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Reaearch on ontologiai has been pursued aa a aolution to the dif6cult problem of knowledge lharing. Ontologiai 
consiR of a domain daicriptioD which .mita the n-i. of all ll)'lltema to be integrated. Any agr-1 ontology, bowewr, 
ia not the end of the problem, involved in knowledge lharing since how - represent knowiedge ia intimately linked 
to the in£erencee - expect to perform with it. Knowledge sharing cannot ignore the simllaritiai and diffenmces 
between the inference engines participating in the information exchange. Thia paper illUBtrates thia issue via a C&Be 
study on reoourc&-eensitive knowledge-baaed system& and we show bow theee can elliciently share their knowledge using 
combinator logics. 

1 Introduction 
One of the benefits of formally representing knowledge lies iD its potential to be ahami Technologiea for computer inter­
connect.ion, now relatively cheap and widespread, make it possible for knowledge bases and inference engines developed in 
different locatiom to interact in order to solve together more complex problems than thoee they were originally intended 
for individually (6]. 

In this paper we investigate the problem of knowledge sharing among re.,oun:e-,emitive systems (also called subetruc­
tural logic ll}'BtemB [9]). The cla&1 of subetructural logics, encompassing, for instance, intuitionistic Jogica (8], relevance 
logics (2] and linear logics (15], employ in their infereru:es , tn.ctvral nJu which take into account the structure of premlaes 
in a deduction [9]. Subetructural logics diHer from each other by virtue of the structural rules allowed in their proofs: 
the set of lltructural rules permitted in one logic may be extended or reduced thus giving rise to other logics. A number 
of real-life probleJDB can be naturally represented and elegantly solved via resource-sensitive inferencing. Useful and 
computationally efficient reuoning systems have been developed employing subetructural logics (for instance, (25] and 
(19]). 

The organisation of this paper i8 88 follows. Initially, we list some of tha issues related to knowledge sharing and 
give a perspective on work carried out. In Section 2 we present combinator logiu 88 our chO&eD formalism for defining a 
knowl~ aring framework among ■ystems based in reaource-sensitive logics; we also justify our choice and compare 
it with alternati-ve approaches. In Section 3 we show how combinator logia can be used to Coster integration among 
knowledge-based ll)'BtemB. Finally in Section 4 we comment on our work, draw conclusions end give directions for future 
research. 

1.1 Some Issues on Knowledge Sharing 
Research oo knowledge sharing moetly concentrates on the mappings between different domain-specific notations while 
malting the 11118umption that the inference mechauisms of each system are compatible. Sometimes this 818umption is 
explicit: to share .knowledge, each system must translate its knowledge into a standard system of inference (17, 21, 23]. 
At other times the 888Umption is implicit: a standard knowledge representation language ia provided but it is moetly left 
to users of the notation to chooee compatible forms of inference (18, 24). 

Without tbia 11118umption it would be very difficult to guazantee that the meaning of knowledge exp~ in one system 
is preserved when used by another system. This meaning preaervation would, in principle, require us to demorurtrate that 
the models of the world permitted by a system supplying its knowledge include all the models of the world permitted by 
the system receiving that knowledge. If we allow donors of knowledge also to be recipients then the theoretical C0111traint 
becomes ewn Btrooger: the models permitted by all ll}'BtemB m\llt coincide precisely. Thia raises a major practical problem 
because differences in models of ilie world often show up in the distinct forms of inference used to derive consequences 
from the knowledge we represent. 
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A definitive IIO!utlon for this problem would require that all knowledge-based systems must share the same models 
of the world. TbiB solution, however, is not practical, for it is far too restrictive, ruling out many interesting and use£ql 
forms of partial knowledge sharing, as shown in (7]. Partially shared knowledge involves lolm of information but in many 
cases the 10111 may be detected, aseessoo. and made tolerable. 

In [5] a formal method to share components of different logics is described. That proposal is baaed on the concept 
or irutitutiona [16] to represent logics and employs special mappings among their components 811 a means to translate 
logics and to share their model theory, deductive system, axioms and theorems. However, we would like to achieve 
knowledge sharing in a more 0pportunistic form: rather than assuming we have a formal description of each system, our 
scenario will be a more realistic one if we assume that very little is known or all participating systems. A knowledge-based 
system (henceforth called "KBS", for short) KBS1 may want to trr, to use another system KBS2 by posing it queries and 
analysing its answers. In this work we describe II computationally efflcient approach to perform the analysis or llllS'WelB. 

