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ABSTRACT

Multiple hypothesis testing, an important quantitative tool to report the results of scientific inquiries, fre-
quently leads to contradictory conclusions. For instance, in an analysis of variance (ANOVA) setting, the same
dataset can lead one to reject the equality of two means, say 11, = u,, but at the same time to not reject the
hypothesis that 11, = 11, = 0. These two conclusions violate the coherence principle introduced by Gabriel
in 1969, and lead to results that are difficult to communicate, and, many times, embarrassing for practition-
ers of statistical methods. Although this situation is common in the daily life of statisticians, it is usually
not discussed in courses of statistics. In this work, we enrich the teaching and discussion of this important
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topic by investigating through a few examples whether several standard test procedures are coherent or
not. We also discuss the relationship between coherent tests and measures of support. Finally, we show
how a Bayesian decision-theoretical framework can be used to build coherent tests. These approaches to
coherence enlighten when such property is appealing in multiple testing and provide means of obtaining it.

1. Introduction

Testing hypotheses has become a widespread quantitative tool in
many fields of human knowledge to report the results of scien-
tific experiments. Because of its importance, great advances have
been made both on theoretical and practical aspects of multi-
ple (or simultaneous) hypothesis testing—a situation where one
aims at testing several hypotheses simultaneously (Shaffer 1995).
These developments have been mostly focused on the construc-
tion of procedures satisfying statistical optimality criteria. For
example, under the Bayesian approach, one typically seeks for
procedures that minimize posterior expected loss functions.
Similarly, under a frequentist perspective, the main paradigm
is the control of various error rates. Detailed accounts on this
matter may be found in Shaffer (1995), Hochberg and Tamhane
(1987), Farcomeni (2008), and references therein. On the other
hand, little emphasis has been given to the rational consistency
of the simultaneous inferences drawn from the optimal solutions
of such multiple test procedures. As a matter of fact, a practi-
tioner, while analyzing a few hypotheses of interest, often obtains
contradictory conclusions such as incoherent measures of sup-
port in Schervishs sense (by a coherent measure of support,
Schervish 1996 means that “if hypothesis H implies hypothesis
H’, then there should be at least as much support for H' as there
is for H”) for the hypotheses under consideration (like p-values
(Schervish 1996) and Bayes factors (Lavine and Schervish 1999))
and incompatible sets of rejected hypotheses (Lehmann 1957).
For example, Patriota (2013) presented an analysis of variance
(ANOVA) setting where the equality of two means, say u; = (s,
is rejected but a proper subset of it, ; = @, = 0, is not. That
is, the observed sample point provides enough evidence against
1 = i but points to the plausibility of @1 = @, = 0. Such

peculiar conclusions puzzle practitioners of statistical methods.
Thus, some authors argue that, in addition to meeting optimality
criteria, simultaneous hypothesis testing should yield logically
coherent results. As stressed by Hommel and Bretz (2008) “One
could (...) argue that ‘power is not everything’ In particular for
multiple test procedures one can formulate additional require-
ments, such as, for example, that the decision patterns should
be logical, conceivable to other persons, and, as far as possible,
simple to communicate to nonstatisticians.”

In this work, we review a logical relationship introduced by
Gabriel (1969) that a practitioner may expect from multiple
hypothesis testing, the coherence property. Such property states
that if hypothesis H; implies hypothesis H (i.e., H) € HZ), then
the rejection of HZ implies the rejection of Hy (see Figure 1).
Equivalently, nonrejection of H} implies nonrejection of HZ.

