


GENERIC MINIMAL SURFACES

BY

-

ANTONIO CARLOS ASPERTI(*)

1. Introduction,

In this paper we study generic minimal immersions
of a two dimensional Riemannian manifold MZ, which we call briefly
" a surface, into a Riemannian manifold ﬁzd(c) of constant sectional
curvatﬁre ¢, £ 2 1 (superscripts denote dimensions). In general,
giving a minimal immersion £: M2—+ ﬁ2+£(c). the n-th normal space
Nn(p) of the immersion has dimension < 2, for every point p in M

and n = 1,2,... . Following [Ch], we will say that p is a generic

point of M if:
(a) when £ = 2s (2 + £ =25 + 2, s > 1) is even,
then dim Nn(p) =2 forn=1,...,s;

(b) when L = 25 = 1 (2 + 2 =2s + 1, s > 1) is odd,

-

then dim N"(p) = 2 for n = 1,...,s-1 and dim N5(p) = 1.

Obviously Nm(p) = {0} for m 2 s+1 in either case and we convention
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that No(p) = TpM = tangent space to M at p. We say that f is a
generic minimal immersion (or that M is a generic minimal surface)

if every point of M is generic. Examples of generic minimal two-

spheres in the Euclidean sphere got2

eneric o
[Bl; examples of minimal two tori can be found in [K). We prove

(1) can be found in [Cal,

that these are the only (orientable) topological types permitted

of compact generic minimal surfaces.

(1.1) Theorem. Suppose that M2 18 a compact, connected and oriented
. 0 0 ~2+%
surface which admits a generic minimal immersionm into some Mz (c),
£ > 1. Then MZ must be homeomorphic either to a sphere or to a.
torus, according to L = 25 or & = 25 - 1, s > 1.
The even case of the theorem is a consequence of

the following more general fact:
(1.2) X(N"M) = (n+1)X(M), n = 1,...,s.

where N'M is the n-th normal bundle of the immersion with a ca-
nonical orientation. To give a complete proof of (1.2) we introduce
in §2 an intrinsically defined orientable 2-vector bundle ;GE(M)
over M, whose fiber over p is a suitably chosen subspace of the

n-linear symmetric maps of TPM' and prove that
(1.3) X(9p(M) = (+1)X(M), n = 1,2,.....

It happens that Og(M) and N™M are orientably isomorphic (see (4.1))

»
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vwhich, when put together with (1.3), gives (1.2). In §3 we compute
the intrinsic curvature K; of N"M and observe that K; >0 when
% = 2s, hence giving X(M) 5 0. For the odd case, we use the fact
that N°M is one-dimensional when t= 2s - 1 to construct a -nowhere
vanishing cross-field on M, giving therefore X(M) = 0.

Remarks. (1) The assumed orientability is not a
serious restriction: if M is not orientable, we can use the ‘two-

fold oriented covering of M and arrive to similar conclusions.

(2). Through the paper we are éssuming. withouf
explicit mention, that all manifolds and maps are differentiable

- O - s
of class €, and immersions are always isometric.

2. A 2-veetonr bundle of multilinean maps on sunfaces.

Let V be a Z-dimensional real vector space equipped
with an inner product <,> and with complex structure J. . We say
that a subset {x.il of V is isothermal if |x| = [y| and <x,y> = 0.
Denote by Lg(V) the space of n-linear maps A: Vx...xV—V which

have zero trace. For n > 2, having zero trace means that
A(X, X, %, 000, 0) + A(IX,JX,#,000,0) = 0

for every x.in V. Given A in Lz(V) and an orthonormal basis {el.ezl

of V, we will write, €for brevity,

A(eil.....ei ) = Ai

. o i, =1,2; j =1,...,0.
n R j



By symmetry and zero trace, we are reduced to A.