Knowledge can be shared in many dillerent ways. We desaibe here aome pollSible scenarios for knowledge sharing. 
Let there be two knowledge based systems, KBS1 = (IE1,KB1) and KBS2 = (IE2,KB2), where KB, ia the system's 
respective knowledge base and IE, its inference engine (14]. Let us suppoee that KBS1, the recipient, needs to query 
KBS2, the donor. KBS1 must then supply the triple (Q,IE,KB), informing the donor system ohhe knowledge sharing 
details: KBS2 is to provide an answer to Q employing KB and IE, that is, whether KB I-111 Q holds. We can then have: 

• Donor system as a aUJTOgate - this eituation arise& when KBS 1 1111pplies the triple (Q, IE1, KB1) to KBS2 and KBS2 
employa IE1 on KB1 In order to eolve Q. KBS1 is simply u-1 as a surrogate computational device emulating KBS 1, 

• Donor system as a partial mn-ogate- this happens when KBS1 auppliea (Q, IE1, KB2) to KBS, and KBS2 employs 
IE1 on its own knowledge base KB2 w ordir to solve Q. 

• Donor system as a pamal omcfe - this situation happens when KBS1 supplies (Q, IE2, KB1) to KBS2 and KBS2 
employs its own Inference engine IE2 on the given lcnowledge base KB1 in order to solve Q. 

• Donor system as an oracle - this happens when KBS1 suppliea (Q, IE2, KB2) to KBS2 md KBS2 employs its own 
Inference engine JE2 on its own knowledge base KB2 in order to solve Q. 

In the oracle caae, the answers provided by the donor system KBS2 are to be c:ousidered 811 always right and used 811 such: 
the inferencell carried out within the oracle are not regarded 1111 important. H, on the other hand, the inferences are to be 
taken into account, that la, the recipient system is not only imerested in the final answera but also in how they have been 
obtained, then we say that KBS2 is a 1UmJgote ¥tern [7]. Variants of the scenarios above are pomible, such 811 KBS 1 

providing (Q, IE1 U IE2, KB2) or (Q, IE1, KB1 U KB2) in which case the recipient system'• capabilities are extended. By 
posing n!Btrictioos or extending the KBS'a inferential power, a number or illteresting and practical situations ariae. 

1.2 The Problem: Accepting Inferences from Surrogates 
Each system has its own inference engine. This poses a difficulty when we are dealing with surrogacy lituatioos, for it 
may happen that the recipient S}'Stem is supplied with answers whose deductions would not be permitted were its own 
Inference engine employed. How can this problem be circumvented? 

We suggest that the solution is to let the donor system behave as it wants, and to Jet the recipient decide whether it 
accepts or not the answers to a given query. 

To enable a KBS to reject an answer from a remote system, the latter must provide not only the answer for a given 
query, but also describe how that Inference was achieved. This means that the donor must provide, together with ita 
answer, a description or the inference steps that led to that conclusion. The receiver will inspect that inference and decide 
whether to accept or reject It. 

This poses an extra overhead which may lead to unnaceptable lnnefficiencies. Proo& are normally large objects, usually 
of orders of magnitude larger than the answer they generate. Procedurea to examine a proof and check for properties in 
it will naturally reflect the size and complexity of the objects involved. 

In the f'ollowing we show how this problem can be avoided by sending a much more compact representation or the 
"Important 1111pecta" of the lnf'erences. We show that this can be done efficiently for the class of reaourre-sensitive logics 
known as mbstnu:tural logia. 

