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Abstract

In this paper, we study the asymptotic behavior of the solutions of the p-Laplacian equation with mixed
homogeneous Neumann-Dirichlet boundary conditions. It is posed in a two-dimensional rough thin domain
with two different composites periodically distributed. Each composite has its own periodicity and rough-
ness order. Here, we obtain distinct homogenized limit equations which will depend on the relationship
among the roughness and thickness orders of each one.
© 2024 Elsevier Inc. All rights reserved.

1. Introduction

Recently, a lot of attention has been given to the study of Partial Differential Equations (PDE)
under singular perturbation of domains, [1-30]. Such PDE’s have represented successful ways
to model important phenomena in physics, chemistry, engineering and several other sciences
[7-9,11,15,28]. With focus to the applications, for instance, in lubrication and microfluidics [29]
we may give special care to PDE’s posed in thin domains (domains in which one direction is
much larger than the remaining ones).
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Thereby, with thin domains in mind, we notice that most materials have a microstructure
which is not perfectly flat. Indeed, they have a lot of irregularities on its surface and also can
be composed by several materials [17]. Moreover, different material must present different types
of irregularities on its surface. Hence, taking such aspect in account, we are interested here in
analyzing the asymptotic behavior of the solutions of the following p-Laplacian problem

—Apu® =f° in R,
[Vuf|P=235 =0 on 9R®\3R", (L.1)
u®*=0 on 0/R?,

where 7, is the unit outward normal vector to the boundary dR®, 1 < p < oo with p~! 4+ p/~!1 =

1, the family of forcing terms f* € L? (R?) is uniformly bounded and converges, in some sense,
to feL?(0,1). A, =div (|V . II’_ZV) is the p-Laplacian operator, d; R? is the lateral bound-
ary of R® where R? is the 2-dimensional thin domain

R® = {(x,y) €R2:xe(0,1),0<y <£g5(x)} 0<e<l (12)

with

X .
g1 (—) in Tf
80(
8e(x) = X . (1.3)
—_— 1 &
jo) (85) in I

The parameters o and S are positive, g1 and g> : R — R are respectively two positive, L1 and
L periodic functions satisfying 0 < g/ < g;(x) < glM for all x € (0, 1) with g and glM set by

g =ming;(x) and gM =maxg;(x) fori=1,2.
xeR xeR
Also, the sets Ff from (1.3) are defined as follows. Let us take y > 0 such that

p'y <min{a, B}. (1.4)

We divide the interval (0, 1) in k¢ subintervals of length £” with k¢ denoting the biggest integer
less than or equal to 1/&? for 0 < ¢ « 1. Hence, we define Ff as

k-1 k-1
24 eV
r{= U [iey, 2i + 1)7} and T5= U [(Zi + 1)7, i+ I)SV].

i=0 i=0
See that each I'{ is the union of k° subintervals of length £” /2. On them, we take the functions
egi(-/e") for u1 = @ and uy = B defining the thin domain R? as illustrated by Fig. 1. We still
have

R® =int (R_{ U R_é) where
Rf:{(x,y):xel"f,0<y<8g,~<i_)} for i =1,2.
eMi
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Fig. 1. A thin domain with two different scales of roughness.

Notice that here we are dealing with four scales which can be described as follows. The first
one, is that one, given by the compression scale ¢ in the vertical direction. The second acts on the
horizontal direction which is given by &” and the sets I'?. Finally, we have the third and fourth
scales established by £ and £# which are responsible for the roughness on the top boundary of
the thin domain R?. See also that we are mixing two different sorts of roughness whose profile
is defined by the functions g;.

Moreover, it is worth saying that the form of constructing the thin domain R® actually makes
possible to precisely use the reiterated homogenization discussed for instance in [8,13]. This
happens due to the fact that the subscales €% and ¢ are much smaller than & allowing us to

divide the intervals [ie”, (2i + 1)%] and [(21’ + 1)%, i+ 1)8”] in m¢, and m% subintervals
respectively of the type [je®, (j + 1)e®] and [je?, (j + 1)ef] with

&€ ms
m 1
Mo 78 1

g P v’
All of the scales depend on the exponents «, 8 and y. These distinct scales allow us to capture
different limit regimes as ¢ — 0+. In fact, it is the core of this work. In the sequel we describe
the achieved results. As we will see, the limit equation is the same for all positive values of «,

B and y. What changes is the homogenized coefficient g. Without loss of generality, we can
assume from now on that

oa<p.
Consequently, condition (1.4) becomes

Py <a.

The homogenized equation is a one dimensional p-Laplacian equation with homogeneous
Dirichlet boundary condition of the form

u|P=2 Bu Foi
—q%( du P g_x) =f in (0,1), (1.5)
u@©)=u(l)=0

If y <1=a=p8in(1.2), the homogenized coefficient is
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q= Zf )(1,0>+vy1y2xf\”_2((1,0>+vy1y2xi)(1,0>dy1dyz (1.6)
j_Y*

where X/ is the solution of the auxiliary problem

v i\ v NV = e whPy*
(1,0) + Vy 3, X (1,0) + Vy 3, X Vjdyidy> =0, Vy; € Wm (X))
J

with /deyldyzzo.
i;

Y ]’.* is the representative cell set by the function g;
Y;-‘:{(yl,yz) eR?:0 <y <Ljand0 <y <g;(yn}

and W;’p (Y;-‘) is the space of the functions in Wl""(Y]’.") which are periodic on variable y;.
Notice that here one can recover the classic situation with just one profile and same order of
roughness given respectively by g1 = g» and o = B. See for instance [1,18] for p =2 and [2]
for p € (1, 00). Also, we emphasize the explicit dependence of the coefficient ¢ given by (1.6)
on both profiles set by the functions g; and g;. It is possible to identify the effect of each part of
the geometry of the thin domain in the limit equation. As we will see, this will happen for all the
other cases which will also depend on «, § and y.
Ify <a<pB<l1,then

- %Z<1/g1 _1>1 ’

Jj=1

in (1.5), and we generalize the weakly oscillatory case performed in [2] for g1 = g2 and @ =
B < 1. As in the previous case (1.6), here we obtain a homogenized coefficient which combine
the effect of the both profiles. More precisely, we get a homogenized coefficient which combines
weak roughness and two distinct profiles.

On the other side, if we suppose y < « < = 1, another kind of homogenized coefficient is
established. We get a mixture of the weak and resonant homogenized coefficients first computed
in [2]. We obtain

1 I-p 1 p=2
= <l/g1 1) STH / ‘(1, 0) + vmxz‘ ((1, 0) + vmx2) (1, 0)dy,dys.
Y
Once again, we are able to identify all the effect of each part of the geometry of the thin domain
in the homogenized equation.

Now, when one of the subscales sets a strong roughness, specifically if y <o <1 < 8, we
get
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Fig. 2. Resonant roughness on the left side and strong on the right.

1 _p\l-p g
— —{1/07 > &
1 2</g1 T

and a mixture of the weak and strong corrugated cases are attached. On the other way, if we
assume y <o =1 < B, the resonant and strong oscillatory case are combined obtaining

m

! 1 p=2 1 8
qZZ—LI ‘(1,0)+V}’1y2X ‘ <(170)+Vy1y2X )(l,o)dyldy2—‘r—7

Yy

We point out that in the both previous mentioned cases y < o <1 < 8, we actually find that
there is no diffusion in the second subscale, specifically in the region Q7 _set by the Fig. 2. This
mechanism (first observed in [4]) makes the diffusion to be led only by the region fo which

corresponds to the term % in the definition of ¢.

Finally, let us discuss the cases 1 <o <8 with y <1 and 1 < y < «. See that such assump-
tions set strong roughness on the whole top of the boundary. We first remark that, if g{* = g7,
that is, if the minimum value of g; and g are the same, then the homogenized coefficient is
constant and equal to this minimum value for any 1 <o < 8 and 0 < y < «. We obtain

g=g/' =¢g5. (1.7)

On the other side, if g{" # g5', other three different regimes are established setting three other
different homogenized coefficients. As in the case (1.7), it is possible to realize that the diffu-
sion in the high oscillatory regions Pf,_and Q7 set by Fig. 3 will not affect the homogenized
coefficient also (although, we will remain with a microstructure given by P? U Q7). This three
different cases are the following.

First, for | <o < B and y < 1, we have

1= m
g=(1787 )" where H(x):{g,ln for xe(0,1/2]

gr for xe(1/2,1) " (1.8)

Notice that here, H is a piecewise constant function which combines the minimum values of the
profiles.
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Fig. 3. Subscales set by different orders of strong roughness: 1 <« < f.

Next, if we take y = 1, still assuming 1 <« < 8, we get

q 2/ ‘(17 0) + Vy]yZX’p_z ((15 0) + Vy|yz§§) (17 O)dYId)’Z (19)
V4

with X solving

-2
/|(1,0)+VMX|” ((1,0) + Vy, 1, X) Vipadyidys =0, vwleW;*”(Z)
Z

with /Xd)’1dy2=0 and Z={(y1,y2):y1€(0,1),0<y1 <HO1)}.
7z

Here, X is an auxiliar solution, which is set in the representative cell Z defined just by the
minimum values of the profiles g;. And finally, if we set y > 1 with 1 <« < 8, we obtain

g =min{g{", g5'}. (1.10)

Notice that here the parameter y somehow predominates on « and 8 > 1. Indeed, taking
account the results obtained in [2], as y < 1, ¢ assume the form (1.8) which is associated to
the weakly oscillatory case; if y = 1, g assumes the form (1.9) which is now associated to the
resonant case, and finally, when y > 1, the high roughness case at the limit is established by
(1.10). Also, it is worth pointing out that the rough part of the thin domain R® does not appear in
the expression of the homogenized coefficients emphasizing the effect of « and 8 bigger than 1.