Although coherence is not the only rational desideratum for
simultaneous hypothesis testing (see, e.g., Bickel 2014; Izbicki
and Esteves 2015; Esteves et al. 2016 for other properties),
it is by far the most emphasized one in the literature under
both Bayesian and frequentist schools (see, e.g., Gabriel 1969;
Hochberg and Tamhane 1987; Sonnemann 2008; Bickel 2012;
Patriota 2013; da Silva et al. 2015; Izbicki and Esteves 2015,
and references therein). Nevertheless, this property is often
neglected in courses of statistical inference, mathematical statis-
tics, and statistical methods in general. As a matter of fact, in
various courses at different levels, we have almost always experi-
enced reactions of surprise from many students when examples
of incoherent tests are pointed out. The question of which tests
yield coherent conclusions is then recurrent. In this article, we
enrich the teaching and discussion of this important matter for
both statisticians and practitioners by
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2
H[}
Reject HZ = Reject H;

Figure 1. Coherence property: if hypothesis Hg) implies hypothesis H(z) (i.e., Hg) C
H?), rejection of H2 should imply rejection of H). Equivalently, nonrejection of H}
should imply nonrejection of H(Z).

(i) providing three examples outside the usual scope of sta-
tistical linear models in which we examine the coherence
of Bayesian tests, uniformly most powerful (UMP) tests,
generalized likelihood ratio (GLR) tests, and significance
tests (Section 2);

presenting a connection between coherent hypothesis
testing and Schervish’s notion of coherent measure of
support (Section 3); and

exploring conditions for simultaneous test procedures
to meet coherence under a Bayesian decision-theoretical
standpoint (Section 4).

These analyses contribute to better decision-making, as well
as to prevent practitioners from being faced with puzzling
results from simultaneous tests. Final remarks are made in
Section 5.

(ii)

(iii)

2. Examples

Next, we present examples of simultaneous tests of nested
hypotheses. In each situation, a few solutions are investigated
with respect to coherence. Additional details on the derivations
of the tests may be found in the Appendix.

Example 1 (Lin et al. 2003). Consider that in a case-control
study one measures the genotype in a certain locus for each indi-
vidual of a sample. Results are shown in Table 1. These num-
bers were taken from a study presented by Lin et al. (2003)
that had the aim of verifying the hypothesis that subunits of
the gene GABA 4 contribute to a condition known as metham-
phetamine use disorder. Here, the set of all possible genotypes
is G = {AA, AB, BB}. Let 0 = (044, 0438, 688), where 0; is the
probability that an individual from the case group has genotype
i € G. Similarly, let w = (a4, wap, wpg), Where m; is the prob-
ability that an individual of the control group has genotype i.

In this context, two hypotheses are of interest: the hypothe-
sis that the genotypic proportions are the same in both groups,
H§ :0 = &, and the hypothesis that the allelic proportions
are the same in both groups H{' : 044 + %QAB = T4 + %nAB.
Assuming independence between the groups, the p-values for

Table 1. Genotypic sample frequencies.

AA AB BB Total

Case 55 83 50 188
Control 24 42 39 105

THE AMERICAN STATISTICIAN 243

H§ and H{' obtained using the standard chi-square approxima-
tions for the distributions of the corresponding (logarithms of)
likelihood ratios are 0.152 and 0.069, respectively (see details in
Izbicki et al. 2012). Hence, at the level of significance & = 10%,
H{ is rejected, but HY is not. That is, one concludes that the
allelic proportions are not the same in both groups, but cannot
reject that the genotypic proportions are the same. This is really
bewildering: if the allelic proportions are not the same in both
groups, the genotypic proportions cannot be the same either.
Indeed, if the latter were the same, then y; = m;, Vi € G, and
hence 6 € H{'. Thus, the two conclusions drawn from these p-
values are contradictory. These reports can truly confuse a prac-
titioner, though the inferential and logical reasonings are not the
same. It is then advisable the performance of simultaneous tests
that avoid reaching to such confusions.

The same conflicting conclusions result from the calculation
of Bayes factors (i.e., P(data|H) /P (data|®)) taking into account
independent uniform prior distributions for # and & and con-
sidering a common cutoff, say 1 or 2, for decision-making: the
Bayes factor in favor ofH(? (Hg‘) is 6.63 (0.28).