2 Substructural and Combinator Logics 
2.1 Substructural Logics 
Substructural logics are a family of logics which differ from each other by the set of mucturnl rulea that each logic in 
the family accepts. These structural rules determine how resources are dealt with by each logic, and therefore the whole 
family is also known 811 ruoun:e ,emitiue logic,. 
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For the purpose of this work, we will be working with a fragment of the logic de.fined by the connectives ® (multiplicative 
amjunction), ➔ (right implication) and +- (left implication)1 • Each logic in the family will obey the connective rules 
described in Figure 1 aa a set of Gentzen sequent rules. Because we are not assuming a priori structural rules, the 
antecedent of a sequent is a binary tree, with formulae at its leaves and ',' at the internal nodes. Antecedents are by 
default left..llS80ciative, BO t1,t2,t3 actually represents ((t1,t2),t3). The C0118eqUent of a sequent is always a single 
formula. By r(,p] we mean a specific occurrence of I" in the structure r, and a corresponding r[.PJ in the lower part of a 
rule means the eubstitution of that occurrence of I" by the structure ,P in r. 

-- (Axiom) 
I" I- I" 

rt-,p Al-x 

r,Al-,p®x 
(1- ®) r(,p,tf,) I- X (® 1-) 

r[,p® ,p) I- X 

r,,pt-x 
_.;___;_;_ (I-➔) 

rt-,p ➔ x 

,p,r1-x 
(I-+-) 

rt-x+-1" 

r I- I" A[tf,) I- X 
----- (➔I-) 
A[,p ➔ t{,,rj I- X 

rt- I" A[tf,) I- X 
---- (+-1-) 
A[r, V' +- I"] I- X 

Figure 1: Connective sequent rules for ®, ➔ and +-

What distinguishes one substructural logic from another are the structural rules that are allowed in its inferences. 
The most common structural rules are shown in Figure 2. The particular format of commutativity and contraction used 
here will be very convenient further on, when a parallel is drawn between structural rules and oombinator rules. 

(r, 11), .PI- X 
(comm.aatiuit!I) 

(r, .P), 111- X 

(r I II)' II I- X ( cantrnction} 

r,111- X 
r I- x c----L . •L. . ) --- .......... enmg or .,,mnmg 

r,.P I- X 

Figure 2: Some structural rules 

For example, the Lambek Calculus is the logic that acoepts only the associativity rules (while the Pure Lambek 
Calculus acoepts none), which, in terms of resources, means that all formulae must he used in a given order; Linear Logic 
accept8 associativity and commutativity, BO formulae must all he used, and only once, but in IIDY order; Relevance Logics 
further accepts contraction, which allows it to reuse formulae in a deduction. Finally, lntuitionistic Logic accepts all 
structural rules, and therefore accept8 all conatnu:tible theorems. 

The hierarchy of substructural logics has Intuitionistic Logic at its top. Classical Logic would be the next step, 
accepting all structural rules and non-constructive proofs (we can prove AV -.A in classical logic, without proving either 
A or -.A), but it remains outside the family of resource-sensitive substructural logics. 

2.2 Combinators 
Dunn and Meyer [10] noted that the structural rules can be represented by combinator,. Combinators are A-terms with 
no free variables [3]. Figure 3 presents a few examples of combinators.. We represent combinators by capital letters; the 
choice of letters is historical. 

In Figure 3 the symbol - means "reduces to~ and in the traditional A-calculus it is replaced by =. The right hand-side 
column in Figure 3 show!! that combinators can be defined without >.-abstraction and, in this sense, they become proper 
combinators dissociated from the A-calculus, as in their original formulation [22). 

There are also compound combinatora obtained from the primitive combinator, in Figure 3 using functional application: 
Ci C2 reads C1 applied to C2; application is also left..a.ssociative. For example, combinators W and S are interdefinahle in 

1 in the abaence of commutativity, ➔ and +- are not equivalent. 
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Figure 3: A-QilculWI combinators 

the in-nee of the I, B and C: W = CSI and S = B(BW)(BC(BB)) 115 it can be verified from their definition In Figure 3: 

= CSlzt1 - S:ilt, - :it,(111) 
= 8(8l~(BC(BB)):i,.r 
- BW ( BC(BB)):i) 11.r 
- BC(B ):i,u 
-B8%.rp 
-s:z(11z) 

-sw 

- W ((BC)(BB)zt1) .r 
.... C ((BB)z) 11.u 
.... 8(%.21)11.z 

Indeed, any Mieflnable function (and therefore any combinator) can be expremied In terms of the mmblnaton S and 
K [3]; however, the set o£ combinators pmaented In Figure 3 is very convenient to account for the ll8e of the most common 
structural rules. 