In order to determine such asymptotic models we make use of the periodic unfolding method.
It was first developed in the context of oscillating coefficients, next for periodically perforated
domains and later for thin domains with oscillating boundary [4-6,12,13,25]. Here, we shall
adapt the techniques from [5,6] for the context of reiterated homogenization. As is well known,
when we make use of the unfolding operator, we somehow transform the weak formulation of
a singularly perturbed domain into an equivalent formulation posed on a fixed domain. In this
way, we generally say that we ‘unfolded the weak formulation’. When one ‘unfolds the weak
formulation’, there is an issue that usually appear due to the periodicity. This issue is actually
due to the scaling properties of the domain, since we periodically distribute the basic cell Y* to
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'Integration deffect'

Fig. 4. Integration deffect.

construct the domain and with this periodic distribution of Y*, we have that not always an exact
number of rescaled cells Y* fits in the domain. Thus, ‘unfolding a weak formulation’ generates
what we call ‘integration deffect’ corresponding to the non exact Y* cell fitting in the singularly
perturbed domain. Here the ‘integration deffect’ actually appears in each part of the subscales
and we deal it properly in this work (see Fig. 4).

To finish the introduction, let us give a brief historical remark in related works. We start by
mentioning the pioneering work [16] whose focus was the study of the dynamics of parabolic
equations in standard thin domains (those ones that do not present roughness on the boundary).
The first published works dealing with elliptic and parabolic equations in thin domains with
rough boundaries are respectively [18] and [1]. In [18] a linear elliptic equation is studied and in
[1] the dynamic of a semilinear parabolic equations is considered. In this direction, it is worth
also mentioning [9] where nonlinear elasticity problems in thin domains were considered and
dealt with I'-convergence techniques.

Indeed, if one takes p =2 in (1.1), which represents the Laplace differential operator, some
previous works using different techniques and methods were developed. In this direction, the un-
folding operator for thin domains is introduced in [5,6] where the weakly, resonant and strongly
oscillatory cases are treated. The case with fast oscillatory boundary (o > 1) was first obtained
in [4] by decomposing the domain in two parts separating the oscillatory boundary. There, the
authors also consider more general and complicated geometries which are not given as the graph
of certain smooth functions (in this direction see also [3] where a locally periodic thin domain is
considered).

On the other side, the p-Laplacian equation in thin domains was first considered in [27] (see
also [26]) but without roughness. In [2], the authors were able to deal with equation (1.1) on
non-smooth oscillating thin domains for any 1 < p < oo and any order of oscillation combining
techniques from [5,6] and [14]. Our goal here is to generalize [2] considering different profiles
and mixing then with different scales. The present work, with the best of the authors knowledge,
is a pioneering one regarding reiterated homogenization and rough thin domains.

We also have to mention many other works where rough thin domains are considered in
a variety of problems. In this direction we mention [10,19-24] and references there in where
reaction—diffusion problems, p-Laplacian equations from fluid mechanics are studied.

2. The unfolding operator

In this preliminary section we will introduce the iterated unfolding. Thereunto, let us first
recall the unfolding operator introducing our functional setting. Let g : R — R be a func-
tion strictly positive, lower semicontinuous and L-periodic with g € L*°(R). Also, if go =

min, R g(x) and g1 = max,cR g(x), let us assume 0 < go < g(x) < g1 for all x € R. We set
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I=xeR:c<x<c+d}=(c,c+d) and Qf= {(x,y)e]Rz:er,0<y <8g(x/£’()}
for some positive parameter . Y* is the representative cell given by

Y*:{(yl,yz)eR2:O<y1 <Land0 < y; < g(yD}

The average of ¢ € L}OC (R?) on a measure set @ C R? is denoted by (¢)». We will also need

the following functional spaces:
Lﬁ:(Y*) ={p e LP(Y") : ¢(y1,y2) is L-periodic in y;},
Lﬁ (I X Y*) ={peLP(I xY") : ¢(x,y1,y)is L-periodic in y1},
Wy P (V) ={p € WP(Y*) : glore = 0la,ere)  ete.
where -4 denotes the periodicity of the functions in the variable y; € (0, L).

By [a]r we mean the unique integer number that satisfies a = [a] L + {a}r with {a} €
[0, L). Then, for each € > 0 and any x € R, we have

x:s"[i] L—I—SK{i] where {i] €[0,L).
eclr el e lL
Also, we denote

NEC—1
Ie=Tnt | |J [c+kLe c+(k+DLe ]|,
k=0

where Ng’d is the largest integer such that &“ L(Ng'd + 1) < d. Finally, we set

Ae=1\I =[8KL(NSC’d+ D.d), Q5= [(x,y) eR*>:xel,,0<y<eg (i’()}
) x 2.1
and Qf= {(x,y)eR :xeAs,O<y<sg(8—K>].
Definition 2.1. Let ¢ € M(Q?), where M(QF?) is the set of Lebesgue-measurable functions in
QFf. The unfolding operator Ty : M(Q?) — M x Y*) is defined by

o (e [Z], L+ey1.em) ae (x,y1.y2) € I x Y*,
Tep(x, y1,y2) =
Oae (x,y1,y2) € Ag x Y.

Next, we summarize some properties of 7.
Proposition 2.2. The unfolding operator satisfies the following properties:

1. T is linear and satisfies T (@) = Te (@) Te (V)
2. Let ¢ € LP(Y™) be a Lebesgue function in Y* extended periodically in the yy direction. Then,

x Y

P(x,y) =9 (8—,(, E) is measurable in QFf, T¢(¢®)(x, y1, y2) = o(y1, y2) and ¢f € LP(Q°);
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3. Forall ¢* € L'(Q°), we have

1 1 1
I / E(w)(x,yl,yz)dde=;/w(x,y)dxdy— E/QD(XJ)dXdy,

IxY* 0¢ 05

where dY = dy1dy».
4. Assume @g € LP(QF) with ¢~ V/P [I-llpr(@e) uniformly bounded satisfies the unfolding crite-
rion for integrals (u.c.i.), that is,

1
—/|¢£|dxdy — 0.
£
Qi
Moreover, if V¢ is given by

—u (X2
Vel ) =v (5.2
for some r € L1(Y™) with % + é = %, and ¢ € Lp/(l), then (p::) and @.¢ satisfies (u.c.i.).
5. Let ¢ € WP(R®). It holds

0T
ay1

0 07, 0
=8K7;—¢ and ad :57}—§0 ae.in IxY*
dx dy2 dy

=)

. Let 9 € LP(I). Then, T — @ strongly in LP (I x Y*).
7. Let (¢;) be a sequence in LP (1) such that ¢, — ¢ strongly (respectively weakly) in LP (I).
Then, T — @ strongly (respectively weakly) in LP (I x Y*).

Proof. See [4] for the proof. O
Notice that, due to the order of the height of the thin domain the factor 1/¢ appears in prop-

erties 3 and 4. Thus, it makes sense to consider the following rescaled Lebesgue measure in the
thin domains

1
pe(0) = ~|0, YO C R°,

which is widely considered in works involving thin domains. As a matter of fact, from now on,
we use the following rescaled norms in the thin open sets

el Lrgey =67 llollLrresy VYo € LP(R®), 1 < p < o0,
elllwirge =&"Y? llollwirge Yo e WHP(R®), 1< p < oo.
For completeness we may denote |||¢||[ zoc(gey = @] poo(ge)-
Now we are in position to introduce the iterated unfolding. For this sake, divide 1, the size of

the interval (0, 1), by 7. Using the notation presented in the beginning of this section, we have
V=[] + ] Le
ey eV )"
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(7]

where Hj = U [ksy, (k + 1)sy] and
k=0

Ry={(x,y):x € Hj, 0 <y <ege(x)}

Ri={(x,y):xeH,0<y<eg.(x)} with Hf =(0,1)\ Hf.

