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ABSTRACT

»

This thesis is about the connexions between oriented matroids
and sphere systems, combinatorial objects on one hand and topological

objects on the other.

Oriented matroids arise as a combinatorial abstraction of linear
afgebra and geometry over ordered fields, An o.m. is 8 collection of
signed vectors on a finite set E (maps E+{D,+,-]). It {s required to
satisfy certain axfoms which reflect obvious propertfes of any family
of signed vectors that results from a vector space of real valved

ve~tors upon forgetting magnitudes.

A sphere system (a.k.a. "arrangement of psevdohemispheres®)
on the unit sphere S" 1s a finite family {sglecE) of images of
"V under homeomorphisms of S", together with labels S:. S, on the
complementary doma2ins of each s:. 50 that the intersection of any
subcollection of S:'s ts a topological sphere that crosses any s:
not containing ft. The sphere system is said to be linesr If each S:

is the intersection of s with a hyperplane through the origin.

For each point xcS" iet o{x) be the signed vector on E defined
by o(u)e . Jc-;usi, 3s0,4,- , Let (= le(x)lns"lulgl .

It turns out that C {s an oriented matroid and that every
oriented matroid arises {n this way. This s the Representat{on Theorea
of Folkman and Lawrence.
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The first half of this thesis, chapters 2-6 contains a new
proof of that theorem, which entails a detailed analysis of some
posets associated to orfented matroidsl and of the topology of sp'r;ere
systems. The main result {s that oriented matroids are PL-spheres
{PLz “Plecewise Linear"). Among other things that implies that for
any sphere system there exists a self-homeomorphism of S” and a radial
projectfon onto a polytope boundary which combined seua each 5: onto

a uni.on of faces of that polytope.
As parts of this development we have:

a) The use of constructibility, a decomposition property, as a means
for crossing the border}ine between Combinatorics and Topology.

A particular result is that oriented mtroid's are constructible.

b) A combinatorial development of Piecewise-Linear Topolegy, in which

the emphasis {s in complexes rather than spaces.

€) A proof of the improved Representatfon Theorem which entails the
fact that many structural properties of sphere systems previously
taken as definition requirements are consequences of the simple

crossing properties.

d) A proof of the Upper Bound Conjecture for the oriented matroid
counterparts of polytope lattices.

In the rest .of the thesis those results are applied: in Chapter 7
for the construction of some extensions of oriented matrofds; in
Chapter 8 in the development of “surgery®, a technique that Mghlights‘
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the distinction between general sphere systems and linear ones; in

Chapter 9 as part of the way one studies affine mtroids.

An affine matroid {s an oriented matroid Jocked at from a
viewpoint which makes it an encoding of the way & family of (pseudo)
hyperplanes partltions. euclidean space. A main result {s the connexion
between an extension property related to *Euclid's psrallels postulate®
and the n'onotonicity of linear functionals in R" along ldnes. Using
these concepts and surgery we are then able to produce infinitely
‘many minor minimal nonline_ar oriented matroids whose underlying
matroids are all linear. 'These‘in turn give evidence that some
properties of Euclidean space have no orfented matroid counterpart. -
Finally, s{;écial cases of conjectures by Murty and Las Vergms are
proved.
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CHAPTER 1

A GENERAL OVERVIEW'

This thesis explores the connexions between oriented matroids
and sphere systems, .

Oriented matroids arise as an abstraction of the combinatorics
of linear algebra over ordered fields. What is special about ordered
éie!ds from this viewpoint {s that inequalities are as important as

equations.

1) Let E be a finite set, indexing the rows of a homogeneous
linear system A.x=0 in R". One may regard each equation Ae.x-be

as defining a hyperplane He' whose sides get labels M;' (xlke.pO).

H;- (xIAe.uO). We shall use the term homogeneous 1inear system for
any finite collection A= me|e:E) of hyperplanes in some R", with
sides labelled H:. H;. and by an abuse of notation think of A also
as a matrix. The half-spaces of the system are T‘:-H;Ulle and
;I:-H;UHG. We allow some of the H, to be copies of R".' which may
be thought of as degenerate hyperplanes.

For each point xR" the set <x>-ﬂ(ﬁi|uﬁg} is a
polyhedral cone. The set C(A) = (<x>[xeR"} {s the complex of A,
Cne easily verifies that <x>gey> 1f <x> {s a face of <y
and the intersection of any two members of C{A) is in C{A)

also and 1s a face of both.

*ints chapter {s purely introductory; nothing in the rest of this
thesis depends on it for definitions or anything else.
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A main motivation for the study of oriented matroids is
the desire to comprehend the inclusion order of C{A), and as
part of the deal, to get a better understanding of face Tattices
of cones {or of polytopes). One can encode that partial order

of C(A) very conveniently in this way:

2) A signed vector on E {s a vector indexed by E, whose
components may have values 0, +, -; f.e., amp from E to
{0,+,-)}. For each vector xdtt. Tet of{x) be the signed vector
defined by: o(x)e-o.t or - according as xe-o. L >0 or
¥g<0. The inclusfon order of C(A) can be represented by
the family of signed vectors C= (o(Aw) weR"), the orfented
matrofd of A: 1t follows that ofAx) =o(Ay) 1ff <x>=<yp,
and that <x> s a face of <y> {ff o(Ax) " can be obtained
from oAy} by changing some components to zero.

From the fact that (Ax[x&R"} 1is closed under linear
combinations, one may derive some simple combinatorfal properties
its oriented matroid must satisfy. Out of these properties comes

this axiomatic definition.

3) An oriented matroid on E fis & set C of signed vectors

on E such that

8) QeC, where Q is the signed vector all whose components
equal 0.
b) XeC tmpiies -XeC, where =X {s defined by (-X) = 0i¢s-

according as X, = 0,-y. -




c) X,YeC implies X.YeC, where (x.v)e-xg if XQIO.
-Y' otherwise.

d) For any X,YeC and ecE, If {Xe.Ye)-(#.-l, then
there exists a ZeC such that 7,0, and for

every feE such that (Xe,Ye)f (.-} Zp=(X.¥)f.

4) The set family M(C)={E-X]XeC), where %= {ecE[Xx 70}
{s showmm in section (2.1) to be the family of closed sets of a
matroid , which 1s said to underlie C. This observation helps
proving some initial results, but after a while becomes quite
secondary to our development. A reason for this is that the
desire to bring out the geometry underlying the concepts here
presented leads to a conceptuallzatioﬁ and proof methods which
have little to do with those of matroid theory. This contrasts and
complements earlier works of Bland, Las Vergnas, Folkman and

Lawrence {n which oriented matroids were studfed as an extension

of matroid theory. In order to make this thesis readable for
those with no knowledge of matroid theory, section (2.1) contains
a short introduction to that subject.

) Every oriented matroid §s partially ordered by: XsY

iff X results from Y by changing some components to zero. A
cell of C is a set of form [X]={YcC|¥sX}, and the complex

of C {is the set of 1ts cells, Clearly the inclusion order of the
complex 1s isomorphic to the order of C. It is also fsomorphic



to the inclusion order of C(A) F C {is the oriented matroid of
a homogeneous linear system A.

In particular, each cell of a linear oriented matroid,
with the restricted order, is isomorphic to a polytope {cone)
lattice. Hence one may study polytope lattices by studying
oriented matroid cells. It was shown by Lawrence (unpublished,
see [Mu]), that there exist oriented matroid cells which are not
isomorphic (as posets) to any polytope lattice, so there are some

limitations to this {idea.

6) Chapter 2 describes some elementary properties of oriented
matroid partial orders. In particular, it {s shown that they have
the Jordan-Dedekind (JD) chain condition, so we can associate to
each vector (cell) of C an integer “dimension”, such that d(Q)=-1

and d(X)=d(Y)+1 for every pair (X,Y) such that X covers V.

Given & set D of signed vectors on E, a flatof O
is a set of form DII-{X«DIXE-O for every ecl)., where IgE.
A half-space of D is a set of form DI = (XD|%,=0 or J},
j=+ or -. A supercell of D {is an intersection of half-spaces
which s not a flat. ’

Part of Chapter 2 also studies the flats and supercells
of oriented matroids. In particular, the flats are shown to form
a lattice, with JD property. Also, 3 character{zation of oriented
matroids by properties of their supercells i3 obtained in section
{2.v).
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7} Chapter 3 {s about constructibility. A complex is a family
K of sets called cells for which the sets (1K(p)|p¢K) are pairwise
disjoint, where 1K(p)-p-U(QcK|qu). Each poset P will be
tdentified with the complex whose cells are [p]® {qePigsp). The
space of a complex K {s the unfon of its cells, denoted s{K).

A complex LK with the property that for any pel. {acKjqepict,
{s said to be a subcomplex of K. In particular, each cell of a
poset 1s & subcomplex. Two complexes K, L are prder isomorphic

1f there exists a bifection f: K+L such that f(p) ¢ flq) {ff
pcq. Acomplex K with minfmum cell Q is pure dimensional if
there is a function d: K-Z such that d(0)=-1, d(p)=d(q)+1
whenever p2q and no member of K {s between them, and, d(p)

has the same value n ﬁ;r each maximat member of K. We say that
the dimensfon of X fs n, d{K)=n. In this case, denote

g(K) = (peK|d{p)=n-1 and p {s contained in exactly one maximal
mepber of X); the boundary of K {is 3K= {peKlpsq for some
qes(K)).

A pure-dimensional complex is said to be S-constructible

4f its dimensfon is -1, or if it {5 the union of two B-constructible
subcomplexes Ky, Ky such that KN K,=3K;= Ky, A pure-dimensional
complex of dimension n20 {s safd to be B-constructible if it has

a unique maximal cell and S-constructible boundary, or if it is the
union of two B-constructible subcomplexes of dimension n whose

{ntersection is B-constructible of dimensfon m-1 and contained



in the boundary of each.

(3.111.1) Theorem: Every oriented matroid is S-contructible and
each of its supercells s B-constructible.
It 1s also part of {3.111.1) that cells of orifented
matroids are "shellable™, which consists of a strong form of
constructibility. This extends a result of Bruguesser and Mani
{BM] about polytopes. That result and a strengthening of 1t by
Klee and Danaraj [DK1], which also holds for orfented matroid cells
(3.1v.4) are the most rgstrictive combinatorial properties of
polytope lattices ever published, yet in view of (3.1v.4) and

Lawrence's result, they fail to characterize polytope lattices.

8) It has been demonstrated in [LV1], [BLV], [FL] that not

all oriented matroids arise from linesr systems. WNevertheless, &

topo]ogical generalization of linear systems provides the exlcg

scope of the oriented matroid axioms.

penote: S"- «xdk""|x¥ox§¢...0;5,,-1). and identify

ST ot ixesla g

homeomorphic to S". A subset K of an n-sphere S 15 a hypersphere

of S if 4t is the fmage of S™ by a homeomorphism of S" to §;

=0}. An n-sphere {s a topological space

the components of S-K are the sides of K.

A sphere system is a triple (S.E.8) where S fs 2

topological sphere, E s a finfte set and W= (S)lecE, Jci0:4,-1)
is a family of subsets of 5 satisfying:




8) For each ecE, either (S:.S:.S;)-(S.ho) or S: is a

hypersphereof S with sides S:. S;.

b) For every nonempty subset A of E, thé subspace ﬂ{SZIe:M
s 8 sphere. This is called a flat of the system.

c)} For every flat F and hypersphere S: not containing it,

SeNF 15 a hypersphere of F with sides SanF and - S_NF.

d) Denote 51-5205:. For every collection B of such sets
either NB=N(SIS cB or S.¢B1 or NB s a ball.

One s led to considering sphere systems by the observation
that for a homogeneous 1inear system A 211 positive scalar multiples
of each vector of R" determines the same signed vector in the
corresponding oriented matroid. Thus, no information s lost by
looking only at points of s", and substituting each hyperplane
H, of A by the hypersphere Meﬂs" of S". The definition of

e
sphere system reflects some stmple properties of that kind of

system.

-Given a sphere system (5,E,H) (denoted stmply by $
1f no confusfon arises) we associate to each point xeS the signed
vector ofx) given by: a(x)e-J i szg; o(S) denotes the
set of a1l such signed vectors, The degeneracy of S {s one plus
the dimension of the sphere n(se[un. In particular the degeneracy
of S §s 0 f{ff gla(.';). Two sphere systems S and T with
same {ndex set E are said to be equivalent {f there exists a
homeomorphism h: S+T such that h(si)-rz. for every e, §.



Clearly equivalent sphere systems satisfy o{S)=o(T).
The relationship between sphere systems and oriented matroids
was established by Folkman and Lawrence [FL], fn the following

Representation Theorem:

(4.1.2) “For any sphere system S, a(S)U(Q) {1s an oriented matroid,

and'any oriented matroid can be obtafned fn this way. Two
sphere systems are equivalent {ff they have the same orfented matroid
and same degeneracy.*

The second part (Cha.pters 4,5,6) of this thesis reproves
this theorem, in a way that deepens one's understanding of both the
Combinatorics and the Topology fnvolved. These results had a strong
contribution of Jack Edmonds, whose insight led to the formulation
and proof of much of what is in these chapters. The contributions
are mainly:

- Our proof that every oriented matroid arises from a sphere

system fs by an induction using constructibility; 1t entails the

fact that oriented matroids are PL-spheres. This fact (whose

meaning we detail in a few paragraphs from now) has important
consequences both combinatorially and topologically.

- Theorem (6.11.1): condition (8.d) in the definition of
sphere systems is redundant. This fact makes 1t much easier the

task of recognizing whether a given collection of hyperspheres is

a sphere system. Proof of the Theorem tnvolves again constructibility.

B




These two aspects are given {n Chapter 6. Chapter 4 {s an
ntroduction to sphere systems. It explains how the linearly
motivated oriented matroid axioms still hol.d in the topological
setting. It 1s also shown that sphere systems can also be
considered as systems of pseudopyperplanes in projective space,
by producing an {nvolutory self-homeomorphism h of §
such that h(s)=s;, h(S)=Sl, for all ect.

10) Chapter § is an {ntroduction to Plecewise-Linear {PL)
Topology with emphasis on the associated combinatorics,

A PL-sphere s any complex order somorphic to a complex
K whose space s the boundary of a polytope and such that for
every cell peK there s a polytope P and a homeomorphism
f: p+P such that: a) f(p-iK(p)). is the boundary of P;
b) there 1s a decomposition of p as a union PyUp,U... up,
of polytopes such that on each of these f 1s an affine map. An
alternative description of the requirements for K {involves
polyhedral complexes, which are complexes whose cells are polytopes
and all their faces and such that any two cells intersect in a
‘face of both, A PL-sphere may also be defined {5.V11.7) as any
complex order fsomorphic to a complex K for which there exists
2 polyhedral complex L satisfyin‘g: a) s{L)=s(K) and it is
the boundary of a polytope (and indeed one may even require that
L be the boundary complex of & polytope); b) Each cell p of
K s the space of a subcomplex L(p) of L such that
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(bl):TlL(p)-U(L(q)lqd. qcpl and (b,):L(p) is order 1somorphic
to a polyhedral complex whose space §s a polytope.
PL-balls can be defined similarly.

(5.1.5) Theorem: S-constructible complexes are PL-spheres and

B-constructible complexes are PL-balls. .

(5.1.1) Theorem: Oriented matroids are PL-spheres,

Although the deflnitions of PL-spheres seem rather
cumbersome, they express some topological simplicity as all the
homeomorphisms involved result of plecing together affine maps.

We review in section (5.1) some of the reasons which have led
topologists to introduce these concepts, and us to delve on them.

In one point, Chapter 5 strongly diverges from the
traditional focus of PL-topology ([Hul,[RS]). We are more
{nterested in the order structure of the complexes which comprise
the spaces than in the topology of the spaces. This is reflected in
our slightly unorthodox terminology, and in the way we restate some
classical result. .!t §s felt that even those already acquainted
with PL-topology can find some interesting novelities in this approach.

New results are Theorem (5.¥11.7) which turns (5.1.5)
{nside out and shows that PL-balls (and PL-spheres) can be defined
entirely in terms of constructible complexes, without any reference
to topology or polyhedra. Another result is (5.1.8), the Upper
Bo;md Conjecture ([Mo],[MM],[St2]) for PL-spheres in which the

intersection of any two cells is a cell.

T T
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13)) The last two parts apply many of the results and technigues
of the first two. In view of the Representation Theorem, topological
proofs of combinatorial results on oriented matrofds are possible.

If X s a signed vector on £, and IcE, X\! denotes
the restriction of X to E-1. For a collection C of signed
vectors, C\l denotes (X\I|XeC). When C {s an oriented matroid,
s0is C\I. If I={e), we omit the brackets and write Cie, Xie.

An extension of a $phere system S §s any other sphere
system obtatned by adjunction of some hyperspheres. Similarly, an
oriented matroid 0 1{s an extension of C if Cs=O\I for some
set 1.

A theorem (7.1.3) of Las Vergnas [LV2] establishes a
bijection between extensions of an oriéﬁted matroid by a single
element and certain partitions of the set of minimal nonzero vectors.
We have found It a most useful result. In particular, combining in

different proportions Las Vergnas' and the Representation Theorem,

we obtain three iIntriguingly different proofs of:

(7.1.7} TYheorem: Suppose that oriented matroids C, P on E are
such that C<D and d(0)=d(C)+1. Then there exigts

an extensfon E of D by a single element e such that

€= (X\e|XeE, X, =0).

This Theorem, inspired by fts obvious converse, is a very
special case of & conjecture of Las Vergnas [Lv4]. It {s subsequently
used in a characterization of "general position”.
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The rest of Chapter 7 containg a discussion of the germane
concepts of general position and erections. We say that eef s
in general position in € {f no nonzero flat of C contained in
o= {XC|X,=0) {5 an intersection of members of (Cg|feE-e).
We say that D fs an erection of E {f there exists an extension
C of D by an element e 1n general position such that C/esE.

We have some methods for producing extensions in general
position, and erections of uniform oriented matroids (those all

whose elements are {n general position).

12) Those concepts come together in Chapter B, where we

investigate the following operation:

Start with a sphere system (S,E,H) of degeneracy O,
and let (v,w} be a O-sphere which {s a flat of S. Choose a
disc neighbourhood D of v fn § such that the intersections
of the boundary of D with the hyperspheres of the system which
contain v comprise a sphere system. Suppose that one has another
sphere system T on AU{=), where A= (ecEIv:Sz) and =E,
1n which the system induced on T° {s equivalent to that fn the
boundary of D. Then one can remove D and replace it by T:
via a homeomorphism that makes each s:nn watch T:nT:. ]
also do a symmetric operation in a nefghbourhood of w.

The Surgery Theorem (8.1.4) states that provided =
is in general position in the oriented matroid of T, the

construction succeeds in obtaining a new sphere system.

ST
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A companion oriented matroid Surgery Theorem (8.1.1)
describes the resulting oriented matroid in terms of S and T.
One use of surgery is fn construct[ng examples of
oriented matroids which cannot arise from any linear system.
That fincludes orientations of the Yamos matroid [BLV], and other
well-known examples 1ike the non-Pappus and non-Desargues® matroids.
In Chapter 9 some infinite families of "bad” oriented matroids

are presented with the use of surgery.

13) The Tast part of this work studies aspects of real affine

geometry as reflected by oriented matroids.

An affine linear system is an indexed family (HelecE)
of affine hyperplanes in some R", with sides labelled Heo K.
To one such system we associate a homogeneous 1inear system in
R"ﬂ, A= (Feleeiu(-}) as follows: H'e #s the linear subspace
of R™! spanned by Hex {1}, while H_ 1is given by the equation
X,41" 0. Side labels on each Fe are {nherited from the H,-
From this,one can obtain a sphere system in the usual way.

Reversing the construction, we are led to define an affine
Eﬁtﬂ as the configurstion A 1induced on the positive side of a
hypersphere S: of a sphere system §. Similarly, an affine matroid
is a nonempty set of signed vectors ;)f the form A={XC]X_=+},
where C {s an orfented matroid on EU (). We denote those
relationships as A= (S,»), A=«{(,=). A hyperplane of A (not
to be confused with matroid hyperplanes) is a set of the form



Ae-{xdlxe-O}, provided UAeh\. A Tlat of A 4s any inter-
section of hyperplanes. A flat which is a singleton is a vertex
of A, and any flat which covers a vertex in the inclysion order
s a line of 4,

Consider an affine system A= (S,=). Clearly st s
homeomorphic to some l!", and properties of hyperspheres imply
that the image of each s:ns: 1s a "pseudohyperplane”, that is,
an image of R"! by a self-homeomorphism of R™. Indeed, each
flat of A {s the image of some R™ by a self-homeomorphism of

r"; . in particular, each Tine is homeomorphic to the real line.

14) The infinity of a flat of ‘A {is the intersection of the
corresponding flat of § with $0. Similarly, the infinity of

a flat_ of an affine matroid A= (C,») 1is the intersection of the
corresponding flat of C with C:.

Two flats are said to be parallel if the infinity of one
contains another. For affine linear systems this definition fs
tantamount to the geometrical meaning of parallelism.

An affine Eysten 1s said to be euclidean if given any
hyperplane Me and any vertex ¥V there exists an extension of the
system with a hyperplane through V parallel to N!. A similar
definition may be formulated of euclidean (affine) matroids, so
that both concepts become equivalent via the Representation Theorem.

In R". given a hyperplane H and a point v not in
H, there {s a (unique) affine hyperplane through v, parallel to

=y

T T
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H. That very basic property surely implies that affine linear systems
are euclidean. It comes at first as & shock the realization tha.t
some affine matrofds fail to be euclidean. Section (9.1V) does some
damaging surgery to certain linear oriented matroids in order to
produce some noneuclidesn ones. On the positive side, 2-dimensional
affine matroids are euclidean; this fact is equivﬂent‘to a theorem
of Levi [Le] on arrangements of pseudolines.

When an affine matroid is not euclidean, it must exhibit
a well-characterized configuration. We explain that in terms of
affine systems, .under the simplifying hypothesis that every line
meets every hyperplane.

A Vine, being homeomorphic to the real line, has two
possible orientations. Given a fixed hyperplane "e of the system
A, the e-orientation of each line of A not contained in He
1s that along which one moves from H~ to NH*. The e-orientatfon

is well defined because each line of | A not in H, wmeets H‘

at exactly one point, at which they cross.

(9.111.6) Theorem: An affine system is euclidean 1ff it has no

configuration consisting of & hyperplane "e and a
sequence of vertices ¥O,v',....¥*, k23 such that VK=v° and
for 151,2,...k, ¥1 and v' Tieona lneof A, and v'!
precedes v’ in the e-orientation of that line.

Some noneuclidean matroids we construct are real show-offs.

in their non-linear behavior. Section (9.V) examines several
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statements about affine systems which are well known to be true for

affine linear systems but are not true in general.

15) The last section shows that every orfented matroid which
can be made euclidean after an extension in general position by
an element to be put at infinity has a configuration consisting of
a maximal .cen order {somorphic to a simplex, and a vertex V

of that cell which disappears upon deletion of some element of C.
That gives a partial positive answer to conjectures of Las Yergnas

and Murty, and brings those conjectures together,

16) How far “"sphere systems” are from "linear systems" is shown
in section (9.1V), where the construction of noneuclidean matroids
brings an extra information. First we remark that in the definition
of homogeneous 1inear system and linear oriented matrotd the field
of real numbers can be substituted by any other ordered field or
ordered division ring.Thus, one may speak of an oriented matroid as
being "linear over the ordered division ring R".

It can be shown that if C {s linear over R then so
are any of its proper minors, {.e., oriented matroids of form
(C\I)/J, where 1, J are disjoint subsets of E, 1UJf¢. It is
also true that an oriented matroid that 1s Vinear over the rationals
is linear over any ordered division ring or field.

