1076 10.86 1046 10.88

20 5 858 544 650 416 500 2380 728 414 5.36 5.36 5.30 5.24

1 2.40 1.16 1.68 1.08 0.16 1266 186  0.20 1.36 1.26 1.16 1.38

10 1246 1030 1080 882 982 2264 1176 946 1004 10.02 10.00 10.14

4 30 5 6.66 512 552 432 486 1476 6.16 412 5.04 5.20 5.06 5.20
1 1.70 132 1.34 118 094 642 140  0.60 1.40 1.44 1.12 1.30

10 1208 1068 1070 9.68 1070 1962 1164 992 1056 10.82 10.14 10.52

40 5 6.28 534 540 456 488 1256 574 450 5.34 5.40 5.14 5.36

1 1.42 1.16 1.26 118 090 444 130 064 1.40 1.28 1.52 134

Table 7. Powerofthe H; : Ay = ¢;n = 30,p = 1,9 = 2, = 10%; gamma distribution.

€ LR, LRy SRb Tb LRooot SRboot Whoot Thoot
0.5 16.06 16.32 15.84 16.04 15.14 15.16 14.82 15.10
1.5 42.76 43.16 41.40 42.84 41.38 40.18 40.08 41.46
25 75.78 76.06 72.66 75.84 74.80 71.64 74.54 74.90
35 94.06 94.12 91.30 94.06 93.82 90.84 94.40 93.78

obtained from the x? distribution. The figure confirms the tendency of the Wald test (W)
to be too liberal. The likelihood ratio (LR) and gradient (T') tests are also liberal but less so
than W. The other tests reject the null hypothesis less frequently compared to the nominal
level. Note that the distribution of the test Ty, is closer to the reference distribution than the
T distribution. The best agreement between the exact and asymptotic quantiles is obtained
by T,

5. An application

To illustrate the application of the usual likelihood ratio, score, Wald and gradient statis-
tics and their corrected versions, we consider the dataset analyzed in Simonoft and
Tsai [29]. These data represent the monthly return of the market (x) and Acme-Cleveland
Corporation (Y) stocks from January 1986 to December 1990.

In the original analysis of these data, the authors suggested a normal heteroscedastic
regression model N(u¢, ¢, Y to predict Y, in terms of a linear return function of the
market x;, considering the following systematic components for the mean and precision:
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Relative discrepancies of quantiles

Asymptotic quantiles

Figure 1. Relative discrepancies of quantiles - gamma model withn = 40,p = 3and g = 3.

Table 8. Parameter estimates.

Parameter B B2 A A2

Estimate —0.005 1.253 4410 —8.092
Standard error 0.020 0.249 0.265 4.009

Table 9. Values of test statistics and
p-values of test Hp : A = 0 in the
complete database.

Statistic Value P-value
LR 3.329 0.068
LR, 3.095 0.079
LRy 3.120 0.077
SR 2.698 0.100
SRy 2.889 0.089
w 4.075 0.044
T 3316 0.069
Ty 3.086 0.079
LRuoot - 0.076
SRboot - 0.081
Whoot - 0.077
Thoot - 0.076

e = P1+ Baxg andlog(de) = A1 + Aaxg, for € = 1,...,59, where observation 22, which
indicates that the market lost approximately one-third of its value during two weeks in
October 1987 [29, p. 359], was removed from the analysis. Here, we are interested in testing
the null hypothesis Hy : 1 = 0 (homoscedasticity).

The estimates of the parameters are shown in Table 8. We can observe in Table 9 that if
we consider the nominal level of 5%, the null hypothesis is only rejected when the inference
is based on the usual Wald test. However, if the nominal level considered is 10%, the null
hypothesis is only not rejected by the test score.

Similar to Melo et al. [30], we randomly select a subset of the dataset, with n = 20 obser-
vations, to illustrate the effect of the different correction factors. Table 10 presents, for this
reduced database, the results of the same tests performed for the complete database. Note
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Table 10. Values of test statistics and
p-values of test Hp : Ao = 0 in the
reduced database.

Statistic Value P-value
LR 5.187 0.023
LR, 3.129 0.077
LRy 4.159 0.041
SR 3.147 0.076
SRy, 3.939 0.047
w 8.245 0.004
T 5.094 0.024
T 3.629 0.057
LRboot - 0.059
SRboot - 0.039
Whoot - 0.106
Thoot - 0.050

that the observed values of the test statistics LR, SR, W and T preserve the order shown
in the simulation studies (see Section 4: W > LR > T > SR. For « = 0.05, the conclusions
are different between the LR, SR and T tests and their improved versions LR, SRy, and Ty,
respectively.