Then, if k€ = [siy] and ¢ € Ll(Re), we have

1 kE—1 (i+1)e” ege(x)
g/fpdxdy: -2 / / ¢(x, y)dydx

RS =0 ey 0

Ke—1 2 gyggl(s%)

i+ner <& ()
/ / o(x,y)dydx + f f

@(x, y)dydx
ie? 0

2i+1 0
2 ¢

kf—1

1 1
=3 |3 [ etnardxr - [ o pdvax

=L B

where

0;={eyixver =
= V) :xel,0<y<eg g and

|
P/f={(x,y):xefzfv0<y<8g2(e%>}

with I} = [ksy, @87’] and J; = [%ey, (k + 1)8V]. Next, we apply Proposition 2.2 to ob-
tain

kf—1
1 1 1
- dd:E:— Yodxdy,d - dxd
8/¢xy _ Ll/ﬁwxylszrE/wxy
RS i=0 £ %Yy

&
il

1 ) 1
+ — TLedxdyidy, + — | edydx
Lo e

JfxYy P

where the unfolding operators 7;] and 7—52 are respectively associated with the family of thin
domains Qj and P;. The sets O, and P}, are analogous defined as in (2.1).
Using a change of variable in x, we get

1
ke—1 2

24 | ) 1
= | pdxdy=>_" | — To o (e7i 4" 21, y1. y2) dyrdyrdzy + = | pdxdy
e = L J e

RS = Yy

£
il
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gV . !
+L_2//7;2‘P (87/’+8VZ1,y1,y2)dy1dy2dz1—l—;/gp(x,y)dydx

Hi:
Ke—1 (i+De” 2
= Z I, //7;%;3 (sy[ ]+s Zl’y]’YZ)d}’ldyzdzldx
i=0 A
(i+1)e” 1
+ - / (dedy+—2 / // 52‘/’ (c“y[ ]+8VZ1,y1,y2) dyidyrdzidx
il ier 1 ys
+§f§0(x,y)dydx (2.2)
P

kf—1
///T‘ eV +e z1,y1,yz)dy1dyzdmdx+z /wdxdy

Ha 0 vy i=0 P

il
///7'2 s” +e”Z1,y1,yz)dy1dyde1dx

e 1 y*
H2Y

k—l

+ Z f o(x, y)dydx.
=0 °

Now, with this expression in mind, we introduce the following unfolding operators.
Definition 2.3. Let

kf—1

L= and J.= UJk

k=0

Take ¢ € LI, x Yl*) and Y € L'J, x Y2*)~ Then, consider the following unfolding operators
T!: LI x ¥]) —> L1((0, 1) x (0, 1/2) x Y{) and T? : L' (J, x ¥}) — L'((0, 1) x (1/2,1) x
Y}) given by

g( [Z]+e"z1,y1.32) in Hf x (0,1/2) x Y} nd

Tip(x,z1,y1,y2) = { in H€ x (0,1/2) x Y}

5 _ v (e [F]+e’zy0m) in HSx (1/2,1) x Y5
Tgw(x,m,yl,yz)—{o in Hlex(1/2,1)xY2*.
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We just mention that this unfolding operators also satisfy the properties from Proposition 2.2
with obvious changes. Due to (2.2), we still have

k-1
1 1 1
- / pdxdy = / TiT'o (x, 21, y1. y2) dyrdyrdzidx + ) - / pdxdy
1 N
RS 0,1)x(0,1/2)x Y =0 o
1
o / T272 (x, 21, y1. y2) dyidyadzidx

0,1)x(1/2,1)x Y5

kf—1

1
+ Z g/@(x,y)dydx.
i=0 ~ je

Notice that, according to [13], relationship (2.3) establishes via the operators T! 7;! and T27
what is known iterated unfolding. Before proceeding with their convergence properties, it is
worth noticing that the iterated unfolding (2.3) works properly in the cases where the periodic
oscillations on R‘i or Rg are resonant or weak, that is, when o < 1 or 8 < 1. When they present
strong oscillatory behavior (o > 1 or 8 > 1), we will need a slightly different approach which
we describe in the following.

Suppose that y < <1 < 8. We decompose P in two parts:

X
P,f+=[(x,y)eP,f:8g§" <y<eg (5_“)} and
P,f_:{(x,y)eP,f:Ogygag?}.

Then, from item 3 at Proposition 2.2, we have

kf—1 1 ké—1

1
-2 /w(nﬁdydx: -2 /w(x,y)dyder / ¢(x, y)dydx
i=0 Pig

i=0
Pfy P

(O,l)x(1/2,1)><Y2*+

+ / [I5¢dxdzdy;,
0,1)xZ5

where 72" is the unfolding in the thin domain P, ,
Zy =(1/2,1) x (0, g5")
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and ITj is the unfolding operator introduced below.

Definition 2.4. The unfolding operator T15 : L (R5_) — L ((O, 1) x Zz_) is given by
. Je(e"[&F]+¢ez.ey) in H{xZy
Me(x.2,y2) = { 0 in HfxZ.
Notice that IT§ is basically the same as the unfolding 7 introduced in (2.1). They only differ
on the micro scale that they are acting.

Now, taking y <l <a <f or 1l <y <o < g, we shall have a little different approach.
Anyway, we can perform analogous arguments as above.

Definition 2.5. Let ¢ € L' (R?), then we set the unfolding operator T1¢ : L' (R®) — L'((0, 1) x
Z), with Z =int (([0, 1/2] x [0, g7"1) U ([1/2, 1] x [0, g5'1)), by

. e [F]+eVze) in HfxZ
H"’(X’Z’”)_{o in HfxZ.

Next, we summarize the integration formulas depending on the case we study:

I.Ify<a<pB<l,

k-1
é/wdxdy = Lil / Ty 7' (x, 21, y1, y2) dyrdyrdzidx + é / pdxdy
RS 0,1)%(0,1/2)x Y} =0 o
1 |
5 / T277¢ (x, 21, y1, y2) dyidyrdzidx + ) E/<p(x,y)dde-
©,1)x(1/2,1)x ¥} =0 pe
2.3)

2. fy<a<l1<8,

k-1
1 1 |
g/(ﬂdxdy =T / TiT @ (x, 21, y1, y2) dyrdyrdzidx + Z - / odxdy
R§ (0,1)x(0,1/2)x Y} i=0 " ge
1 k-1

1
o / T2T pdxdyidy, + Z - / pdxdy + / M5pdxdzdys;
2 ;
O.1)x A3 x Y], =0 pe ©0.1)xZ5

2.4)
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. ffy<l<a<p

2
1 1 .
—f(pdxdyz I / T! T/ pdxdy dy, + / ¢ pdxdzdy,
e ; j
RS j=l j(o,l)xijy;f+ 0.1)xZ
' 2.5)
kf—1 k-1
+ Z - / pdxdy + Z - / odxdy
i=0 pe i=0 e
il+ i1+
4. Ifl<y<a<p,
1 21 .
- / godxdy:ZL— f T! T/ T pdxdydy; + / Sedxdy
e ; -
RE j=1 /(o,l)xA_ixY7+ R
2.6)
k-1 k-1,
+ Z - / odxdy + Z z / pdxdy,
i=0 Ppe i=0 &
il+ il+

where, in this case, ij"+ ={(1,y2) : 0 <y < Lj, min{g", g5'} < y2 < g;j(y1) and S :
(0, 1) x emin{g", g5'} — (0, 1) x (0, min{g'", g5'}) = R, denotes the rescaling operator de-
fined by

Sep(x,y) =0(x,ey), (x,y) €Ry.

Remark 2.6. We remark that l:f|||(ps|||wl.p(R;;n), R;, = (0,1) x (0, e min{g{", g5'}), then there is
@ € WhP(0, 1) such that Sy, — @ weakly in WP (R,,).

Now that we have defined the unfolding operators which will iterate with 7;! and 7.2, we need
to analyze the ‘integration defect’ produced by such iteration. The next result actually proves that
these repeated defects do not affect the limit behavior of the transformed functions as ¢ goes to
zero.

Proposition 2.7. Let ¢ € L?(R?®) be such that s_l/pII(pIILp(Rs) is uniformly bounded. Also, let
¢ € Cy°(0,1) and ; € Lf; (Y?) fori =1,2. Suppose p > o > p'y. Then,

k-1 k-1
1 1
> = | e¢dxdy — 0, > = | ppdydx — 0,
! & £ &
i=0 € i=0 pe
il 1
kf—1 kf—1

1 1
Z - / eyidxdy -0, and Z —/(pl//zsdydx -0
i=0 € ‘?1 i=0 EP;,

as & — 0 where Y (x, y) = Y1 (x/e%, y/e), Y5 (x,y) = va(x/eP, y/e).
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Proof. Notice that foreachi =0, ...,k — 1, we have

1
- dxdy <e”! : 08
A /§0¢ y=e lelirepnldly g

£
il

Also,
4 _ P
1617 g, = | 1017 dxdy
i
I X
= ”¢”L°°(0,1) f €81 (8_‘1) dx
(Ni—1)Le®

/ 2i +1 .
= 8”¢”Zo<>(0’1)g{u <T€V - (Né - 1)L18a> .

See that, due to the construction of our thin domain, we have that the order of (Né —1)Le% is
the same as 2‘2“ e”. Thus, (2 e” — (NI — 1)L1£%) is of order %. Then,

2
kgfl1 ke—1 U | Lo
> ;/dedys lelLr ey l@llzeo1)(&t)? S [0E)]' " = 0@V,
i=0 i=0
il
As a > p'y, ¢ satisfy the (u.c.i.).
Now,
NiLje® eg1(3k) / Ly g1(yn)

W17 ) = i (5. 2)| dvax=e [ [ w10 o)l dyadn

Wers = e’ ¢ ' '

(Ni—DLiex 0 0 0

Thus, ¢i] also satisty (u.c.i.). For the integrals on P}, we can perform analogous arguments to
show the results. It is left to the interested reader. O

Next, we prove some useful convergence results.