On the other hand, other Bayesian and Classical test pro-
cedures do cohere. For instance, in this setting, where both
hypotheses of interest are precise, that is, have prior probabilities
equal to zero (and hence Bayesian tests based on usual 0 — 1 — ¢
loss functions—see Table 2—cannot be applied satisfactorily due
to zero posterior probabilities), one can use the full Bayesian sig-
nificance tests (FBST) by Pereira and Stern (1999) instead of pos-
terior probabilities. They yield evidences (e-values) of 0.434 and
0.493 for HY and H{', respectively. Note that coherence holds
whichever cutoff is adopted. Similarly, the s-values—a classi-
cal coherent measure of evidence (Patriota 2013)—for these
hypotheses are 0.444 and 0.503, respectively. Again, coherence
holds whichever cutoff is adopted.

Example 2 (Based on Schervish 1995). Suppose that according
to technical specifications, the failure rate of a given compo-
nent, 6, must lie in the interval (1, 2). The following nested null
hypotheses are thus relevant: Hy : 0 < land Hj : 6 <1U6 >
2. H] represents that the hazard rate is too small (at most a unit)
and H{ that it does not lie within the standard limits. Consider
that a single component is tested. Let X be the lifetime of this
component and assume that X |6 ~ Exponential(9), 6 > 0.

Under Neyman and Pearson’s hypothesis testing, the UMP
level o, o € (0,1), test for H} against its alternative con-
sists in rejecting Hy if, and only if, x < —log(1 — ). More-
over, the level « UMP test for HJ consists in rejecting HZ if,
and only if, —log(HT") <x< —log(l%). For @ = 0.05 and
X = 0.7, one rejects Hg but accepts H(}! Indeed, for all x €
(—log(0.525), —log(0.475)) incoherence takes place.

Alternatively, one who adheres to Fisherian significance test-
ing may determine p-values for Hj and HZ. For the sample
X = 0.7, the p-values derived from UMP tests (see the Appendix

Table 2. The 0 — 1 — c loss function for the hypothesis 6 € H.

State of Nature
Decision 0eH 0¢H
0 (do not reject H) 0 1
1(reject H) c 0
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for the derivation) are 0.5034 and 0.0068 for H} and Hg, respec-
tively. Hence, for several standard levels of significance (e.g.,
0.01, 0.05, 0.10), these p-values suggest that H; should be
rejected while H) should not. That is to say, the datum supports
the failure rate is too small, lying outside the standard limits; at
the same time, it gives strong evidence that the specifications
on it are satisfied. If one instead uses p-values corresponding
to GLR tests, one obtains the values of 0.5034 and 0.0061 for
H{} and HZ, respectively. That is, such p-values do not cohere in
Schervish’s sense. Although p-values were designed to provide a
plausibility measure for a given hypothesis of interest rather than
comparing the plausibility among hypotheses, these quantities
are widely used in multiple hypothesis testing and for the impor-
tance of p-values in such problems some criticism is directed
to them (by several authors) for failing to meet the (desirable)
coherence property.

Under a Bayesian perspective, considering 6 ~ Exp(1), the
posterior distribution of 6 given X = xis Gamma(2, x + 1). For
X = 0.7, the posterior probabilities of H) and H{ are 0.5068 and
0.6536, respectively. Consideringa common 0 — 1 — closs func-
tion (see Table 2) for the null hypotheses, the resulting Bayesian
tests will always be coherent, that is, it is not possible to reject
HZ if H} is not rejected (see Section 4 for a review of the general
solution of Bayesian tests for such loss function). However, if a
decision-maker believes the penalty for false acceptance of H to
be four times that for false rejection of it (expressed by the 0 —
1 — 1/4loss function) and that the errors of Types I and II are of
the same degree of importance when testing H; (represented by
the 0-11loss function, see Table 2 with ¢ = 1), the sample X = 0.7

1

will induce incoherent decisions, since P(H} |X = 0.7) > o7 =

1/2 while P(H}|X = 0.7) < H% = 4/5 (thus one accepts H;
4

but rejects HZ). Hence, coherence ultimately depends on the

decision-maker’s loss functions choice.