;= A
11'..1

= 1...1

or to A, = tA; 45 If (eg.e;) and (31.32) are positive

gosedy
(orthonormal) bases of V, with El = coste1 + sente2 (and hence

e =J 31]. by induction on n we easily get

A(El....,EIJ =  cosntA + sinntA

1...1 1...12°

(2.1)

A(El.....El.Ez) = -sinm;Al.”1 + cosntAl.._lz-

Consider now the space og(V) of all A in Lg[V) which satisfy the

following property:

(P) either A = 0 or there exists a positive (el.ez) © such that

(A » =A ) is a positive isothermal basis of V.
1...1 1...12° ~ s

Clearly ci(V) = L;(V): every A in Li(V) satisfies (P). In what
follows we present some expected properties of ag(V); all of them
can be deduced from (2.1), or from the previous ones, by

elementary linear algebraic arguments. -

(2.2) Properties of OZ(V). (a) If A satisfies (P) for some posi-

tive (el.ez). then A satisfies (P) for every positive (el.ez).

(b) For A ¢ og(V) and x ¢ V, the vectors A(x,...,x) .and

A(x,...,x,Jx) have the same lenght depending only on x and A.



(c) For every A, B in oE(V) we have

<A - <A

1...1° B0 1...12* By 12> = 0=

B > + <A B '

Aj.a Bl 1...12° B3...1>"

(Use the oriented angle between A 1 and B

1... 1...1)°

(d) If A is nonzero in og(V). then JoA 1is nonzero in og(V)
and JoA = -AoJ. The correct meaning of the last equality is

JOA(',...,*) = - A(Je, TS I e A(*,euy,», Je).
(e) og(V) is a 2-dimensional real vector space (use (c)).
‘(£f) The mapping

def

A,B ¢ gg(v) — <<A,B>> = —%— (<A1 »B > + <A

1B 1...12°B. . .12

independs on the positives (el,ez) and is an inner product in

o (V)

(g) For each nonzero A in cg(V), the pair (A, JoA) is a
<<,>>-isothermal basis of og(V). and the change of two such bases
has positive determinant (use (c) and (d)). Therefore og(V) ca-
nonically inherits from (V,J) the orientation determined by the

pair (A, JoA).

Now let M be an oriented Riemannian surface with

metric <,> and complex structure J. For each positive integer n,



we consider the 2-vector, bundle og(M) over M, whose fiber over p

is og(p) = og(TpM). By (2.2)-(£)-(g), each oz(p) has canoni-
cally an inner product <<,>>|p and an orientation arising from
those of TpM. Therefore og(M) has a canonical .Structure of
oriented Riemannian 2-vectoxr - bundle over M. Define, in a

standard way, a Riemannian connection in ag(M) by
a )
(DgA) (Xp oo ennX ) = Uy (A(Xg,000 X)) -jflA(xl....,vxxj.....xn).

- 4 n . . . ,
where A is a section of oo(M), V is the Riemannian connection of

M and x.xl.....xn are vector fields tangent to M.

(2.3) Theorem. Let M be a compact, connected oriented surface. Then

X(og (M) = (n+1)X(M), n

[]
—
-
~N
.
.

Proof. Given p ¢ M, we associate to each X ¢ TpM an element A(X)
of cg(p) as follows: if X = 0, then A(X) = 0; if X # 0, take the
positive (e, = X/1x}), e, = Jeyd) im TpM and let A(X) be the unique
n-linear symmetric map of TpM with zero trace such that

y
L]

AX) (eg,-..0ep) = [X|™X, A(X)(eg,--a0ep0e,) = -[X]™X,

Clearly A(X) ¢ og(p) and depends ‘only on X. Moreover |A(X)] =
IX[™?! and hence JA(X)|l = 1 iff |X| = 1. Therefore (E = ACe;), F=
JoA(el)) is a positive orthonormal basis of og(p) if X ¢ 0,e,=

1
X/ 1x{.



Now let X: M —TM be a generic section of the
tangent bundle of M with singularities, $a8Y, Pyv+-+sP.. Then the
mapping A(X): M — ag(M). where A(X)(p) = A(X(p)). gives a section
of UE(M) with the same singularities of X. To conclude the proof

it . suffices to show that
(2.4) Index(A(X), pj) = (n+1)Index(x.pj). j=1,0..,1.

For this we consider on W = M - {pl,....pr] the tangent  frame
(el,ez) and on og(M)lw the frame (E,F), both pointwisely defined
as above. Let w and ¢ be the 1-forms on W defined by

W o= <Ve;,e,>, @ = <<DE,F>>.