Proposition 2.8. Let ¢; € C3° (0, 1) x Aj), A; = (0, 1/2) and Ay = (1/2, 1). Define ¢ (x) =
¢ (x,{Z}). x €(0,1). Then

Tgﬂjqﬁj(x, Z, Y1, 2) = ¢ (x,2)  pointwisein (0,1) x Aj x Y;-k.
Proof. Let us perform the proof for j = 1. For any (x, z, y1, y2) € (0,1) x A X Yl* we have

T T ¢ (x, 2, y1, y2)
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VX v
a N [53/:|+S ¢

€ S—a] Ly+e%y
Ly

134

First, we claim that
e’ 7| +tez
¥ [7[”] Li+&%y; — x.
Ly
Indeed, notice that

eV [X]+672 e’ | & +evz
e® [7[”] :| Li=¢ [iy] +e¥z—¢" !L} 2.7
Ly L

and

e’ || +e’z
LGS I
£ L

Notice that
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Then, the first term of the right hand side above is written as

e’ | 5 |+e¥z
e [7[621 } Li+e%y
Ly

134

This implies for &€ small enough

e’ | 5 |+e?z
8ot|: [EVSJ :| Ll +8°‘y1
L,

N
gv - [8_)’] ta
Thus,
eV X |4e¥z
&% Lyl Li+e%y
‘ L eV [&]+ez
' =z+8"_’”{ e } +e% Ty >z,
24 e¥
Ly

as ¢ — 0, and then, we conclude the pointwise convergence. O

Remark 2.9. Analogously to the previous Proposition, let { € Lﬁ ((O, 1) x (0, max{g{”, géw})),
g}” = max,cR g(v), and define Ve (x,y) = ¢ (eiy, %) Then,

Ty, — Y(z. y2) stronglyin LP ((0, 1) x A x Y;‘), =12
Proposition 2.10. Let ; € Lf: (Y]’.‘). Define wf (x,y)=1v; (8%], %) Then,

Tgﬁjwf — ; stronglyin LP ((O, 1) x Aj x Y;")
Proof. Notice that
TITI W (xzoy ) =TL [V )] = ¥ y2) - ase =0,
which proves the result. O

Now, we start by the main convergence theorems to be used throughout the paper. We start
with
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Lemma 2.11. Let ¢ € WP (R?) and set

£80

1 .
Vep(x) = —/w(x,y)dy, go = min{g"}.
£80 i=1,2
0

Then,

lo — VepllLr(rey < ce

8y LP(R?) '

Proof. Notice that

y

9
px,y) —px,y) = / a—(p(x, s)ds.
y

/

y
Integrate the above expression in y’ between 0 and egq and dividing by £go we obtain

1 €80 ¥ 5
px,y) = Vep(x) = — / / —(p(x,s)dsdy’.
£80 dy
0 v
Then,

1 €80 y 8
lp(x, y) = Vep()|? < —// 4
£80 ad
0 0

Finally, integrate in R® and get

L
%

P
dsdy’ (8 max g; ) ds.

£ge (.
14
/ '—(p(x,S)
dy
0

g |
dy

llo — VEQDHIZP(RS) <eP <,max gzM) .
i=1,2 LP(R®)

Remark 2.12. The above Lemma, basically tells us that in order to determine the limit of a
sequence g, € WP (R?), we just need to find the limit of

£80

1
Vee(x) = — / @e(x, y)dy.
€80
0
Notice that this function is in Wl‘p(O, 1) and therefore, we get that, there is a ¢ € W]’P(O, 1),
such that, up to a subsequence,
Vepe = ¢ weaklyin W'P(0,1) and stronglyin LP(0,1).
In particular, if . € Woll’p(Rs), we have ¢ € Wé’p(O, 1) with Ve, — ¢ weakly in Wol’p(O, 1).
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The preceding theorem concerns to the convergence of the unfolded gradients.

Theorem 2.13. Let u® € Woll’p(Rg) be a sequence with |||u®|||y1.pge) uniformly bounded and

let Ay = (0,1/2) and Ay = (1/2, 1). Then, there exists u € Wol”’(O, 1) such that, up to a subse-
quence,

Veu® —u  weakly in W(}’p(O, 1) andstronglyin LP(0,1).

Moreover, assume p'y <o < B.

1) If y <a =B =1, then there are functions uleL? ((0, 1) x Ay; W;'p(Yl*)) and
WlelPb ((o, 1) x Ay W;”’(Yz*)) satisfying

o 9 .
Tg7;fv;fé<£,o)+vy1y2uf weaklyin L7 ((0.1)x A; x YF), j=1,2

2) If y <o < B =1, then there are functions ulelL? (((), 1) x Ap; W;’p(Yl*)) and
W eLP ((o, 1) x Az W;’P(Yz*)) satisfying 3 = 0 and

i 0 .
Tﬁﬁ’W“(%vO)Wmuf weakly in L7 ((0,1)x A; x ¥F), j=1.2.

3) Ify <a <1 < B, then there exists u' € L? ((0, 1) x Ay; W;’p(Yl*)) satisfying % =0and

L1 du  ou'
T, 7, Vug—\£+ﬁ weakly in  LP ((0,1) x A} x Y{).

4) Ify <a < B < 1, then there are functions u' € L? ((o, 1) x (0,1/2); WQ*”(Y]*)) and u® €
u

Lr ((0, D x (1/2,1): w;”’(yz*)) satisfying 3 = 9 = 0 and

A du  oul . .
TgTCJVug—\£+E weakly in LP((O,l)xijY;‘>, =12

5) Ify <a =1 <P, then there exists u' € L? ((0, 1) x Ayp; W;*P(Yl*)) satisfying
9
T;’Equs — (%0) + Vylyzul weakly in  L? ((O, 1) x Ay x Yl*)

Proof. Due to the previous lemma and the boundness, there is u € W 2(0, 1) such that, up to a
subsequence,

Vou® —u  weaklyin W'P(0,1) andstronglyin LP(0,1).
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Therefore, we just need to find the limit of the gradient. For this sake, let

1
k
¥

v .
ZiGzoyny) = o | TTu (2o yn y2) = /Tﬁﬁjusdyldyz :

|
Y;

where j =1,2, u; =« and o = B. See that here we are assuming that at least one of the p; is
less or equal to one. The case both bigger than one, we shall determine the limit depending on
the equation, as the reader will be able to see in the next sections.

Let us start with the case where one of the j ; is equal to one. Due to Proposition 2.2, we have

VyiyZ5 =TITIVul.

Also, we obtain that ||Vy, ysz.H ) is uniformly bounded. Consequently, from

L2 (.1 A; %Y}

Poincaré-Wirtinger inequality, we have that || Z¢||

; LP((O,l)xijY]’f) is uniformly bounded too.

Now, consider the following sequence
ou
ZS —yf— with €= — *
JAi e 1=y =y

This sequence is also uniformly bounded in L? ((0, 1) xAj x YJ’.“) and possesses average zero.

Thus, passing to another subsequence of ¢, there exist u eLP ((O, ) xAjx YJ*) such that

d .
z: — yf£ —~ul weaklyin L” ((0, 1) x A x Y;.").

Thus,
. d i
T/ T/ Vu® —~ <a_“0> + Vyyu!  weaklyin  L” ((0’ DxAj Wl#p(Y;k))'
x

We remark that if 1; < 1, then one gets that % =0, since

.. ouf - . ou’
VylyzZ§ = <T£7;j¥ € Mﬂ‘ﬁ?w) .

It remains to prove that u} is periodic in the variable y;, however this will follow from the study
of the limit of

Z5(x 2,31+ Lj, y2) — Z5(x, 2, 1, 2)
and can be seen at [0, Theorems 3.1 and 4.1]. O

184



J.C. Nakasato and M.C. Pereira Journal of Differential Equations 392 (2024) 165-208

Remark 2.14. The previous theorem does not contain the case y <1 <a < f and p'y <,
since we need to use the equation to determine the limit behavior.

Next, we prove a result concerning the unfolding operator l'[j.

Proposition 2.15. Suppose « > 1. If ¢, € W(};P(QS) with &7 ||ge ||, uniformly
O;

(0%
X 1
bounded, then there are ¢ € Wol’p(O, 1) and gof e LP((0,1); W,:’p(Z;)) such that:

dy, 0] =0,
l'lj.(pg — @, weakly in LP ((O, 1); Wl’p(ZJ_)) ,
M5V, — (3x0. y,0]), weakly in LP ((o, 1) x z;) .

Proof. The idea is similar to the previous Theorem by defining

Zl(x, y1.3) = é e — / T pedy1dys
Z;
Then, one obtains that
z] — yfg—z —u/ weaklyin LP((0, 1); WP (Z})).

Since

. 9 9
VinZi = erime e e 2P
ox ay
it follows that 24 =0, e, u/ =u/(x, ). O

To finish this section, we recall an important convergence result with respect to the unfolding
operator I1¢. Their proof can be found at [6, Theorems 3.1 and 4.1].

Proposition 2.16. If ¢, € Woll’p(QS) with e~ /P (PR -
o (@
¢ € WP (0,1) and g1 € LP((0, 1); WP(Z)) such that:

) uniformly bounded, then there are

Ifre=1,
e VP, — @llLrosy —> 0

i) Mg, — @ strongly in L? ((0, 1); WP(Z7)),
[T°0 e — 0x + 0y, 1 weakly in L? ((0,1) x Z),
%0y 9. — 0y,¢1 weakly in LP ((0,1) x Z).

Ifk <1, 9y,01 =0,
i) Mfep, — @, weakly in L? ((O, 1); WI’P(Z)) ,
¥, — Oy + 9y, @1, weakly in LP ((0,1) x Z).
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3. Main results

In this Section, we perform the proof of our main convergence results. First, we recall that
throughout the whole paper y > 0 and satisfies

p'y <min{e, ) =« 3.1

since we are assuming without loss of generality o < 8.
Next, let us notice that the variational formulation of the problem (1.1) is given by

/ |w€\”‘2 VutVedxdy = / féodxdy, Vee Woll’p(RS) (VP)
RS RF
which is equivalent to
/ V|2 Vg (V(p - Vug) dxdy < / fe ((p - us) dxdy, V¢c Woll’p(Rg). (VD)
R® R¢

We first deal with the resonant case « = 8 = 1.