Example 3. Suppose three candidates are running for a majority
election. The proportion of electors voting for candidate i is 6;,
i=1,2,3, with 6; + 6, 4+ 63 = 1. Consider the null hypothe-
ses to be tested are H! : 0 € ©" and H2: 6 € O, where
O =2 {6, <1/2) and O = {6, < 1/2} (see Figure 2).
H; denotes that none of the candidates gets more than 50% of
the valid votes (a relevant hypothesis under some voting systems
where it implies the occurrence of a second round in the elec-
tion) and HZ that candidate 1 has at most 50% of the votes. To
test these hypotheses, assume a public opinion poll is conducted
with 7 electors. Let X = (X;, X, X3), in which X; is the number
of electors in the sample that vote for candidate i.

For n = 1500, assuming a uniform prior for 6 = (61, 6,, 65)
and X|0 ~ Multinomial(#, 6), the posterior distribution for 6
given X = (784, 711, 5) is Dirichlet (785, 712, 6). The posterior
probabilities of H} and H? are, respectively, 0.0211 and 0.0419.
If the same 0 — 1 — ¢ loss function is chosen for both tests, the
coherence property will be satisfied.

Under the classical approach to hypothesis testing, one may
use GLR tests as there is no UMP test for H;. Fossaluza (2008)
showed that for & = 0.053, the GLR tests for these hypotheses
are

if max{xl, X2, X3} > 788

reject H,
if max{x;, x,, x3} < 788

not reject H,

and

if x; > 782

reject HZ
if x; < 782.

not reject Hy

Thus, from the observed vector x' = (784, 711,5), the
decision-maker concludes the occurrence of a second round in
the majority election (not rejection of H} ), as well as the election
of candidate 1 in the first round (rejection of H})!

The inconsistency remains if one uses p-values instead (see
the Appendix for the development). For the same data, one gets
p-values of 0.084 and 0.042 for H} and HZ, respectively. Hence,
at the level of significance 0.05, H is rejected but H| is not. As
in the previous examples, p-values are revealed to be incoherent
measures of support of hypotheses (Schervish 1996). s-values,
on the other hand, lead to coherent conclusions. Indeed, in this
case both hypotheses have the same s-value of 0.214.

From these examples, one concludes that both UMP tests and
GLR tests with the same level of significance can yield incoherent
results. The same happens when performing tests based either
on Bayes factors or on p-values. On the other hand, s-values and
e-values lead to coherent tests. The relationship between coher-
ent hypothesis testing and measures of support is the object of
the next section.

3. Coherent Tests and Measures of Support

For the remainder of this manuscript, ® represents the parame-
ter space and X is the sample space. The set of hypotheses to be
tested is denoted by . (To accommodate the Bayesian perspec-
tive, we assume all hypotheses in H are measurable. See Izbicki
and Esteves (2015) for additional technical details.)

For each hypothesis H € H, let ¢y : X — {0, 1} be a test
function for the hypothesis & € H (H for short), where ¢y (x) =
1 (¢ (x) = 0) denotes the rejection (acceptance) of H when
observing x € X. Also,let Ly : {0, 1} x ® — R, be a hypothe-
sis testing loss function for H, that is, Ly satisfies Ly (0, 0) <
Ly(1,0),0 € A, and Ly (0,0) > Ly(1,0), 6 € A° (Schervish
1995). (These inequalities characterize the natural premise that
wrong decisions ought to be assigned penalties greater than
those associated with correct decisions.)

In this setting, the tests (¢ )pey are said to be coherent if
for all A, B € H with A C B, gp < @a (i.e., pp(x) < pa(x), for
every x € A). In words, rejection of B (i.e., pp(x) = 1) implies
rejection of A (ie., @a(x) =1). (Coherence may be rewrit-
ten in several forms, such as @aup < @a@p Or ang > 1 — (1 —
©a)(1 — @), whenever A U B, AN B € H.Theseand other rep-
resentations of coherence are detailed in Izbicki (2010).)

In Example 1 of the previous section, it is shown that the
two tests based on p-values are not coherent. Likewise, it illus-
trates that incoherence also happens to tests having Bayes fac-
tors as test statistics. (Recall that a test statistic for hypothesis
H is a function Ty : X — I, where I is a subset of R.) On the
other hand, the FBST, performed by means of the calculation
of e-values, cohere. The same holds for s-values. In Example
2, p-values once again yield incoherent tests, while posterior
probabilities lead to coherent decisions considering a common
0 — 1 — ¢ loss function for both null hypotheses. These exam-
ples suggest the following question: what kinds of test statis-
tics yield coherent simultaneous hypothesis testing? The short
answer is that only measures of support that are coherent in
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Figure 2. Null hypotheses H} (left) and H2 (right) for Example 3.