Theorems (9.1V.12) and (9.1V.20) give an idea of how far
the oriented matroid axioms are from characterizing linearity. Each
of these theorems describe an fnfinite family of oriented matrolds

T —




which proves:

"There exist {nfinitely many oriented matroids which are
not Vinear over any division ring, but whose underlying matroid and

811 whose proper minors are linear over the rationals.”

A remark about cross references inside this work.
Chapters are numbered by arabic numerals and sections within
each chapter by roman numerals. Within each section, all
numeration is sequential, {ncluding theorems, lemmas, formulae
and occasional paragraphs. A refevrence to within the same section

is by number only, and if to other section of the same chapter,
we omit the chapter number,



CHAPTER 2

BASIC THEORY

Axiomatic definitions of oriented matroids abound and we
present three {in this chapter, In section I, a definition based on
the signed vectors of a real vector space is used to fntroduce the
theory. The notion of supercells and an axiom system based on topo-
logical properties of a partition of space by hyperplanes are presen-
ted in section V. Last, in section VI, the definitfon based on mint-

mal vectors, which s the one previous authors have preferred.

We associate two posets to an orfented matroid:
The lattice of flats 1s studied {n section 1 together with the un-
erlying matrofd. The complex of the oriented matrofd {s the object
of section 1V, where several known facts about polytope lattices are
proved in the context of oriented matroids.

Section 11 connects orfented matroids and geometry, and
section 111 Just develops machinery.

18
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1) ORIENTED MATROIDS AND THEIR FLATS

Throughout this work E is a ﬁnite_ set. A signed vector on
E isamp X:E~» (0, +, ), and we write xe for the image of
e« E. The support of X 45 X = (e ¢ E[X, = 0} . The opposite of X
Is <X defined by (-X), = -X, , where -(0, ¢, -} = (0, -, 4) .
An element e ¢ E separates X and Y if Xg = ~Yq * 0 .- The product
XY of X and Y i{s defined by: (X-Y)e = XQ if Xe 0, = 'e
otherwise. The (signed) vector { has all its components O and is

{ndexed by whatever appropriate set we want,

1) An oriented matroid on E 15 a collection C of signed vectors on
E satisfying:
(l.a) gec.
{(3.b) If XeC, then <X «C.
{le) If X,Y ¢ C, then Xe¥ ¢(.
(1.d) If XYe Cand ecE separates them, then there exists
Z € C such that ze = 0 and for every f ¢ E which does not

" separate X and Y, Zf = (x-V)f-(v.x)f. We say that I results
from the "elimination of e between X and Y*.

We shall add the follewing.basic and very useful property to
the axioms 1ist, though 1t {s redundant.

{l.e) Given X,Y ¢¢ with Y c X and such that at least one component
" separates X from Y , then there exists 2 (C such that
=X, Z‘ = X. for every e not separating X from Y ,



and no component separates X and 7 . MWe say that I f{s

3 "Y-approximation of X",

2. The axioms of course are inspired on properties of vector spaces.

Let R be an ordered field, let RE

be the vector space of mappings
from E to R. Ffor x ¢ & let of{x) be the signed vector bn €
given by -°(')e = 0, ¢+, - according as X " 0, x, >0 or X, <0,
Lelt ¥ be & linear subspace of gt and C = o(V) . The axioms

(1.3) - (1.e) all describe simple properties of this U .

The first two are obi'rious. For the other three, let x,y ¢« V
be such that X = ofx} , ¥ = o{y) , and let D= (e ¢ Elx'-y. <0}

e (e ¢ Ele separates X and Y}, Then:

with 0 < a < min{lxelllyel lee D},
olxtay) = XV , thus XY ¢ ¢
with 2z = |ye[x . |xe|y s 2= ofz) 1s as in (1.d);
with o = maxily l/|x ] |eeD) ,z=ax+yeV
and Z = g(z) 15 as in (V.e).

An oriented matrold C {1s linear if there exists a vector
space Ve RE (R = real field) such that € = o{V) . Note that
nothing distinguishing the reals from other ordered division rings: {s involved

fn the axioms; it is however wore convenient to have this familiar field

T
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present in the geometrical discussion of the next section, It can also
be proven that {f an orfented matroid C {s of the form o(V) , where
Ye RE » R an arbitrary ordered field, then € i{s linear (the proof
{s a straightforward application of a theorem of Tarski [Tal;the method is

implicit fn [Li1): that means, the reals provide the most gencral concept of
*linear® as far as fields go.
3. Linear oriented matroids are in fact much more than a family of

examples: they are the main motivation of the theory.

From this viewpoint, any property which can be irmediately proven
for linear oriented 'matroids can be taken as an axiom. It so happens
that all candidates for axioms we have found are consequences of
(1.2) - {1.d). We shall see later in chapter 9 another, more

complicated property, which does not follow from these axioms.

Before the theory really develops, let us satisfy ourselves
that these axioms are independent. We give for each of the axioms
a 1ist of signed vectors which fail to satisfy that axiom while satis-
fying the others. For simplicity, signed vectors are written as
sequences of signs, without brackets.
(1.2): the empty set.
{1.b): 00, ++,
(t.c): 00, 40, -0, O+, O- .
(1.d): 00, 40, -0, +, ==, 4, ¢- ,

As we have said, {l.e) s redundant. Indeed {t could substitute
{1.d). WUe show 1t in two propositions:
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PROPOSITION: 1f a set C of signed vectors satisfies (1.d), then
it satisfies (1.e).

PROOF: Let X,Y be given as 11; (1.e). Choose Z ¢ C such that

=X, Ze = Xe for every e ¢ E which does not separate X and

Y , and such that I {s separated from X by as few components

as possible. If some component e separates X and Z , eliminating
e between X and I we obtain a 2' ¢ Cwhich contradicts

the choice of 2 , as it 1s separated from X by fewer component

than Z was, and 23 = X, whenever L= Xp - Thus 1 s

not separated from X , and is therefore 2 Y-approximation of X « O

PROPOSITION: 1f a set C of signed vectors satisfies ().c) and {l.e},
then it satisfies (1.d}.

PROOF: tet X,Y,e be given as in {1.d). Let X‘ = XYe(.

Choose xz ¢ C such that xf . X: » X; = X} for every f which
does not separate X and Y , and such that xz and ¥ ave
separated by as few components as possible. let 2 ¢ C bea
Y-approximation of x2 . which exists as Y < x"’ and xf s -Y! =0,
Clearly 1 {is separated from Y by fewer components than Xz is:
thus by the choice of K° , Z, =0 . It follows that Z results

from eliminating e between X and V. 0

For the remainder of the section, let us fix an oriented matroid
on E . It is convenient to partition E {n two types: @ ¢ E
fs aloop of ¢ f X, =0 forevery Xe¢ C; the remaining

T
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7.

elements are the equators of €. Thus the set of equators fs
s{X|XeC) .

Let us define the following relation among signed vectors on
E:XsY {1f forevery e ¢ E , Xe-O implies Ye'xe=
as usual, X <Y stands for (XsY and X =Y) . Me can use this
notation to reforsulate (1.e): 7 1s a X-approximation of Y 1If
Z<Y and Z! . ve for every e which does not separate X and
Y.

The restriction of < to C s a partial order; this poset
{co<) will be studied extensively here. One basic property
#t has is the Jordan-Dedekind chain condition, We express this

in the more convenient form of the following definition.

A poset P {is JD (for Jordan-Dedekind) if it has a minimum

element 0 , and there is a function r : P+ I such that

(2.1) forevery p,gcP, If q covers p, riq) = r(p) + 1 (q
covers p if p<q and there s no s ¢ P such that

pecs<q).

Such an h exists {ff for each p ¢ P, all saturated chains
from 0 to p hive the same length and this length is r(p) - r(0) .
Thus b 1is uniquely determined by its value at 0 , The
rank function of P 15 the only such r satisfying v(0) = 0 3

the dimension function of P , which shall be more used later, is
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defined by d{p) = rank(p) - 1.

The proof of "C {s J0* will be given in section 1V, Meanwhile,
as a step towards this, we initiate the study of flats of C and

C's underlying matroid.

Notation: F + e finsteadof Fou {e) and F-e instead of F - {e) .

10,

A matroid on E {s collection M of subsets of E called closed sets

satisfying

(8.a) E M

(8.b) 1f F,GcM then FnGeM

(8.c) If FcM, ef cE~F andthere exists 6cM containing
F+e but not f then there exists H e M containing F ¢ f

but not e .

A matroid M, ordered by inclusfon, is @ Tattice, which s JO,
This §s a well-known fact and we prove it at the end of this section

for the benefit of the unacquainted reader.

The zero-set of X e C Is {e ¢ E[X, =0}, Let M{c) be the
collection of all zero-sets of members of C, M= E-XXel).

PROPOSITION: M{©) is a matroidon E .

PROOF: Properties (B.a) and (8.b) follow from (1.a) and {1.c) respec-
tively in ;n obvious way. To show (8.c), let F,e,f,G be given as
in the statement. Let X.Y «C be such that FeE-X,6°E-Y.

TR
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Sfnce FtecG, X

e'xf"f are nonzero and 'e =0, Substituting

{f necessary Y by -Y , we can assume that Yf = -Xf . Eliminating
f between X and Y , we obtain 2 ¢ C, which satisifes:

z,-o s g2 0 (ss e does not separate X and Y} , and
Zel(XuY) - fe(E-F)-f=E- (Fef) . Thus, with He E - 2,

HeMQ, F+feH and efH. v]
A matroid N is orientable if N=M(C) for some oriented matroid C .
for an oriented matroid, it {s more interesting to consider

another lattice, which is intimately related to the underlying matroid.

The flat of C with zero-set § s the collection /S
of vectors of C whose zero-set contain $ ; thus
@S = (X cClXnS =) .

PROPOSITION: Let L(C) be the set of flats of C. Then:

{(11.1) ¢ 1s a flat,

(M,2) If #G ¢ L(O), then F nGelL{C) .

(11.3) L{O ordered by inclusion 1s a lattice.

{11.4) The correspondence S - S 1{s a bijection between M(C)
and L(Q , andif ST eMC , ScT 1ff C/TcC/S.

{11.5) L{Q 1s JD, and its rank function is

r{¢/S) = o(E) = o(S) ,
where o s the rank function of M(C) .

PROOF: (11.,1) Let X be the product, in some order, of all vectors'
of C Then X ¢ C, and its zero-set K {is the set of loops of C.
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Clearly C=C/K, hence Ce L(C) .

(11.2) 1t is clear from the definition that every flat is closed
under products. Let X be the product, {n some order, of all vectors
of Fn G. By the remark above, X ¢ Fn G, We claim that

Fau= S, where $§ 1{s the zero-set of X . Indeed, as
X=ul¥[Y ¢ Fn G, S is contained in the zero-set of each member
of FnG, so FnGec /S, For the reverse inclusion, let us write
F=GT. As XecF,TcS. Butthen, YeS=YnSegpe
YnTsge YeoFjthus GSek, andsimilarly ¢/ScT.
{11.3) The meet in L(C) {is fintersection, the join fs
FvG=nlllelL{C) ] anlnid Ge H) , which is a flat of C by
(11.1) and {11.2).

{11.4) Clearly the given map is onto and {nclusion reversing. Now,
given F = /5 ¢ L{C), let Z=2(F)sn(E=-X|XecF} . Then
Fre Z(F) 1{s the inverse of the map S + (/S . Indeed, as zero-sets
are closed under intersection, I fis a zero-set. Since S=E-X

forsome Xe+,ZcS, butas the zero-set of each menber of

F contains S, sodoes I, hence 21 =S,

Finally one must check that Fc G implies 2(C) < 2{F) :
but this follows immediately from the definition of 2 .
(11,5) The minimum flat of C 1is of course (Q) = C/E, and
r((01) = o(E) - p(E) » 0 , Thus it is enough to show that r as
defined in (11,5) satisfies (7.1). Let (/S, ¢/T be flats such that
¢S covers T fin L(C). By (11.4), T covers S fin Mc),

sy —»-—1
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thus o(T) = p(S) ¢+ 1 . One immediately obtains r(©S) = r{Q/T) ¢+
0

12, PRemark: It turns out later to be more geometrically appealing to
handle the dimension of flats instead of their rank. Recall that

dimension = rank = 1 . Thus we have the formula:
_d(e/S) = o{E) - p{S) = 1.

An n-flat of C s a flat of dimension n ., We shall repeat
this termfnological pattern with all JD posets we encounter: an

*n-gbject” 1s an "object” of dimension n ., 4]

13, Remark: let V¢ RE be a subspace and C= o(V) be its oriented
satroid. If F c € is a flat, it is easy to see that
W= {x e V[o{x) eF) 1s a subspace of V . One can also prove
that r(F) {s the dimensfon of W as a vector space, In particula

riC) =dimV . 4]

For the time being, this is all to be said about flats. We
conclude this section with a short introduction to matroids. The unprov

results can be found 1in [We) .

let M be a mtroid on E , as defined in (8) . The closum
of AcE is cl{A) = nlF ¢« MiAc F} . By (8.b), cH{A) e M. A
set [ cE {s independent if forevery ecl . e{ cl(l-e) . A bsst
of AcE is 2 mximl independent subset of A .
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We shall prove the next two results:

14. PROPOSITION: A1l bases of each subset of E have the same
cardinality.

The rank p(A) of A cE f{s defined as the common cardinality

of {ts bases,

15. PROPOSITION: Consider M as a poset, ordered by inclusion, Then
M 1{s JD and a lattice, its rank function being o , restricted

to flats.

A maximal proper flat of M 1is a hyperplane; thus a flat is
a hyperplane 1ff its rank is p(M) - 1.

16. PROPOSITION: Every flat 15 an intersection of hyperplanes. O

The complement of a hyperplane is 3 cocircuit of M, Clearly

no cocircuit contains another. A minimal dependent set is a circuit of M.

17. PROPOSITION: Let C be a collection of subsets of a set E such
that no member of C {ncludes another. The following are
equivalent:

(17.1) € 1is the family of cocircuits of 2 matroid on E .
(17.2) Forevery XY c¢C, ecXn¥, faeX=Y, there exists
ZeC suchthat felcXuY-e,
(17.,3) Forevery X,YeC, ecXn¥, there exists 2« C such

that ZeXuY-e.

{17.8) C is the family of circuits of a matroid on E. 0

o —— T
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18. PROPOSITION: A matroid is completely determined given any one of
the following families of sets:
3} [Its independent sets.
b) Its bases.
c) Its hyperplanes.

d) 1Its cocircuits.

e) Its circuits. . 0
Now we proceed to the proof of (15). First we prove (14),

for which the following preliminary is needed:

19, LEMMA: Llet M be llmatroid on E. Then:

(19.1) Forevery AcE, Ac cl{A) = cl(cl{A)) ; A= cl{A)
i1ff A s closed

(19.2) Forevery AcBcE, cl{A)ccl(B)

(19.3) Forall AcE,efcE~-cHA), If e f cl{(Asf) then
f £ cl{Aee) .

(19.4) If I c £ s independent and e J c1{1) . thenI ¢+ e 1is
independent.

(19.5) If 1 c AcE {s independent then 1 {s a base of A iff
cl{1) = ci(a) .

PROOF: (19.1) and (19.2) are obvious. To verify (19.3), first

notice that a closed set contains A {ff 1t contains cl{A) ,

hence & closed set contains A + £ {ff it contains cl(A) + f ;

s0 (19.3) is a restatement of (B.c). For (19.4), let J=1 +e,

Then ¢ £ c1{J-e) by hypothesis for every fc 1, as e/ cl({I-f)+f)
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and f ¢ c1(l-f) (since .1 1{s independent) it follows from (19.3)
that f / c1({{I-f)+e) = c1{J-f)} ; thus J {s {ndependent. About
(19.5), notice that since necessarily cl{I) e cl{A} (by 19.2))
the condition c1(A) = c1(I) f{s equivalent to cY(A) < cI{1) ,
which fn turn is equivalent to A e c1(1) . Suppose A ¢ ci(l).
Then I + e 1{s not independent for any e ¢ A -1, hence | {s
a base of A . Conversely, if A ¢ cl1{1) , then we can choose
echA-cl{lI) and I + e 1is independent, by (19.4), showing that

I 1is not a base. 0

20, PROOF of (14): Suppose the statement false and choose A <t and
bases By,8, of A such that |[B,| < |B,| and [B) n B,| f{s

largest possiblesubject to these conditions. Choose e ¢ 8, -8 .
Then, by definition of independent sets, cl(Bz-e) 3 cl(ﬂz) = cl{A) .
On the other hand, c1(B)) = c}{A) , thus, as c‘(B‘) [ cl(Bz-e) »

B, ¢ cl(az-e) by (19.2). Choose f ¢ 8, - cl(az-e) o and let
By=8,-e+f. By (19.4), B, f{s independent, so 1t 15 contained
fnabase B of A. As BycB and [B5] = [B)] . [B]218,]| > [By].
On the other hand, B, n B 28, nB, +f, thus [Byn B > [B) nBy| ,
contradicting the choice of B, and 8, . 0

21. PROOF of (15): The fact that M {is a lattice follows from (8.a)
and (8.b): given A,B ¢ M, their meet is A n B and their join
is ni{fchjAB < F) .

Let now 0 = oM be the minisum flat. Then 0 = cl{¢) so
¢ is abaseof O and p{0) » 0. Hence to prove that M is
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J0 with rank function p , we only need to prove that o
satisfies (7.1).

Let F, G beflatssuch that G covers F . Choose
ecG-F andabase 1 of F. Then, as cI(1} = c)(F) = F,
e £ cl{l) 3 therefore by (19.4) 1 ¢ e 1is independent. As
eiF and I1+ecB, Fgcl{lte) cG. Since G covers F,
ci(l+e) = 6, thus by (19.5) 1 +e 1is abaseof G. ﬂence
p(G) = jI +¢] = o(F) + 1. 8]
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I1) LINEAR SYSTEMS

Linear oriented matroids are particularly useful in describing
certain geometrical aspects of systems of Vinear inequalities and

equations.

1. The hyper?lane of R" determined by the pair {c,b) , where
QrceR', beR, is H={w ¢ K'|cow = b) ((c-w) s the fnner
product [ c.wi) . The sides of H are H = (w ¢ R%|c-w > b)

‘and W = {w ¢ R"jc-w < b) . Note that H can be determined by
several pairs (c,b) ; the partition (M’.M') of R" - H depends
onfy on H but the labels H' , H~ may be reversed {f we use &
negative multiple of (c,b) to describe H . A signed hyperplane

is a hyperplane H whose sides have been labelled H* ,H , and
it is determined by any pair (c,b) which induces such labelling.

A hyperplane is homogeneous 1f 1t contains the origin; thus it is
determined by a pair (c.0) . For convenience, we drop this trailing

0 and say that H 1s determined by c .

We shall use the term "linear system” to describe an {ndexed

family of hyperplanes. For the present theory it is important to distinguish

between two types, which we call “homogeneous® and “affine”.

2. A homogeneous 1inear system in R , indexed by E, 1s 2 family

(Hy | @ « E} of homogeneous signed hyperplanes and copfes of K .

To each matrix A ¢ RE™ , we assocfate the hosogeneous system

e
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3

4,

whose members are determined by the rows (Aele ¢ £ ;3 thus
Hy ® (W ¢ R'|A,w= 01 , and K, = R' when A =0 . We avoid
special notations, and call this sytem A, Clearly every homogeneous

system is of this form.

For each w ¢ R" , the vector a(w)=o(Aw)
denotes the position of w relative to each member of A :
a(w)g*0s +4 - accordingly as w ¢ He.H: or H; « Thus the oriented
matrofd C = ofV) , where V= {x cREI x°AW , some W} is
the column space of A , encodes all possible positions of points
of R" relativeto A. .

The concepts we developed for oriented matroidsin general have '

significant {nterpretation in the context of linear systems,

First of all, equators and loops: e ¢ E 15 an equator of C
1ff He fs a hyperplane; thus the loops of C are those e ¢ E
such that H_ = R" . This is actually a justification for the
aesthetically unappealing presence of copies of R" 4n the description
of linear systems. Adding a demand of no loops to the defining
axioms for oriented matroids would unduly complicate the theory,
as will become patent in later developments. That iswhy we allow

Toops to occur in linear systems.

A flat of A 1s a linear subspace of R" which is an intersection
of mesbers of A . The flats of A correspond naturally to the flats
ofC: If @S fisaflatof C, then (wcR'[o{Mw) ¢ US)
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is a flat of A, the intersection niH le « S} . Conversely, if
ScE, F=niHecs), theset {olM)lwcF) isaflatof .
Indeed, this flat is ¢G , where G = {e ¢ E[H, 2 F) .

This last expression also gives the meaning of the underlying
matroid M(Q of : the closureof ScE iIn M(C) s
{e ¢ EI":“,) » where F = ""',le ¢S5}, Aset 1cS f{s abase
of § if 1 {s minimal with the property that the hyperplanes it
indexes intersect in F . Also, I c E 1{s fndependent 1ff the

corresponding rows of A are linearly independent,

let Sc& beazerosetof C, and I = {eg,e5,....0) bed
base of 5 . Define

Ij = (ey.epuecnsey) and Fy o n(Hele c ).

As each lt is independent, F‘ 3 Fz 3"'3Fk . Since F“l {s the

intersection of F, with a hyperplane, dim Fy,, = dim F, - 1
{dim F s the dimension of F as a linear subspace). We conclude

that dim Fk =n-k. Now, Fk corresponds to the flat @S of
C. The rank of C/S 1is r{C/5) = p(E) - p(S) = p(E) - k . Thus,
dim F, = r(C/S) + (n-p(E)) , and we see that the correspondence
between flats of A and flats of C preserves rank up to an additive

constant.

- This constant can be directly computed from A ., Denote by
N = w ¢ R"|Aw = 0) "the intersection of
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all hyperplanes of A . The corresponding flat of € 4s {Q) = C/E ,
and has rank 0 . We conclude that dim N = n - p{E) . Thus we may
_finally express, with S E and F = nlﬂele €$):

{8.1) dim F = r(C/S) + dim N .

An important aspect of linear systems inspired the definition of the
partial order on C:

The cells of A are the sets {y(X)|X e C}, defined by:
#(X) = (w e R"|o(Aw) c X} . Each cel) is a cone, a solution of a
homogeneous system of linear inequalities and equations:

(5.1) ¥x) = (wcR"AM=0,20,50 according as X, =0, +, -).

Now, to A one can associate several systems of linear inequalities

and equations, other than those specified by C, by choosing for
each e ¢ £ one of Aeu-.o . Aewzo . Aeuso. The complex
of A, C(A) {s the set of all the cones obtainable as solutions

t0 these systems.

PROPOSITION: The complex of A {s the set of cells of A.. Moreover,
for X,¥ ¢ C,¥(X) c WY) iff XxsY,

PROOF: Clearly every cell of A belongs to C{A) . Conversely,

Tlet P beacell of A and let S = {o(Aw)|w ¢ P) ., We can represent
the defining systemof P as ¥(X) , extending the notation of

{5.1), where X ‘{5 a signed vector not necessarily inC., Let

S e {c{M)jwecP), andlet Y be the product of all vectors in 5,



in any order. Observe that Y = 0 iff u(Au)' =0 for every
weP , and if ve-o then Vetxe:thus YsX. Then
P=g(¥): if wew(Y), then ofAw) s ¥ s X, hence weP and
conversely, if we P, then lo(M) ¢S, hence o(Mw) sV,

The fact that #(X) £ #{Y) {ff X s ¥ {5 easily verified
and we omit the details. o0

This result gives the main interpretation of the partial order

1
]
1
.
4

on an oriented matroid: {in case where C 'is the orfented matroid of
a homogeneous linear system A , the complex c{A) , partially ordered
by inciusfon, is isomorphic to the poset C.

