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§1 - INTRODUCT ON

Let R be a ring with identity. We denote by U(R) the
unit group of R and by TU(R) the set of elements of finite
order in this group. We shall say, for briefness, that R has
the t.p.p. (torsion product property) whenever TU(R) is closed under
multiplication. We follow the notations in [7].

S.K. Sehgal and H.J. Zassenhaus have detemmined the classes
of all groups G such that U(ZG) is a nilpotent or FC group
in [8] and [9] respectively. If restricted to finite groups,
it is easy to see that both classes coincide.

M.M. Parmenter and the author have shown in ?;? that, in
the finite case, the characterization of such groups G follows
from the fact that, in both cases, TU(ZG) forms a subgroup. It

was shown in [3] that some other properties that groups in these

classes have in common, when G is infinite, again follow from
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(Brazil).

~—



the fact that ZG has the t.p.p. in both cases. It also comes
that if G is either nilpotent or FC this fact is equivalent
to the absence of nilpotent elements.

When working with group rings over a field K it is still
the case that groups G should have similar properties when
U(KG) 1is either a nilpotent or an FC group.

In this paper we determine groups G that are either nil-
potent or FC and such that, for a field K, the group ring
KG has the t.p.p.

We shall discuss separately the cases where char(K) =p>0
and char(K) =0 and apply the methods of the second case to graup

rings over a class of rings that includes p-adic integers.
§2 - DIVISION RINGS AND MATRIX RINGS WITH THE T.P.P.

The results in this section will be needed in the sequel.

PROPOSITION 2.1 - Let D be a division ring with char(D) =p>0.

Then D has the t.p.p. if and only if all the elements in TU(D)

are central in D. In this case D, =TU(D)u{0} is a central sub-

field of D.

PROOF - Assume that D has the t.p.p. We first claim that if
a,bGD1 then a+b€D1.

To see this, denote by P the prime subfield of D. Since
a-lb is an element of finite order,P(a-lb) is a finite field;

-1

- n
hence, there exists a positive interger n such that (a lb)p =a "b.



- n -
Then, we also have that (l+a 1b)p =1+a lb, showing that

either 1+a b =0 or o(1+a_1b) is finite. In both cases 1+a !

bGDl.
Consequently, a+b =a(1+a-1b)€D1.

The argument above shows that D, is a subdivision ring of

1
D and it is easy to see that it is invariant under conjugations.
The Brauer-Cartan-Hua theorem [5,14.1.3] shows that either Dl
is central in D or D1 =D.

Now, if Dl =D then D i1s a division ring whose multiplica-
tive group is torsion and it follows -from [5,14.1.6] that D
must actually be a field.

In both cases, TU(D) 1is central and the converse follows

trivially. 0

PROPOSITION 2.2 - Let D be a division ring with char(D) =p>0.

For an integer n >1 the full matrix ring yn(p)_pgf_the t.p.p.

if and only if D ig_gﬂfield which is an plggpzﬁig_nggpsimlof

its prime field P. If this is the case, then all elements in

GL(n,D) are of finite order.

PROOF - First assume that GL(m,D) has the t.p.p. and suppose

that D contains an element X which is transcendental over P.

1 0] X+1 -X
A = » B = >
-1 1 X -X+1 |

Then A,BEGL(2,P(X)) and straightforward calculation shows

Set:

that AP =pP =I. We shall show that AB is not of finite order.



In fact, we have that.

X+1  -X]
AB = |

-1 1]
and an easy induction argument shows'that (AB)m has the form:

(AB)™ =[ f11 ‘flzJ
22

-f5q f
where fij are monic polynomials with deg(flj) =m‘andcbg(flﬂ =
= m-1. Hence (AB)m':I for all m.

Since GL(2,P(X)) can be embedded in G(n,D) for arbitrary
n>1 we get a contradiction and necessity follows.

Now assume that D is an algebraic extension of P. Then
all elements in D are of finite order and [5,14.1.6] shows again
that D is a field. Finally, given any matrix AEGL(n,D), if we
denote by F the finite field that is obtained by adjoining to

P all entries in A, we see that AEGL(n,F) which is a finite group.

Hence, sufficiency also follows. 0

§3 - LOCALLY FINITE GROUPS

We shall first deal separately with locally finite groups
because, in this case, when char(K) =p>0 the nature of the field

will have to be taken into consideration.

PROPOSITION 3.1 - Let K be a field with char(K) =p>0 which is

an algebraic extension of its prime field P. Then, for any lo-



cally finite group G the group ring KG has the t.p.p.

PROOF - Let u=j)u(g)g, v=Yv(g)g be elements of finite order. Then
H =<supp(u)usupp(v)> is a finite group. Also, if F denotes the
extension of Ehe prime field P of K obtained by adjoining to
P all elements in the set {u(g)}gEGu{v(g)}gGG, then F is a fi-
nite field.