6. Concluding remarks

Broadly speaking, the likelihood ratio, Wald and gradient tests may be too liberal when
working with small sample sizes, rejecting the null hypothesis more frequently than
expected based on the nominal level selected. The score test is the least distorted and can be
conservative in some cases. The Bartlett-type correction factors for the score and gradient
tests have empirical rejection rates closer to the nominal levels. This result is more pro-
nounced concerning the usual gradient test. The adjusted and corrected likelihood ratio
tests present greater size distortion than the corrected score and gradient tests. The boot-
strap tests lead to a considerable reduction in observed size distortion for asymptotic tests,
especially for the likelihood ratio and Wald tests, whose usual versions are typically liberal.
However, they are costly computationally and they add two uncertainties: the number of
replications and the size of each replication. On the other hand, the corrected score and
gradient tests are less distorted, in most cases analyzed, and are therefore recommended
for practical applications. For future work, we suggest analyzing the behaviour of the four
tests when the systematic components, in (2) are nonlinear. Since, in a general setting,
there is no Bartlett-type correction factor to improve the Wald test, a second suggestion is
to derive a modified version of the Wald statistic based on the general result of Magalhées
etal. [31].
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Appendix

In order to express the corrected gradient statistic, presented in (4), it is helpful to define the fol-
lowing matrices: Zg = X(X' W®X)~'XT,Z, = S(—STD,®25)"'ST, Zga = diag(zp11, - - - 2Zpmn)>
Zya = diag(zit, - - - Zunn)> Zg, = Xo(XJ W®X5)7'X], Zy, = $2(—S; D, ®28,)71S], Zg,a =
diag(zg,11> - - -»28,nn)s Zryd = diag(zy,115 - - -» 2a,mn)s F = diag{fi,....fu}, G = diag{gi,....gu},
B = diag{bs, ..., b,}, C = diag{ci,...,c,}, E =diagfer,...,e,}, ®1 = diag{$i1,...,P14}, P2 =
diag{¢21, e ,¢2n}, <I>3 = diag{¢31, .. ¢3n} Dz = diag{le, .. dzn} D3 = diag{dgl, .. d3n} and

T . 1du[dug ldV i3 _ dll£4
Dy = diag{dys,. .., dsn}, with fr = Ve dne di? g =fo— vz d/Lﬁ(dn )7, v = V3 (dl/) (dﬂé )
d?v, /d dvy 4 d? dug &3
Vg = ‘}z dw% ( d'i,;f )4 V3¢ = \}z dﬂi ( dl;]j )2 d,]/lle »Vae =y, ( ane 11y )2 Vs = ‘}z dl,;'f dr]l;g ,bg = —6vyp +
3 + 121135 — 3vge — 4v5z,Cz = —4vig + 2vp¢ + vz — 3v4e — 3vsp, e = —2v1¢ + Vop + Sv3p —
2v40 — 2vsp and P = dk(]ﬁg/d‘(e anddy, = dkd(q&g)/dd)z,fork =1,2,3,4and? =1,..., -21(32) =
73 _ ;@

Zp©Zg, Zg 5 OZpetc, where © represents a direct product.
The quantities A; to A3, where A} = Aj; + A1 + A3+ Ay and Ay = Ay + Ap + Az, in

Equation (4), to define an improved gradient statistic are, respectively:

A = 3(1T®(F +26G)[Zpa(Zg + Zp,)Zg,a — 2Zp,aZp, Zpra + 2(Zg — Zp,) O zfgzz)]
x ®(F 4+ 2G)1}
+3(1T @\ WI(Zpa(Zs + Z3,)Zpya — 2Zp,aZ0, Zp,a + 4(Zg — Zp,) © Zp, © 7,
+2(% — Zy) © Zg) 191 W)
— 31T @\ W(Zga(Zx + Z3,) Zra — 22,22, 20,d) (D39 + 3D2 81 82)1)
—3(17(D3®} + 3D,®192)[Z2a(Zs + Z3,) Zg,a — 2Z3,aZ0, Zp,a] B1 W1}
+3{1T (D397 + 3D,9192)[Z2a(Zn + Z1;)Zasd — 2203070, 200d
+2(Zs — Z3,) © Z) (D393 + 3D, @1 @)1,

A = 12007 ®(F + G)[ZpaZpZpa — Zp,aZp,Zpra + 25 — Zg 19 (F + G)1}
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+ 1217 (D39} + 2D, @1 92)[Z2aZaZad — ZaaZayZogd + 2y — Z3)
x (D3 @3 + 2D, ®; ®5)1},
Az = —6(1TOF +26)[(Z] — Z3)) © (Zg + Zp,) + (Zpa — 32,0 Zp, Zpra
+ (Zpa + Zp,a)ZpZpa + 225 © (Zg — Z,)|B(F + G)1)
— 61T WI(ZY — Z9) © (i + Zn,) +225) © (s — 23,101 W1}
+6{1T ®1W((Zga + Zg,a) 22 Zra + (Zga — 3Z8,a)Z1,Z1,a] (D3 ®} + 2D, @1 ®2)1}