Theorem 3.1. Let u® € Woll’p(RE) be the solution of (1.1) with « = 8 = 1. Suppose that
TIT/ f¢ — f/  weakly in LY ((O, 1) xAjx Y;"), j=1,2.

Then, there are u € Wo'? (0, 1), u' € LP ((0, 1) x Ap: W;’P(Yl*)> and
ulel? ((0, 1) x As: W;"’(Yz*)) such that

T/T/u® — u stronglyin LP <(0, D xAj; W;’p(yj)) ’
. a i
TéTéIVuS - (%’ 0) + VYlyz”"I weakly in Lr ((O’ D x Aj 8 Yf) =2

where (u, ul, u2) is the solution of

2 du ol owN\|P2/ou  oul oul
Y — — o — =,
— L ; ox Jdyr dy2 dx dyr oy
j=l (0.1)xA;xY?

a
X I:(ﬁ, 0) + Vylyzl/fj] dxdzdydy;

2
1 .
=) — / I pdxdzdyidys,

j=1 0.1)xAjxV?
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for all (p, 41, ¥2) € Wo (0, 1) x LP (0, 1) x A Wi (r)) x L7 (0, 1) x Az Wy (1)
and u is the solution of the one-dimensional problem
! 2
P2 9u 9p
q
0

1
9 i
" ——dx=/fpdx,vpew(}”’(o,1),
0

0x

0x dx

where

Iy j|P? j
a=3> ((1,0)+me ‘ ((1,0)+vy1yzx )(l,O)dyldyz
I=lyx
J

2
fon=> / f7(x, 2, 31, y2)dzdydy)
I=14 %y

and X, Jj = 1,2, is the solution of

j|Pr? j _ Ly
(1,0) + Vy,y, X ((1,0)+vy,y2x )Vlﬂjdyldyz—O, Yy e Wyl (v
Y*
J

with /deyldyzzo, j=1,2.

o
Y;

Proof. As usual, we start proving that the family of solutions of (1.1) is uniformly bounded.
Indeed, take ¢ = u® in (VP) and multiply it by e ~!'. After a Holder’s inequality and a Poincaré’s
inequality, is easy to get

-1
I ey < €U ey
o1

where ¢ > 0 is the constant independent of ¢ from Poincaré inequality. From Theorem 2.13, there
are e Wy (0, 1), u' € L7 ((0.1) x A Wy P (v)) and u® € L7 ((0,1) x Ags W7 (¥))
satisfying

T/T/u® — u stronglyin L” ((0, D xAj; W,l”’(ﬁ-‘)) )
o 9 . 3.2)
T/ T/ Vu® — (a 0) +V,,,u/ weaklyin L? ((0, ) xAjx Yj*) ,

for j =1,2.
Next, we apply formula (2.3) in (VI) ignoring the terms from the ‘integration deffect’ and

obtain
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L p—=2 . . .. ..
TTIVe|  TIT/Ve (TIT/ Ve —TIT)Vu*) dxdzdyidy,

L [

— L;

j=l1 O, 1)xA;xY}
(3.3)

s> [ T (e - T ) dvdzanas.

i b
I=E 0 A Xy

Next, we define the oscillating test functions as follows: Let p € C3°(0, 1), ¢; € Ci° ((0 HxA )
and ; € C°(YF). Define ¢¢(x) = ¢; (x. { & ]) and ¥ (x, y) = v ( X 5)» where ) = a =
u2=p=1,and

(ps(x _ p(x)+8a¢f(x)1//f(x’y) in R‘ﬂi‘
p(x)-i-&‘ﬁqﬁ;(x)w;(x’y) lIl Rg

Using Propositions 2.8 and 2.10, we have
o )
T/T/Ve® - <a—p,0) +@jVyy, ¥ stronglyin LP(0,1) x Aj xY7), j=1,2.
X

Take ¢° as a test function in (3.3), by the above convergence and (3.2), we obtain

- | % N oivnwil ((2.0) 46,00
ZL_ f ‘(a’ >+¢/ yin¥j <<a’ >+¢/ ylyzlpj)

L
I= T 0yxA Xy

% 0) 46,9, v o 0wl SWINT
ox’ ¢iVon¥i =\ 52 ooy oy, ) | dxdzdyidn:

1 4
=X / F9(p — wdxdzdyidys.
j=1 ©0.1)xAjxV?

By density, the variational inequality above holds for test functions
(P 1. 2) € Wo 0.1 x TT7_y L7 (0. 1) x Aj: Wy (vD). Thus,

-1 % 0)+v, % 0)+v
SL L e () )

% 0)+9, v, ou 0wl DWNT v
ax’ Vi T\ 5 Ty by, ) | HARANIA2

1 .
S / Fi(p — wydxdzdyidy.
=17 0,)xA; XV
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which is equivalent to

/ ‘<8u+8uj Buj)
1 L; dx  dy1 Oy

2
= O.DxA;xY}

P72 rou oul dui
- _l’_ _—
dx  dyr Oy

9
X [(£ 0) + vylyzl/f,-] dxdzdy,dy, (3.4)

J

2
1 A
= Z — / S pdxdzdy\dy,.
I=L 0 xA Xy

Recalling the auxiliary problem

| p—2 .
/‘(1,0)+vy1y2x1’ (L0 + Yy, X7 ) Virjdyidyr =0, Yy e WP (v
Y*
J

with /deyldyzzo, j=1.2,

o
Y

taking p =0 and ¥; =0 in (3.4) and then p =0 and ¥, =0, it is not difficult to get that (see [2]
for similar arguments)

J O \xi : *
u (x,z,y1,y2) = a(x)X (y1,y2) in (0,1) x A7 X Yj, 3.5)

which means that u/ independs on the variable z. Using this independence in relation (3.4), we

get
du  dul du NP (ou  oul ou
e ~ + —7 ~ ~ + —’ -
| Lj dx  dy; 9y dx  dy; 0y

2
ap
X 0]+ Vyy¥;|dxdzdydy,

J 0,1)xA;xY¥
ox’

2
1 .
=D / fpdxdzdyidys,
I=L 0 xa Xy

forall (p, 1. ¥2) € Wy (0, 1) x [Ty L7 (0, D: WP (v D).
Notice that

/ du N dul ul
dx  dy1 Ay

(1,0)xA; ><Y/’.k

ou ou’/ ou’ 0p
—+—, — )| —,0) dxdzdyd
<3x+ i 3y2)(3x ) raanan
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1
1 | p—2 . ou
=3 /‘(1,0)+Vy1y2u1‘ ((1,0)+Vy1y2u/>dy1dy2 /E
Y¥ 0

P2 9u [
TP o) ax.
ox \ 0x

J
Thus, for ; = 0, we have the following one-dimensional problem

1
[
0

ou
0x

1
P2 3u 9 .
U gy = f Fpdx.¥pe WP, 1),
0

where

2 1 1p=2 i
4=ijf)<170>+vylyzxf\p ((1,0)+ 9,1, X7) (1, 0)dyidy2

j
2
fx)y =Y — I (x, 2, y1, y2)dzdyidy,. O
f) ZL,- / F1 0z 31, yo)dzdyidy,
I=H Ty

Next, let us deal with the weakly rough case.

Theorem 3.2. Let u® € Woll’p(Rs) be the solution of (1.1) with a < B < 1. Suppose that
TITI f¢ = £ weaklyin LV ((o, 1) x Aj x Y;‘) L oi=1,2.

Then, there are u € Wo'" (0, 1), u' € LP ((0, 1) x Ap: W;’P(Yl*)> and
ulel? ((0, 1) x As: W;"’(Yz*)) such that

T!T/u® - u stronglyin LP <(0, D xAj; W#;’p(ylik)) ’

o 9 .
Tg7;/v“84(£,0)+vy,y2uf weakly in L7 ((0.1)x A; x ¥F), j=1.2,

with % =0, where (u,u', u?) is the solution of

2 i\ (P2 ;

1 du  oul du  wui\[dp 3y
> — / ‘(—”+L> ( - )[—Mﬂ}gﬂyl)dxdzdyl
—~ [ ; ax  dy

ax oy ) Lax oy
J=1 70,1y A% (0,L )

gi(v)

2
1 ,
ZZL_ / /fj(x,z,yl,yz)dyz pdxdzdyy,
I=1 N 0,0xA % 0L \ 0
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for all (p,41,92) € WoP©.1) x LP(O.1)x A Wy 0. L)) x LP(0.1) x Ax;

W;’p(O, L2)> and u is the solution of the one-dimensional problem

1
[
0

P=2 3u dp

1
3 i
" ——de/fpdx,vpeWOl’P(o, 1,
0

0x

0x dx

where
2 _\1-pr _ 2 1 .
o= Vel ) " awd F= [ fddnrn

2 .
P J J
j=1 I=t T 0yxa Xy

Proof. The uniform bounds hold as in the previous theorem. Thanks to Theorem 2.13, there are
we Wi, 1), ul e LP ((0, 1) x Ap: W#"’(Y;*)) and u? € LP ((0, 1) x Aa: W;*”(Yz*)) satis-

fying % = 3—”2 =0and

TITIu® —u stronglyin LP ((0, 1) x A W;’P(Y;‘)) ,

. 9 ou’
TgﬂfVug—\<—u+ ‘

o E,0) weakly in LP<(0,1)xijY]’."), ji=1,2.