Given a cell #1X) ¢ C(A) , the corresponding set (o{Aw)|w « $(X)}
of signed vectors is, by Proposition 6, [X] = (¥ «cC/T <X} .
Accordingly, we call such a set [X] a cell of C.

The faces of a cone (X) are the cells of A it contains,
Alternatively, K c ¥(X) {s a face if there exists c « R" such
that ¢w 2 0 for every W ¢ ¥X) and K= {we $(X)cw=0}.

The faces of @¢(X) . ordered by inclusion, form a

lattice, the face-lattice of §{X) . It follows from Proposition 6
that this lattice is isomorphic (as a poset) to [X} . This motivates
the study of oriented matroid cells as an abstraction of face-lattices

of cones,
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7. An affine linear system in R" dndexed by E , is a family

(Nele ¢ £} of signed hyperplanes and copies of R,

As with homogeneous systems, each affine system will be represen-
ted by a pair (Ab) where A ¢RE® | b ¢RE, and
Hy = we R"IAew = b, (thus we require that b, = 0 whenever

A= 0; th.t is for those e such that H = Rr").

As in the homogeneous case, to each point w ¢ R" » we associate
a sfgned vector X(W) on E which indicates how w 1is positioned
relative to (A,b): X{w) = o{Aw-b) . The collection D of al}
such signal vectors is not an oriented matroid in general; unless
b =0, the negativity axiom (I.1.b) will fail, It can, however,
be fruitfully regarded as "part" of an oriented matroid:

Let us fdentify R" with R"x(1} ¢ R™! , and consider
the homogeneous system comprised by the homogeneous hyperplanes
spanned by each H, , and as a matter of convenience, let us add
R"x{0} to the system, signed so that its positive side {s

{ulunn > 0). That is, we consider the homogeneous system with matrix

A= (a:"’) » where the last row of A' §s indexed by a new
element, = . This is essentially the usual process of projectivizing

affine space by introducing a "hyperplane at infinity".

The oriented matroid € of A' {1s the one we associate with

(Ab} , and c;" it the oriented matroid of {A,b) . Let
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A= {X ¢C|X_ = *) . Heobserve that A fis precisely the set
{{¥,+)|Y € D} of vectors obtained by adding a new component +
to each vector in p. Indeed, if Y P, Y = o(Aw-b) , then
(Y,4) = g\A'(w,1)) € A; and §if (Y,¢) = o(A'W) ¢ A, then

Y = o{Aw'-b) ¢ p, where w' = (l/w"ﬂ).(w].wz.....un) .

Consonantly, we define an affine matroid to be an oriented
matroid ulth'a distinguished equator and study these objects as an
abstraction of affine 1inear systems. In particular, one can define
flats and the notfon of parallelism in a natural way., This is done

in Chapter 7, and we do not delve on these points right now.

Sti11 something must be noted about affine matroids; their connection

with face-lattices of convex polyhedra.

A {convex) polyhedron is a subset of R" which is the solution
set of a system of linear inequalities and equations. A polytope
is a bounded polyhdron. One may specify a polyhedron by a triple
(A,b,X), where (A,b) is an affine 1inear system indexed by E
and X {s a signed vector. The polyhedron thus specified s
P = {w ¢ R"[o(Aw-b)} sX . The complex of (A,b) {s the collection
of all polyhedra definable from (A,b) as above; the cells of
(A,b) are the polyhedra (A,b,X) where X «P. As in Proposition

6, we have:

PROPOSITION: The complex of (A,b) {is precisely the set of cells
of (A,b) . Morcever, for X,Y ¢? ,

.

T
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10,

(Ab,X) € (Ab,Y) #f Xsv¥.
PROOF: Simflar to that of (6) . : 0

From this result, every polyhedron 1s a cell of an affine linear
system. The faces of (Ab,X) are those cells of (Ab) which are
contained 1n (A,b), and also the empty set §s said to.be a face
of (A,b,X) . Ordered by inclusfon, the faces of (A,b,X) forma
lattice, which is 1somorphic.to YeClYsX),

Polytopes are, among polyhedra, those whose face-lattices have
deserved more attention. We shall be proving results about these
directly in the oriented matroid context, way before the study of

affine matroids begins, This fs Justified by the next proposition,

PROPOSITION: Let P be a polytope, given as a cell (A,b,X) of
an affine 1inear system (A,b) . Then the face-lattice of P

is fsomorphic to the cell [(X,+)] of the oriented matroid of
(A,b) . In short, every polytope-lattice is isomorphic to a
cell of an oriented matroid.

PROOF: Let D,A', C be defined for (A,b) as in (7) . By (9),
we have that the face-lattice of P 1s fsomorphic with

{Y«0} Y X viQl. Thus the result will be proved {f we show
that [(X,4)3 = ((Y,4)]Y cD, YsX)u .

From the discussfon on (7), [(X,+)] contains all vectors on
the right, and every vector in [{X.+)] whose last component is +
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12,

lies in the set on the right. Thus we need only to show that: 1f
(¥.0) ¢ ¢, (Y.0)s(X,4) , then (V,0) 0.

If that was not the case, thers would be a W' ¢ R™' such
that ofA'w’) < (X,4) and wy ., "0. Let W= (W} g0ecemp) &
Then w=0, and forevery weP , 220, we have that
w4+ WP, since olA(wtaw)-b) = o{Aw-btiAN) s X » 8s both
o{Aw-b) s X and ofA¥) < X . Since this is true for arbitrary
positive 1, we get a contradiction to the hypothesis that P f{s

bounded, . 0

Remark: An affine linear system all whose members contain the origin
may be thought of as a homogeneous system. However, as is patent from
the preceeding discussion, we handle the system differently in either
case. For instance the oriented matroid of the affine system has

one element more than the oriented matroid of the homogeneous system,
Thus, although formally homogeneous Systems form a special class of
affine systems, those two classes have distinct (albeit related)

theories. This accounts for our use of the modifier "affine® in

what apparently could be termed just "linear systess®,

A homogeneous Tinear system A 1s pointed {f the null space of A
is {0) . From (4.1}, if A {s pointed, then for every flat

F of A, {fC/S {s the corresponding flat of the oriented
matroid of A,

(12.1) dimF = ric/s) .
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13.

In particular, if A {s located in R" s r{C)=n.

As far as linear oriented matroids are concerned, we may
restrict ourselves to pointed sys'tems. For, 1f C= g(V) , with
Y SRE » then let A be a matrix whose columns form a basis of V.
One verifies easily that the homogeneous system A s pointed and
has € for its oriented matroid. Thus:
(12,2) Every linear oriented matroid is the oriented matroid of &

pointed homogeneous linear System,

One may wish to be able to think of linear systems in a coordinate

free form, We sketch some ideas on i1t for homogeneous systems,

Let V be a real vector space and L = ('ele ¢ E} a set of
linear functionals on ¥ . We may call L a homogeneous linear
systemon V , comprised of the signed hyperplanes. Ho = (v ¢ Vl-e(v) .
with H: s {ve ""e(‘" >'0) . and copies of V for those e ¢ E
such that " " 0., let :V *RE be the linear map defined by
wlv) = (:e(v))“E . Then «(V) 1s a subspace of RE and its
oriented matroid C 1is the oriented matroid of L . All concepts
1tke flats and cells of linear systems and their relationship to

transiate easily to this context.

If ¥V is finite dimensional, we recuperate the original
definition by choosing an isomorphism h = R'+V. Then L can be

considered as a homogeneous system in R , whose matrix is the matrix

“of hs rehtl've to the canonical basis of R® and I!E .
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111) MINORS AND CHANGE OF SIGNS i
We describe some basic machinery which is constantly I
used in what follows . It s a collection of operations with

simple interpretation in the context of linear systems, and, with the

exception of change of signs, extend usual operations on matroids,

Let X be a signed vector on E and S c E . We denote by
X\S the signed vector on E - S defined by: (X\S). = X, for every
ecE-S, Llet C be an oriented matroid on E ., Define:

1. CAS = (N\S | X eC)
2, C/S=(N\S | XeC,XnS=y) -

It is easily verified that both ¢ \S and ¢/S are oriented
matrofds on E - S . They are said to be obtained from ¢ by,
respectively, deleting § and contracting S . Oeletions and con-

tractions can be effected one elemert at a time and 1n any order, the
end result depending only on the sets of elements which were deleted

or contracted.

The reader will have noticed the double meaning of C/F when
F 1s a zero-set. It can mean a contraction or a flat. This ambiguity
will be usually resolved in the context. However, for most purposes
it is convenient, in case E < E* , to consider each signed vector
on £ asa s\gned vector on E* {n which the new cosponents are

all 0 . Thus an oriented matrofid on E may be considered as an
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oriented matroid on E' , where the members of E' - £ are all
loops. In this sense, the flat C/F and the contraction @/F

become the same object.

3. In the case where C {s the oriented matroid of a homogeneous linear
system A , deletions and contractions have the following interpreta-

tion:

C\S f{s the oriented matroid of the homogeneous System obtained
from A by deleting the rows (hyperplanes, copies of R") indexed
by members of S .

C/S 1{s the oriented matroid of the homogeneous system on the
flat of A which is the intersection of the members of A Indexed
by S . One should use the coordinate free definition of homogeneous
system given in (11.13).

4, Deletions and contractions are common operations in matroid theory,
If % fs amtroidon E, and Sc E, one defines:

MS = (F-S|FcM) ,
WS =(F-S|[FeM,ScFl.

It follows:

HEA\S) = MCNS
and
M(c/s) = M(c)/S .
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5, Anotner useful operatfon is thatof reversing signs, One reverses

the signs of some hyperplanes of a homogeneous system A by multi-
plying the corresponding rows of A by -1 . The analogous orfented

matroid operation is as follows:

With ScE, X a sfigned vectoron E, gx is the signed
vector 7 given by: le - X, if ecS, X‘ if elS. The

result of reversing S on € 1s: yC= {zXIX «C).

It s quite clear that x Cis an orfented matroid. One also
notices:
(5.1) The mp ¥ :C +3C given by X + X 4s a bijection which
ﬁreserves the partial order, products, opposites, approximations,

eliminations, flats, rank, etc...

Indeed, almost all aspects of orfented matroids we are interested
in are preserved under reversal of signs; one could consider € and

TC as {somorphic objects.

A remark about notation: when S = {e} , we write

C/e,C\e, ¢C and so on, omitting the brackets for clarity.

PROPOSITION: Let e,f be equators of C. The following are
equivalent:

{6.1) C/e cC/t (i.e., forevery X ¢ C, x. =0 implies Xe® 0)

(6.2) Either for every X ¢C ., X =X,

. or for every X ¢C, x. . -xf

ez
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{6.3) c/e= ¢/t

PROOF: The implications (6.2) => (6.3) => (6.1) are trivial, let

us assume (6.1) and show (6.2).

As f 1{s an equator, there is an X ¢C such that xf =0,
From (6.1), Xe # 0, There are two possibilities, namely Xe = Xf and
xe = -x, . We deal with the first only as the second is similar,
Let us show that for every Y ¢ C , Ye = Yf .

If this was not true, there would be a8 Y ¢C such that
Yo Yg . From (6.1) we can conclude that Yo 20, and, substituting
if necessary Y by -Y ,  we may assume that Ye = -Xe - let ZcC
be obtained by eliminating e between X and Y . As Yf » 'le ,
either Ye = 0 or '!f .Y, " -(-xe) ol Xf . In either case,
2'r o PR 0, while Ze = 0 , contradicting (6.1). s}

Equators e,f satisfying the conditions above are called
coincident, It 1s clear from (6.3) that coincidence 1s an equivalence
relation. The correspondent concept in matroid theory is that of

parallel elements; we reserve this term for a later use.

An oriented matroid 15 simple {f it has no loops and no two
elements are coincident. Recall that a loop is an element e ¢ E
such that 'e =0 forevery Y« C. Equivalently, C {1s simple
1f it does not have loops and {e) {s a zero-set for each e ¢ E
(from (6.7) .
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PROPOSITION: Let ¢ be an oriented matroidon €, and S<E
contain all Yoops and all but one equator of each coincidence
class. Then C\S 1s simple and tsomorphic to C as a poset
via: X+ X\§ .,

PROOF: Clearly C\S has no loops. Also, §if e, f ¢ E-S , as
they do not coincide in € , there fs a3 X ¢ C such that Xe =0,
Xf =0, by (6.1); then X\S ¢C\S shows that they do not coincide
inC\S , Hence C\$S {s simple.

The map X » X\§ s cleirly onto and order preserving; (6.2)
shows that {t is 1-1 , and that the fnverse bijection is also order

preserving, 0]

An orfented matroid obtained from C as above 1s a simplification

of C. One easily checks that {if CI and 4'2 are simplifications of
C , then one can obtain (‘z from (‘| by relabeling some equators

snd changing some signs.

TET

Cagad

e
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1V) THE COMPLEX OF AN ORIENTED MATROID

Throughout this section, ¢ {s an orfented matroid on E ., The
- complex of C is the collection ([X)/X ¢C) , where (X1 = (Y eC/Y <X}
is a cell of ¢. Note that the inclusion order on the complex of C is
{somorphic to the order < on C. We occasionally abuse the language

and refer to vectors of C as cells,

1, PROPOSITION: The intersection of two cells 1s a cell.
PROOF: Let ([X], [Y] be cells of € , and K = [X] n [Y] .

As [X) and (Y) are closed under products, so is K,
Let Z be the product of all members of K , {n some order; thus
TeK SofZlcK as ZsX and Zs Y, Conversely, if
WekK then Wel, asclearly Z = y{T|T ¢ K} . For every

ecMd, sinceboth WZsX, W, =X, and Zo=Xy; thus W, =12, .

That means that W< Z. 0]

2. COROLLARY: Each cell of C 1is a lattice, with the restricted
partial order,

PROOF: Let (X1 be a cell. It is clear that the product of two
vectors in [X] {is their least upper bound in C; and it s in [X].
The meet of Y and I ¢ [X) 1is the vector W such that

(M = (Y] n €2 . o
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The results above reflects the well known fact that the faces
of a polytope or cone form a lattice. A1l results here about
cells translate directly into statements about polytope lattices.

The terminology used will make it clear.

" The lattice of flats of an oriented matroid has been shown to
be JD by relating it to the lattice of the underlying matroid. We

now extend this result to cells,

For every vector X «C , E = X f{s the zero set of a flat F.
Let us define the number r(X} as r(F) . A more intrinsic expression
is, as in (1.11.5):

r{X) = o(E) « p(E-X)
where p 1{s the rank function of the underlying matroid M(C) .

THEOREM: ¢ s JD and its rank function is r , as defined in {3).

PROOF: Clearly r{0) = 0 . Let us show that if X',X2 ¢C, and

x2 covers X! + then r(Xz) = r(X‘) +1 . For a contradiction,

suppose that there exist x‘.xz ¢C such that X2 covers 2 and
(%) « r(x1) 4 1. Let F be the flat with zero-set €-X',
1212, 8 2 <, E-xcE-x, so FycF,. Hence
r(l") « r(Fz) and as r(F-‘) - r(l') ' r(FI)O'I < r(Fz) o As the
lattice of ¢ is JD with rank function r , there fs a flat F
between F, and F, . Choose a vector X such that E-X {3

the zeroset of F 3 thus E-K gE-XgE-X . As X'k has
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the same zero-set as X , we may assume that x‘ <X, MWoreover,
Xs f . Llet Y be an X-approximstion of X2 (cf. (1.1.5)); then
x‘ <Y« xz « This contradicts the hypothesis that Yz covers \'] R

and completes the proof, o0

Now that we have established (4), we shall prefer to use

dimension instead of rank. For X ¢ C,
d(X) = o(E) - o{E-X) - 1.

An n-cell {s a cell of dimension n (the dimension of (X] equals

d(x)}.

At this point of development, the reasons for preferring dimension
over rank may be unclear. It will turn out when topology enters the
picture that “dimension®” has the meaning our {ntuition and normal
topological use requires. In this section this will be most apparent
in Theorem (18) : we prove that a l1-dimensional oriented matroid
can be identified with a polygon, of which the O-cells are the vertices
and the 1-cells are the edges. It seems more natural to refer to

‘ this as 1-dimensional than rank 2,
A tope is a maximal vector of C.

PROPOSITION: A vector T «C {s a tope {ff its support 15 the set
of equators of -C. A1l topes have dimension equal to d{¢) .
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PROOF: If T 1{s the set of equators, 1t is clear that T s
maximal, Conversely, {f T {s maximal, Tet e be an equator and

X ¢ Cbe such that X, # 0. Then T s T-X and by maximality,
T=T.X. Since the support of T-X is T u X, we conclude that
eeT ., Dimension follows as the zero-set of T {s the same as that
of C, )

A tope-lattice is a lattice isomorphic to a maximal cell of an

oriented matroid,

PROPOSITION: Every cell, and every interval of ¢ 1is a tope-lattice.

PROOF: If X e C, and S {s its zero-ser, then ([X] {s {isomorphic -

to the cell {X\S1 of /S (and we shall usually {dentify them, as
suggested in the last sectfon), Clearly X\S 1s a tope of C /S .
Intervals will be handled fn more detail in Lemma (14). o

Let us adapt the terminology of polytopes to C . We say that
a signed vector X s a faceof YeC #f XeC and XsY
it 1snmfa.ce if it fsnot Y, A facet of Y {s 2 maximal
paper face of Y 3 from (4), X ¢C s a facetof ¥V {ff XY

and d(X) = d(Y) - 1.

PROPOSITION: Suppose € 1is simple, T 1is a tope, ¢ ¢ E .
Let Y be tha signed vector obtained from T by changing fts-
e~-component to 0 (Y = T\e) . The following are equivalent:

-
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(8.1) Y« C.

(8.2) Y {is a facetof T.

(8.3) e C. {recall that ~ s the vector resultant of reversing
the sign of the e-component of T) .

Moreover, every facet of T is of the form T\e for some

equator e .

PROOF: The equivalence of (8.1) and (8.2) fs clear. If Y ¢C , as
=T ¢ € we conclude that o = Y-(-T) ¢C ;3 hence (8,1) implies (8.3).
Conversely, if T ¢C , elimination of e between T and ET has

Y as the only possible resuit, hence Y ¢ C.

If %X 4s a facet of T, then d(X) = n -1, where
n = d{T) = d(C) . From the dimension formula (5), we conclude that
the zero-set T of X has rank 1 in M(C) . Since C {is simple,
that set must be a singleton {e} , thus X = T\e . 0

In a simple oriented matroid, when T and e are related as
above, we say that e s a facet eguator of T ; (B) shows that to
each facet Y of T corresponds an unique facet equatorof T,
the supporting equator of Y , and this correspondence is bijective.
It s an accident to language the fact that the supporting equator
of a facet is the only equator not in {ts support.

9. THEOREN: Every (d{C) - 1)-cell is a facet of exactly two topes.
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PROOF: We may assume that C {s simple. Let X be a (d(C) - 1)-
cell., Thus X 1{s not maximal and X < T for some tope T, As
d(X) =d(T) -1, X {is a facet of T . By (8.3), ;T s another
tope of C covering X , where e {s the supporting equator of Y,
Clearly no other signed vector on E 1is > X , therefore T and

ST are the only topes covering X . 0

THEOREM: Let T , T* be distinct topes of €, which we assume is

simple. Then some facet equator of T separates it from T',

PROOF: Let X be a T'-approximation of T, Since X < T, there
is a focet Y of T such that X s Y, The zero-set of X consists
only of equators separating T and T' , and the supporting equator
of Y f{s one of them, o}

This result can be visually interpreted via the tope graph of
C at T . This is a directed graph T1G(C,T) whose vertices are the
topes and with an edge directed from T'l to .,2 whenever they
are separated by an unique equator e and Tl =T, i see fig. (2.0).
Note that by (9), one can identify the edges of TGK ,T) with the

(d(C)-1)-cells of C.

Fig. 2.1
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11. THEOREM: With ¢ simple, TG{C,T) f{s acyclic, has a unique source,

T . and an unique sink, -7,

PROOF: It {s clear that TG(C,T) is acyclic, T is a source and
=T {is a sink, If W =T, then some facet equator e of W
separates ft from T, so W+ W is an edge of TG(C,T) , and

W 1is not a source. Similarly, it is not a sink, unless W = -T . 0

12. COROLLARY: It is possible to order the equatorsof a simole C as
B1s€p0ecesly SO that all vectors l" .Tz.....Tk = T obtained
from T by successively reversing those equators are

topes.

PROOF: Let T,7',7%,....7% « -T be a path in TG(C,T)., which
exists, as 1t follows easily from (11) . The sequence €185 000008)

is obtained in the obvious way, from the edges of the path, a

The tope graph will show up again in the next chapter in
connection with shellability,

The next result 1s a key property of length 2 intervals, which

entails a characterization of 1-dimensional oriented matroids. We prove



it modulo Lemma (14), whose proof follows afterwards.

13.

14.

15.

THEOREM: let X,Y be vectors of ¢, with X <Y and
d(Y) = d(X) + 2 . Then there exist precisely two facets of
Y containing X .

LEMMA:  For every cell X ¢C , the function ¢ : W W\X isa
poset isomorphism between st(X,C)= (N ¢ W 2 X} (star of X)
and C\X . Moreover, d(C\X} = d(C) - d{X)-1.

PROOF OF (13} (modulo Lemma (14)): As we are looking only at
vectors s Y , we may contract € - Y ; thus assume that Y is a
tope. By Lemma (14), the interval (N ¢C/X < W s ¥} 1{s isomorphic
a5 a poset to the cell {Y\X] of C\X, and d{C\X} = 1. As

X 1is a tope of C\X, we are reduced to prove:

(15.1) Every tope of a 1-dimensional orfented matroid has exactly

two facets (0-cells),

Starting the notation anew, let C be a Y-dimensional oriented
matroid, which we can assume to be simple, and let T be a tope of €,
By reversing the signs of all negative components of T , wa can
assume that T e+, Let W bea facet of T, with supporting

equator w

Let V be a (-W)-approximation of T. Then V< T and
Vo T =t A QecVeT, d(V) =0, hence V s a facet
of T supported by the equator v ., This shows already two facets




2.1y

16.

&" 10

55

of T, as V=W, Suppose for a contradiction that T has a
third facet Z , supported by 2 . We resume the information about
WV, as:

HV-ZV-O,V'-Z“-#.Hl"lz'ﬂ'.l‘"'vv'lzlo.

Eliminating w between V and -I , we obtain X ¢C with
Xv LI & =0, Xz = ¢+, .Eliminating v between X anq W
we obtain Y ¢ C such that‘Yv=0-Y' .Yz-'*. Then
0<¥<t.¥ecVT is achain of length 3 in ¢ , contradicting
the hypothesis that C has dimension 1 (rank 2). n

PROOF of 14: Clearly ¢ maps st(X) into [V\LJ , it is injective,
and for a1l W,Z ¢ St(X), N} < (Z) 1ff WsZ. Let us now show
that ¢ {1s onto.

Choose Z ¢ (Y\X]. Then Z=W\X forsome WeC. As
XM ¢ C and X s X,W , we see that z- v(X.W) . This completes

the proof that ¢ is bijective.

To check the dimension formula, recall that as Y\X {s a tope
of CAX , d(Q\X}+1 = r(N\X} (as a vector of Y\X) , and {t is the
length of a saturated chain from 0 to Y\X ., As ¢ 1is an isomorphism,
the tnverse images of the vectors in the chain form a saturated
chaln from X to Y in C . The length of this chain is

d(Y)-d_(X) » which ylelds to desired result. 0}
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We may combine {9) and (13) as follows: {f we adjoin 3
maximum element to C in the resulting poset every length 2

interval has the form of a diamond .