Hence, FH is a finite ring and uve€U(FG). Consequéntly,uv

has finite order. O

If K is not algebraic over its prime field, we have to
consider separately two different cases, depending on the ex-

istence of elements of order p in G.

PROPOSITION 3.2 - Let K be a field with char(K) =p>0 which is

not algebraic over its prime field K and G a locally finite

group containing no elements_of order p. Then KG has the t.p.p.

if and only if G is abelian.

-

PROOF - As in the proposition above, we can assume that G is

finite. Since p{|G| we tan write:

where the D; are division rings containing K, 1si st.

Hence: U(KG) s GL(ni’Di)

(=g
[

i

and TU(KG) =

. T GL(n;,D;).

[
ot



If KG has the t.p.p., then the sets T GL(ni,K)cTGL(niJH)
must be subgroups. Proposition 2.2 shows that we must}mverh =
=1, 1sist.

Since G is finite, we have that

t
Ge I TU(D.),
. i
i=1
and Proposition 2.1 shows that each TU(Di) is commutative; thus,

G is abelian.

The converse is trivial. 0

To deal with the case where G contains elemens of order
p we shall assume that the p-Sylow subgroup of G is normal. We
remark that this is no restriction when G is nilpotent.
PROPOSITION 3.3 - Let K be a field with char(K) =p>0 which is

not algebraic over its prime field P and let G be a locally

KG has the t.p.p. if and only if N>G', the commutator subgroup

of G.

PROOF - Again we limit ourselves to consider the case where G
is finite. If N<9G is a p-group, then the ideal AK(G.N) is nil-
potent and 1+AK(G,N) is a p-group with an exponent [1, theorem 1].

Hence, the natural homomorphism ¢:KG — KG/N induces by
restriction an epimorphism y*: U(KG) — U(KG/N) whose kernel
is precisely 1+AK(G,N). Since every element in ker(y*) is of

finite order, Y* is also epic when restricted to the respective



sets of torsion elements.

Thus, KG has the t.p.p. if and only if KG/N does. Since
G/N contains no elements of order P, Proposition 3.2 shows that
this is the case if and only if G/N is abelian or, equivalently,

NoG'. a

§4 - NILPOTENT OR FC GROUPS IN CHARACTERISTIC p

We shall first make a few comments. As in the previous
section, we can restrict ourselves to work with finitely gen-
erated groups. Since torsion groups which are nilpotent or FC
and finitely generated are locally finite and we have just dealt
with those, we shall assume from now on that the groups con-
sidered are not torsion.

Also, we remark that a nilpotent or FC group which is not
torsion contains a central element of infinite order (see [u,
Theorem 2.24] and [5,15.1.17]). -
Hence, in both cases we can assume that G contains a cen-

tral element of infinite order. We shall use this fact in the

proofs of our next results.
THEOREM 4.1 - Let K be a field of c@gracteris}}g_pm>0 and let
G be a nilpotent or FC group, which is not a torsion group and

contains no element of order p. Then KG has the t.p.p. if and

only if T, the torsion subgroup of G, is abelian and every idem-

potent of KT is central in KG.



PROOF - Assume that KG has t.p.p. and set a,b€T. Then <a,b> is

a finite group, and pt|<a,b>| so:

t
K<a,b> = ® M_ (D.).
i=1 M7

Where Mn (Di) are full matrix rings over division rings
i
Di which contain K on their centers, 1 <i=<t.

Also, if x denotes a central element of infinite order

in G, we have that:

K<x,a,b> = K(<x>x<a,b>) = K<x>8K<a,b> = @(K<x>®Mn (Di)).
K K i

Now, for each index i, we get:

K<x>8M_ (D.) = K<x>8M_ (K)8D. = M_ (K<x>)eD..
Knil Kni Kl l’li Kl

Hence, KG contains a copy of Mn.(K<x>) and Proposition
i
2.2 shows that if KG has the t.p.p. then n,; =1, 1 <ist.

Now K<x>®D. =D.<x> hence:
g 1 i
t

K<x,a,b> = @ D.<x>.
. i
i=1
Since KG has the t.p.p. every Di also has the t.p.p. so
Proposition 2.1 shows that TU(D;)<Z(D;), the center of D, l<ist.

Also, we know from [8,VI.1.61 that U(Di<X>) =U(Di) thus:

t .
<a,b> TU(K<x,b>) = 1 TU(D.).
i=1 £



Consequently; <a,b> is abelian.

Now, assume that there exists an idempotent e€KT which is
not central in KG. Then, it is shown in [7,VI.3.12] that KG

contains a copy of a full ring of matrices Mn(S) where S =eKGe
and n >1.

Since <supp(e)>n<x> ={1} it follows that

Ke<x> =

K<x>e and K<x>e eK<x>eceKGe = S.

Hence, KG contains a copy of Mn(K<x>) with n>1,

a con-
tradiction. This completes the proof of the '"only if'" part of
our statement.

To prove the converse, assume that R is abelian and that
all the idempotents in KT are central in KG.