Let p € C5°(0. 1), &) € CF° (0. 1) x A;) and ¥j € CF°(0, L)). Define ¢5(x) = ¢; (x. {37 })
and 1//j(x, y)=1; (8%), where p11 =« and p = g, and

p(x) +e%](x)Yy(x) in Rj

“’(x’y):{p(x)ﬂﬁqs;(x)w;(x) in RE.

Using Propositions 2.8 and 2.10, we have

) RAVE
o Y

Tgﬁjvqu - <8x 3y, ,0) strongly in  L”((0,1) x A; x Y;,k)7 ji=1,2.

Take ¢° as a test function in (3.3) and repeat the arguments of the previous Theorem. We
obtain

>r |

j=1 (0.1)xA;xV?

du  oul

P2 i
ou  du’ 0 oY ;
+— + L + Wy dxdzdy\dy,
dx Iy

ax | ay1) Lox | ay

(3.6)
2 _

=) f ' pdxdzdydys.
j=1 j(O,l)xijY;.‘
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for all (p, Y1, ¥2) € Wo'” (0, 1) x LP ((0, 1) x Ay W#l’p(Yl*)) x LP ((0, 1) x Ay W;*P(Y;)).
For p = 0 and ¥, = 0 (the case where ¥r; = 0 is analogous), we have

/

O,1)x Ay xYf

du N du’
ax  dyp

P2 fou ol oY1
— + — | —dxdzdy\dy, =0,
dx  dyr /) dy1

vin e L7 ((0.1) x A Wy (7))
Since all functions do not depend on y,, we have

ou n du’
ax  dyp

p—2 i
ou du’\ 9y
(a + —) ——g1(y1)dxdzdy; =0,

dy1 /) 9y
©,1)x A1 x(0,L1)

V1 e L7 ((0.1) x Ay Wy (0, L))

Now, let ¢ € W;’p(O, L1),veC§0,1), ¢ € Ci°(Ay) and take ® € C;°(A1) such that &' = ¢
Y1(x, z, y1) = v(x)®(2)¥ (y1). We have

du  ouwl [P fou ou 9
—+ — — 4+ — U(X)CD(Z)—W(yl)gl(yl)dxdzdy1 =0.
dx Ay dax Ay oy
(0,1)x A1 x(0,L)
Therefore, we have
L R .
O_/l ou Bu/p2 8u+8u1 O g(n)d
N ax  dyp ax  dyp SEyaz
0
Ly p— .
_/ 3u+8u1 8u+8u1 #(end
o dx  dy ax  Jy DELDEL,
0

ou dui |P 2

implying that |5 1 (g—z + %) is independent of z, that is, u! is independent of z.

Hence,

ou . du’
dx  dyp

p—2 i

ou Ju’\ d

—+ — ﬂgl(yl)dxddyl =0,
0x ay1 ) oy

(0.1)x(0,Ly)

Vi1 e LP (0, 1; Wy (0, L).
Thus, treating x as a parameter, there is 7 = 7 (x) such that
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ou  oul |’ 2

(8_x+8y1 ax Ay

u ou’ .
( + ))(x W) =T@) aein (©0.1)x (0, Ly).

The above expression implies

du  oul T

(@)
81

4+ — =
dx 9y 81

integrates the above expression in y; between 0 and L and uses that ul is L 1-periodic in Ly, to
obtain

Ly

ad /
Ll—”=|T|P*2T/ ——dn,
ax g
1
that is,
1 du|P? ou
r= T |ar|  x
(17677")
Then,
au w7 (du u 1 au|P~2 du
Zr () eonsion = || = 3
ax  dyp ax  dyp p'—1\P ax ax
(17677")
We are in position to rewrite (3.6) as follows
1 1 dulP=ulop 9y,
— _ | — — dxdyd
250 f T |ox 8x|:8x a}xylyz

X P’ 1\? 1
=" 0oLy <1/81 >

2
1 .
=y — f f pdxdzdy dy,.
I=E 0 <A Xy
In particular, the one-dimensional problem is given by

Flou P2 du :
q/ 5 E P /fpdx,
0 0

0x 0x

where

2 _ 2 .
61=Z—_<1/gj)_1>1 and Z::LLLL / fldzdyi fy2. 4

0,1)xA; ><Y*
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In next result, we just need to put together the arguments previously done, dealing o < 8 = 1.

Theorem 3.3. Let uf € W(;l‘p(Rg) be the solution of (1.1) with « < 8 = 1. Suppose that
TIT) f¢ — £/ weakly in LY ((O, 1) xAjx Y;‘), j=12.

Then, there are u € Wé’p(O, D, ul e LP ((O, 1) x Ayq; W,;’p(Yl*)) and u? e LI’((O, 1) x Ay;
W;’p(Yz*)) such that

T/T/u® —u stronglyin LP ((0’ D xAj; W;’p(Y,/"k)) ,

o 9
T/T/Vu® — (% 0) + Vylyzu weakly in  L? ((O, 1) xAjx Y;“), j=1,2,

. 1 . .
with % =0, where (u, ul, u2) is the solution of

21 / ‘(au dul am’)
> e
LJ ox dyr 9y

P2 ou du’ ou’

_+_’_
— dx  dy1 9y
= 0,1)xA;xY?

3
x [<£ 0) + V¥ ,} dxdzdydy,

2

1 .

=) / I pdxdzdyidys,
j=1 j(o,l)xA_,-ij

forall (p. 11, v2) € WoP(0. 1) x LP ((0, 1): WP (0, Ll)) x LP ((0, 1): W;”’(Yz*)) and u is
the solution of the one-dimensional problem

1
|2 9ud
fq o —u—'odx—/fpdx Vp e WoP(0, 1), (3.8)
0x 0x 0
0
where,
2 ‘
= I fldzdy: fy,
=17 0.)xA; XY

1 o —1\1=p 1 5|P—2 5
0= (st ™) " g 1004 9] (0.0 +9,,X7) (1. 0)ddya

with X? solving
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p—2
/’(1,0)+vy1yzxz‘ ((1,0)+vy1yzxz) Vindyidy, =0, Vi € WP (v3)

Yy

with / X%dyidy, =0.
vy
Proof. As in the previous cases, we define the oscillating test functions as follows: Let
p € CPO, 1), ¢; € C((0,1) x Aj), ¥2 € C°(Y5) and Y1 € C3°(0, L1). Define ¢ (x) =
¢j (x.{F}). v5(x, y) =v2(F5. %) and ¥{(x,y) = ¥1 (F7), where 1 =a < 1 and ps =

s

p(x) + %Pl (X)Yi(x,y) in RY

vy = { p(x) +ePHEMYE) in RS

From Propositions 2.8 and 2.10, we have

d d
Ti’EIV(pS — (% + %,0) strongly in L7 ((0,1) x Ay x ¥7),

5
T2T2Ve® — (ﬁ 0) +$2Vyy 2 stronglyin  LP((0, 1) x A2 x ¥3).

Hence, we can proceed as in the Theorems 3.1 and 3.2, passing to the limit in (3.3) and

obtaining
.
L,

O,D)xA;xYF

1 / du N u? du?
Ly dx Ay Iy

(0,1)x Ay x Y5

u n Au!
dx  Jy

p—2 2 2
ou  ou” ou op
—t—, — —,0 Vi dxdzdy d
<8x+ . 8y2>|:<8x )‘f‘ yquz] xdzdyydys

p—2 1
ou Ju ap 0P
— 4+ — )| — + — |dxdzdyd

(8x+8y1)|:8x+8y1i| razandy

= Z = / f/pdxdzdy,dy,.
j=1 ](O,I)XA_/XY]’.‘

Finally, using the associated auxiliar function, we can arque as in the proof of the mentioned
theorem to obtain (3.8). O

Now, we consider the results which deal with strong oscillations at least in one of the profiles.

Theorem 3.4. Let u® € Woll’p(RE) be the solution of (1.1) with a <1 < B. Suppose that
TITI £ — i weaklyin L” ((o, 1) x A; x Y;“) L =12
Then, there are u € Wol’p(O, Dandu' e LP ((O, 1) x Ayq; W;’p(Yl*)> such that
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TIT/u® = u stronglyin LP ((0, 1) x Aj; W,;”’(Y;‘)) . j=1.2,
T!T!'Vut — <g—z,0> + Vylyzul strongly in  L? ((0,1) x A} x Y{),
272" (’Vu£|p_2 Vug) —~0 weaklyin L” ((0,1) x Ay x Y5,),

0
I5vVu® — (%, 0) strongly in L? ((0, 1) x Z{)

.1 oul . . .
with a% =0ifa <1, where (u,u’, uy ) is the solution of

1 u  du' du'\|P% ou ou' du' ap
L, YL R vl et iy —.,0 \2 dxdzdyd
L / '<8x+8y1 3)’2) <3x+8y1 8y2>|:<3x >+ >1y21ﬁ1:| rdzdyidya
(0,1)><A1><Y;

1
m
2 [
2
0

for all (p,y) € Wol’p(O, 1) x L? ((O, 1); W;’p(O, L1)> and u is the solution of the one-
dimensional problem

u

P=2 3u dp
ax

2
1 4
dx = — ! pdxdzdyidys,
3y x> ZLJ- / ' pdxdzdy\dy,
j=1 (0.1)xAjxV?