2

Then (see [Li, p.276] for instance)

Index(X,p.) = 1 I v, Index(A(X),p.) = 1 I e .
J PA 3 J 2w
D5 vy

Here ﬁj is a small disk about pj oriented to agree with M and

'3Dj takes its orientation from Dj’ We claim that
(2.5) © = (n+l)w,
which obviously will prove (2.4). In fact, observe firstly that .

E = - g

Bi...1 "% B 12

2 Fro.aa "¢ Fy 12" 9



Hence for an arbitrary Y tangent to M we have
e(Y) = <<DYE,F>>

1 B
= (<OyE); | 1oFrL L1t <(yE)p 100Fp12%)

= 1 . = .
-5 (<er1+n<er1.e2>e2,e2>+< erz+n<er1,e2>e1.e1>)
= (n+1)w(Y).
This proves our claim and completes the proof of the theorem.

Remarks. (1) The above argument can be slightly modified . to prove
the following more general fact: the intrinsic ‘curvature - of
(ag(M), <<,>>) is, at each point, n+l times the Gaussian curvature

of M, no matter if M is compact or not.

(2) A proof that X(op(M)) = 2X(M) (Theorem (2.3)  for
n=1) is contained in the proof .of Theorem 1 'of [AFR]. Compare
also Proposition (4.1) below with the proposition in [AFR,p.110].

3. Geneaic minimal immensions.

Consider an isometric immersion f: M~—M of a
surface M into a constantly curved Rieménni#n manifold M = ﬁ2+103.
Let Nn(p) c Tpﬂ denote the n-th normal space of M at p € M. The

(n+1)-th fundamental form of M is the ‘(n+1)-linear tensor



B": T Mx... T M — N!
P Gas. p (p)
inductively defined by

n n, .=_ e 3
(3.1) BU(Xjwee X ) = T ((Vxn+1 ...vxz X)) (@),

.where V is the Riemannian connection of M, Xj are vector fields
tangent to M around p, ij are local fields on M which extend xj
and T" denotes projection onto [TPM ® Nl(p) 6 ... 8 Nn~1(p)]l. It
is well known that Nn(p) is spanned by the image of B" and, since
M has constant curvature, B" is symmetric for n = 1,2,... . For
details see [S, pp.240-2441. In terms of a local frame

(e7----.e,5,,) on M adapted to the immersion, we will write

n n ) :
B (e, ,...,e. ) = B, . . 1 ¢ i ,...,1 <2
i, i.a 11...1n+1 - | n+l
h® q = <g" i ,e >, 3<a < i+2
-..1n+1 11... n+l [+

The square of the lenght of B" is, by definition,

which independs on the frame.



< o=

From now on suppose M connected, oriented with complex
structure J, and f minimal. Then B™ has zero trace for n = o o800

and hence

(3.2) BT = $B

3 . or +B
110 . 0.1n+1

n n
1...1° 1...12 °

Thus dim N"(p) < 2 for every p in M. If X = |X'|(coste1 + sinte,)

is tangent to M, by induction on n we obtain

B (X,....X) = IXI"+1(cos(h+1)tB?,,,1 + sin(ae1)t BY ;.

(3.3)

BU(X.....X.JX) = |X|™)(-sin(n+1)t B2 + cos(n+1)t BY

3

.1 127

Fix an oriented (el.ez) and for a unit X = cost e; *+ sente, write

B“(x....,X) = Bn(t). The following proposition is straightforward

from (3.3) (see propositions 1.1 and 1.2 of [C]).

(3.4) Proposition. (a) For every p in M, the set

e(p) = (B™(X,....X)|X ¢ M, |X| = 1} < N%(p)}

i8 an ellipse with center at the origin of Nn(p).

(b) BU(t + 2kn/(n+1)) = B™(t) = -B®(t + (2k+1)7/(n+1)) for

every integer k.
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{c) The tangent line to en(p) by the point Bn(t + 7/2(n+1))

18 parallel to the vector Bn(t).

- (d) en(p) is a cirele if and only if for every igothermal
subset {X,Y} of TPM' {B(X,...,X), B(i....;X.Y)} i8 an {isothermal
subset of Nn(p).