We can now present & useful characterization of 1-dimensional
oriented matroids, lines. It is a specialization of the more general
Theorem (3.111.1); we present it here for its simplicity and because

of the important role of lines in later chapters.A similar character

{zation appears in [LV6],

17. LEMWA: Llet C be a line without Toops, ¥ ¢ C o O-cell with
zero-set S . Then
(17.1) V is contained in exactly two 1-cells, T‘ and Tz .
(17.2) gl
(17.3) 1¢ x!
and Tz. the equators which separate l' and Xz are

and 2 are respectively the other O-cells in ‘ll

precisely those in S .
(17.4) Llet eecS, fe¥V. If WeC, u'-o and Hl-vz.
then W=V,

PROOF: (17.1) 4s a special case of Theorem (9). (17.2) 1s a speclal
case of (8), before simplification; it also follows by noticing that

1 e v(-T1) ec, and V¥ <gr' .1,

To prove (17.3), notice that {f e separates x' and lz »
it also separates T‘ and 'l’2 , hence ee¢ S . Conversely, if

ecs. as T ovx,xle1) and stmitarty e since




Lol -0

57

2.1y

18.

Tl = -T: 20 , e separates Tl and 12 .
{17.4) Since W, =0, WeCle. As diC/e) =0 ,Cle= V-V, 0},
and since Hf - Vf =0, W=V, o

If G fs an even polygon with vertices numbered cyclically
Vys¥greeasVy, o WE SAY that, for 1 = 1,2,...,2n, vy and Vien
are opposite (indices modulo 2n) .

Let C be an 1-dimensional oriented matroid without
loops. Define the graph Skel{C) whose vertices are the
O-cells of C. X,Y being adjacent 1ff they are contained in

a l-cell,

THEOREM: ~ Skel{C) 1s an even polygon in which the opposite of each
V inSkel€) fs -V. Furthernore, 1f X'.X%,... X" are the
{nternal vertices in one of the paths in Skel{() between V and

¥, and e 1s an equator in the zero set of V , then

1 .42 o - =1
x. xe nee x: =0,

PROOF: Let V be a D-cell. By (17.1), V is contained in exactly
two 1-cells, By (15.1) each of these contains exactly one O-cel)
distinct from V . These two O-cells are the only ones adjacent

to Y, and are distinct by (17.3). Thus each vertex in Skel(c)

s adjacent to exactly two others. Hence each component of skel(c)

is a polygon.

Let T be a 1-cell containing ¥ , and let X' be the other
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l-cell of T. Define X2,X°,... sequencfally as follows: if

i

xVe v, tet x™! pe the 0-cem of x'.(-v) which is distinct

from x' . Clearly X" = -V for som n . By construction,
V.X],XZ.....X"'l . =V ;re the vertices of a path in Skel(C) .
Since X,Y adjacent in Skel{C) {implies -X, -Y adjacent,

v, -x"“.....-xz.-x‘.-v fs also a path in Skel{C) . It wil
follow that Skel{C} 1s an even polygon, and the opposite of V¥

is -V 1{if we show that those two paths use all its vertices.

Indeed, if W {s a O-cell, WeuV, -V, and e 1is in its

zero-set, then V, = 0. let § be maximum such that x: v, (x°sv).
141 i i+l

Since X {s adjacent to X ., {t cannot happen that xe - -V. .
hence x:" =0, It follows from (17.4) that either W = l"' or
W _xlfl .

To complete the proof, let e be an equator in the zero-set
of V. Then. for 1 =1,2,....n-1, X} 20, by (17.4) and since
x' s aggacent to X1, x} o T (1) o

A converse of this theorem §s given by the following construction,
Let P be an even polygon, E a finite set, and for each e ¢ E
let Pg be a pair of opposite vertices of P . It is required that
each vertex of P be in at least one Peo. Choose for each e one
of the paths between the vertices of Pco » and let Pe* be the set
of its internal vertices; let Pe' be the set of opposites of those
members of Pe’ .' Note that no edge has both a vertex in P.’ and

e i fade e




** * D

59
2.1y

one in Pe' .

Define, for each vertex v of P the signed vector of{v) on
Eby: olv),=J <> Ve PeJ . Define also for each edge a the
signed vector o{a) by: o(a)e = j <=> g has a vertex in Pej v =4,

19. THEOREM: MNith the construction above,
s {0} v ta(v) / v 8 vertex of P) u {o{a)/a an edge of P]

§s & 1-dimensional oriented matroid, and vertices v.w

of P are adjacent iff olv) and o(w) are adjacent in Skel(C).

?

PROOF: We sketch the verification of the oriented matroid axioms,

and leave the remaining details for the reader.

1f v 1s a vertex of P, and V' {s its opposite, then
of{v') = -alv) . 1f « 45 an edge, with vertices v.w. then the
opposites v',w' are incident to an edge o', and ola*) = -ala) .
Let x,y be vertices or edges, and suppose that o{x).o{y) = o{x) .
Then x {s a vertex and there is 3 unique shortest path in P
containing both x and y . let o be the edge of this path incident
to x, then ola) = o{x).o(y} . Finally, suppose that olx)g =+
o(y). s - and of(x) # -o{y) . Choose again the shortest path
containing both x and y . Since x has (or is) a vertex in
P.*, and y has (or 1s) a vertex in ’e.' that path contains one

[
vertex v ¢ P.og o{v) is the result of eliminating e between
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a{x}) and aly). ]

From the two results above, 1-dimensional oriented matroids
can be thought of an even polygons, and there is no advantage on
distinguishing between C and Skel{C). This will be explored later.

o
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V. SUPERCELLS

Consider a linear system B obtained by deleting some members
of another system A, Then each cell of B is a union of cells of A.
This suggests considering each cell of B as a “"generalized cell” of
A. The corresponding concept in oriented matroids {s what we call super-

cells,

The main result in this sectfon is a characterization of
orfented matroids by properties of their supercells. That way one ob-
tains a definition éf orfented matroids as a set of signed vectors
with certain topological properties (Theorem (9)). For that purpose,
some notions, will be {introduced for arbitrary sets of signed vectors

and then specialized to oriented matroids,

In this section, unless otherwise mentioned, P denotes a

set of signed vectors on the finfte set E,

For each ecE, jel0, +, -}, let Di = (Xclee = }}, and let
53 o plun? 53« p? « 3T + -
Dy = DgD,. Thus D =, vedae' Sets of form ?e and p_ are called
the half-spaces of D. Given ISE, the set D/I = Hclee = 0 for every
eel} 1 the flat of D it determines. Note that D/I = n(v:|e:!} =
n{Dzlecl. J = ¢, -}, that is, any flat {s an intersection of half-

spaces. The set D is also a flat 0/¢ = 0.

A subset K of D which is an intersection of half-spaces, but
not a flat, s called a supercell of D,
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EXAMPLE: Llet A = (MelecE) be a homogeneous system in R, and Tet
be its matroid. Denote by a{w){¢C) the signed vector
indi_cating the position of we R" relative to A, as in (11,2).
Then for each half-space -l.u'l(i'i) s a (closed) half-space
inR", of form Hiuﬂe. If K is a supercell of C, o 1K) 15 2 cen
of the linear system one obtains by deleting from A those "e for

which C: does not contain K. 1]

PROPOSITION: If K is éither a flat or a supercell of C, and YeK,
then for every XeK, X<Y implies XeK.
'PROOF: This is clear for any half-space, thus it is also true for
any intersection of half-spaces. g
The span of a set KeD is defined as the intersections of all flats
containing K. Thus the span of K equals n(v:|K50:). provided K

is contained in some D:

PROPOSITION: Let C be an oriented matroid on E and let K be a
supercell of C, with span F.

Then:

(3.1) X, YeK implies X.YeK.

(3.2) AIl maximal vectors of K have support E-Z, where I is the
zero-set of F.

{3.3) AN maximal vectors of K have dimension equal to d(F).

PROOF: As each half-space is a submonoid of C, so are intersec-
tions of half-spaces, and (3.1) follows. To verify (3.2),

note that if X is maximal §a K, and YK, since X<X. Y<K, we have

that X = K.Y, thus YeX. Hence KeCp Iff edX, that fs 2= E - L.

62

e ——



2.y 63

Combining (3.2) with the dimension formyla (I¥.5), {3.3) follows. O

We introduce a notation for an intersection of half-spaces.

Let Y be a signed vector on E, and lsi. Denote:
o(Y.1)* aid)e] ecE-1)

 (XeP] X\IsVAI)

4. PROPOSITION: The supercells of an oriented matroid C are precisely
the sets C(Y,I) where YeC and Y-Ix$ .

PROOF: Suppose that YcC and Y-I=¢ . Then YeC(Y,I}, while =Y/C(Y,}).

Hence, €(Y,1) cannot be a flat, so it is a supercell.

Conversely, let K be a supercell of C . Let 1= {e E| Cynkeps
g0k}, and choose a na;dmal YcK. Suppose that Cg:l(. Then either Y =0
and by (3.2) xcc: . Oor ve-o and then Ye-J. thus ecl. That implies that
KeC{Y,1). Of course, Y-I=¢ , otherwise one would have K=C/(E-1). a flat,

Me shall need a few more concepts which are motivated by
topological consideratfons about 1inear systems. We now topologize each
D by defining a set KsP to be open iff it satisfies: for every XD ,
and YeK, 1f X2Y then XeK. Clearly K is closed {if XsYeK implies XeK,

whenever XeD .
Kote that o any Belt , (e e tus o pagping b oan vabedding,

f.e., the open sets of F are precisely the intersections with F of
open sets of D . Similarly for closed sets.

§. EXAMPLE: In the notation of Example (1), the map a: R™C is
continuous, since for each closed set X, a"(K)-

c"(u([!]l XeK} )= u(a"([X])[ XeK} = finfte union of closed polyhedra.

This map is also open. 1]
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Consfder a polyhedron K = {xeR"|Ax2b}, with the rows of A
indexed by E. let I = (e:Elle.x = b, for every xeK}. Then the span
(affine hull) of K is {)tdl"lnlx = by}, The relative {nterior of
K may be defined in two different ways: (3) as the topological
interior of K in 1ts span; ({b) as (nKIAeb be for every ecE-1).
1t is easy to show that those two definitions are equivalent.

Each of (a) and {b) suggests a definition for the relative
interior of a supercell. For oriented matrofds those coincide, as
Proposition (7) shows. However, this is not the case for an arbi-
trary D and the definftion of relative interior we have found ef-

fective 1s the one derived from (b), and we present it below.

The relative irterior of a supercell K of 0 is defined by:

retint(K)e  (n(odlxeBd, kgdNInk.

Kote that, for instance if 0= {40, ++, <0, ==}, and K =
(40,44}, then relint(K) = (#¢], while X is open in its span O.

PROPOSITION: Let Fbe the span of K and write K= (Y,0), with
Y minimal. The following two expressions equal

relint(K):

(6.1) (alglikee), keR ok,

TR .";~‘ v
Kl Aol 2 .

PROOF: Denote by K, and K, the sets in (6.1) and (6.2). Since
KeF, rel'lnt(K)s_Kl. Now we show that Kngz. Let hKl.

_ and ecE-1. That means that XcD), where 3 = Y . If J=0, then

G

e e SR

.
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x,j“. f.e., X = 0. If § 70, minimlity of ¥ {mplies that m:.
Then chﬁ’ x J. Reversing the argument one gets KZCKI. Fin-
ally, we obtain: relint(K) = Kan " Kznl( = Kp» since Kst. o

PROPOSITION: If K is a supercell of the oriented matroid C, then
relint(k) {s the topological interfor of K in its

span. Further, if K = c{Y,1), with YeK, then relirt(K) = {XeC|X\I =

).

PROOF: Let F be the span of X. The first assertion means that
relint (K) §s the unfon of all open sets of F contained in

K. Since each D: is an open set, (6.1) shows that relint{K) is

an open set of 0. Conversely suppose' that A< is open in F and

let us show that A relint{K). It is enough to show that if Ksﬂi

and KgD:. then A_:,VZ.

Suppose that this fails for a specific 0: Thus there exists

an X:AnD:. Since K:D:. e is not a loop, hence there exists a
WeD such that X<N and He = -j, Since A is open, WeA, contradicting
AcK.

Consider now the expression x= (Y,I). Since YK, for every
ecE- 1 we have that, xcé € and KeCh 1Ff Y, # 0. Thus relint(X) =
(n(C’IecY 1)} K. That is equivalent to the desired conclusion. DO

A set D1is (topologically) connected if it is not the union
of two disjoint non-empty open sets. It is weakly connected {f
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there is no ecE such that D: Foy D; and v: =¢,

PROPOSITION: A connected set D {s weakly connected. The two

types of connectivity can be characterized as follows:
(8.1)p is weakly connected iff the following graph is connected:
vertices =D, X and ¥ adjacent if they are not separated by any
component.
(8.2) D {s connected 1ff the follawing graph {s connected vertices
*D, X and Y adjacent 1ff X<¥ or Y<X (the “comparability graph® of Ol

PROOF: If p is not weakly connected, the partitfon (v:. D) shows
that D is not connected. WNe omit the proof of (8.1),which

is similar to (8.2).

To prove (8.2), consider disjoint open sets Ayo Ay of 0.
Then no member of “1 is adjacent to 8 member of ‘2 in the graph.
Thus every topological component of P induces a component of the
graph and vice-versa, ]

Now we can finally present a characterization of oriented
matroids. Note that the closure of 8 set Kep {s {XcD|X <Y for some
Y.

THEQREM: Let D be a collection of signed vectors on E. ThenD+¢ 0
is an oriented matroid 1ff 0 satisfies.

(9.1) For every flat F, D n FAeiftD nFs 0.

(9.2) Every supercell {s the closure of its relative interior,

(9.3) The relative interfor of each supercell is (weakly) connected,
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PROOF: We prove necessity first, Let D+ ) be an oriented matroid.
One obtains (9.1) immediately from the existence of opposites.

To check {9.2) and (9.3) let K be a supercell of D, K =0(Y,1), where
YeK. Then, if XeK, X.YeK by (3.1); comparing supports, {(X.Y)\1 =
YAI, hence X.Ye relint(K), by (7). As Xsx.¥, X {s in the closure
of relint(X) . Thus Kg closure relint{K) € X, where the last inclu-
ston holds since X is closed. Finally, suppose for a contradiction
that relint(K) {s disconnected, so it can be partitioned into dis-
joint open sets Al. Az. Choose del. thkz such that they are

- separated by as few components as possible, The same hypotheses
are still sitisfied if we substitute x by Kl xz and x by )(2 1

Thus we assume that 11 _X_z. 2

If e separates x‘ and X°, elimination
produces a vector still in relint{X), and separated from either
by fewer components. It follows that )(1 and xz are not separated,
hence . 12. contnqiction. Thus (9.3) holds.

Conversely, we assume that (9.1) - [9.3) are satisfied by 0.

We establish first:

(a) If O(v,1) contains a vector ¥ such that W= Y 70 for some
ecE-1, then 0(Y,I) is a supercell,
Proof: Let § = Y,. Since pla (Y1) # & but pln (1.1) =,
(9.1) implies that D(Y,I) is not a flat. 14
Now for the orfented matroid axioms.

(b) If XYcD, then K.YeD.
Proof: Let 1 be the set of components separating X and ¥,
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et W = X.Y, and consider K = D(W,I). Since both X,Ye0(¥,1),
N W

and for each ecE-1, either X(D:AK or me‘ o, relint(K) =

(o D:e | ecE-1 1 )oK = (ZeK |1 = WAI),

8y the definition of closure, and {9.2), there exists Zerelint(K)
such that X<Z. Thus, X<2 and I\l = WAL, This shows that 1 = W, since
lck, and K<i. Hence X.Y @ Werelint(K) . 1

(¢) Elimination holds in P+ Q.
Proof: Let X, YeT and let e be a component separating them.
The. presence of { allows us to assume that X 7-¥, Con-
sider again K = D (W,I), with ¥, ] as in part (b), and recall
that relint(K) ={ ZeK|ZAT = WAI}. By (b), W = X.Y, and T = V.X
are both in D, and are therefore in relint(K) . Since L and
1, are opposite, we have that D:nrelint (x) and D;nnlint(x)
are both non-emtpy. By weak connectivity, there exists
2c00nrelint(K). That 2 results from eliminating ¢ between X and Y. //

{d) XU implies -XeD.
Proof: We prove it by contradiction. Suppose that there ex-
fsts an X¢D such that -X{D , and choose such an X with
minimal support. Clearly X # Q. Let F=0 /1, where 1 = E - X,
and choose eeX. By (9.1), there exists Yef such that Y = -X,.
Since YeF, YsX. Let W be an Y-approximation of X, which
exists by (c) and (1.4). Then W<X and the minimality of X

e
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implies -WD. As for everyfeX, either Hf = !f or \'f . -xf.
(-¥).Y = -X. Since D has products, -XeD, contradicting
the choice of X. This contradiction proves (d), and the

theorem. ] 4]

69



P
10
2.Vl

/1) VERTICES

A vertex of ¢ is a minima) nonzero vector, equivalently, a

J-cell, We say that a vertex V {is a vertexof acel) Y if VsV,

1. PROPOSITION: Every nonzero vector of C {s the product of its

vertices.,

PROOF: 1t is enough to show that a cell fs the product of some of its
vertices, Suppose this is not the case, and choose a cell Y minimal

. with respect to not being the product of its vertices.

let X be avertexof Y. let I be a (-X)-approximation
of Y3 thus 2 <Y and 2\X = YAX . By the minimalityof VY, 2

is the product of {its vertices. Since every vertex of I {s also

a vertexof Y, Y= X,Z {s the product of fts vertices, contradicting

the way it was chosen. 0]

It is a corollary of this, as C {s a monoid, that C- 0
consists of all signed vectors which are products of vertices. Thus,
the collection of vertices of C s enough data for a complete
description of C., It turns out that there are very simple conditions
which determine when a collection of signed vectors is the set of
vertices of an oriented matroid, These conditions are quite similar
to the ones describing a set of cocircuits: a fact which is not a

coincidence, as the supports of vertices of ¢ are the cocircuits

of M(C) :

s 2




o 3 %

n
2.v!

2. PROPOSITION: A vector V 1is a vertex 1ff there is no cell Y with
¢rYcV.

PROOF: If there is no such Y , of course V 1s minimal. Converse
if there is such a Y , either Y or a Y-approximation of V

shows, that ¥ 4s not a vertex, 0

This result shows that V 1s a vertex 1ff its zero-set fs not
contained in any other zero-set besides E , that is, E -V is
a hyperplane of M(C) . Hence V f{s a vertex iff ¥ {s a cocircult
of HC) .

3. PROPOSITION: Let V be the set of vertices of an oriented matrofd.
Then .
(3.1) Q4 Vi X eV implies -Xe ViXYeV and Xc¥
implies X =Y or X=-Y,
(3.2) For every X,Y ¢ V, given any e ¢ E separating X
and Y and any f ¢ X v Y not separating them, there
is 8 I ¢ v such that 2,0, I;=0 and for every

other g ¢ E , Z9 equals efther Xg or Yq or 0.,

PROOF: (3.1): 0 £ V be definition, As X = -X , from (2) it follow
that X eV implies -Xe V. If XYec V¥V, Xs¥Y
and X isnmot Y or -Y , then there §fs an e « Y
separating them and one which does not. Eliminating
e between X and Y , we obtain a nonzero cell 2,
with 25 Y . This contradicts (2) .
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{3.2) let W be a cell obtained by eliminating e between
X and Y. As f does not separate X and Y,
20 . from (1) 1t follows that there is a vertex

¥
7 of W such that Zf-Hf. This 1 clearly

satisfies the required condition. 9]

It is a quite simple exercise to show that if a collectfon V-
of signed vectors satisfies (3.1) and (3.9, 1t is the set of vertices
of an oriented matroid. This {is analogous to the equivalence of

(1.17.1) and (1.17.2). :

More significantly, an "oriented® version of (1.17.3) bt
is available, Theorem (4) below. That fs
taken as the basic axfomatic definition of oriented i

matroids by Bland and Las Vergnas [BLY], and Folkman and Lawrence 3

ht

[FL]. The reader can find there a proof that a set Vv satisfying
the conditions below also satisfies (3.2).

AT

4, THEOREM: let v be a collection of signed vectors satisfying:
(4.1) 04 Vi XeV fmplies X« ViXYeV and X<y
fmplies X =Y or X=-Y.

Btoh it

(4.2) For every X,Y ¢ V such that X ==Y andany eck
separating them, there is 8 Z ¥ such that 1. LN
and forevery f¢E-¢, z,-x, or Y' or 0.

Then ¥ {s the set of vertices of an oriented mtroid. 0O

ik B Tk M ey L, S

-
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When ¢ {5 the oriented matroid of an affine linear system
(A,b) in K" whose colums are Vinearly independent, the vertices
of ¢ which correspond to points of R" correspond to “basic points™.
Those are the points which are determined as intersection of hyper-

planes of (A,b) .

The vertex axioms (also called "circuit axioms”) arise naturally
. in connection with directed graphs. One can associate to a directed
graph & pair of oriented matroids, reflecting the clrcuits and the
cutsets of the graph, Those matroids are linear., Unfortunately,
the results in this thesis do not seem to yield graph-theoretic
results, when specialized to these matroids. HWe refer

the reader to [BLV].

We conclude with the connection between our geometrical inter-

pretation of linear oriented matroids and that presented in {BLV].

let A ¢ gE*" » and let ¢ be its oriented matroid. Let
Wiy cRE[yA=0) and let D= o(W) . The vertices of .0 are
called the circuits of C ; Cand D are said to be orthogonal.
e may consider the rows of A as points in K" . and then
the circuits of ¢ reflect the 11;|ear dependencies of those points.
In this model, each zero-set F of C {ndexes a maximal collection

of those points lying in a subspace of R" , of dimension o(F) .
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In general, for any oriented matroid C on £, the collection D
signed vectors X such that for every YeC efther X.Y«Y.X or Xn¥ © ¢

an oriented matroid. This is called the orthogonal or dual of C .
e relationship between C and its dual is studied in detail! in [BLY]

d {FL). We shall make just a passing use of duality; this tool is

sent from this thesis otherwise.

In comparing our results with those earlier articles, it is
portant to understand that in those works an oriented matroid is

scribed by the vertices of its dual matroid, called the circuits of C .

T
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VI1) REMARKS

The foundations of oriented matroi?s were independently laid
by Las Vergnas [LV1], Bland (B1] and rolkman and Lawrence [FL] (this
last paper contains Lawrence's dgvelopment of the theory initiated by
Folkman, and was published after Folkman's death). In all these works,
oriented matroids are developed as an extension of matroid theory,
That explains a preference for the vertex axioms, other than the grounds

that these are simpler than the set we have chosen.

The crux of the difference of approaches 1s however the
nature of the geometrical model for Vinear matrofids. It becomes very
apparent when one compares the results of section IV with the geometric
theory of Las Vergnas [LV3] . To help in comparing viewpoints let us
consider & polytope P in R given as the set of solutions of the
system Ax z (1,1,...,1) ; let Q be the convex hull of the rows of

A, and let C be the oriented matro|q of the affine linear system
(A1) .

The face-lattice of C as defined by Las Vergnas is the collection
of all zero-sets of vectors in [t] , ordered by inclusion. It corresponds
to sets of rows of A whose convex hull {s a face of Q , and is thus
{somorphic to the face-lattice of Q . On the other hand, we consider
[+] as our abstraction of polytope, modelling the lattice of P,

Those two lattices are'r:lnted by an order reversing bijection, and some

results here appear in [(LV3]1 1n "“upside-down" form. For instance, (1V.4)
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fs essentially the same as {1.1) of [LV3] . Some other results are
harder to recognize; for instance (LV3,1.2] is essentially the same
as (Iv.10).