Schervish’s sense do. As a matter of fact, a set of tests (¢y)Hen
is coherent if, and only if, there exist
(i) asetofteststatistics (Ty)pey, all taking valueson C R,
with Ty (x) < Tg(x) for every x € X whenever A C B,
and
(ii) a common cutoff @ € I
such that, for all hypotheses H € # and samples x € X,

on(x) =16 Ty(x) <a. (1)

In words, H is rejected if, and only if, the test statistic Ty has
a small value. The direction (=) is immediate: take I = {0, 1},
Ty =1 — ¢y, and o = 1. For the (<) part, let A, B € ‘H such
that A € Band for each H € H, let ¢ be given by Equation (1)
assuming (i) and (ii). Thus,

Palx) =0 = Ty(x) >a = Tpx) >a = ¢@p(x) =0,

and coherence holds.

This result (also proved by Gabriel (1969) in a particular
case) states that the only decision rules based on test statistics
(Ty)pey that yield coherent simultaneous tests are those for
which Ty < Ty whenever A C B. Ty (x) can be interpreted as
the amount of evidence in favor of the hypothesis H brought by
the data x (relative to the postulated model). Under this reading,
the test statistics (T )pey associated with coherent tests may
be seen as coherent measures of support in the sense that “the
larger the hypothesis is, the more support there is” (Schervish
1996).

Practitioners usually adopt a measure of support when test-
ing statistical hypotheses as it provides more information about
the hypotheses of interest than the methodology by Neyman
and Pearson does. The equivalence between coherent tests and
measures of support we show makes clear that this approach
to multiple testing is only successful in cases of coherent mea-
sures of support. Thus, p-values and Bayes factors cannot be
regarded as appropriate numerical descriptions of the degree to
which the data corroborate a statistical hypothesis (see further
discussion on this matter in Schervish (1996) and Lavine and
Schervish (1999), for instance). On the other hand, well-known
measures of support generate coherent tests: posterior prob-
abilities of hypotheses, posterior odds (i.e., P(H|x)/P(H¢|x)),
e-values by Pereira and Stern (1999), likelihood ratio test statis-
tics (Bickel 2012), and s-values proposed by Patriota (2013) are
a few of them. In addition, the relationship between coherent
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tests and measures of support indicates that to create reasonable
coherent tests, one only needs to first choose a coherent mea-
sure of support, and then choose o according to some optimality

criteria. For instance, one may choose to use the measure of evi-
SUPper Lx (0)

SUPyee Lx(0)”
and then define a common cutoff o € (0, 1) to test each hypoth-

esis H of interest. A way of choosing o was described by Bickel
(2008). Alternatively, one may choose the posterior probabil-
ity as the test statistic and derive « € (0, 1) under a decision-
theoretical framework (see the details in Section 4).

The result also points out that checking whether a given mea-
sure of support is coherent is an important step toward obtaining
coherent tests: if the chosen test statistics (T ) gey are not coher-
ent, the practitioner has to keep in mind he may obtain incoher-
ent decision patterns when testing the hypotheses of interest.

It should also be mentioned that at least one coherent mea-
sure of support can be created from any coherent tests (¢ ) ge»
namely, Ty = 1 — ¢y, H € H, which may be seen as the least
informative measure of support since it simply indicates the
hypotheses supported by the data.

dence given by the likelihood ratio statistic, Ty (x) =

4. Coherent Bayesian Hypothesis Testing

In Example 2 of Section 2, the performance of Bayesian tests
with 0 —1 —1/4 and 0 — 1 loss functions yields incoherent
decisions. Intuitively, incoherence happens in that example
because the loss of falsely rejecting Hy is four times the loss of
falsely rejecting HZ, while the corresponding errors of Type II
are of the same magnitude. Hence, these loss functions reveal
that the decision-maker is more reluctant to reject Hy than to
reject HZ, in such a way that he only needs little evidence to
accept Hj (posterior probability greater than 1/2) when com-
pared with the amount of evidence needed to accept H} (poste-
rior probability greater than 4/5). Thus, even though Hy) implies
HZ, it is not surprising in this case that coherence may not
hold.