In fact, if we read the stuctural rulell bottom-up, we can aee that the B combinator accowita for left..asaociativity, C for 
commutativity, I for identity, W for contraction, K for thimiing (S is alao a type of contr&ction, not Y1!l'Y wrual In logics). 

2.3 Combinator Logics 
Dunn and Meyer (10) propoaed a atnu:tvaU,-f,f,e ¥ (SFL) where the lystem is free from any structural presupposition 
(whence !ta name). All structural operatiooa have to be accounted for via combinatot- nJu, and bew:e another name for 
such a logic u Ctnnl,i...tor Logk. 

In the language of such a logic, the oomblnator9 are considered 115 special atomic formulae. Hence, p ➔ (B ® q) is a 
formula of IUCh a language. 

The conn~ rules for such a language are exactly tboee presented In Figure 1. Howner, then are DO structural 
rnlea In SFL. Instead, we ban conn«mHl rulu; a generic combinator rnle la llhown In Figure 4, for a oomblnator that, 
when applied to the lower aequent u llhown, generates the uppar aequem. 

Figure 4: A generic combinator rule 

Figure 5 preaenta aome instantiatiooa of the generic combinator rule for the combinat.ora presented In Figure 3. Note 
that Figure 5 alao displays the structural ruI,, 8880Ciated with each combinator rule. 

eommvtativitJ,: 

left-ouociatiuit,: r{+] f- X (If-) 

r~.•l f- x 
r[+,E:,~)1- X 
----- (Ct-) contraction: 
r[c,+,•,E:J i-x 

r1+11-e 
thinniflll: r{K,+, •If- e (K f-) 

r{+,(9,E:)] I- X 
------ (Bf-) 
r(B,+, t-,c] f- X 

r(+,9,9] f- X 
---- (Wt-) 
r(W,+,9]t-x 

Figure 5: Examplee of mmbinator rulea 

Combinator rules leave a "trail• of combinators in a proof, and auch combinators are evidence of the structural rulal 
needed for the deduction. For example, to show that 

B I- (p ➔ q) ➔ {(r ➔ p) ➔ (r ➔ q)] 

• 



we perform the following deduction steps: 

ql-q pl-p(➔I-) 
p ➔ q,pl-q rl-r 

p ➔ q,(r ➔ p,r)l-q 
---------- (Bl-) 

B,p ➔ q,r ➔ p,r 1-q 
-------------- (I-➔ 3x) 

B I- (p ➔ q) ➔ ((r ➔ p) ➔ (r ➔ q)] 

This deduction shows that the formula (p ➔ q) ➔ ((r ➔ p} ➔ (r ➔ q)] ill a theorem of the ➔-fragment of all logics 
which permit the structural rule for left-associativity. 

2.4 Structurally-Free Theorem Proving 
In the context of Combinator Logics, Finger (ll] proposed the notion of Structurally-J+t;e Theorem Proving (SFI'P), 
which can be defined u follOWII. Given an antecedent r and a consequent x, find a combinator X such that: 

x,rt-x 
is deducible in Combinator Logic. Such an activity is a generalisation of traditional theorem proving, because by inspecting 
the comblnaton that compose the answer X, it allows us to answer the quation: in which nl>atn6<:tural logia i, a given 
ffl/Uenl deducible. 

Finger (11] noted that there were a few problems with the logic of combinators, namely the fact that there was no 
combinator rule to deal with right-auociativitJ,, and that it could not cope with the +- connective. 

To deal with right uaociativity, a new combinator e-1 , waa introduced In (12], with ita &880Ciated combinator rule: 

Adding the combinator e-1 to the usual combinatorial system introduces 110111e ronsistency problems; tbeee problema have 
been addressed and aolved in (12] by reducing t.he class of combinators allowed, without diminilhing t,he aet of structural 
rules representable. It was then shown in [11] that for every intuitionistically wild aequem r I- x in the { ➔, ® }-fragment, 
SFTP can be solved; that is, a combinator X can be computed such that X, r I- x is deducible in SFL. 

To introduce the +-connective in the logic, it la necessary to remove combinators as atomic furmulae and add them 
as a label, in the fashion of Labelled Deductive Systems (13). The algorithm of (11) can then be extended to deal with 
the {➔,+-,®}-fragment. 