2)

— 6{(1T (D3 ®} + 3D, 01 22)[(Z” — Z?) © (Zs + Zn,) + (Zaa — 3Za,) 22, 2

+ (Zad + Za,d) ZaZoa + 22,2 © (Zy, — 23,)|(D3 3 + 2D, 81 8)1),
Ay = 6{1" ®B(Zgq — Zg,a)Zg,al} + 6{1" @2W((Zga — Zg,a)Zrd + (Zna — Zr,a) 2,41}
+ 6{1T (D4®} + 6D; ®2®, + 3D, @3 + 4D, ®1D3)(Zrg — Zi,a) Zn,al)
— 6{(1"®C(Zga — Zp,a) (3Zppa + Zga)1)
— 6{17 (D4 ®] + 6D3 B} P, + 3D, @3 + 3D28193)(Zod — Znya) (Zaa + 320,01}
+ 12{1%13(2}3 - zg)d)l}

+ 1217 (D4®} + 5D3 @3 ®; + 2D, @3 + 2D, &1 93)(Zy) — Z )1},

Ay = -3 {1T<I>(F +26) B(Zﬂd — Z3,0)(Zg — Z4,)(3Zpa + Zgya)
+(Zga — Zpg,a)Zp,(Zga — Z,a) + %(Zﬂ ~28)? 0 (Zg + 3Zﬂ2)j| O(F + ZG)I}
-3 {1T<I’1 w B(Zﬁd —Zg,a)(Zy — Z3,)(3Zga + Zg,a) + (Zpa — Zg,a)Zx,(Zga — Zg,4)
+%(zﬂ —23)? © (Za +322,) + (Zg — Zp,) © (Zn — Zn,) © (Zg + 32,92)]
X @y Wl}
+3 {1T<I>1 W(Zga — Zg,a) E(Zx —23,)BZsa + Zyya) + 2, (Zya — szd)]
x (D3 ®3 + 3D2<I>1<I>2)1}
+3 {IT(D3<I>? +3D,®192)(Zod — Zi,a) E(Zx —Z5,)(3Zgq + Zg,a)
+ Zy,(Zga — Zﬂzd)] ?, Wl}
-3 {IT(D3<I>f + 3D, 0, 9>) E(Zxd = Zy,a)(Zy — Z3,)(3Zyd + Znya)

1
+(Zri = L) 2ry (Bra — Zayd) + 5 (2 — Z,)? 0 (Z) + 3Zx2)]
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X (D3(I’:13 + 3D2<I>1<I)2)1} ,

Az = 6{1T®(F +26)[(Zp — Zp,) © (Z§ — Z3)) + (Zga — Zp,a)(ZpZpa — 2, Zp,d)]
x ®(F + G)1}
+6(1T @1 WI(Zy — Z3,) © (Z — Z) @1 W1}
+6(1T (D38} + 3D,8,82)[(Z), — Z1,) © (22 — 2?)
+ (Zad — Z3,0) (D Zra — 23, Z3,0)| (D3 @} + 2D, @1 9)1}
— 61T ®1W(Zpg — Zg,a)(ZaZra — Zr,Z1,a) (D3 @} + 2D, @1 93)1},
Ay = 3(1T®2C — B)(Zpg — Zp,a)1)
+3{1T (D4@] + 6D3 @3 + 3D, @3 + 2D, @1 ®3) (Zya — Zy,a) 1},

3 1
Ay = 1T®(F +26G) [Z(zﬂd — Zg,a)(Zg — Zg,)(Zga — Zp,a) + E(Z" - zﬂz)“)] ®(F +2G)1

3 3
+17e,Ww [Z(Z,sd —Z2g,a) (2 — Z3,)(Zga — Zg,a) + E(Zﬂ - Zﬁz)(z) Oy — sz)}
X <I)1W1

3
- £1T<I’1 W(Zga — Zg,a)(Zn — Z3,)(Zna — Zr,a) (D3 @] + 3D, &1 $3)1

3 1
+17(D3®} + 3D, ®, @) L(ZM = 20,0 = 23,)(Zaa = Zaya) + 5 (Ba — zm(”}

X (D3®3 + 3D,®; ®2)1.

Once again, although deriving the expressions for A; to A3 entails a great deal of algebra, these
expressions only involve a repetition of matrices, F, G and W, for instance, in simple operations of
diagonal matrices, i.e. they are simple expressions to implement.
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