In Folkman and Lawrence [FL], the linear system model appears
as a guide for the theory. So one sees there the presence of the whole
set ¢ and its partial order as an object of study. In partlcul'lr..
(1V.4) appears as the Lemma following Theorem 19, and the core of
(Iv.13) {s Theorem 17 of [FL). We shall have many more points of contact

with [FL) in Chapter 4.

Recent work of Munson [Mu] contains a more detailed comparison
between tope lattices and Las Vergnas lattices. In particular, she
proves that the two classes of lattices are not the same. That is an

interesting contrast to polytope lattices.

Munson's result §s partly based on a construction of J.Lawrence

(unpublished) of tope lattices which are not isomorphic to any polytope
lattice.
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CHAPTER 3

CONSTRUCTIBILITY OF YHE MATROID COMPLEX

The main result of this chapter is Theorem (I11.1) which
asserts that oriented matroids are constructible. This is the stepping
stone for achieving the topological reﬁresentation of oriented
matroids. The proof is spread over sections III-¥, and the main part

.of it is the proof that tope-lattices are shellable.

Constructible and shellable complexes are defined and studied
in section I1. Section I introduces the notion of complexes. Those
are 11ttle more than families of sets, and are basically an alternative

to posets.

The last section refines the proof that topes are shellable
with the help of the tope gfaph. We actually show that each tope can
be proven shellable in several different ways - that is. it has several

"shellings®.

”



COMPLEXES

A complex 1s a finite collection K of sets called cells, such that
the sets {iK(p)l pck) are pairwise disjoint, where i (p) * p-v{qek} qsp}

fs the interior of p in K. The space of K, denoted s{K), is the union of

all cells of K.
To every poset P , one assocfates the complex whose cells

are the sets [p}=(qePjgsp} . peP. Givenaset S and
a function f : S P, the set of inverse images of cells of P
13 a complex; the interior of f"([p]) is f"(p) .

Exagg\e: let A be a homogeneous linear system in R" o Wwith oriented
matroid . Define F :R" + € by f(w) = ofAw) . Then the
complex defined by f s the complex C{A) of the linear

systent, 1]

Example: The complex of a poset P is determined by the fdentity

function on P . o

Example: Ball-complex: it is a collection K of topdlogicnl balls

in R" , whose relative interiors are disjoint and such that the
boundary of each member of K is a union of membes of X (see
fig. 3.1). Thus, for each p e K, IK(p) equals its ball interior,
Note that the definition is not through a map to a pc;set. Ball
cmlexes. are the main motivation for the introduction of the notion
of complexes, and their role will become apparent in the next

i)
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chapters.

5.

6.

Figure 3.1

Examplie: The collection of faces of a polytope forms a complex. ‘
This is both a special type of ball-complex and a subcomplex {defini-
tion later) of the complex of any affine linear system associated

with the given polytope. a

PROPOSITION: Let K be a finite collection of sets whose union
is S . The following are equivalent.

(6.1) X 1is a complex.

(6.2) The intersection of any two members of K 1is a union of
members of K {possibly empty).

(6.3) For each x ¢ S, the intersection of all menbers of K
contatning x is in K,

(6.4) Forall pck, xep, xeip) 1ff every member of

K containing x also contains p.



7‘

3.1

PROOF: (6.1) => (6.2) . Let pqe X and xepnq. WHemust
show that there exists 8¢ K such that x cacpnq. let p'
be a cell, minimal so that x ¢ p'and p' e p ; clearly x ¢ 1K(p') .
Obtafn q' similarly; it also follows that x « 1K(q') . So
iK(p‘) n ‘K(q') * ¢ , and since K s a complex, p' =qf ,
Thus a = p' 1s as required.

(6.2) = (6.3) Clear.

(6.3) = (6.4) . Llet q be the intersection of all members
‘of K containing x . Clearly qecp, and x{ 1K(p) {£f the
inclusion is proper.

(6.4) => (6.1) . If H,(P)nifa) e ¢, then pcq
and qep, by (6.4), 0}

The connection between complexes and posets goes both ways.
A complex K , ordered by inclusion, is a poset, and we refer to
it as “the poset of X" , Define the map f from s{K) to the poset
of K by f(x) = the cell of K whose interfior contains x

(so x ¢ f{x)) .

PROPOSITION: The complex defined by f above is K , and indeed,
for each p ¢ K, f"([P]) =p.

PROOF: Only the last statement needs verification, as it ciearly
implies the first, Llet pec K. If xep, then by (6.4)

f(x) cp . hence f(x) e (pl; thus x ¢ £°'({p)) . Conversely,
if xe¢ f"((p]) » then fix)cp andas xef(x) , xep. O

.‘*‘h .
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From this correspondence one can easily translate concepts from
posets to complexes and vice-versa, For instance, a JD complex
{s one whose poset is JD . These translations will be made
tacitly in what follows, Actually, most properties of complexes
we study are properties of their partial order, and frrespective

of the contents of cells,

An order isomorphism between two complexes K , L s an
inclusion preserving bijection f : K+ L (i.e. p cq implies
f(p) < f(q)) whose fnverse {s inclusion preserving. This 1s of
course the same as an {somorphism of the posets of K and L .

Without further comment, we speak of order isomorphisms between

compiexes and posets.

Let us introduce some terminology, to be soon used, A subcomplex
of a complex K is a complex L c K, such that forevery p«lL,
qQeK If qep then g el (this is sometimes called an order
{deal, for posets). Unions and intersection of subcomplexes are also .
subcomplexes. If Qc K, the subcomplex induced by Q 1is
[Q1=1{peklpcq for some q¢Q, the intersection of all
subcomplexes of K containing Q . In particular, if Q=4 ,
then [Q) = ¢, even {f X has an emty. cell, Note that if
P ¢ K, the subcomplex [p] 1s Just the cell corresponding to p
§n the poset of K.
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A JD complex K f{s pure dimensional if all of its maximal
cells have the same dimension; that fs denoted d(K) , the dimension

of K. If d(K) =n, wesaythat K {s an n-complex, for short.

. Example: An oriented matroid C {s pure dimensional, by (2.1v.6).
Every supercell and every flat of C 1is & pure dimensional subcomplex,
by (2.¥.3).
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11) CONSTRUCTIBLE COMPLEXES

In the next sections we shall prove that oriented matroids
are constructible, Here we introduce constructible complexes. Through-
out this section, all complexes are supposed to be pure dimensional

(thus J0).

For an n-dimensional complex K , let g(K) denote the set
of‘th'ose (n-1)-cells which are covered by exactly one n-cell of K.
The bouqdag of K {is the subcompiex induced by 8(K) , and is denoted
K . Thus:

K= (peX| there exists qe K, with pcgq and q

covered by exlctly. one n-cell} .

In particular, {f K has only one maximal cell p, f.e. K=lpl,
X = K- p . Note that either 3K = 4 or d(aK) = d(K) -1 . -

1. Let K be a pure n-dimensional complex.

(1.a) K {is S-constructible if n=-1 orif nz0 and K is
the union of two n-dimensicnal B-constructible subcomplexes,
whose intersection is the boundary of each.

(1.b) KX 4s B-constructible if n20, and 1f either K has a
unique maximal cell, with s-constructible boundary, or if K
is the union of two n-dimensional B-constructible subcomplexes,
whose intersection is the intersection of their boundaries

and is B-constructible and (n-1)-dimensional,
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We say that X 1{s constructible {f it is efther S-constructible
or B-constructible, and its typeis S or B,

Examples: We characterize constructible complexes of small dimension,

up to order isomorphism,

d{K) = -1 : K has only one cell, and {s S-constructible,

d(kK) =0 : If K has oﬁly one 0-cell, 1ts poset is represented
by the Hasse diagram I « It is B-constructible, as
ap) = (0} , which is S-constructible.

Other 0-dimensional complexes have diagrams:

YR

With two maximal elements p\o) s K 1s S-constructible,
as {p] alq) = (0} = a(p) = 3(q) . It 1s clearly not

B-constructible,

Now, if d(K} = 0 and K has rore than two maximal cells, in
any decomposition of K as the union of t\vo O-dimensional subcomplexes.
at least one of these has at least two maximals. It follows that no
such K 1{s constructible.

d(K) = 1: If K has only one l-cell, it is constructible {iff
23K 1s S-constructible; as d{aK) = 0 , by the forwer
case the only possibility for 3K fs ¢ . Thus the only

B-constructible 1-cell {s .
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If X has more than one l1-cell, and is constructible, then
every l-cell subcomplex s constructible. As above, every one cell
contains exactly two D-cells. Define the graph Skel(K), whose
vertices are the O-cells and whose'edges are the 1-cells, the ends
of an edge being the two 0-cells it contains. It follows easily by
{nduction that if K fs B-constructible, then Skel(k) is a path
whose end vertices are the only two O-cells in g(K) . From this,

. 4f K {s S-constructible, then Skel{K) is a polvoon (digon
also possible). The similarity with (2.1¥.18) is not accidental;

oriented matroids are S-constructible.

To any graph G = (V,E) one can associate the complex:

K(G) = {¢) v {{v}| v e ¥) v {{e,v,w}| e ¢ E, v,m the ends of e} .
The converse of the statement in the last paragraph holds: if &

is a path, K(G) 1s B-constructible, if & {is a polygon KG)

is S-constructible. One also notices that K(Skel(K)) is order
{somorphic to K, if K is constructible, This characterizes
constructible 1-complexes up to order isomorphism as J(pa.ath)or
K{polygon}. o

3. Example: Consider the planar map in Fig. (3.2).

The letters denote the respective faces.
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Fig. (3.2)

Consider the complex K whose cells are the faces, edges, vertices
(as subsets of the plane) and the empty set. Clearly K is

2-dimensional,

By the discussion about 1-dimensional complexes, each 2-cell
of K fis B-construct.ible. Now, the subcomplex (a,b] 1induced by
{a,b} 1s B-constructible, since [a,b) = (alulb] and Caln(b]
is a path in the boundary of both. Similarly. [(f.d) , [c.e]l are
B-constructible and so is their unfon, (c.d.e,fl . Since the
{ntersection [a,bInlc,d,e,f] is the polygon in dark Vines, which
fs the boundary of both, it follows that K {s S-constructible.

llideed. every S-constructible 2-complex can be obtained (up
to order isomorphism) from a planar map in this way, and vice-versa,
provided the boundary of each face of the map is a polygon. This
1s a spectal case of the theorem to be proved in chapter §
that every constructible complex §s order {somorphic to a ball ’

e ol
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complex €, such that s(C) is a topological ball or sphere, 0

We now develop a few properties of -constructible complexes.
For convenience, if a n-complex K {s the unfon of two n-subcomplexes

K‘.Kz such that K‘nkz - "‘i""‘z . we say that K results from
pasting K; and K, .

PROPOSITION: Let K be an n-dimensional constructible complex. Then:
(4.1) Every cell of K is B-constructible, with the exception of

the (-1)-cell..

{(4.2) If KX {1s cbtained by pasting n-subcomplexes K, and K, ,
then (k) = s(x,) 8 B(Kz) , where & denotes symmetric difference.
(4.3) Every (n-1)-cell of K 1ldes in at most two n-cells of K,
(4.4) If K fs S-constructible then B8(K) = ¢ ; thus every (n-1)-
cell of K 1is a face of exactly two n-cells.

(4.5) If p.,q are cells, with pcq, dlq) = d(p) +2 , then

there exist exactly two cells between p and q .

PROOF: (4.1) is clear.

(4.2): Note first that as Kin K, has dizension (n-1), K, and

K, have no n-cell in common.. tet p be an (n-1)-cell of K and
It.k.l .kz be respectively the number of n-cells of K.K].Kz which
cover p . By th_eargumentabove k-klﬂnz. Thus as p « 8{K)
11f k=1, pes(k) 1ff (kyoky) = (0,1), that 1s, iff p is in
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exactly one of 8(K|) , 8(Ky)) , which is the same as saying

p <« 8(K)) 8 8(K) .

(4.3) Proof by induction in the number of n-cells of K., 1f

this number fs 1, the result is obvious, Otherwise, K 1s obtained
by pasting K, and K, , for which the result holds by the
{nduction hypothesis. Let p by an (n-1)-cell of K. 1

P < Kyaky = aKynaky o it follows that p « 8(K;)ns(Ky) .

As pe a(Kj) i =1,2, there is exactly one n-cell in K, and
- one in K, covering p , and this gives exactly two n-cells of K
covering p . so p £ 8(K) . Otherwise p 1s in exactly one of K
and K, , say K‘ : any n-cel) of K covering p wust be also in
Ky o since K, is a subcomplex, and there are at most two of
these n-cells.

(4.4) We have that K = K]ul(z , where ak‘ = akz » K].Kz nesub-
complexes. Therefore, 8(K,) = 8{K,) and from (4.2), s(K) =

8(K;) A 8(K;) = ¢ . The remaining of the statement follows from
(4.3).

(4.5) By (4.1), a[q] fs S-constructible. Since p e 3[q) and
sts dimension fs d(a[ql)-1 , the result follows from {¢.4). O

e

TN T
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As one constructs a complex by pasting, the boundary is also
being "constructed” in some sense. NWe have not been able to prove that
the boundary is constructible, though. Still, examples and the theorems
associating constructible complexes with balls and spheres point towards

an affirmative answer for the question:
Is the boundary of a B-constructible complex S-constructible?

One of the consequences of the topological results is a formu-
1a for the Euler characteristic of constructible complexes. That is,

however, directly derivable from constructibility, as we see here.
The Euler characteristic of a J0- complex K is:
dix) i
X(K) b (-1) .f| (x)
i=0

1 (=190 |pek-0},
where f'(K) {s the number of {-cells of K.

5. PROPOSITION: x(K) = 1 1f K is B-constructible, x(K) = 1 ¢ (-19t¥)
) if K {s S-constructible,
PROOF: We prove this together with x(aK) = 1 ¢ (- 1)‘“") 14k
s B-constructible. The proof is by {nduction in the dimen-
sfon and then number of cells of K. True if d(K) = -1, For the
rest, the following formilae are easily verified:
8) 1f K has only one maximal cell,
g0y = (04K 4 g,
b} 41 K is obtained by pasting Kl and Kys with llnllz B-constructible
of disension d(K)-1,
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x(K) = X(Kl) + x(Kz) - x(Kanz)'.
x(aK) = x(3K,) ¢ x(3K,) - 2x(KynK,) ¢ x(a(k ok ).

¢) if K is obtained by pasting X and lz. Kanz . :Kl = BK‘.
x{K) = X(Kl) + X(Kz) - x(Kanz).

Each formula expresses the characteristic of a complex in terms
the characteristics of smaller complexes. Substitution of their val-
s as assumed inductively will complete the {nductive step. 0
. CORDLLARY: No complex s both B-constructible and S-constructible. O

Motivated by (4.3} we introduce a new definition: A complex
is PM if it is pure. dimensional, say, of dimension n, and every
{n-1)cell is covered by at most two n-cells. The "PM" stands to
reserble "pseudo-manifolds”, which are PN simplicial

complexes,

1. Examples: Every JD complex with a unigue maximal cell is PM, From
'(4.3). every constructible complex s PM, If Cis an oriented
matroid complex, (2.1¥.9) states that C is PM, and (2.1v.13)
{mplies that for every cell [X] of C, aAX] s PH., s}

If we want to show that a complex 1s constructible, tt helps
knowing in advance that it is PN, This {s indicated by Proposition
(9). We first prove:

8. LEMMA: Suppose that K -is a PM-complex of dimensfon n , which is
the unfon of n-subcomplexes Ky oKy whose intersection is (pure)

(n-1)-dimensfonal, Then
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(8.1) 8(k) = 8(Ky) & 8(K;)
(8.2) KynK, = 3KynaKy
(8.3) =4 fiff K‘nl(z =K al(2 .

PROOF: (8.1) The proof is the same as in {4.2).

(8.2) We only need to show that KynKy c KynaK, , as the reverse
{nclusion is trivial. As both Klnkz and aK‘nakz are subcomplexes
of K, 1t s enough to show that every maximal cell of K,nKz

is in 3KynakK, o

Let p be a maximal cell of xlnx] . Then d(p) = n-1 by hypo-
thesis, Since d(K) = d(Kz) = n, there exist n-cells aq; ¢ ¥;
9 « Kz . both containing p . As Kl and Kz have no n-cell in
common, qq = g, . But then % and q, are the only n-cells of
K containing p, as K isPM ., Thus p {s covered by only one
cell of Ky o SO P 8(K;) ; similarly pe 8(K,) « Nenqe'

p « B{K;)nB(Ky) € 3Kyn3K, o

(8.3) From (8.1), oK = ¢ iff s(x,) = 8{Ky) . That is 1ff

Ky = Ky . The result follows from (8.2) . . 0

9, PROPOSITION: Suppose that a PM complex K of dimension n {s the
unfon of two B-constructible n-subcomplexes K‘.KZ whose inter-
gection has dimension n-1 . Then K 1is B-constructible provided

K‘nkz §s so; K {is S-constructible provided aK=¢.
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PROOF: The B case follows from (8.2); the § case follows from
(8.3). 0]

Shellable complexes are a special subclass of constructible

complexes, which deserve some separate interest:

. An n-complex K {is S-shellable if a=-1 orif n20,
and K = K]u[p] , where [ p Jis a B-shellable n-cell of K, !‘
{s a B-shellable n-subcomplex of K, and K‘n[p] . aK| = pl .

An n-complex. K {s B-shellable (n20) {f either K=« [p] and
3k 1is S-shellable or {f K= K‘utpl where X; . [p] are B-shellable
n-subcomplexes (p an n-cell of K) , such that K‘n[p] is B-

shellable of dimension n-1 .

In sectfon VI we present a less recursive alternative to

this definftion. We conclude with a counterpart of {9).

10. PROPOSITION: Suppose that K s n-dimensionl PM, K, isa 8-shellable
subcomplex, [p] & B-shellable n-cell such that, K® K‘u[p]
and K;nlp] is (n-1)-dimensfonal. Then K {s B-shellable
provided K, nlpl s so0; K {s S-shellable if 3K = ¢ .

PROOF: It follows from (8) as before. 0

e
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3.1l

111) THE MATROID CONSTRUCTIBILITY THEOREM

z.

V. THEOREM: Let C be an oriented matroid. Then

(1.1} Every nonzero cell of ¢ fs B-shellable.
(1.2) Every supercel) of ¢ is B-constructible,
(1.3) Every flat of ¢ s S-constructible; in particular, ¢ s

S-constructible,

We shall prove this theorem in two steps. In this sectfon,
we assume (1.1), and proceed with the proof of (1.2) and (1.3).
The proof of (1.1) will be presented in the next sections.

Let us first establish (2), the basic property of supercells
which entail their constructibility. Recall that a supercell can be
represented as  C(W,5) = (X «C| X\S s W\S} , where § is a set

of equators and W ¢ C, W-S=4. Asupertope is a supercell
which contains a tope, 1.e., a supercell representable as C(T,S) ,
where T 1s 3 tope.

PROPCSITION: Let X be a supertope of C containing at least two
topes.,
Then there exist supertopes KK, such that K = K]uKz and
KKz 1S a supercel) of dimension d(C) - 1 .

PROOF: The order {somorphism in (2.111.7) from € to a simpYification
€’ induces a dijection between supercells of C and those of (°,
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Thus, ft s enough to consider the case where C {s simple.

2
1 + T be topes in K . Ne may represent K as

let T
c(T‘.s) = C(Tz,S) for some nonempty set S, WNote that every
equator separating " ang 1 is in S . By (2.1v.10), one of these
equators, call it e , is a facet equator of T' . Call X the
corresponding facet of T' ; thus X! =0, Xf . T} for every

fee. let S'=s-¢, k= c(1's), Ko (s,

Clearly K, = Hek [u, = 1) or 01, K, » (Wek |
He--Tl or 0} ; thus K-KluKz.Since YIcKl.Tzclz.
both these supercells are supertopes., Also, K,nkz -

(MK g « 0 = C(X.S') . Thus Kk, 1s & supercell, of
dimension < d(C)-1 , as it is contained in Qe . Indeed,

as X ¢ Klnxz and d{X) « d(C}-1 , 1t follows that d(xlnkz) -
d{c)-1 . 0]

PROOF of (1.2) and (1.3) modulo (1.1).

The results are true if d(C) = <1 (C = (D). We assume
inductively the results for all orfented matroids of dimension < ac) .
Now, every supercell which s not a supertope s a supercell of sm‘
contraction of (C; also every proper flat of C is an oriented
matroid of smaller dimension. Thus, the inductive hypothesis handles
these supercells and flats, and we only have to worry about proving
(1.2) for supertopes and (1.3} for the flat (.

e




95
3.

{1.2) A supertope which contains only one tope is a tope cell,
thus B-constructible by the assumption of (1.1). An
induction in the number of topes will handle other super-
topes, by 8 combination of Propositions (2} and (11.9).

(1.3) Let e be an equator. Let K, * T - (ReClx, =+ or X, = 0L,
K, = T ; Then K, and K, are supertopes, and K oK, = Cle
has dimension one Vess than d(C). This is the hypothesis
of Proposition (11.9), thus C is s-constructible. 0



IV) ROOTING

The usefulness of simplification §n proving statements about
oriented matroid complexes was apparent in section (2.1¥) and 4n Propos-
ftion (I11.2). MNext section we are going to discuss fndividual cells,
and a further simplification is possible and useful,

To motivate the idea to be presented, let us consider a
homogeneous linear system A in R" » with oriented matroid € on E .
Consider the cone P = {w ¢ R"IAu 2 0} , and suppose for simplicity
that there 1s a w” ¢ B" such that A0 » 0 (t.e., 2 eC). Also
suppose that C {is simple, t.e., no row of A s a scalar multiple of
another. An equator e 1{s a facet equator of & 1ff there exists
weR" such that Aew =0 and kfu >0 forevery fue; in this
case, (we P]Aeu =0} fs a facet of P, Now, consider an equator
e which s not a facet equator, and Tet A' be the matrix obtained by
removing A, from A . The cone P' = {w < R"|A'W 2 0) contains P ;
the fact that e does not define a facet of P 1implies that #* = P,
For 4f w' < P' =P, then AW 20 and AM' <0 ; but then
W e |Aewl l.uo +|Aew°|.w] satisfies: Aewz =0, PRV 0 , contradicting
the cholce of e . That fs, as far as P f{s concerned, e {is irrelevant,

Thus we obtain the well known result:

1. PROPOSITION: Let P = {w ¢ R"|[M 20} , and suppose that there exists
3 W R such that M > 0. Let B be the submatrix of
A comprised of the rows of A which define facets of P .
Then P = {w ¢ R"[Bw 2 0) , 1]

Al Poal ¥ .."‘
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This result generalizes to oriented matroids from the form
"the face-lattice of P 1is preserved  upon deletion of non-facet

fnequalities®. 1t appears in [LV3) as Theorem (2.2).

THEOREM: Let T be a tope of 3 simple oriented matroid ¢ on £
and Tet F be the set of facet equators of T ,S=E-F.
Let aic+C\S be the map ofX) = X\S . Then:
(2.1) For all WecC , if o(W) < afT), then WsT. Equivalently,
o MaltT)) = 171 .
(2.2) The restriction of o to (7] is an order {somorphism with
the cell (T\S] of C\S .

(2.3) Al equators of C\S are facet equators of T\S .

PROOF: We shall repeatedly use (2.1v.10): for T,T' topes of C,
some equator separating T and T* f{s a facet equator of T.
(2.1) Let W ¢C and suppose that a{¥) s oY) but W fis not a
face of T . Then some member of $ separates T from W . But
then, W.T is a tope of ¢ , distinct from T, and separa_ted
from T only by mesbers of S . By (2.1¥.10), one member of S

s a facet equator of T, contradicting the definition of §S.
This contradiction shows that W {5 a face of 1.