1 1
du P72 du ap _ |
— — —dx= dx,Vp e Wy?(,1),
fqax 8x8xX/fpxp o (0,1)
0 0
where,
Z
=) — Jdzd )
r=21 / fdzdyi fys
I=E 0 <A Xy
Fora <1,
1 ’ 1 m
- p—l) 8
q 2L1(/81 +
Foroa=1,

m

1 1 p72 1 g2
(1.0)+ Vo X' ((1L.0)+ 9y, XT) (1. 0)dyidya + 2
i

QZE

with X' solving
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p—2 1
/ ’(1, 0) + vmxl‘ ((1, 0) + vmxl) Vindyidy, =0, Vi € WP (rF)
Yy

with / X'dyidy, =0.
vy

Proof. The uniform bounds follow as usual. Applying Theorems 2.13 and 2.15, there are
we Wrro, 1), ul e LP ((0, 1) x Ap: w#l"’(yl*)>, u? e LY ((0,1) x Ay x ¥3,) and u} €

WP z— i My
LP ((O, D; W' (Z, )) with = 0 such that
TITJu® > u stronglyin LP ((0, 1) x A WQ”’(Y}‘)) L =12,
d
T!T!'Vut — <a—”,0> + Vyyu' weaklyin LP ((0,1) x Ay x Y,
x
2724 (V"7 V)~ u? - weaklyin L7 (0, 1) x Az x ¥3,),
a
M5V — (8—” 0) 4 Vypty  weaklyin  LP((0,1) x Z3),
X )
IM5Vu [P 2 M5Vu —~ U™ weaklyin  L” ((0,1) x Z;)
where the unfolding 72" is the restriction of 7.2 to Yy, = {(y1 y2):y2€(0,L), g5 <y <
g0}
We shall point the main differences here. First, if o < 1, let p € C(‘)>o ©,1), ¢ € Cgo((O, 1) x

Ap) and ¥y € C3°(0, Ly). Define ¢f (x) = ¢2 (x, {7 ) and ¥{ (x, ) = ¥1 (3%)-

If o = 1, we define the oscillating test functions as follows. Let p € C(‘)><> 0,1, ¢ € Cgo((O, 1) x
Ay) and ¥j € C(Y}). Define ¢f (x) = ¢ (x, {2-}) and ¥§ (x, y) = ¥ (£, 2). Next, set

<ﬂ8(x,y)={g(xi)n"‘gggf(x)wf(x,y) in RE

We repeat the arguments of the previous theorems determining the expression of u': (3.7) for
o < 1and (3.5) fora =1.
To identify u?, we shall use (VP). Let ¢ € C3° ((0, 1) x Ay x (g5, g21)), ¥ € C5°(0, L,) and
choose W € C3°(0, L2) such that W’ = 9. Define the test functions
0 in Rj
Pe(x,y) = ~ .
s gﬂ¢(x,{§},§)w<{8%}L2) in RS
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It is not difficult to see that

T?72¢. — 0 stronglyin L” ((0,1) x A2 x ¥3,),

a
Tgﬁzai; — 0 stronglyin L7 ((0,1) x Ay x Y5,),

d

277 8(/)); — ¢W' stronglyin L7 ((0,1) x Ay x Y3, ).

Taking @, as a test function in (VP), using the integration formula (2.4) in (VP) and passing to
the limit, one has

u?pWdxdzdy dy, = 0.
0.1)x Ay x Y3,
Thus, one concludes that
W2=0 in (0,1) x Ay x (0, Ly) x (g%, g™).
Now, we need to identify U ~. For this, let
T, = / [V P72 M3V = [V Va5 |72 (Va4 V05

(0,1)x(1/2,1)x(0,g3")

x (M5Vu® —Vu —Vy, ,uy).
and

1 —
Je = — / |:T;7:91 <|Vu€|p ZVMS) - ‘V” + Vyu’zul

L
O,1)x Ay xYf

(Vat+ Vo )}

X (T;TgVus —Vu — Vyly2u1> .

Recall that Z, > 0 and 7, > 0. Moreover,

0<Z:+ J;
+ / I T2AVu|P — / M5 Vus [P~ T Vil Vu
(0.1)x Ay x Y3, (0. 1)x Ay x Y3,
| _
+ L / M5 VU [P~ M5 Vi Vi

(0,1)><A2><Y2*Jr

>+ [ mmenne -w
j=1 j(O,l)xijY]’.‘
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- / |Vu+ Vylyz”2_|p_2 (Vit + Vy oty ) MoV = Vu = Vy, ou3)
0,1)x(1/2,1)x(0,85")
L / ’VM-I—V ul‘p_2<Vu+V ,ul) (TITIVMS—VM—Vv ul)
I y1y2 Y1y ele yiy2
O,D)xA;xYF

— 0,
as ¢ — 0. Due to Tartar’s inequality, we get
1 1

ITTeVu® —Vu — Vy,y,u ||LP((0,1)><(0,1/2)><Y|*) -0,

IT5Vu® = Vu =¥y, yyuy ILr(0.1)x1/2.1)%©.857) = 05
which implies that

— —|p—2 —
U™ =|Vu+Vyyuy |77 (Vu+ Vyyuy).

It still remains to identify u, . For this, let ¢ € C3°(0, 1) and W € C§°(0, g7'). Define

o (x.y) =ep ()W ().

Take @ as a test function in (VP), use the integration formula (2.4) in it. Passing to the limit, as
& — 0, and using the convergence properties above, leads us to

/ V0 (0) + Vi ity (2 32) |72 (Vi) + Voot (x. 32))

0,1)xZ;
o

X <07 ¢(x)—(yz)> dxdydy, =0.
ay2

Thus, we conclude that

_ p—2 8“;
|Vu(x) + Vy, oty (x, y2)| a_yz(x’y”

independs on s, that is, u, (x, y2) = u; (x) and it will not affect the limit problem.
We are in position to identify the limit problem. Using the integration formula (2.4) in (VP)
and taking test functions ¢ depending only on x, we obtain, as ¢ — 0,

1 du du P2/ (du du dg
— —0)+—V, X! —.0)+—V,,, X' ) [ ==,0) dxdzdy,d
L / '<8x >+8x 2 <<8x >+3x Y12 )(ax ) razay1dy:

(0,1)x Ay xY}

9
+ / IVulP~2 Vu (a—‘p 0) dxdzdy,
X
0,1)x(1/2,1)x(0,85")
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=) I / flodxdzdydy,
j=1 J(O,l)xijYJ’f

which is rewritten as

1
g
0

P2 3u dg

1
9 )
a—“ ——dx:/f(pdx, Vo € WP (0. 1),
X
0

0x 0x

where

m

1|P=2 1 82
1495, X |7 (14 93,0, X 1) (1L 0)dyidys + =
Y*

1

1

q=2—L1

2
- 1
and fzg T / fidzdydy,. O
j

J=L Ay

Now, let us consider both, « and 8 bigger than one. In this case, as mentioned in the introduc-
tion, we still need to add some conditions on the values of . We get other three homogenized
equations. First, we set the two first regimes taking y < 1 < « < 8 with y also satisfying (3.1).

Theorem 3.5. Let u® € Woll’p(RS) be the solution of (1.1) and y <1 < a < B. Suppose that
TIT/ f¢ — f/  weakly in LY ((O, 1) xAjx Y;"), j=1,2.
Then, there are u € Wol’p(O, 1) and v e L? ((O, 1); Wi’p(Z)) such that
Tgﬂju‘" —u stronglyin L? ((O, 1) xAj; W,:’p(Y;-")> ,
TITIHVue 0 weaklyin LP ((0, 1) x Aj x Y;), i=12,
£ £ du .
[°vu® — 3—,0 + Vv stronglyin  LP((0,1) x Z),
X )
where (u, v) is the solution of

/ ou n ov  dv
dx Ay Ay

P72 /9u du v ap
— 4 —, — —.,0 Vory dxdzdy d
(5 o) [ (30-0) + Ty fasatana
0,1)xZ

1 .
=) / ! pdxdzdyidys,
=1

(O,l)xijY;f
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forall (p, V) € Wol'p(O, 1) x L? ((0, 1); W;’p(Z)) and u is the solution of the one-dimensional
problem

1 1
du P72 du ap _ |
— — —dx= dx,Vpe Wy 7 (,1),
fqax 8x8fofpx p €Wy (0,1)
0 0
where,
=
F=) — Jdzd )
f ZL,- / fldzdy1 fya
j=1 (0.1)xA;xV?
Fory <1,
i_\1=p m 0,1/2
_ p—1 _ )& for x€(0,1/2)
q_<1/H > ’ H(x)_{g? for xe(1/2,1) "
Ify=1,

-2
q=/|(1,0)+vy,yzx|” (1,0) + Vy,,, X(1, 0)dy1dy>.
Z

with X solving

f 1.0+ Vy|y2X|p_2 ((1,0) + Vy,1,X) Viadyrdy, =0, Vi € Wy’ (Z)
Z

with /Xdyldyzz().
z

Proof. The uniform bound holds in this case as well. We shall use the integration formula (2.5)

in (VP):
1
o

(0,1)><A]-><YJ’,‘Jr

. p—2 . . L
T/ T/ vVu® T/ T/t VU T T/ Vodxdy dy,

2

j=1

+ / |H€Vug|p721'[€Vu81'18(pdxdzdy2

0,H)xZ
kf—1 1 kf—1 1
+> - / Vue [P Vit pdxdy + 3 ~ / Vi [P Vufpdxdy  (3.9)
p & £ &
il+ il+
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=2 I, / TLT fETLT pdxdyidys
i J

j=1 (©0.1)xAjxV?