On the other hand, many intuitive loss functions yield coher-
ent simultaneous Bayesian tests. In this section, we present some
of them. To the best of the authors’ knowledge, coherence and
other logical properties in multiple Bayesian tests have not been
deeply studied yet (except for Schervish (1996), who examined
coherence for a few loss functions and connected it to admissi-
bility/Bayesian optimality in certain situations).
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First, recall that, under a Bayesian decision-theoretical
approach to inference, a Bayes test for the hypothesis H is given
by

Reject H < E[Ly(1,0)|X =x] < E[Ly(0,0)|X = x],

where expectations are evaluated against the posterior distribu-
tion for 6 given X = x. That is, H is to be rejected if and only if
the posterior risk of acceptance is greater than that of rejection.

Next, suppose that for each H € H, a Bayes rule is built from
a0 — 1 — ¢y loss function (see Table 2). Under these conditions,
the Bayes test for H is to reject it if P(6 € H|X = x) < IJ:CH
(Schervish 1995).

If for any pair of nested hypotheses A, B € H, with A C B,
we have that ¢4 < cp, then the corresponding Bayes tests will
cohere. Indeed,

1
Not Reject A = P(0 € A|X =x) >
1+CA
= PO eBX=x)>PO cAX =x)
1
> > = Not Reject B.
1+CA 1+CB

Hence, any constants (cy)men, cu € Ry, such that c4 < cp
when A C B, generate coherent simultaneous Bayesian tests,
whatever the (proper) prior distribution is.

As an example, if ® is finite, one can define cy as the num-
ber of elements of H. The resultant Bayes tests will be coher-
ent. Analogously, if ® C R is bounded and ¢y is the length of
H, coherence will take place for any prior distribution for 6
too. More generally, the choice of any nonnegative monotone
set function u defined on H (i.e, A,Be H,ACB= u(A) <
u(B)) for (c)Hen leads to coherent tests.

More elaborate losses that express the level of inaccuracy of a
decision, such as nondecreasing functions of distances between
the parameter and the chosen hypothesis, also produce coherent
tests. For example, if ® C R*, k € N*, consider

Ly(0,60) =g(d(6, H)) and Ly(1,0) =g(d(6, HY)), (2)

where ¢g: Ry — R, is a nondecreasing function and d(6, H)
denotes the distance between the point 6 € © and the set H C
© (see, e.g., Kolmogorov and Fomin 1975). That is, the greater
the distance between the parameter and the wrong decision,
the heavier the penalty determined by Ly. The fact that tests
based on loss functions like Equation (2) are coherent can be
seen by noting that if one rejects B, then E[Lg(1,0)|X = x] <
E[Lg(0,0)|X = x]. As

Lp(1,0) =g(d(9,B)) > g(d(0, A%)) = La(1,0)
and

Lp(0,0) =g(d(0, B)) < g(d(®,A)) = Lx(0,6),
it follows that

E[L4(1,0)|X =x] < E[LA(0,0)|X = x],

and therefore one rejects A. Coherence then holds for every
(proper) prior distribution over ©. As an illustration, we return
to Example 2, where ® = R_.. If one uses the loss of Equation (2)
with g(z) = zand d(0, H) = infy,ep |6 — 6| in Example 2, one

obtains using standard calculus or Monte Carlo integration

E[LH(; (0,0)|X =0.7] = 0.39, E[LH&(L 0)|X =0.7] =0.22
and
E[Ly (0,0)|X = 0.7] = 0.08, E[Lyz (1, 0)|X = 0.7] = 0.33.

Thus, we reject H, but we do not reject H. As expected, there
is no incoherence in these results.