(2.2) Clearly o maps (T] fnto [T\S] and is order preserving,
From (2.1}, it is also onto, Let us show that 1t 1s 1-12

Suppose that this is not the case, so there exist distinct
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X,¥Y ¢ [T} such that X\S = YAS , Choose e ¢ S such that
Xe * 'e s neither of xe.ve can be —Te » 50, without Toss of

generality, X, =0, Y, =T, . let T' = K.(-Y).T. Then
T; = -T'e »$0 T' =T, and T' 1is separated from T only by
SnY . Appealing to (2.1V.10) we obtain a contradfction, With

this we have concluded that o fs bijective,

It remains to be shown now that for X,Y « [T] , if a(X)sa(Y),
then X s Y, It follows as above that {f we assume that the
conclusion fails for particular X,Y , one gets a contradiction by

considering the tope Y.{-X).T . This completes the proof of (2.2).

(2.3) From (2.2), the facets of T\S are precisely { X\S| X a facet
of 1) . Since C and C\S are simple, the result follows from the

correspondence between facets and facet equators, o

An oriented matroid with the property that every element is a
facet equator of & tope T f{s said to be rooted at T . Given
a.ny oriented matroid C and a tope T , by first simplifying
and then deleting all elements which are not facet equators of the
tope corresponding to T , we obtain an orfented matroid C'
rooted at a tope T' , such that (T') d4s isomorphic to [T].
Thus the study of tope lattices can be restricted to rooted oriented
matroids. Note that these matroids are always simple.

PETTET—Y
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PROPOSITION: If C {s rooted, then for every equator e , C /e
is simple,

PROOF: Since C 1is itself simple, C/e has no loops. Let now
f.g be arbitrary equators of- C/e ; we shall show that they do not
coincide,

By a suitable reversa] of signs, we may assume that the root
of ¢ 1is 2. Call X,¥,2 the facets of + supported respectively
by the equators f,g9,e . Then xe " Ye LI N xg = Zg LI
Yo Zf =+, and X = Yq =1, = 0. Elininating e between
X and -Y , we obtain a W such that H‘-O.H9-+. Hf--.
As both W and 2 are vectors of C/e, f and g do not coincide
there, ' o
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V) UMBRELLAS AND SHELLABILITY OF TOPES

To prove that oriented matroid cells are shellable, we need to
specify subcomplexes which are going to be "shelled" in the intermediate
steps of the proof. For this purpose we introduce umbrella subcon:p!exes.
In the same vein as the proof in section 111 reduced to the consideration

of supertopes‘only, here we shall be confining ourselves to topes primarily,

Let ¢ be a simple oriented matroid, with topes T and T* ,
Denote by U(T,T') the coHec_tion of facets of T supported by equators
separating T and T', Thus, U(T,T) = ¢, U(T,-T) = {a1] facets of T).

When T' =T or-T, U[T,T') s called an umbrella of T, A
subcomplex induced by an umbrella is an umbrella subcomplex of T,

1. THEOREM: Let T be a tope of the orfented matrotd € , d(C) 20,
Then:
(1.1) Every umbrella subcomplex of T s B-shellable.
(1.2} The boundary of T 1is S-shellable.
{1.3) The cell [T] is B-shellable,

We need some preparation before {1) 1s proved. First:

2. PROPOSITION: With the notation of (IV.2), a defines a bijection
between umbrellas of T and of T\S , by U(T,T'}e Ula(T).a(T')).

PROOF: Immediate. 4]
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When C {s rooted, umbrellas and topes are in a bijective

correspondence:

PROPOSITION: If C 1s rooted at T, and U(T,T') = U(7,T*),
then T' = 1%,

PROOF: Let lFl.Fz.....F"l = U(T,T") and LH be the equator supporting
Fl, for 1e1,2,...,k . By the definition of U(T,T'),
8187000048, arE the facet equators of T separating it from T' .,
As ¢ 1s rooted at T , these are precisely the equators separating
T and T° . Since T'.' is separated from T by the same equators,

=T . . 0.

Note the similarity between theb next two results and (111.2).
Theorem (2,1V.10) appears again crucfally,

THEOREM: Suppose that T,T' are topes of ¢ and JU(T.T'}} 2 2.
Then, for some FeU(T,T') . W(T,T')-F is an umbrella of
T (even if T' = .T),

PROOF: By (2) we can suppose that C is rooted at T .

By {2.IV.10) there is a facet equator e of T' separating
T and T' ; thus §T'  1s also a tope, Clearly U(T.i‘l') .
U(TT')F , where F {s the facet of T supported by e . O
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THEOREN: Assume that C 1is rooted at T, lLet U(T,T') be an
umbreila of T and suppose that F {s a facet of T not
in UW(T,T') , such that U(T,T')+F {is also an urbrella
of T, Then the collection of faces of F which lie in the
subcomplex induced by U(T,T') f{s an umbrella subcomplex of
F in C/e , where e 1is the supporting equator of F .

{Remark: Notice that F fs a tope of C/e , which is simple by

(1¥.3), so we are entitled to speak about urbrellas of F .1n Cle.)

PROOF: Let T" be a tope such that U(T,T") = U(T,T')+F , As C

is reoted at T , by Proposition (3), T1° and T' are separated
only by ¢ . Thus, e fis also a facet equator of T' and ST
F' = T'\e fs a tope of C/e . Furthenmore, as U(T,7') and
U(T,T") are umbrellas of T, both T and T' differ from T
and -T, hence F' differs fron F and -F . Llet U be the
subcomplex of C/e finduced by U(F,F') , and let U= [U(T,T')].

We shall prove that Un[F]l = w .

W c UunlF} . It is enough to show that U(F.F') c unlF1.
let Y ¢ U(F,F') and f be the facet equator of F supporting it.
Then Fg=Fc, by the definition of U(F,F') , and hence’

T; - -‘I‘f . It follows that the facet ¥ of T supported by f
§s in U(T,T') . As Y < T and vf-o. YsH, Thus Ye U.

‘U nlFle W; Let Yo Un(F} . Then v,-o for some
equator f e e sepa;-aung T and T° . This f wmust also separate

e

e —
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F and F', thus Y.F*F, A1l equators separating F and Y.F'
are in E-Y ond separate F from F' ., By (2.1V.10), some facet
equator ¢ of F separates it from Y.F*, thus from F' . Then

F\g ¢ U(F,F') and as Y

9-0. YsFg, implying YeWw. O

These last two results can be put together now for a proof of
Theorem {1).

6. PROOF of (1): By (Z.N.l3).. 3[T] §s PM with empty boundary; thus
we may use {11,10) to prove (1.1) and (1.2). The whole proof is

by fnduction in ihe dimension n of C. The case n =0 {s trivial

thus we may assume n > 0 , and that the theorem holds for orfented

matrofds of dimension <« n. In particular, for every facet F of

T, [F] {is B-shellable, as F {5 a tope of a flat of C . Note

that [T) has dimension n-1.

(1.1) B8y (2) and (iV.2) we may assume that C s rooted at T . Let
U(T,T") be an umbreila of T and U = (Y(T,T")3. If u(T,7*
has just one facet of T, U = [F], thus is B-shellable
by the induction.

We proceed with an additional inductfon on k = JU(T,T*)}| .

from Theorem (4), when k z 2 Y(T,T*) - F {s an umbrella U(T,T%)

of T for some F ¢ U(T,T"). .Let U = [U{T,T*)) . By Theorem

(5) tnlF] 1s an umbrella subcomplex of F in C/e , for the

correct e , As d{(C/e) = n-1 , that intersection has dimension

n-2 , and is B-shellable due to {ts low dimension and induction.

Since JUT,T')| = k-1 , & {is also B-shellable, thus by (11.10) so
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is U = WulF) .,

{1.2) As AT) = U(T,-T) , there is by Theorem (4) a facet F of
T such that a[T) -F is an umbrella U(T,T*)} , B8y (1.1},
fy(T,7*)) is B-shellable, and as [F] 1{s shellable,

(11.10) shows that 3[T1 = [U{T,T*)Ju[F3 is S-shellable.

(1.3) {s immediate from (1.2), U

.

More simply restated;
THEQREM: Every tope lattice is B-shellable, : 0
COROLLARY: Every polytope ‘lattice is B-shellable. (1}
Wee shall later need:

PROPOSITION: Let X be a nonzero proper face of a tope T , Then
the subcomplex of 3[T) induced by the facets of T containing X
is B-shellable.

PROOF: We can assume that ¢ 1s simple. Now, since

X=0,T, -X.T«T,-T. It {s easy to see that the complex in
question 1s induced by U(T,-X.T) , whence the result follows from
(1.1). g

When we talk about tope lattices a certain care must be taken
about umbrellas. It is conceivable that a definition of umbrella
subcomplexes in a tope lattice could be provided in an intrinsic

manner, without reference to other topes of an asbient oriented matroid.

1 .
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However, this cannot be done, We present an example of two rooted
oriented matroids, whose roots have isomorphic lattices, with an
urbrella of one which does not correspond to any umbrella of the

second, in any order {somorphism.

EXAMPLE: Consider the cube Q fn R°

described by the system of
inequalities: -1 s w,,Wy,wy 3 1 . Label its facets ‘1'“2"‘3"’]"’2"’3
so that 3y is supported by w - -1, and bi is supported by

LI 1 . Homogeinizing this polytope, we obtain a cone in RY described

by:
ll : Hl ‘*HAEO
by W +w, 20
5, w, +w, 20
bz H =¥y ﬁu‘:o bz 0
3 u30u‘20
"3 z -w3+u4=0

The lattice of this cone is isomorphic to that of the cube.
Consider the oriented matrofd C associated to the linear system A,
The vector ¢ i{s a root tope of this oriented matroid, and 1£s
Tattice is fsomorphic to that of the cube. Thus we have a bijection
between topes of C and umbrellas of * .

Let us show that no set consisting of two opposite faces of *
plus a third face is an umbrella of . By symmetry, it {is enough
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to show that “1"’1"2’ is not an umbrella. If it was an umbrella,
the vector ---+++ would be a tope of €, That §s, there would

exist a vector w Such that

L) +w‘<0
.ul +w‘<0

'2 Ou‘<0
-Hz +w‘>0
w3 +u‘:0

-VI3 +w‘>0.

Acding together the first two inequalities and separately

the last two, we immediately conclude that there is no such W .

tet us now tilt a face of Q , substituting the inequality
" 2 <1 by w ¢+ W, 2 -1 ., Homogeneizing the new system, we obtain
acone A'w20 , where A' results from replacing the inequality

a3 by: w|+uz+w420.

Again the oriented matroid of A' {s rooted at & and the
lattice of + is isomorphic to that of Q in an obvious way. Note

that any such lattice isomorphisms sends a pair of opposite faces
to & pair of opposite faces.

Now:

A'(2.-4,0,1)8 « (-1,-1,-3,5.1.0)°,

i |
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which shows that ---4++ 1{s a tope of the matroid of A' . Thus
(a, "’1-'2’ ts an umbrella of + in this oriented matroid.
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V1) SHELLINGS AND THE TOPE GRAPH

In a proof that a complex is shellable, one has to remove one
maximal cell at a time, 5o that the resulting complex at each step is
shellable. One can conveniently look at the reverse process, Yike
adding the maximal cells one at a time. This fs the more usual way in

which shellability 1s presented.

A shelling of a pure n-dimensfonal JD complex {8 an ordering
F,.Fz.....Fk of its maximal cells such that for each 1 s i<k, F,
intersects the subcomplex generated by F‘.....Fk_] in a shellable
(n-1)-dimensional subcomplex, which {s of type B foresch f <k,

One may redefine a complex to be shellable in terms of shellings:
A PM complex of dimension n is shellable if the boundary of each maximal
cell is S-shellable and it admits a shelling, The type of K s

S or B accordingly as K = ¢ or not,

The definition above 1s easily seen to be equivalent to that

in section 11.

This section studies a special class of shellings the boundary
of a tope supports.

1. THEOREM: Let T be a tope in an oriented matroid C and suppose
the facets of T are given an ordering F‘.Fz.....F" o 1f for
154 ek, {Eleeesf*) 15 an wmbrella of T, then the
given ordering s a shelling of .
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PROOF: This follows from the way (V.1} was proved, o

An ymbrella shelling of a tope T 1s a shelling of its boundary
through umbrellas, in the sense of the Theorem above. These shellings
can be encoded nicely by the tope graph of €, with edges coloured

by equators,

Recall that the togé graph of C at T, T6G(C,T). has for
vertices the topes of C,' and the edges are as follows: there is an
edge directed lfrom T‘ to T2 {f there {s a unique equator e
separating them and 1"e = Te . -‘lze . We colour this edge with e .

PROPOSITION: Suppose that C is rooted at T . let €148p000008)
be an ordering of the equators of C , and denote by I~'1
the facet of T supported by e; , 1%1,2,...,k , Then
£, F2,....F% fsan umbrella shelling of T fff there is a
path from T te -T 4n TC(C,T) {n which the edges are

coloured in order €108p00000€) o

PROOF: It follows from the obvious fact that U(T,T') =u(T.T"WF
$£f there is an edge in TG(C,T) from T' to T*, coloured e,
where e is the equator supporting F . 1]

There are several such paths in TG(C 1) . Denote for each
tope Y of C by y(Y) the set of equators separating it from T..
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‘.Tz.....‘l't be a sequence of topes of a simple

oriented matroid C, such that y(T‘) c v(Tz) €ene€ v(Tk) .
Then there is a path from T to -T {in TG(C.T) that goes
throwgh T',12,....T¢ in this order,

PROOF: The statement and proof becomes clearer if we first do a
change of signs, so that T becomes + . Maintaining the Tabels

of topes after the change of signs, we have now that

D) = (fETE R -)

We can stick T to the beginning of the given sequence and
=T to its end, if they are not there and stil11 have a sequence with

the same property, so we assume without loss that 'I’1 =T, Tk =7,

1f for some 1, [v(T')] < [x(T"*1)|-1 . by (2.1v.10) there

Tiﬂ

is an f ¢ y(T’ﬂ) - y(‘l") such that W = ¢ is a tope, Let

us tnsert W 1in the sequence between T' and ‘I’I‘ﬂ o« As

Y(Ti) s v(W ¢ y(Th‘) , the new sequence satisfies the same hypothesis.

Applying this argument enough times we finally reach a sequence
T= u‘.uz.....u" = -T, of which the origina) one is a subsequence,
and such that for each { <n, Iy(H"‘)l - |1(U1)|ﬂ . This sequence

clearly determines a path in TG(C,T) . O

THEOREM: tet L be a tope lattice of dimension n ., Let
0- K0 e k! <oeue K™Y < k" = L be a chain of faces of L
and F",F‘....,F"'l be » sequence of facets of L such that

T

£y

e A e T T——
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PROOF:

1M

K“"" < Fi but K"" is not a face of Fi (0<1s<nl),
For 2<9§ sn-1, let F1 denote the set of facets Y of
Losuchthat X1 sy, BV 2y and Yer', Then L

has_a shelling following the scheme:

AL A R SO o ST A

Furthermore, for every tope T of an oriented matroid such th
CT1 s isomorphic to L , such a shelling can be obtained as
an umbrella shelling of T .

Let C be an orfented matroid with a tope isomorphic to the

given lattice, We may assume that C {s rooted at this tope, as

umbrella shellings need only be considered in rooted matroids.

¥e call T this tope and identify the faces of the given lattice

with the faces of T to which they correspond by the isomorphism
L-(71.

where e, is the equator supporting F .

tet T« ™10 (0sfsn-1), and let

e VLT for 251 snel. Note that W oa o T
i

i

The sequence of tupe's

Lo T2 R, e, 287, P e

satisfies
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By Lemma (3), there is a directed path from T to -T tn TG(C,T)
going through these topes in this order; this path determines an
umbrella shelling of T by (2) . It is routine to check that

MALE ), U(T.T‘) = (06N and, for 2 s {4 s n-1,
Tty « ot Ner ) sty o 1
which {s what is required, 0
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VII) REMARKS

Thé presentation of constructibility as done here, for
complexes, seems to be new, although similar definitions appear in
Hochster [Ho] and Danaraj and Klee {DK11 . In these articles the
definition is restricted to complexes in which the cells are polytopes
and the intersection of any two cells is a face of both; the possibility

of an entirely combinatorial conceptualization is not considered.

) In most occurrences of “constructibility” in the literature
{e.g., Stanley [St11) the definition is given for simplicfal complexes
only, and in a more general form than (1.10) which does not differentiate
types 8 and S and does not imply PM-ness. That definition properly

includes the classes of complexes we have called constructible.

Shellable complexes are by far more explored than the more

general constructible ones (see [DK21) . Again here simplicial complexes
get most of the attention, In [BM] and [DK1], complexes whose cells
are polytopes are considered for shellability.

Bruguesser and Mani [BM) proved that polytopes are shellable,
Their motivation was to provide an elementary computation of the Euler
characteristic, according to the proof of (11.5). The idea behind this
goes back to the last century, in the work of Schlafli. Our "umbrella
proof" is essentially a combinatorialization of the ideas of [BM] .
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Theorem (1V.4) 1s due to Danaraj and Klee [DK11 for polytopes.
We feel that there is a real simplification here in the use
of the combinatorial method; the proof in ([DK1] {s a considerable

- tour-de-force of geometry.

'An important point about this theorem refers to the still
unsolved problem of characterizing polytope lattices. The shellings
asserted by the theorem form possibly the strongest set of conditions known
to be satisfied by polytope lattices. By proving them for tope lattices,
we ensure that they do .not suffice for a characterization of polytope
lattices, as not all tope lattices are polytope lattices.

" Another proof that the Euler characteristic of a
tope lattice is 1 appears {n(CLM],
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CHAPTER 4

SPHERE SYSTEMS 1

1) INTRODUCTION

Linear systems were presented as the basic geometrical
motivation for the study of oriented matroids, However, as we shall
see in Section 1V, there are oriented matroids which are not linear.
The real scope of the oriented matroid axioms is a topological
generalization of linear systems, which we call sphere systems
(also called “arrangements of pseudo-hemispheres” by Folkman and

Lawrence (FLI).

The oriented matroid C of a linear system A in R"
associates to each point of the space a signed vector encoding its
position relative to the hyperplanes of the system. As all positive
scalar multiples of a victor are encoded by the same signed vector,
one may as well look only at points in the unit sphere
"o (x ¢ R xf T x,z' » 1} ; with the only possible exception
of 0 , all signed vectors of C are obtainable from points in S"".
fach hyperplane He in A intersects S"" in an isometric copy of S"'2
which separates S“" in two sides, S; and S; , the intersections of
"1 yith the sides of He . Thus, as far as their oriented matroids
go, linear systems in R" are equivalent to a family of isometric
copfes of "2 in "1 together with a labelling of the sides of each

“equator® as ¢ Or - .

15
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Some basic properties these familfes of spheres have suggested
the definition of sphere systems. First we need some preliminary

concepts and notation,

A topological n-sphere (n-ball) {s a topological space
homeomorphic to s" (respectively, B"  (x ¢ R"I xf beent x: s 11).
Let S7 = {x e S"| x,,3 = 01, S§ *{xcS"| x4 >0)and
S? » (x ¢ 87| x,,) < 0). A hypersphere of an n-sphere § {5 a subset
of S which is the image of SJ under a homeomorphism f: S < §. The

sets f(S}) and f(S]) are the sides of £(S).

1) A sphere system is a triple (S, E,H), where S is a sphere, E
"§s a finite index set, and He (Szl ecE, Je(0,0,°)) s a family

of subsets of S satisfying:

(1.a) For each e ¢ €, either (S:. S;. S;)- (5.0.8) or S: is a
hypersphere of S, with sides S, and S, .

{1.b) For every ¢=A & E, the subspace n(S:I e « A} is a sphere

(possibly empty). This is called a flat of the system.

{1.c) For every flat F, and every e ¢ E, either F ¢ S: or S: oF

fs 8 hypersphere of F, whose sides are S; nFand S, nF.

(1.d) Denote Si . Si v Sg . For every collection B of such sets

efther nB = }.(sgl 53 « 8 for some J) or nB is a ball.

One checks easily that the construction presented prior to
the definition produces a ("1inear®) sphere system out of a linear
system. Other kinds of sphere systems will be constructed later.

ol s Btaans o an o
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There is an intimate connection between sphere systems and
oriented matroids which was first discussed by Folkman and Lawrence [FL].

This connection is the theme of this chapter.

Consider a sphere system (S, E,H), and associate to each point
x ¢ S the signed vector o(x) on E, defined by: c(x)e-j 1ff x ¢ Sg .
The degeneracy of Sis 1+ dim o'](g). where dim K denotes the dimension
of the sphere K. Here we introduce the practice of referring to a sphere
system by its supporting sphere $ when that leads to no confusion. In
particular, the set of all signed vectors obtained from S will be
denoted o{S). . .

Two sphere systems S, T with the same index set £t witl be
considered equivalent if there exists a homeomorphism h: 5 + T such
that h(Si)- Ti , for every e, J. It is clear that if S and T are
equivalent, then o(S)® o(T); also, the topological invariance of

dimension implies that S and T have equal dimension and same degeneracy.

If the degeneracy of S is 0, then 0 ¢ o(S). We shall often
Yook at ofS) + 0 ;  note that still o '(Q)=4 =a(SO| ecE) .

t One can extend the notion of equivalence so as to allow
different index sets, and relabellings. This would make the
sets o(S) and o(T) “isomorphic® instead of {dentical.
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2) REPRESENTATION THEOREM: The map S w 0(35)+Q {s a bijection between
equivalence classes of sphere systems of fixed degeneracy k 2 0

and oriented matroids on the same index set.

This is the connexion established in [FL]. We shall present a

new proof of this result which strenghtens it in several directions.

It is natural to regard Theorem (2) as making three distinct
assertions about o ; those are separated in Theorems (3)4(5)4(7) which

together comprise a proof of Theorem {2). The simplest of the three is:

3) THEOREM: Suppose that two sphere systems have the same set of

signed vectors and the same degeneracy. Then they are equivalent.

This result is proved by analyzing the partition 3 sphere
system induces in {ts supporting sphere. The complex of the sphere

system § s

C(s)= (0" (IXI)] X ¢ 9(5)Q) -

4. PROPOSITION: The complex of a sphere system is 2 ball complex.

This is proved in Section 111, where we slightly modify the

definition of ball complex to accomodate degeneracy. An elementary

property of ball complexes {111.1) §s used to produce the homeomorph ism

asserted by (3).
The part of the proof of the Representation Theorea which
actually develops the structure of orfented matroids and sphere systess

is:

i ok il

T T

e
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5. THEOREM: Given an oriented matroid C and an integer k 2 0, there
exists a sphere system with degeneracy k whose set of signed

vectors is C .

This {s proved by constructing a ball complex order isomorphic
to € , and whose space is & sphere; then the several hyperspheres are
1dentified as spaces of subcomplexes, The main difference between this
and the proof in [FL] is that we also prove:

6. THEOREM: Every oriented matroid is a PL-sphere.

Roughly speaking, this says that in any ball complex order
isomorphic to an oriented matroid, the cells are embedded in the
whole sphere in & nice way. The concept of PL-sphere {is more thoroughly
discussed in the next chapter, where we prove (6)- An essential part °
of that proof s the fact that oriented matroids are constructible.

The proof of (5) is given in Chapter 6.

REMARK: A1l the worry sbout degeneracy in (2), (3) and (5) may seen
1ike complicating for the sake of generality. For instance, Folkman

and Lawrence never consider degenerate systems, so why should we?