3 Efficient Knowledge Sharing between Substructural Logics 
In this work we explore the issues cooceming knowledge sharing among a v,ry apecific clam of knowledge-based syatema: 
thoee whoee underlying logics are substructural. We ahall usume that our aystems all share the same vocabulary, that is, 
their knowledge b1111e11 are all subeets of a language 'P. H this assumption doea not hold then a tranalatiou function among 
the languages of eacli system should be provided [5] or, alternatively, the correspondence ammig specific constructs to be 
shared [6) ought to be given. 

3.1 Knowledge Sharing between Relevance and Linear Logics 
Let there be the following set of formulae, comprising the knowledge-base of a donor system: 

P q r 
q +- r 
r +-1 
• +-

It representa a small fragment of simple propositional knowledge. Let us assume further that the inference engine of such 
system incorporate& a relevant logics [2). When posed a query +- p then we have the following sequent proof: 



tl-t rl-r 
--- - (1-®) 

pt-p 
------ (+-1-) 

p +- f ® r,(q, r) f-, 
- ------ (81-) 

d•r B,p+-9®r,9,rl-p 
---------- (+-1-) 

B,p +- q®r,(q +- r,r),r I- p 
----- ------ (Bt-2x) 

BBB,p +- 9 ® r,q +- r,r,r f- p 
------------ (Bt-,Wt-,Bf-) 

B(BW)(8B8),p+-91&r,9 +- r,rt-p •I-• 
---------- ---- (+-1-) 

B(BW)(BBB),p+-9® r,9 +- r,(r +-,,,)I-• 
--------------- (Bl-) 

B(BB){B{BW){BBB)), .P +- t ® r, 9 +- r, r +- •• • I- • 

The combinators of the deduction above can be llimplliled with the c:ombiNdor Im notation of [12), of the form 
OC(,,i, ... ,x<'->>: 

8(88)(8(8W)(888)) = B(BB)(B(BW)(BB(BB(I)))) = (BcsJ, W(aJ, B12J, B12)) 

This list notation shows the rml combinatorial content of the complex combinator term. The list (B11), We•>, 812), 812)) 
clearly shows that there were three 11111!8 of left..aseociativity (the B'a) and one wie of contraction (the W). The indicea 
repn.mt the poaitlon on the ant.ecedent where theae rulee were applied: there wu a contraction at the third poaition, • 
and Jeft-llllllOciativit, waa applied twice at the lltlCOlld position and once at the third. An inspection of the proof shows 

that this '11'88 indeed the case. Details on how this worka, and bow to compute the list combinator aseociated with a 
deduction (without actually coDStructing the whole deduction) can be found in [11, 12). · 

The output of the query to the KBS above conaista of the proof that +- p bolds, the aequent proof and the list 
of combinators above: (8(1), Wes), 812), B12>) - Recipient systems are able to efficiently evaluate the answer provided -
rather than examining the proo(, a linear 1IC&ll of the list of oomhinaton ii enough to check for properties of the donor 
"11ff<IDl• ha our example, llince W la found in the output atring ol combin-., - conclude that the deduction ia not 

linear. Recipient systems which required that proofs be linear oould reject the deduction above ju.st by examining tl:ie 
llimpllfied list of combinator&. 

Such a method for quickly checking the kind of structural rule (i.e. the control of reeources) Wied by a remote inference 
system easily generalizes to any mbstructural system. All it ii required to do ii to 11e11d, together with the &lllWer to a 
query, a combinator list asaociated with the deduction of the &DSW'el" to the query. 

3.2 Knowledge Sharing between Lambek and Propositional Calculi 

Another interesting opportunity to foster knowledge sharing between systems ariaei! in the context of natural language 
proceasing. Let us mppoee the donor system CODSists of a parser for Eog1isb with the following fragment of phrase 
structure grammar (1): 

S+-NP® VP 

NP +-Arl®N 

VP+- V"®Adj 

Such grammar can he repre11e11ted in categorial grammar (20, 4] u: 

S=• 

NP=np 

VP= np\• 

Arl = np/n 

N=n 

v .. = (np\e)/(n/n) 

Adj =n/n 

hi is usual in the categorial grammar tradition, the sluh notation is used instead of the implications, eo the slashea 
&bow lll"t! simply a notation variation: 

A/B:B ➔ A B\A:A+-B 
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so that the directional versions of Modus Ponens are A/ B, B I- A and B, B\A I- A. 
Let us further 1111ppo11e that the recipient system wants to know if the string "The tree is green" is a correct sentence 

in English and submits the list of IIB80ciated types of the components of the string, that is, (np\•)/(n/n), n/n, (np/n), n , 
to find out whether the donor system can infer a sentence II from such an input. 