More general necessary and sufficient conditions (detailed in
Silva 2014) can be imposed on loss functions to ensure coher-
ent tests against all (proper) prior distributions. Thus, a broad
class of appealing loss functions can be used by Bayesians that
consider coherence to be an important feature for simultaneous
hypothesis testing.

5. Conclusions

The coherence property in simultaneous hypothesis testing is
reviewed through new examples, which enlighten the concept
and motivate the discussion about which usual test procedures
meet such logical requirement. It is shown that coherent tests are
unavoidably associated with test statistics that are coherent mea-
sures of support in Schervish’s sense, such as posterior probabil-
ities, posterior odds, e-values, likelihood ratio test statistics, and
s-values. On the other hand, Bayes factors and p-values cannot
be regarded as measures of support. The connection between
coherent tests and measures of support suggests a way of con-
structing simultaneous tests that yield conclusions that are easier
to communicate to nonstatisticians: the recommended routine
is to first evaluate coherent measures of support for the relevant
hypotheses and then to reject those with measures smaller than
a common fixed threshold. Finally, loss functions that induce
coherent tests under a Bayesian decision-theoretical framework
are also explored. It is stressed that simple and intuitive loss
functions enable a practitioner to perform coherent Bayes tests.
Several examples are given herein. These findings contribute to
the discussion on and the improvement of inferences made from
simultaneous hypothesis testing.

Appendix: Proofs

A.1 Example 2
The fact that {1 : X — {0, 1} given by

1, if x < —log(1 —a)
Wy = 1 4 g
Yo (X) = {0, if x> —log(l —a)’
is the UMP level o, @ € (0, 1), test for H; follows from Karlin and
Rubin’s theorem.

Moreover, from theorem 4.82, p. 249 of Schervish (1995), it fol-
lows that the level @ UMP test for HZ, %, is given by

. 14+« 11—«
(pf)(x)z 1, if —log(T)<x<—log( 5 >

0, otherwise

The p-value of the observation x relative to the set of UMP tests
{p¥ : a € (0, 1)} for hypothesis H} ,pg{MP) (x), is (Schervish 1995)
0



the greatest lower bound of the set of all significance levels for which
the corresponding UMP tests lead to rejection of H) when x is
observed, i = 1, 2, that is,

ngP) (x) = inf {a €(0,1): <p(§f) (x) = 1} .
For the hypothesis HZ,

a € [o/ € (0, 1):<pg)(x) = 1] & P x) =1

1 1-—-
& —log<¥> <x< —log(%) S a > 2eF —1).

Thus, pgszP) (x) = inf{a € (0, 1) : (péz) (x) =1} = inf(|2¢e™* —
0
1,1) = [2e7* —1].
Following the steps above, the reader obtains p

x)=1—¢"*

(UMP)
H;

A.2 Example 3

Denote the maximum of {xi, x, x3} by x(3). For j € N, let (pjm be

the test function that rejects Hj if and only if x3) > j, and (p}z) be
the one that rejects H? if x; > j. It can be proved (see Fossaluza
2008) that go;l) and <p](.2) are GLR tests for H} and HZ, respectively.

Also, let ot](-i) be the size of test ga}i), i=1,2and j € N. According

to Schervish’s definition of p-value, ngR) (x) is given by
0
PO (x) = inf {af) € [0.1]: 9% (x) = 1] =12
0

As gaj(.l)(xl, X2,%3) = 1 & x(3) > j, we have, for j < x(;) and all
0, that

P(max{X;, X;, X3} > jl0) > P(max{X;, X5, X3} > x(3)10),

which implies that a](.l) > afc(la)). Thus,

(GLR) s (1) ol — 0
PH(,‘ (x) = inf [0‘0 e, aX(3)} = oy,
= sup P(max{Xi, Xz, X3} > x(3)0).

00"

Shifeng and Guoying (2005) proved that P(max{X;, X;, X3} >
X3)|6) attains its maximum over 681) at the points (1/2,1/2,0),
(1/2,0,1/2), and (0, 1/2, 1/2), which yields for x) > §

n n
(GLR) , .\ __ n\ (1
=50
i=x(3)
Proceeding in the same way, the p-value for HZ is

o5 ()0

i=x
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