The real reason for considering degeneracy 1{es in what happens

when one deletes elements from a sphere system:

Select a subset A G E and consfder the system S\AS(S,E-AH'),
where N' results from the removal from H of all Sg with ¢ ¢ A. That is
a sphere system, and O(S\A)* o(S)\A. Now, the degeneracy of S\A can be
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bigger than that of 5; one can easily show that if the dimension of
o($) goes down by k upon deleting A, then the degeneracy of S goes up

by k. ]
A Tast part of the proof of (2) is showing that o actually

maps syhere systems to oriented matroids:

7. THEOREM: For any sphere system S, a(5)+Q fs an oriented matroid,

Proof of this is given in Section II. The basic fdea s
that whenever K is a.supercell of o(S), o"(l() is a ball where
interfor is o"(relint(K)).As o s continuous and onto, the supercell

axioms (2.1V.9) follow from basic properties of balls.

Related to the proof of (7) is a question about the way
sphere systems are defined, and what properties should one check to
satisfy ourselves thata given triple (5,E.H) fs indeed 3 sphere systen.
For instance, Folkman and Lawrence have shown that it suffices to
verify (1.8,b,c) together with the conclusion of Proposition (4).
They also assume the existence of an involutive homeomorphism of S,
similar to the antipodality in 1inear sphere systems, but this is

easily shown to be a redundant requirement (Theorenm 1v.1}.

The statement that C(S) is a ball complex is essentially
a weak form of (1.d), namely, it only specifies the resutlt of inter-
secting a fev_- sets of Si . Thus the task of verifying that a given
object is a sphere system is somewhat simplified using Folkman and
Lawrence's theores. On the other hand, one easily verifies that’

T ———
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{1.c) s a consequence of (1,3,b,d), therefore redundant.

Actually, a much deepe:: simplification 1s possible: the
assertion (1.d) for a given system follows from (1.a), (1.b), (1.c).
That s, hyperspheres which intersect nicely imply that the
corresponding sides also intersect hicely. A direct proof of this is amis
1n Chapter (6) we shall see a proof which is a bit of 2 mess, involving
another proof of Theorem (7) together with the full topological
significance of Theorem (6).

The last two sections discuss systems of (topological) hyper-
planes in projective space. Section IV shows how to identify antipodal
points in a sphere system, {n order to get projective systems. Two
dimensional projective systems (“arrangements of pseudolines™) are used
to give examples of nonlinear oriented matroids. Section V discusses
Levi's Theorem, which s a basic tool in the theory of n'-rangenents of
pseudolines, '
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11) GETTING THE ORIENTED MATROID

The axioms by which oriented matroids were defined have a faint
resemblance to those properties defining sphere systems. For instance,
the negatfvity axiom is related to the "crossing property” (l.1.c),
uhili products and elimination reflect aspects of (1.1.d). A more clear

connection appears with the use of the supercell axioms.

For this purpose and future use, it is convenient to introduce
the following notion:a signed system is & triple (S.E,H) where S is
8 topological space, £ is a finite set, and He (Sgl ek, Jele,»,0})
is a family of subsets of S, such that for each e < E, (S:. S;. S;) is
partition of S, S: is closed and S, Sg are open. A flat of the
system is either S or an intersection of S:'s and & supercell s on
intersection of Sg which is not a flat, where Si - Si v s: « The

" relative interior of a supercell K is defined as:

retint(k)= nisd( ks 83, KISk .

1. An abstract sphere system (one must be careful with addbrevia-

tions') is a signed system (S,E,H) such that:

{(1.8) Forevery flat Fande c E, SonF s ¢ iff S nF e,
{1.b) Every supercell fs the closure in S of its relative interfor.

(1.c) The relative interior of each supercell {s connected.

Every set P of signed vectors can be considered a system in
a natural way, with the topology and sets v{ as defined in Section (2.¥).

T
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2. PROPOSITION: A set D of signed vectors is an abstract sphere

system iff D+0 is an oriented matroid.
PROOF: This ¥s Just & restatement of Ti:eoren {2.V.9). a

3. PROPOSITION: Every sphere system {s an abstract sphere system.

PROOF: Evidently, a sphere system S s 2 signed system. It
satisfies (1.2), since S;nl-'xo implfes that S:nF is 2
hypersphere of F and S;nF is one of its sides, therefore nonempty.
The supercell properties follow from:

§. LEMMA: Let K be a supercell of S, let F be the intersection of all
flats of 5 which contain X, and denote n ® dim F. Then there exists

+ honeonorphisa hiB" K such that h(8"=s"") = relint(K).

Assume (4) for a while. Then relint(K) is connected and dense in
K since B"-S"") has these properties with respect to 8", This completes
the proof of (3).

PROOF of (4): Let Fy,Fp.....F, be the balls $3oF which contain K.
I F, = SiuF. denote F3 « SIF, Fy + S}F. Define Ky = Fyn...oFy
K¢ ® Fine.onfys thus K = it' relint(K) = K; . No K, is contained in any
F] (otherwise, Kek,sF] SF, contradicting the definition of F), hence by
{1.1.4), each Ii 1s a ball. Note that each K, is an open set of F (in
the relative topology), and each ¥ fs ¢losed.

We show inductively that there exists a homeomorphisa hy:8" K,
such that hi(n"-s"") * K, . The case i1 follows from the fact that F{
1s & hypersphers of F, and Fl {s one of 1ts sides.



e

4.11 ’ 128

Suppose now that the stage i-1 has been succesful. Since
v T ¥ 40
Ky ® Ky qoF 4F3 o Ry _(nFose . The map hy_; fmplies that X, , fs the
closure of KM; hence, K, _ynF =4 . Thus Xy contains the nonempty open
set K, of F. The Invariance of Domain Theorem (see [Du] , [6r1) )
implies that (since Xy is a ball) there s & homeomorphism h‘:B"¢ !‘ so
that hi(B"—S"") is the union of all open sets of F contained in K, . Thus
n_.n=1 -
Kychy(8"-5"""). On the other hand, h'(B"-S“ ')crj. for every jsi, since
H’._is contained in F.’ and is open. It follows that hi(l"-sn")sn!"si *X. O

The Jast two propositions are tied together by:

5. P.ROPOSITION: If S {5 an abstract sphere system, so is o{S).
PROOF: Observe that o is ontt;. and 1f Kso(S) s efther a flat .
or & supercell, so 1s a"(K). and relint{K}*o(relint (o"(K))). ‘
Moreover, since every closed set of o(S) is a unfon of supercells, u |
1s continuous. |
Condition (1.a) follows for o(S) directly from the definition ‘
of o and (1.a) for S, while (1.c) follows from the same for 5 and
continuity of o .
Since supercells are closed, any supercell contains the closure
of its relative interfor. Suppose that (1.b) fails for K. Thus, there
exfsts an open set ASg(S), disjoint from relint(K) , such that AnKs¢ . |
Since o onto, o~ (Ano™ (K)=# , and as o”'(A) 1s open in S and (1.b)
holds for a"(K). o"(l)nnllnt(o"(l))-o . Applying o we obtain a
contradiction with the choice of A which shows that (1.c) also holds
in o(S). o
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fow we reached the goal of this section:
§. PROOF of Theorem (1.7): Proposition (2) + proposition (3) ¢
Proposition (5). ) D

Folkman and Lawrence's proof of (1.7) describes the oriented
matroid of S in terms of its circuits. In fact, there is a simple

' proof that the minimal nonzero vectors in o(S) are the vertices of

an oriented natroid. One just has to verify the conditions of

Theorem (2.V1.4) as follows:

() 1f Veo(S) is minimal, let Fen{SO| ecE-V} . It follows from
(1.1.c) and minimality that n(S:I e¢E} is a hypersphere of F.
This implies (2.V1.4.1).

(b} (2.V1.4.2) follow easily from (1.1.d) and the fact that balls
are connected , by tﬁa same method used to prove that an abstract
sphere system of signed vectors satisfies the elimination property .
(2.v.9).



4.111 126

111) BALL COMPLEXES

The definition we give here differs a little from the one in
(3.1) in that we allow degenerate ball complexes. By the boundary, 38,
of a n-ball B we mean the image of S"'] under a homeomorphism 8"+B;
the interfor of B is B-38. Intrinsic, equivalent definitions are:
int B={xeB| x has a neighbourhood homeomorphic to R"), 8= {xeB| x
has a neighbourhood homeomorphic to Rf] .

A ball_complex {s a complex K with minimum 0, such that all
members of K-0 are ba.ns in some euc)idean space, and the interfor of
pcK-0 equals 1, (p)* K-u{geK] q5p}. In particular, if p covers 0, we
conclucie that 0 is the boundary of p, hence a sphere. The degeneracy
of X fs l«dimQ (Fig.4.1) . -

¢x ‘

degeneracy 0 degeneracy 1

The space of K is a subspace of some R", and has thus a topology,
also determined by: Acs(K) 1s closed {ff its intersection with each cell
is closed in the cell. Thus a map defined on s(K) is continuous iff its

restriction to each cell is so.

i

I

Pude e o
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1. THEOREM: Let K, L be ball complexes of equal degeneracy and

f:X+L an order isomorphism. Then there exists a
homeomorphism h:s(K)+s{L) such that h{p)=f(p) for every peK. Furthe.r.
given any subcomplex K' of K and homeomorphism h'ss(K'}+s(f(K'})
compatible with f, one can construct h extending h'.

PROOF:  If K' is not specified, Tet K'= {0,) , and.h':0,+), be
any homeomorphism. 1f K=K, choose a minimal cell
pek-K'. Then every q5p is in K', and we have
h*(3p)* vih(q)] qsp)
= u{f(q)] q5p)
* uftel| t5f(p))
=3q .

By the Lemma below, there is a homeomorphism from p to f(p) extending
h*| 2p. This map can be used to extend h' over p, thus over K'+p,

Inductively, we extend over the whole K. g

2. LEMMA: Any homeomorphism between the boundaries of two balls can
be extended to s homeomorphism of the balls.

PROOF: Suppose first that we are given a homeomorphism
n: $7Ns™ 1 | We can extend it to h: B™sB" by defining:
h{0)#0, h(x)* |x|.h{x/|x|}) , where x -(x%»--o xﬁ)““: More generally,
given homeomorphisms £,:8%B,, f,:8%B,, h: 3By=3B,, define h'sfy'nf):
s"Ls™1, extend h' over B" as above and obtain the extended h as
XYL )
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Now we return to sphere systems:

3. PROOF of (I.4): Let S be a sphere system and xco(S). Then o~ '([X1)
is a supercell, therefore a ball, unless X= 0, {n which

case o"([x]) is a sphere. When X=0, Lemma (I1.4) says that

int 3'(1X3) as a ball 1s stmply o~ (X)* o~V ((X1)-ulo” (YD) Yer} ,

which is the interior of X in C(S). Thus C(S) fs a ball complex. 4]

4. PROOF of {I1.3): Let (S,E,H), (T,E,L) be sphere systems, and denote

‘ by ug. oy the corresponding maps to signed vectors.
Suppose that os(S)-oT(T)-c » and S and T have equal degeneracy. Thus
a;'(g) and o;'(g) are homeomorphic spheres (possibly empty), and one has
& homeomorphism h between them. Consider f:C(S)+C(T) defined by
f(og‘([XJ))' a;‘([X]). This ts clearly an order isomorphism, and in
view of (1.4), combines with h to produce a homeomorphism h:5-T as in
Theorem (1). It follows that for each XeC , h(og‘(x))- o}‘(l).
hence h(s})s h(uog'(X)] Xged))e T3 . 0
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IV) PROJECTIVE SPACE

A homogeneous 1inear system in R" can be considered as 3
coilection of hyperplanes in real projective space P"". There the
hyperplanes do not have sides, but they still dissect P"'l into
regions. In some situations, the system on P"} seens to be a more
comfortable geometrical object than a 1inear system or & homogeneous

linear system. We describe a similar gimmick for sphere systems.

We consider P" as the identification space S"/(x~-x) . The
fdentification of s¥ with " m""-g) for ken, induces a canonical
tnclusion PKC BT, A pseudo k-flat of P is the image of P* by a

homeomorphism of P".

1. THEOREM: Let S be a sphere system. Then there exfsts a homeo-
morphism h:5+S such that for every xeS, h(x)zx=h{h(x)),

and such that h(§;)-S; for every e. The identification space S/(x~h(x))

1c homeomorphic to 3 projective space and the image of each flat of §

is a pseudo-flat.

PROOF: Let Foifﬁ SFn'S be a sequence of flats of S, such that
ro-n(s:| ecE) and for each 1, dim Fi-hk. where kedim Foe
Choose a homeomorphism fozro»s“ (Af ke-1, this step is vacuous ), and
define hiF.+F, by ho(x)-f;‘(-fo(x;).
Suppose inductively that we have defined homeomorphisms
hyiFyoFye f‘:Ff-SM‘ such that:
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(1.3) hy(xdexehy(hy(x))s
(1.2) £,h (x)==Fy(x),
(1.3) for every xeo{F;), h‘(u"(X))' o M (-).

We define now hhl' fhl:

Let D=a(F,,)). There exists an ecE such that Fy=SgoFy . ‘
Therefore, K:(o'l([X])l hﬁ;) s a ball complex with space
S;th‘. while s;nrm is the space of a similar complex X_. Certainly
gik K_ given by o (113) +0~!{L-X1) fs an order isomorphisa, and
hy is a homeomorphism between the spaces of K'=(peK,| pSF(} and
g(K} )= {peK, | peFy 1, such that h (p)'g(p) for every pck . We can thus
extend h; to t: s(K, } +s(X_}, as in (II1.1), so0 that t(p)'g(p) for
every pek . Define hy o by: hy et} if uS'nFi'l. t” (x)
otherwise. Thus hy 4 is now 8 function 'm*‘m- and it is easy to
see that ft is a homeomorphism and satisfies {1.1) and (1.3).

s‘fkt‘ are

To define f, ;. note first that S;th‘ and
balls with boundaries Fy and s¥*%. Thus fy con be eatended by Lesma (111.2)

to a homeomorphism u:S:th‘-o -51""‘. Define b ; by: £1o1 (X))
1f xeSonfy 10 = Wy g (x) 11 XeSgnFy 1. 1t 15 well defined since if
nﬁﬁhruurf“nnﬁmuy*MHUL.uauommmmm.

Hence (1.2) is satisfied. The homeomorphism h of the theorem
is hy and its properties follow directly froa (1.1), (1.2), {1.3), with
thg exception of the assertion about flats:

From the construction, the image of each Fy under the fdentifica-
tion x~h{x) is a pseudo flat. Let F be a flat of dimension dek. One could
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have started with & sequence of Fj's containing F, and the same f
obtaining a new homeomorphism h® such that under the fdentification
by h*, the image of F is a pseudo flat. Let D) "€peeen el be a base
of o(S) and define g:S-5 by:
x, i1f for the smallest § for which o(x)iso.
g(x)= o(x)y® +
h'h(x) otherwise.

By observing the action of g on cells of C(S) one sees that
it 1s & homeomorphism, and from the definition, gh=h'g. Thus g induces
s homeomorphism of tﬁe two identification spaces, hence F/{x~h(x)) is
the image of the ps'eudo flat l"/(x~h'(x)). 1]

Let us define a projective system to be an indexed family
“’el ecE) of pseudo-hyperplanes in P" such that each subcollection inte
sects In a pseudo-flat. The preceeding theorem tells us that every
sphere system can be turned into a projective system. Conversely,
given a projective system in P" and if £:5" P 15 the double cover,
the system 1ifts to a collection of hyperspheres in s™, After labelling
as +, = the sides of the hyperspheres, one can verify conditions
“(1.1.a,b,c) of the definition of sphere system. As we shall prove in
Chapter 6§, that shows that a sphere system was obtained. So, one may
consider & projective system as a sphere system without +,- labelling,
to which one could make correspond all orfented matroids obtained

from o(S) by a change of signs.

A special case of projective system which has deserved a lot
of attention recently is the 2-dimensional case, also called arrangement

of pseudo-lines ({G3], [Co3), fCodl, [GP11).
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1t follows from Theorem (1.3) that the oriented matroid of such an
arrangement is Vinear iff the arrangement is "stretchable®, i.e., can

be transformed into an arrangement of lines by @ homeomorphism of .

In Figs.Z and 3 we show two nonstretchable arrangements. The non-
stretchability of the one inFig4.2is justified in [63, p.42], and

based on Pappus' Theorem. The one in Fig.A.3is nonstretchable § if it was, the
(then) straight lines 8,....g would be part of a Desargues' configuration,
thus implying that the lines AA', BB', CC' are concurrent. But those would

be i, . k, stretched, which are not concurrent.

ZM b
\l
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¥) LEVI'S THEOREM

In most treatments of arrangements of pseudo 1ines, as
those quoted in last section, the following Theorem of Levi fle)
(see 810 [Gr2, pg.47]) is often used as the main tool:

1. THEOREM: Given an arrangement of pseudolines A in Pz and points
p.q in Pz. not both in one pseudoline of A, there exists
a pseudoline in P2 which contains p and q and can be adjoined to A,

resulting in a new arrangement.

Given the relationship between arrangements of pseudolines

and 2-dimensfonal sphere systems, this result is equivalent to:

2. THEOREM: Given a 2-dimensional pointed sphere system S and points

p. q in S, not both in one of the hyperspheres of the
system, 1t is possible to adjoin to S & new hypersphere S, (with sides
S;. S;). containing p and q, 50 that the new system is still a

sphere system.

3. Remark : For linear sphere systems this theorem expresses an obvious
property: every two points are contained in a plane through
the origin, 1]

We shall present a proof of (2) using the Representation

Theores.

4, PROOF of (2): e use the term circle instead of "hypersphere® in
this context.
Denote C=0(S)+0, Ve=a(p) .



'R ' 198

W=o(q). We shall do the case V=sW, The cases where p and q 1fe in the
same cell or opposite cells of C{S) can be deduced from that easily.
It helps 1f one views C(S) as a map in the sphere S. The geometrica)
dusl of this map is nothing more than the tope graph of ¢ (unoriented).

Let T e vt e vo(ew), Toyy, 1 (-¥).v¥ .
Since p and q are not in any of the circles, those four vectors are
topes of € . They may not be all distinct (Fig.[4.4)).

Fig. 4.4
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In TG6(C, 1‘). choose a path P from ' to 12, Consider the
sequence 10,1 XV ¥2, .. 000", where Pex®,x,... 0", and for
{o1,....0, v! s the edge comon to 1=V -and x'. choose points .
Xgo¥yseeeo¥y in S such that o(x‘)'li. o(y‘)-vi. with the care of
choosing x,=p it %=y, and x.=q t¢ X"sM. Join each pair of
successive x,y points by an arc which, except for its y-end, is contained
in the interior of the cell containing x. There is no difficulty in
making successive arcs {ntersect only at the extremities. If psx,,
adjoin an arc px, contained in o'](T]) to the beginning of the sequence,
and similarly adjofn an arc xq at its end if x =q. Concatenating

all those arcs, we get a path P in S, joining p to q, such that

a) The circles intersected by the interior of P are only those

separating p and g, and P intersects each in a single point (yi).

Let h be an involutfon of S as in (IV.1). In the argument above
substitute q by p, p by h(a), T by T4, 72 by T3, There results a path
Q in S from h(q) to p, satisfying the analogue of (a3). Clearly QnP={p} ,
hence the concatenation of Q and P is a path R from h(q) to q, which

crosses once each circle not containing g.

It follows that Se-Ruh(R) s a circle containing p and q.
Clearly 5, {ntersects each circle of § in a pair {x,h(x}} of points,
and these two circles cross each other. That {s enough to guarantee
that_s. and its sidés can be adjoined to the system S. Q

This proof clearly extends to the following generalization
of (2).
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3. THEOREM: Let S be a n-dimensional sphers system, and let p, q
be points in S. Also, Suppose that an involution h of S is
given, as in (IV.1). Then there exists an embedding f:S‘~S such that
f(S‘) contains p and g, is fixed by h and crosses each Se not
contafning p and q. Thus the intersections of the Si with f(S‘).
define 2 1-dimensional sphere system on f(S‘). 0

This is a poor-man generalizatfon of (2). What one really
wishes is something Vike:
4. "If S is a pointed n-dimensional sphere system, then given any
n points in §, it is possible to extend S with a new hypersphere
that goes thru those points”.

Unfortunately, this is false if n23. Counterexamples to (4)

are presented in section {9.1¥).




Chapter S

P. L.

1) INTRODUCTION

A main result of this chapter, with direct bearing in the proof
of the Representation Theorem (4.1.2), 1s:

V. THEOREM: Every oriented matroid is a PL-sphere.

The definition and study of the class of complexes called "PL-

spheres”, and the companion "pL-balls" is the content of this chapter.

An idea underlying the notion of “PL-sphere” is that one would
1ike to study the ball complexes whose spaces are spheres, or balls,
combinatorially. This is not too manageable, as some results one would
expect to hold may fail to be true. For instance, suppose that X is a
ball complex and s(K) = S", and let x be a vertex of K. There is a
neighbourhood N of x is ¢M which i a topological ball and meets only
the cells of K which contain x. The intersection of these cells with
the boundary of N determines a complex with space oK, and order
fsomorphic to st{x.,K) * (peK|Xcp). One would expect that N could be
chosen so that the complex in N 15 2 ball complex, thus implying that
st(x.K) has the partial order of a *spherical® ball complex. There are
examples which show that this is not the case [Ed), [Can) .

The class of piecewise-linear bal) complexes and correspond-

17
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ing notions of PL-balls and spheres avoids these pathologfes.
Those are ball complexes with an additional structure. We describe

them after a few preliminary definitions.

Amap f:P *R". where Ps.,l!". is affine if for every
Pys Ppreeesby=P, '“lpl""“k"k) = l'f(pl)h..ﬂkf(pk). whenever
ll”Z""“k =],

In this chapter, a polyhedron is a subset of some euclidean
space which is a finite union of polytopesf. A Piecewise-Linear
(PL) map between poiyhedn P,Q s a 1-1 map f : P+Q such that
there exists a decomposition P = Pluqu...uPt. where the P,"s are
ph]ytdpes and [P, is affine, for each § = 1, 2,....t. A bijec-
tive PL-map is called a PL-homeomorghism; 1t {s a homeomorphism

in the ordinary sense, and fts inverse is also a PL-map.

Compositions of PL-maps are PL-maps (11.1). Thus, PL-homeo-
morphisms induce an equivalence relation among polydedra. This
can be alternatively described by (11.7): two polyhedrs are PL-
homeomorphic if they can be triangulated by fsomorphic simplicial

complexes,

Henceforth, we shall use PLH to abbreviate "PL-homeomorphism”™

The use of the term "polyhedron® here s inconsistent with the
definition of unbounded convex polyhedron in chapter 2. Those
definitions can be conciliated {[Hul, pg. Bl) at the expense of
some complication which §s unnecessary here, -
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and "PL-homeomorphic®,

PROPOSITION: Any two n-polytopes are PLH, and so are their boun-

daries.,
PROOF: Given in (11.9) ’ 0

A polyhedral n-ball (polyhedral n-sphere) is a polyhedron

PLH to an n-polytope {the boundary of an (n+1)-polytope). By the
proposition, a11 polyhedral n-balls are PL-homeomorphic. .The
image of the boundary of a polytope by a PLH to a polyhedral ball

P is the boundary aP of P; it is, of course, the boundary of P as a
topological ball, We shall prove in sectfon II that 3P 1s a well
defined subset of P, and relate it to triangulations of P,

Remark: It s common fn topology to refer to polyhedral balls

and spheres as PL balls and PL spheres. We reserve these names

for the classes of complexes defined below.

A PL ball-complex is a complex K whose cells are polyhedral
balls or ¢ and such that for each peK, its boundary is the union of

. the cells of K 1t properly contains. Thus 3p = s(ak[p]).

A PL_n-sphere is a complex order isomorphic to a PL ball-
complex whose space is the boundary of an (ntl)-polytope. Simi-
larly, & PL n-ball ls. a complex order fsomorphic to a PL ball-complex
whose space is an n-polytope. Polyhedral balls and spheres can
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substitute the polytopes in these definitions, without any concep-

tual change.