ke—1 kE—1
1 1
+ - e - 3 )
E - / [ edxdy + E - / Jfodxdy
i=0 pe i=0 &
il+ il+

Applying Theorem 2.15, there are u € Wol’p(O, 1, u' e LV ((0, 1) x A1 X Y1*+), TR=
L7 ((0.1) x Az x ¥,) and v e L7 (0, 1: W;"(2)) such that
TITJuf —u  stronglyin LP ((0, 1) x A W;’p(Y;‘)> . j=1.2,
TLT (Va2 V) ~ ' weaklyin L7 ((0,1) x A1 x Vi),
T2724 (V"2 vat ) ~? weaklyin L7 (0.1 x A2 x ¥5). (310
£ & 8” .
*vu® — a—,O + Vyy,v weaklyin  LP((0,1) x Z),
, :
G (|v1f|f”‘2 WS) U™ weaklyin L” ((0,1) x Z).
As we have done in the previous Theorem, we have that
wi=0 in (0,1 xA;x @ g¥), j=12

Analogously as in the previous Theorem, one can see that

T, = / [0V P72 11Vt = |V V0] (Vi o+ Vy3,0)
0,1)xZ

x (M°Vu® — Vu — Vy,,,v) = 0,
which implies, with Tartar’s inequality, that
ITI*Vu® — Vu — Vy, ,vllro,1yxz) = 0,
and therefore,
U™ = |Vu+ V0" > (Vu+Vyp0) aein (0,1)x Z.

Now, suppose y = 1. Let ¢ € C3°(0, 1) and ¢ € C5° ((0, 1) x (0, max{g!’, g4"})) and define the
function

o (x,y) = e (x) Y (g f) for (x,y) € RE.
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Taking ¢° as a test function in (3.9), using convergences (3.10) and due to the fact that u =0
0, 1) x Aj x (g;-",g;w), j=1,2, one has

-2
|V” + V)"l)’2v|p (V” + Vylyzv) ¢Vyy,¥dxdzdy, = 0.
0,1H)xZ

Then, we identify v with the solution X of

-2
/ |(1,0)+Vyly2X|p ((1,0)+Vyly2X) VI//‘zdyld)Q:O’ Vl/fl [= W;vp(z)

with /Xdyldyz =0,
z

that is,

ou
U(xsylsyZ):a_x(x)X()’l,yz), (xsyl»)’Z)e((), 1)XZ

Thus, one passes to the limit in (3.9) for test functions ¢ depending only on x and obtain

u ou ou ou
/ ‘<50> + aVy,mX <(8x 0) + — o V}IYZX) Vodxdzdy,

0,1)xZ
, G.11)
1 .
=S [ Pedsandr
j=1 J(o,l)xA,ij
Rewriting the above equation, we have
flaulP 2 ou o
/q o —u—q)dx_/fgodx Vg € WP (0, 1), (3.12)
0x dx 0
0

where
2
/|<1 0) + Yy, X772 ((1,0) + 9y, X) (1, 0dyidys,  f= Z / fldzdyidys.
j=1 jA XY
If y < 1, consider the test function
wg(x,y)=ey¢(x)1/f(%) for (x,y) €R®,
£

where ¢ € C3°(0, 1) and ¢ € CZ°(0, 1). With an analogous process as we have done previously,
we obtain

203



J.C. Nakasato and M.C. Pereira Journal of Differential Equations 392 (2024) 165-208

/

0,HxZ

ou v

P72 fou v\ Ay gr for xe(0,1/2)
_+_
ox 0z

54_8_1 ¢8_zH(Z)dXdZ:O’ H@x) = gy for xe(1/2,1) "

Then, using the arguments we used in Theorem 3.2, we obtain

H<a—”+a—”) IR/ o pp——
Ix 93z ORI = <1/Hp’—1>l7—1

Substituting the above equality in (3.11), we obtain (3.12) with

P=2 9y
ax’

du  dv
ox 0z

ou
0x

’ l—p
q :(1/H1’—1> . O
Finally, let us finish considering the case y > 1 also satisfying (3.1).
Theorem 3.6. Let u® € Woll’p(Rs) be the solution of (1.1) and 1 <y < a < B. Suppose that
TITI £ — i weaklyin L” ((o, 1) x Aj x Y;‘) L j=12
Then, there is u € Wol’p(O, 1) such that
_— . 1,
T/T/u® —u stronglyin L* ((O, ) xAj; W, p(Y;‘)) ,
T/T/TVu® —~0 weaklyin LP ((0, 1) x Aj x Z;.k+), j=1,2,
Seu® —~u  weaklyin WP (R,),

where u is the solution of the one-dimensional problem

1 1
/ 3ul’—28uapd ffd v GWl’p(Ol)
P TS ax= X, 5 )
q 0x 0x 0x P P 0
0 0
where,
2
f= . / fldzdy fy>
j=1 ](O,l)><Aj><Y;.‘
and

g =min{g\", g5'}.

Proof. Applying Theorem 2.15, there are u € Wé’p(O, 1), ul e L? ((O, 1) x Ay x Yf+), u? e
L ((0.1) x Az x ¥3,) and v e L7 ((0, 1): Wy (2) ) such that
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T/T/u® - u stronglyin L” <(0, D) x Aj; W#l’p(yf)) » I=12

T (Ve |72 V)~ u! weaklyin LY ((0.1) x A1 x ¥,

T272" (|Vuf P72 V)~ u® weaklyin L7 ((0,1) x Az x ¥3,).
Seu® —~u~ weaklyin WP (R,),

S <|Vug|p_2 Vus) —~ U~ weakly in L” (Ry).

Let ¢; € C° ((O, ) xAjx (min{g’ln,gg"},max{g{”,gé"’})), ¥ € C3°(0,1) and choose W; €
Cé’o (0, 1) such that \If’j = ;. Define the test functions

=iy (o |35 De((3]) e
From Proposition 2.8,
T/T/T ¢} - 0 stronglyin L7 ((0, 1) x Aj x Y;+> ,
Tg7;f+3i5 &, (x,y)V;(z) stronglyin LP ((0, )% A;x Y ) .
0x J J+
Now we apply integration formula (2.6) in (VP), and have

-
L;j

(0,1)><Aj><Y;*Jr

p—2 . . .
TIT VU T{ T/ Vodxdydy

2
T/ T/ Vut

j=1

+/ |S€W£|”‘28€w€ cpdxdzdy)
R’"
kf—1

k-1
1 g|p—2 & ! e|p=2 ¢
+Y - / [V |"7 Vupddy + 3 / V|Vt pdxdy gy
i=0 * o i=0 £

il+ i
2 1 .
=2 / TITJ 10T pdxdyidy,

J
I=L 0 xA Xy

k-1 k-1
1 &€ 1 £
+ZE / f godxdy—l—Zg / ffpdxdy,
i=0 pe i=0 &
il+ il+

for all ¢ € WHP(R?). In particular, taking <pgj as a test function in the above formulation and
passing to the limit leads us to
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uj¢j\11}dxdzdy1dy2 =0.
(0,1)><AI~><YJ’.*Jr

Thus, as we have done in the previous Theorem,

W =0 in (0,1)xA;x (g g j=12.

Next, observe that
|Seu® — SeullLr(r,,) < Illu® —ulllgs — 0,
which means that
u =u ae.in (0,1).

It remains to determine the limit problem. For this, we shall repeat the arguments we performed
in the previous Theorem. Indeed, we prove that

T, = [ [|$8vu€|*”‘2 SeVut — |Vu|P~2 Vu] (SeVu® — Vu) — 0.

Ry,

2
1 ..
T <Z.+ Z T / |T£7;]+Vu€|p
j=1 J(o,l)xijY;f+

1 .
s [ e

I=E T 0xA Xy,

p—2 . . ..
T T Vuf T TI+Vu

2
1 o o
=> I / TIT fFTLT (uf —u)dxdyidy>

I=L 0 XA Xy

k-1 k-1
1 1
+ Z - / fEw® —uw)dxdy + Z A / fEw® —u)dxdy
i=0 Ppe i=0 e
il+ il+
k-1 K-l
— Z - / ’VMS‘P—z VMSV(ME —u)dxdy + Z - / ’Vuayp—2 VMSV((MS —u))dxdy
il+ i+

p—=2 . . .
+ T/ T/t Vu' T T Vu

2
J=

1 .
? / ‘Té'Y;]JrVus
J

b onxa xyy,
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P2 —
— / |Vu |p Vu~ (8 Vu® — Vu) — 0,
Ry
as ¢ — 0. Again, using Tartar’s inequality leads us to
&
|Se Vi = Vu ”LP(Rm) -0,
implying that
U™ =|Vul’2Vu ae.in Ry,.

Hence, taking ¢ = ¢(x) in Wol’p(O, 1) in (3.13), we obtain
AP u d 2
e / fodxdzdydy,,

/ x|  dxdx L,
R =1 0% A xy*
m s JXE;

obtaining the result. O

Remark 3.7. Notice that we actually proved that

TITI+Vue -0 stronglyin LP ((o, 1) x Aj x Y;‘+>, i=1,2,
Seu® —u  stronglyin WP (R,,).
Data availability
No data was used for the research described in the article.
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