H the donor system is equipped with an inference system for propositional logic, the following proof is J)088ible: 

BI- B np I- np 
----- (Cc,.)) 

np,np\a 1- 11 
--------- (\1-) 
(C(i)) : np\a, np 1- a n\n I- n\n 

(Coi) : (np\11)/(n/n), n/n, np I- , 
-"--'------------- (/1-) 

(Cc1J) : (np\a)/(n/n),n/n,(np/n,n) I- a 
------- ---------- (B(n)) 

(B(s),C(i)} : (np\11)/(n/n),n/n,np/n,nf- • 

(/ 1-) 
nl-n 

However, upon examin&tion of the associated list (Bea), C(1)) of combinators, the recipient system may have a restriction 
that it will not accept proofs in which the order of formulae is changed (that is, there are occurrences of combinator C). 
This rejection will happen when the recipient system incorporates Lambek Calculus (9). 

The order of the formulae deduced in the antecedent is not exactly the order of the formulae generated by "The tree 
is green" . Indeed, the sequent above is actually a proof that the Btring "is green The tree• is a gramatically correct 
sentence, which is obviously not true. Although the categorial grammar above can be employed in many different and 
useful ways, the recipient system only wants proofs for thoee sentences in which no changes in the order of components 
of the sentence is carried out. The recipient system may ask for an alternative proof, in which C&8e it may be supplied 
with the following 1Jeq11ent: 

npl-np 111-11 
(\ 1-) 

np, np\a I- • n I- n 
- ------ (/f-) 
np/n, n, np\11 I- 11 n/n I- n/n 
--------- (/1-) 

np/n, n, ((np\a)/(n/n), n/n) I- 11 
-------------- (B(nJ) 

(Bes)) : np/n,n, (np\11)/(n/n), n/n I-, 

Upon examination of the combinators ll880Ciated with the proof above, the recipient (Lambek Calculus) system will decide 
to accept it. Note that the order of the formulae of thi& oequent follows directly the order of the formulae aaeociated to 
each word in "The tree is green" . Rather than checking the sequent proof, a simpler test of lineM complexity is performed. 

4 Conclusions and Directions of Research 
Wehave proposed an efficient way to foster opportunistic sharing of knowledge among inference system/I which incorporate 
different kinds ofsubstructural logics (e.g. , linear logics, relevance logics, Lamhek Calculus and intuitionlstic logics). Our 
proposal employs combifllltor logic, (10, 3) u a unifying framework for repreeenting substructural logiai and structurally-­
free theorem proving [11, 12) u a means to characterise their inferences. 

We have addrellaed aystema for which a deeper form of knowledge-sharing is aougbt: not only the correspondence 
among term/I and formulae is necessary ( that is, an ontol0911 [24)), but also the inferences performed. The final result of 
inferences as well as their intermediate stepB should be available for inspection and rejection or acceptance, depending on 
the restrictions of thoee system, sharing their knowledge. 

Our approach does not require that each system be translated into one single all-encompassing logic. Rather, each 
system may incorporate ita own distinct substructural logic as long as its inferences are performed structurally-free and 
the set of combinators appearing in the proofs are ahared by the systems involved. Ours is an efficient approach because 
proofs can be examined (and accepted or rejected) just by scanning a string of combinators. 

Prototypical vmsi0118 of structurally-free theorem provers have already been developed. However, at their present 
stage, a proof is supplied and only then can it be examined. We would like to investigate an "early-fail" approach thus 
enabling an inference to be stopped as soon aa a particular combinator ( or one of a list of combinator) appears. In our 
Lambek Calculus and Propositional Logic case above (Section 3.2) the first proof could have been aborted as soon "" the 
C combinator appe&l'ed and only the last proof would have been supplied. 
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