We call en(p) the n-th curvature ellipse at p. From
(3.2) we have dim Nn(p) = 2 iff B?...l' B?...lz are linearly

independent and from (3.4) this happens iff ;;P(p) is non-

1...1°B1...12) is a basis:

degeneérate. In case dim Nn(p) =2, (B
of N"(p) and (if we maintain the (e;.e,) positives) the change of
two such bases has positive determinant,.by (3.3). Therefore the
orientation of TpM determines an orientation in Nn(p) if dim Nnﬁﬂ=
= 2. This orientation agrees with the orientation determined by
the direction in which B"(t) traverses €”(p). Define the n-tk

normal curvature at p to be

kK, (p) = —%— area " (p).

‘Hence Kn(p) 2 0 and Kn(p) = 0 iff cn(p) is degenerate, iff

dim N?(p) < 2, Let An 2 u > 0 denote the lenght of the semi-axes

n
n =
of ¢ . Then Kn Anun‘

Remark. One can always choose a positive (el.ez)
in TPM in a way that B?...l and B?...1z give a semimajor and a

semiminor axis of sn(p). respectively; this follows from (3.4)-(b),



e NIh=

(c). In this case, A = |BY

n n
1.l vy = IB qpl and BT -

n,2 2
2 (An + un).

Suppose f'generic in addition to minimal; see §1.
In this case we can consider the n-th normal bundle of the im-
mersion, which is the vector bundle N"M whose fiber over p in M
is Nn(p). n=1,...,5. When 1 < n £ s in the even case & = 2s, or
when n ¢ s-1 in the odd case & = 2s-1, N'M is an oriented 2-vector
bundle over M and the curvature function Kn is positive. Every
point p of M has an open neighborhood U ¢ M on which we can

define a frame (el.....e2+1) such that

(3.5) for 0 < n £ s in the even case, or for 0 < n £ s-1 in
’ n

the odd case, (e, ,;.€, ,,) spans the fibers of N'M|U

and is positively oriented, where NoM = TM: in the odd

case, €,.,, = €, , Spans N°M | U, which is 1-dimensional

in this case.

Now extend this frame to a neighborhood of p in M
and define 1-forms wA(eB) = GAB’"A.B = <va'eB> .1 <A,B <2+ 2.
These are the dual and the connection forms of M associated to

the frame. When we restrict Wa B to M and exterior differentiate,

we obtain (by the choice of the frame) that dw are the

2n+1,2n+2

the curvature forms of N°M | U, in case N"M is 2-dimensional.’
These forms are globally defined on M. The Gaussian curvature K

of M is given by dwl'2 = -K Wy AW, the intrinste curvature K;
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of N™ is given by

2 - *
dWyn41, 2042 Koh Wy A vy n2 1.

In a frame as in (3.5) we also have

ny, 2 e oN 2n+1 2n+2 2n+1 2n+2
1377 = 2™t e it e it )7 hy..12) )
(3.6)
- 2n+l 2n+2 Zn*l 2n+2
K= 2lhy "y by Ti2 TN 2 )

n=1,...,5 where hiszl =0 = hist?lz in the odd case.

(3.7) Proposition. Let f: M — M (c) be a generic minimal im-

merston of a connected oriented surface, with either L = 2s or
£ = 2s-1, s > 1. Ifn is such that NM ie 2-dimensional, then
2 2
2y 2 Ay +
(a) Ki ™ Kl - J—BJ_ = 211"1 - _-Z.—_-_.._z_ (n = 1);
2K Au
1 =1
(b) . . ZKD . an-].LZ 5 2 ) an*IJLZ
n
2 n-1 ) 4 n+l
Kn-l 2 n 2
2 2
A_u A + p
e Ze o0, 0:2:-1 + “i-l) - et ntl (n > 2).
x2 u2 Apdn
* 1 "n-1

In particular, K; >0 <n the even case % = 2s.
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Proof. Fix n satisfying the hypothesis. Then we can split M into

two disjoint subsets:
E(n) = {p ¢ M | e"(p) is not a circle},
C(n) =M-E() = {p e M| e"(p) is a circlel.