We may suppose
that G is finitely generated and therefore T finite. Thus

where each Ki is a field, 1<i<st.

Also, KG can be written as a crossed product:

KG = KT(G/T,p,0),

and, since all idempotents in KT are central, we get:

t
KG = @ K.(G/T,p,0),
. i
i=1
thus:



TU(KG) =

1

TU(Ki (G/Tvp 70)) *

= et
—

Finally, G/T can be ordered so [8,VI.1.6] shows again that

the units in each summand are only the trivial ones, hence:

t
TU(KG) = T TU(K,).
i=1

Consequently, KG has the t.p.p. 0

THEOREM 4.4 - Let K be a field with char(X) =p>0 and let G be

a nilpotent or FC group, which is not torsion, with a non triv-

ial normal p-Sylow subgroup N. Then KG has the t.p.p. if and

only if NoT', the commutator of th torsion subgroup T of G

and every idempotent in KT is central in KG modplo_gKgG,N),

PROOF - As in proposition 3.3, we consider the natural homo-
morphism $: KG — KG/N which induces, by restriction, an epi-
morphism on torsion units y*: TU(KG) — TU(KG/N), also-in this
case.

Thus, we have shown that KG has the t.p.p. if and only if
KG/N does.

Our statement now follows from theorem 4.1 and the fact

that idempotents can be lifted modulo AK(G,N). O

It may be interesting to note that, considering the theo-
rem above and Proposition 4.1 and 4.5 in (67 and also [7,VI,4.15],

the following results are immediate.



G a ni{gqtent Qr_FC_g;gygﬂwhi;h_i§_not_torsion. Iben KG has

the t.p.p. if and only if U(XG) is locally solvable.

COROLLARY 4.4 - Let K be a prime field with char(XK) =p>0 and

G a nilpotent or FC group, containing no elements of order p,

which is not torsion. If KG has the t.p.p. then it contains

no nilpotent elements.

Of course, there will be no analogue to corollary 4.4 when G
contains on element t of order p, since KG will always contain
a non-zero nilpotent element, namely,

p-1
Yt
t=0

i

§5 - FIELDS OF CHARACTERISTIC 0 AND p-ADIC INTEGERS

The methods we use in the sequel will also allow us to

study group rings over rings of p-adic integers.

iBEESEfi_z_at a prime ideal (p). If G is any group such that

E(p)G has the t.p.p. then the torsion subgroup T of G is abe-
1

lian and, for any t€T, x€G we have thgp‘g'tx=t1,vﬂwrei =] (x)

locally.

PROOF - Since U(ZG)CU(Z(p)G) it follows that ZG also has the
t.p.p. and it was shown in [3] that either T is as in our state-

ment or T =K xA where Kg =<a,bla* =1, a2 =b?, bab? =a?> is the



quaternion group of order 8 and A is an elementary abelian 2-
group.

To complete the proof, it will suffice to show that Z(p)KS
does not have the t.p.p.

Set a = x+ya with X,y€Z such that p{x, p|ly. Then o 1is a
unit in Z(p)K8 and it was shown in [2, theorem 2] that fb,al =

= (bnl)“ is not an element of finite order.

THEOREM 5.2 - Let K be a field of characteristic 0 and G a nil-

potent or FC group. Then KG has the t.p.p. if and only if T is
1

abelian and, for any t€T, x€G we have that x “tx=t}, where

i=1i(x) locally.

PROOF - Since, Z(p)GcKG, necessity follows from the previous
lemma.

Now, assume that T is as in the statement of the theorem
As in theorem 4.1 we may consider, without loss of generality.
that T is finite.

Writing

t
KT = iSIKi,

a direct sum of fields, we know from [7,VI.3.22] that every

-unit u in KG can be written as:

u = gfigi with f €K, , g.€6, 1<ist.

Since T<G and [7,VI.1.16] shows that the idempotents of



KT are central in KG we have that gifi =figi, with fieKi’ Hence:

u® = E?ig? where fiGKi, 1<ist.
Thus, u€TU(KG) if and only if, for some n,g? =1, 1sist,
i.e, if and only if u€U(KT).
Since T is abelian, it readilly follows that KG has the
t.p.p. g
The next result will include group rings over rings of

p-adic integers.

COROLLARY 5.3 - Let R be an integral domain containing Z(

P)
and G a nilpotent or FC group. Then RG has the t.p.p. if and

ix =1,

only if T is abelian and, for any t€T, x€G, we have that x

ghgre i=1i(x) locally.

PROOF - Let K denote the field of quotients of R. Then
U(Z (;,6) <U (RG) <U(KG) ~

and the result follows. O

Again, comparing the results above with [7,VI.1.24] and

[7,V1.4.12] we obtain:

COROLLARY 5.4 - Let G be a nilpotent of FC group. Then QG has

the t.p.p. if and only if U(QG) is solvable.

COROLLARY 5.5 - Let G be a nilpotent of FC group. If QG has the

t.p.p. then QG contains no nilpotent elements.
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