Obviously E(n) is open and C(n) is closed in M. For each p in
E(n) there exists an open subset U ¢ E(n) around p on which we

can choose a frame (el,...,e ) as in (3.5). By the Remark

2+t

above, we can specialise Fhe choice of (el.ez) and (e2n+1. ?2n+2)

in this frame to obtain, in U,

n . n N i
(3-8) By 1" A eane1r Byli12 " HpCanez o

where An L 0. On the other hand, if " is a circle in a
neighborhood of a point p in C(n), we can start with any oriented

(€7n4+1+ €2p4+2) and choose (e;.e,) in a way to obtain (3.8) again,

with An il 0 in this case.

Let then p be a point in E(n), or in IntC(n), and"
let U = E(n), or U ¢ IntC(n), be a neighborhood of p on which we
have chosen a frame as in (3.5), satisfying also (3.8) for the

fixed n. We claim that

(3.9) w

oLy 0 if a = 2n+l, 2n+2 and v £ 2n-2, Yy > 2n+5.
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In fact, since the e, are sections of N"M | U, we can apply Lemma
69 of [S, p.247) to conclude that

- def _
(7x8) (@) € V(@) = ¥ l(q) 6 N"(q) & N™(q) |

for every q in U and X tangent to M. The spaces V(q), q € U, are
spanned by €n-1'"**€2n+4 evaluated at q. But these vectors are
orthogonal to the ev(q). which proves our claim. From (3.9) and

the equations of structure of E. Cartan, we get

(3.10) Ky = = dWppi1,2ne2(8102)

" (W3n-1,2n+1 * Y2n-1,2n+2 * Y2n,2n+1 ® Y2n,2n+2

F

* Vonel,2n03 A Wane2, 2043 T “2nel,znes * Wonez,2ned) (6108200

Suppose n > 1 firstly. Using (3.6) and (3.8), we can write

2 2n n-1 _ yw2n n-1
-1 " (hy 12 B3.0.1 ~P1Lo1 Brlllag)e
n-1
C 2 2n-1 n-1 _ ,2n-1 gn-1
®m "¢ Gy o180 - By )
n-1

= Bn e B
®2n+1 " X P1...1° ®2ne2 m 1...12°
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These relations plus direct calculations using (3.1), (3.9) and

the definition of LY give

2n
Vane1,2m01(81) * DRI /K Won g o) = 2w ndt K

on-1.2nl1(ez) YL NP Wone1,2ne2(82) = Zuhit /K.
Wam,2ne1 (81) % ST K Wy (o) = w2
"24.2n+1(°2) = =2 phd T K o e (eg) = ~2u B3 ok
“an+l,2n+3(€1) = hi?f?x’*n' "z;+z,zn+3(é12.' 2n+3}z/“ '

2n+3 /A 2n+3

o T

Yan+1,2n+3(¢2) = By Ty, 2n+2,2n+3(82) = “By Ty/up.

- 2n+4 o 2n+4
Yane1,2n+4 (810 = P11 /A0 Vonia anea(ey) = BT T o .

= p2n+d | 2n+4
Yon+l,2n+8(83) = Ry 1a/A0 oo 2n+4(°z) hy o afvge

By bringing all this into (3.10) we easily obtain (b) for points
in E(n) or in" IntC(n), n > 1. The case n = 1 follows the  same
lines but is easier and is left as an exercise. This will p;ove
also (a) for points in E(n) or in IntC(n). These formulas extend
to the commom boundary of .the two sets by continuity. Finally, if

2 = 25 is even, then An > ¥, >0, n=1,...,5 and As 1 =¥ = 0.

s+l



LR
Therefore K; > 0 in this case and the proposition is proved."

Remark. For a two-sphere S2 fully minimally im-

mersed in ﬁ2+l(c) we have ¢ > 0 and & must be even, say ¢ = 2s,

)

Moreover (see [Ch]l ) or §2 of [E))

n & n - oy n =
.21 I8y 1= 1By gpl =g 200 B} B] g7t 0

n=1,...,s.

Then the n-th curvature ellipse is everywhere a circle with ratius
T, (= An = ﬂn). and the non-generic points.(- the singular points
of rl,;...rs) are isolﬁted. Noticing that the local invariants _k
introduced in [Ch] satisfy k, = T/ Th-1 (ro = 1), then the formilae
of [Ch, p.38] can be easily interpreted in terms of the r_. In

n
particular, at the generic points we have

202

A r
(3.12) Alog(r,...r) = LorDn22) poee B 4,
2 T
4. Prood of Theorem (1.1},
Through this section we assume the hypotheses of

Theorem (1.1). Let n > 1 be such that N™ is a Z2-vector bundle. We
shall firstly pféve that, in this case, NM is isomorphic with the
intrinsically defined bundle og(M) of §2. °
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(4.1) Proposition. The map ¢: N“M-;+02(M) defined by

<4(pu) (X3oeenX )y X >(P) = <BP(X,...,X XD, u > (p)

for each (p,u) in N™ and sections xl""'xn’x of° TM, <is an

orientation preserving bundle isomorphism. Consequently,
X(N"M) = (n+1)X(M).

Proof. Let u be in Nn(p) and fix a positive frame (el,ez) around

p. Then

¢(P-u)1.__1 = 3(P'u)€1 i b(P-U)ezv '?(P'U)L_.lz =‘ ‘b(p.u)el ot

+ a(p,u)e,

where a(p,u) = <B?'.'1,u>(p), b(p,u) = <B?...12,u>(p), with n and

n+l lower indexes for 4 (p,u) and B", respectively. These relations

n

and the linear independence of By 1 and B? 12 show that: if

u =0, then ¢(p,u) 2 0; if u # 0 then (e(pu)y . qa- ¢ (pou)y 1))

is a positive isothermal basis of TPM.”Thus ¢(p.u) e og(p). and °
¢(p.*) is injective. Therefore ¢ is a bundle isomorphism. ~ Now
write (u,v) = (B? I'B? 12) and observe that (u,v) determines
the orientation of N™M and, deleting the points in M,
@ (u), Jo¢(u)) determines the orientation of og(M). We but

¢ (v) = c4(u) + dJos(u)) so that the change (¢(u), Jop(u)) —
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(¢ (u).¢(v)) has d as determinant. But d = |u v|2(|u|4~|»<u,v>z)'1

> 0, as it is easy to see. Hence ¢ is orientation preserving,

as we wished. Moreover, X(NnM) = x(og(M)) by the compactness of

M. Then X(NnM) = (p+1)X(M) by Theorem (2.3) and the proof of
(4.1) is complete.

Now we proceed to the proof of Theorem (1.1).: 1f

2 = 2s is even, we use Proposition (4.1) to obtain that

(n+1)X (M) = —1 I K2 dM, n=1,...,s.
2% "

where dM is the area element of M. But K; >0 on M by (3.7). So
X(M) > 0 and M is homeomorphic to a sphere, in this case. On the
other hand, if 8= 2s-1 is odd, then there exists a (at least)

locally defined unit field e normal to M which generates NSM;

25+l
see (3.5). By (3.4)-(b), the equation B (X,....X) = $Ae, ., deter
mines a unique, modulo u/(§+1). unit vector in TpM. for each p in
M. Therefore there exists a unique set {xl""'x25+2} of  2s+2
pairwise linearly independent unit vectors in TpM such that their
tips form a regular polygon. By letting p vary on M we produce
an everywhere defined (2s+2)-cross field tangent to M. Therefore
.X(M) = 0 by Proposition 1.7 of [Li] and hence M is homeomorphic

to a torus, in this case. This completes the proof of Theorem (1.1).

Remarks. (1) Undcr the hypotheses of Theorem (1.1)

we can also conclude, in the even case £ = 2s, that (¢ > 0 and)
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area (MZ) = 27(s+1)(s+2)/c. In fact, since we already know that
M2 X Sz, we also know by (3.12) and genericity that the equality
Alog(rl...rs) = (s+1)(s+2)K/2 - ¢ holds everywhere on M. Integra-

tion plus Stokes and Gauss-Bonnet theorems yield our claim.

(2) A non singular holomorphic curve in cp” (or in
Cn) satisfies (3.11) and is, in particular, a minimal surface;
see [Lal. We call attention to the similarity between Theorem

(1.1), even case, and Corollary 1 of [La, p.54].

(3) The bundle isomorphism and the (2s+2)- cross
field above exist independcntly 9f the compactness of M; only
genericity was used in their construction. This observation may
be useful in other situations, such as in the study of complete

hin X n
minimal surfaces in R.
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