Main examples: any polytope lattice is a PL-ball, and its
boundafy {s a PL-sphere,

PROPOSITION: A PL n-ball is PM of dimension n, and {ts boundary

is a Pt{n-1)-sphere.
PROOF: Given in (111.6) a

THEOREM: Let K be a complex and suppose that !1,Kz are subcomplexes
of K, each a PL n-ball,. and such that KfJKz = K. Then,

(4.1) If Kan2 =K . K,y then K is a PL n-sphere,

(4.2) If KI"KZ =% n &,y and is a PL (n-1)-ball, then X is a

PL n-ball.

PROOF: Given in Section III. g

Similar results hold with polyhedral balls and spheres.

The presence of these two statements as parts of a single
theorem is so that the analogy between them be explicit. We point
out that (4.2) 1s actually one of the fundamental characteristics
distinguishing PL-balls smong other balls complexes, The analogue
of (4.2), with the “PL® removed {s not true in general, as can
be seen from an example of Harley [Hal. On the other hand, the

_—
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proof of (4.1), presented in section 111, works as well for general

ball complexes whose spaces are topological balls.

THEQREM: Every S-constructible complex is a PL-sphere and every
B-constructible complex is a PL-ball.

PROOF: The usual induction for constructible complexes applies.
Theorem (4) takes care of complexes which are obtained

by pasting. The case uhefe K has only one maximum, p, and 3K s S-

constructible is handled as follows: by induction, 3K is order

isomorphic to a PL ball-complex whose space {s the boundary of

a polytope P. We can add P as a cell to the ball complex and ex-

tend the order fsomorphism from 3K by pe—+P. o

Theorem (1) follows directly from Theorem (5) and the comstruc-
tibi11ty of oriented matroids. By the same reason, one concludes
that the boundary of a tope is a PL-sphere. Theorem (1v.8) says

that the polar of a PL-sphere is a PL-sphere. Thus we can state:
THEOREM: Tope boundaries and their polars are PL-spheres. g

Notice that for Vinear oriented matroids, this theorem says
Just the obvious fact that polytope boundaries are PL-spheres.

The star of a cell p of & complex K is st{p.K) ={qeKipcq};
the shell of p is sh(p.X) = (st{p,K)1 - st{p.K).
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We say that X' s obtained from K by pulling p at P, where
p 1s a point not in s(K-st(p,K)}, 1f XK' is order isomorphic to
the complex {K-st{p,K)}u{qtplqcsh(p,K}}.

The operation of pulling a face is useful in the solution of
some problems about polytopes. One reason is that if K is a poly-
tope boundary, then Kl {s also {somorphic to the boundary of a
polytope. Indeed, 1f K 15 the boundary complex of a polytope
P, by choosing a point p separated from P by the supporting hyper-
planes of facets which contain p, and no others, the convex hull
of Pulp) 1s a polytope whose boundary s isomorphic to Kl (see
[62, 5.2.11). In fact this construction, and its application in
the proof of the Upper Sound Conjecture for polytopes {is what led

us to consider “pulling®.

THEOREM: Pulling a cell in a PlL-sphere semilattice results in

a Pl-sphere semilattice.
PROOF: (V.5). g

A semilattice s a complex in which the intersection of any
two cells is a cell. In section IV we discuss the necessity of

this additional hypothesis, with the proof of the theorem.

The Upper Bound Conjecture was 3 (now proven) statement about

the number of faces of polytopes with given number of vertices
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and dimension. Cosbining Theorem (7) with a result of Stanley
{st2]. we prove:

8. THEOREM: PL-spheres, and in particular, tope boundaries and their

polars, satisfy the Upper Bound Conjecture. 8}

*pulling® has had a honorable place in the beginnings of
PL-Topology. Alexander [A1] has shown that the spaces of two
simplicial complexes are PL-homeomorphic iff one can go from one
complex to the other by a finite sequence of complexes such that
each consecutive pair differs by a pulling.

That gives a totally combinatorial characterization of
PL-balls and PL-spheres. lﬁ section VII we present another
totally combinatorial characterization of PL-balls and PL-spheres
in terms of constructibility and the notion of subdivisions.

In the same chapter we 1ay the groundwork for an approach
to PL-balls and PL-spheres that further emphasizes complexes,
subdivisions and order isomorphisms, as opposed to PL-maps. That
section reflects ideas still being developed. It was written
in order to be conceptually independent of the intervening _
sections {except for some concepts {ntroduced at the beginning
of Section 11). Perhaps it would be a good idea for the reader
to jump now to Section VII for & first appreciation of the
{deas there, and then read the remaining sections with the

possibility of tne alternative approach in mind.
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BASIC POLYHEDRAL TOPOLOGY

PROPOSITION: Compositions of PL-maps are PL-maps.

PROOF: Let f:P+Q and g:Q+R be PL-maps. Express

P = ulPli = 1,...0k), Q= 0lQ4l§ = Lo....t], where the
P‘.Qj are polytopes, f is affine on each Pi’ and g is affine on
each QJ. Then (f'l(f(Pi)an)) gives a decomposition of P into
polytopes and gf is affine on each piece. ]

A polyhedral complex s a complex K whose cells are polytopes
whose interforsin K coincide with their polytope interfors and such
that the intersection of any two members of K is a face of both, -~ — .
In particular, every face of a member of K 1s in K. 1f each
member of K is a simplex, K is called a simplicial complex (a poly-
tope P with vertices VO'VI"""n is an n-s_im_plﬂ 1f every point x
of P has a unique expression x = "o"o”‘x"l"""u"n' with 0sd,
Agthyteotr = 1). A triangulation of a polyhedron P {s a sispli-
cial complex with space P.

One can associate to each order isomorphism f: KL of sim-
plicial complexes a PLH also denoted f:s(K)=(L) . which is
as given on vertices, and is affine on each simplex of K. Note
that this PLH is uniquely defined from f. This {s an example of
simplicial map. More generally, 3 pL-map f : P+ Q 45 simplicial
relative to triangulations K of P and L of Q {f  maps each simplex
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of K affinely onto a simplex of L. In other terms, f 15 determined by its

value on vertices by affine extension.

We shall see now that every PL-map §s simplicial relative
to suitable triangulations. This combinator{al characterization
of PL-maps explains for the most part thgir advantage over more

general continuous embeddings.

Let X be a polyhedral complex and let us choose a point
fn the intertor of each non-empty cell p. The complex K. =
(conv(ﬁl.....ﬁk)ll p‘.....pkl s a totally ordered set of cells
of K-0)'4s 3(first) derived of K. It is a simplicial complex,
s(x.) = 5{K), and every cell of K 1s the space of a subcomplex
of K'. In fact, if ¢f pcK; p-s([p]'), and we also have the
recursion [pJ' ] (a[p]).u(conv(ofp)|o¢(3[p])‘) « An r-th derived
of K {s defined inductively as the derived of an {r-1)-th derived
of K (fig. 1).

4 K*

Fig. 5.1
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The use of deriveds in most of the following development {s
not of absolute necessity, but we feel that this extra tool sim-

plifies much of the work ahead.

For example, as polyhedral complexes sre ball complexes,
Theorem (i.l".l ) applies. But we have the following strengthen-
ing:

PROPOSITION: Let f:KsL  be an order {somorphism of polyhedral
complexes.. Then there exists a PL-homeomorphism

his{K)+s(L) such that for every peX, h{p) = f(p).

PROOF: As f extends naturally to an {somorphism f. H K' - I.';
one obtains h as the simplicial map assoclated to f'. 0

LEMMA: Let Al' AZ"“'“n be polytopes contained {n the space of
a polyhedral complex K. Then K has an r-th derived con-

taining triangulations of Al. Az.....ln.

-

PROOF: Let PO'PI'PZ""'PR be Al.lz.....ln and their non-empty
faces in order of non-decreasing dimension. Suppose

inductively that some {r-1)-th derived K(r'” contains triangula-

tions of Po.’x"""r-l' This {s clearly true for r=1, since ’0

{s a point, and it {s a vertex in some K..

Now, for each MK("". choose 8cint(c), and in P.nint(o)
17 this 1s non-ewpty. Define K™ as the derived of k(™) witn

a e b e ao
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this choice of 8's, We show now that each nonempty set Prn0.0EK("l’

{s the space of 8 subcomplex of k™. That tmplies that P, s
triangulated. :

This s proved by induction in the dimension of 0. [f d(c) =0, .

there is nothing to prove. Suppose that PrﬂT is triangulated in

K(r). for each proper face of a given Ocktr). Each face of the
polytope Prno 1s an intersection of faces of P and of 0. Since

each proper face Ps of Pr {s triangulated in K(r'l). as s’r,

Psno s jJust a face of 0. It follows that each proper face of

Prnd {s the intersection with Pr of a face of 0, The induction
hypothesis implies that each of these is triangulated in K(r).

thus the boundary of Prnc fs the space of a subcomplex of L of

K(r). Then Lulconv(7+8) [teL} 1s a subcomplex of k€F) and its

space is Prnd. o
The following consequences are of fundamental importance.
COROLLARY: Every polyhedron {s the space of a simplicial complex.

PROOF: Let P = Pluqu...qu be a polyhedron, where the P1 are
polytopes. Choose a large simplex T such that PsT. By
Lemma (3) some r-th derived K of the fnc; complex of T contains
triangulations of each P‘. Thus, P is the space of {ocK|ocP).
. ’ a
A complex L {5 a subdivision of K 1f s(L}= s(K) and every
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cell of X is the space of a subcomplex of L.

COROLLARY: Given any finite collection of polyhedral complexes
contained in a polyhedron P, there exists & triangu-

lation of P, containing a subdivision of each of them as a sub-

complex, 4]

COROLLARY: Any Pl:-map 1s simplicial relative to some triangula-

tions of the domain and codomain.

PROOF : iet f:P+QbeaPl-map, Using Lemma {3}, one can
triangulate P by K so that f is affine on each simplex.
Triangulate now Q by L so that the image Iby f of each member of
K is triangulated. Let K, = (f'l(t)lftL.Tsf(P)). Then K, is a
triangulation of P and f {s simplicial relative to K1 and L.
o
COROLLARY: Two polyhedra are PL-homeomorphic iff they have iso-

morphic trtangulations.

PROOF: The "{f" part 1s obvious. For the "only if", consider
a pair of polyhedra and a given PLH. The map is simpli-

clal relative to suitable triangulations, by (6), and since it

1s bijective, 1t induces an order isomorphism of these triangu-

lations. 0

. COROLLARY: Two polyhedral complexes have PL-homeomorphic spaces iff
they  have {somorphic simplicia) subdivisions. One

s

T——
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of these can be chosen to be an {terated derived.

PROOF: Again, just the “only if" part requires proof, One jJust
repeats the proof of (7), and of (6), with the following

modification on (6): {f P and Q are the spaces of the given comp-

lexes, when constructing X and L we impese that they are fter-

ated deriveds of the original complexes. ' o
Ne can prove now a strong version of (1.2):

THEOREM: Let P,Q be n-polytopes, and pe3P, qedQ be given points.
Then there exists a PL-homeomorphism h : P = Q such that
h(p} = q and h(2P) = 3Q.

PROOF: Using a suitable linear transformation, one can displace
and shrink P, so that we can assume that Psinto and that
for some point xeintP, the segment xq intersects the boundary of P
in the point p. Consider now all the polyhedra P‘ncunv(QJQx).
where 0, is a face of Q. Triangulate the boundary of P by K so
that each of these polyhedra are triangulated. Radial projection
from x will map each simplex in this triangulation onto a simplex
contained in 2Q, thus giving a triangulation L of 3Q, and an iso-
morphisa £ : K = L such that f({p}) = {q}. Define now K, =
Ku{conv(o+x) jock} and L analogously; then Ky triangulates P, L‘
triangulates Q, and f extends to an {somorphism f : Kl - l.l such
that f(x) = x. The corresponding simplicial map is the required
PLH. 0
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It 1s clear that the result above fs stfll valfd for any poly-
hedral n-balls P, ().

We now relate the concepts of boundary of a complex and ball

boundary:

10. THEOREM: Let X be a polyhedral complex whose space is an n-polytope.
Then K 1s PM, d(K) = n and s(3K) = as(K).

PROOF: Let peX have dimensfon <n. Then there exists a point x

in the interior of the polytope s{K) which 1s not in the
affine flat spanned by p. Choose a point ycint{p). The interiors )
of cells of K partition the line segment xy into open segments,
and y is an extremiiy of one of these, say, of xynint{q). Thus
yedq, and since yeint(p), psq.  This shows that if d{p)<n, p is

not maximal, hence X is pure, d{K) = n.

Let peK be an (n-1)-cell and let H be 1ts affine hull. There
1s no loss of generality assuming that s{(K)cR", hence H f{s
a hyperplane . Since any two n-polytopes containing p
and contained in the same side of H have an interior point in
common , there is at most one n-cell of X containing p on

efther side of H.Hence K 1s PM.

If pcas(X), then H supports a facet of s$(K) and s(X) fs con-
. tained in one side of H. Thus p 1s contained {a exactly one n-
‘cell, f.e., pes(K). On the other hand 1f pgas(K), H splits int(s(K)}
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in two parts, and the argument of the first paragraph shows that

on each side of H there {s an n-cell containing p.

Thus, B(K) = {pcXid(p) = n-1, pcds{K)}. A straightforward
argument shows that the boundary complex of the polytope s{K} s
subdivided by a subcomplex of K. As that boundary complex is a
unfon of {n-1)-polytopes, it fol.lous from the first paragraph
that the corresponding subcomplex of K fs a union of (n-1)-cells.
Thus 1t is generated by B(K), and must equal 3K. It follows that
s(2K) = 3s(K). 0

THEOREM: Any PL-homeomorphism of polytopes preserves boundary.
Thus the boundary of a polyhedral ball is well defined.

PROOF: tLet f : Pl - Pz be a PLH, where Pl and P2 are polytopes.
Choose triangulations l(l of Py, Kz of l’2 relative to which
f is simplicial. Clearly gedk, if f(o)eal(z. thus, s(BKZ) = f(s(a_Kz‘.

By Theorem {10), s(3.) = Py. 1 = 1.2, so £(3p,) = 3P,. Fora

general polyhedral ball P, if fx:Pl*P' f2:PpeP are PLH,
where '1' Pz are polytopes, we have that fz‘I:PpPz' is a
PLH, thus:

-1
1,(ap,) = £,(af,7 ¢, (Py))
. fzfz'lfl(al"). by the first part,
» £,(3Py). o]
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111} PL-BALLS AND PL-SPHERES

Recall that a PL ball-complex may be defined as a pointed ball complex
whose cells are polyhedral balls. That includes polyhedral complexes.
In particular, Theorem (4.111.1 ) applies to those complexes,

Actually, a stronger result holds, as expected.

1. THEOREM: Let K, L be PL ball-complexes and f:X-L be an order
isomorphism. Then there exists a PL-homeomorphism

h: s(K) » s(L)_such that h{p) = f(p) for every peX.

PROOF: The same inductive proof of (4.111.1 ) applies. Thus,
one assumes inductively that the PLH h has been defined

on cells of K of dimension <n, and extends h to thé n-cells by

the following Lemma, which §s a counterpart of (4.111.5 ). O

2. LEMMA: Any PL-homeomorphism between the boundaries of two poly- -
hedral balls can be extended to a PLH of the balls.

PROOF: It {s enough to consider the case where one has a PLH

£ : 31" » 21", Define f(0) = 0; extend f linearly over
each segment 0x, with xe2I". Then f is a homeomorphisa "1
It is PLH, since T is affine on each polytope conv{Pu{t]} where
Pcal™ and FIP is affine. o

A PL-sphere {s a complex order {scmorphic to 3 PL ball-
complex.uhose space is a polyhedral sphere, PL-balls are defined
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similarly. It follows from Theorem (1) that a polyhedral complex
s PL-ball (sphere) Iff fts space is a polyhedral ball {sphere).

PROPOSITION: Every closed cell (subcomplex) of a PL ball-complex
is a PL-ball and #ts boundary subcomplex is a PL-

sphere.
PROOF: Direct from the definitions. D

LEMMA: Every PL ball-complex K can be subdivided by a simplicial
complex L so that for each peK, the subcomplex L(p) =

{oect|aep) is order isomorphic to a subdivided polytope.

PROOF: Each cell of K, being a polyhedral ball, has a triangula-
tion tp {somorphic to 2 subdivided polytope. By (I1.5),
all these triangulations can be subdivided via 3 triangulation
L of s(K). Thus, for each peK, L(p) is a subcompiex of L, and
s{L(P))=P » which shows that L tubdivides K. Further, Lip) is
a simplicial subdivision of tp; the PLH from p to a polytope P
which {s simplicial relative to ¢, fnduces a subdivision of P
{somorphic to L(p). a

THEOREM: Let K be a PL ball-complex. For esch peK, define

d(p)en 4f p is a polyhedral n-ball. Then K is JO
with dimension function d. Further, Tet a simplicial complex
L subdivide K as in Lewmd (4). 1f L is PM, so is K and 3L sub-
divides K.

163
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PROOF: Subdivide K by L as in Lemma (4). Let peX have dimension
n2l. By (11.10), aL(p) triangulates 3p. Any aes{L(p))
lies in some cell q of K which lies in the boundary of p. Simce
n-1 = d{o)<d(q)<d(p) = n, d(q)*n-1 , and we see that the maxi-
mal cells of X properly contained in p have dimension n-1, This

shows that d is the dimension function of K.

.

We now suppose that L is PM. Call n the dimension of L.
Every n-simplex is contained in a cell of Kl which must thus have
dim;\slon n. Hence the n-ce'll; of X contain a1l maximal simplices
of L, so their union is s(K), and it follows that K {s the unfon
of its closed n-cells, {.e., it is pure dimensional. -
Let p be an (n-1)-cell of K and choose oel(p) of dimension
n-1. Every n-cell containing p must contain an n-simplex contain-
ing o; conversely, 1f geK, d{q) * n and ocL{q), then pcq and
oc L{q). Thus, oeB(L) 1f there is only one q such that acl{Q):
equivelently, if pealk). Thus 3L su{lad loc8(L)} = viL(p) IpeB(K}},
and this is what had to be proved. 4]

The next result encompasses Proposition (I.3):

THEOREM: A PL m-ball is PM, has dimension n, and its boundary
fs a PL (n-1)-sphere. A PL n-sphere s PM, has dimension
n, and no boundary.

PROOF: Both assertions follow from a combination of Theorems (5)
and (11.10). o
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We come now to the point of proving the important Theorem

(1.4). It is convenient to fix the following notation:

Let UL LN be the cannonical basis of R".
- “ - !
Denote = P conv(tel. zez.....zenl.

P" = Py R" = conv(P"'lun).

ARTAS LT
™1 " - tnt P™,
n-1 n

N

Note that 0:’1 and Qf’l are polyhedral {n-1)-balls: vertical

projection onto P! 45 tn efther case a PLH.

Recall that, in the statement of {I.4), K {s a complex, Kl'

Kz are subcomplexes of K, esch a PL n-ball, and K‘ 2" K.

PROOF of (1.4.1): Suppose that Kl 2" K = axz. For {=1,2,
let H' be a PL ball-complex and fi:Kplq

be an order {somorphism. Let g,:s(Hl)*Q‘: be a PLH, which

exists since both are polyhedral balls. Now, restricted to BHZ.

flfz'l 2 My - LN 1s an order isomorphism, to which corresponds,

by Theorem (1) a PLH h:s(auzys(au‘) . Thus glh is a PLH

from s(aiz) to 302 =" aof. It can be extended by Lemma {2)

to a PLH gz:s(Hz)oc'_' . The set H'(gl(P)lpzﬂl]u{gz(n) [pe,}

is then & polyhedral complex with space '«)P""l

, and there is an
order {somorphism f:K-+¥ given by f(p) = glfl(p) or g,f,(p),

whichever 1s defined [if both are, they agree), Thus K is a

155
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PL n-sphere, 4]

The idea of the proof of (1.4,2) is essentially the same as
above, namely, given PL n-balls Kl.Kz. we try to realize one as
a ball complex with space P:' , the other on Pf. s0 that Klnxz is

realized on P] nP”. To do this, we shall need "Newman's Theorem":

THEOREM: If K is a PL n-sphere and a subcomplex L of K {s a PL
n-ball, then the subcomplex {K-L] 1s a PL n-dall. Simi-
larly, if a polyhedral n-ball is removed from a polyhedral n-sphere,

the closure of what remains is a polyhedral n-ball.

PROOF of (1.4.2.): As before, let f{"f“i be order isomor-
phisms, where "1'"2 are ball complexes and
let h: s(fz(Kanz) - s(fl(Kanz)) be a PLH compatible as in Theorem
(1) with the order somorphism £,f,"1 £, (Kynky )ty (Kyoky)
Let g, : s(f K, nk,)) = P™ 1! be a PLH, which exists since by hypo-
thesis Kok, {s a PL (n-1)-ball. Considar now I.1 = [axl-x'nle. .
By Newnan's Theorem, L, is a PL (n~1)-ball, and clearly Ay .
a(xl nKz). since *; {s PM without boundary by Theorem (6). MNow,
g, gives a PLH from s(f(al.l)) to 30‘"'1. By Lerma (2) we can
extend 9, to a PLH of s(f(L})) to )1, So, right now, gy 15 a
PLH from s(F(,)) =as(W;) to o], and another application of

Lenna (2) extends g, o a PLH s(¥,LF7 . By defining g3 s(f,(Kynky)}ot"™"

by 9 " glh' we can repeat the previous argument and extend §
to a PLH from s(¥,) to P". WNote that for each peKpnky o

hcns |

7
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9,f,(P) = 9;hf,(p) = gy T,(p), by the construction of h, Thus
(glfl(p)Ip:Kl)u{ngz(p)lpgkz) fs a PL ball-complex with space "
and order isomorphic to K. This shows that K is a PL n-ball,

]

Known proofs of Newman's Theorem require more specialized
machinery which would be of little use in what follows. Proofs of the
polyhedral  statement can be found in Cohen (Col, Hudson
(Hu, 1.2.63. Proofs of a very different nature were given by Newman
[NE)]  and Alexander [A11. The "PL" part of the theorem fol-

Tows easily from the polyhedral part.

This theorem captures one of the main differences between PL-
sph:res and ball complexes whose space is a topological sphere.
Indeed, combining results of Curtis and Zeeman [CZ])and of
Edwards [Ed] and Cannon [Can], it is possible to produce a sim-

plicial complex whose space is a S-sphere and such that the removal

of a B-simplex leaves something other than a ball.

We shall have occasion later for using the following result.

We state 1t in both PL (polyhedral) forms: .

THEOREM: Let K be a PL (polyhedral) n-ball, and let L be a sub-
complex (subpolyhedron) of K which is also a PL {poly-

hedral) n-ball, and such that La3k is a PL (polyhedral) (n-1)-ball.

Then, [X-L1 {the closure of K-L) is a PL {polyhedral) n-ball.
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PROOF: See [Hu, 2.141 for the {disquised) polyhedral statement,

The PL statement follows easily from that.

)]
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1v) JOINS, DERIVEDS AND STARS

A set P<R” and 8 point V¢R"-P are joinable {f the open seg-’
ments iy. ycP are pairwise disjoint. In this case, the join x.P
fs defined by x.P = (Ax+{1-3)ylos)<1,ycP}; and by convention,
x4 = {x}. If P is a polytope, x.P = conv(P+x), thus a polytope.
Hence, 1f P is a polyhedron, so is v.P. Also, if K 1s a polyhed-
ral complex, then v.K = Ku{v.p|peK} is a polyhedral complex whose
space 1s v.s(K). Note that ¢cK, thus {v} = vaéev.K. .

The lbstract-jo_i_n_ of a complex K with minimum ¢ and a point
vis(K) 1s the complex v.K = Ku{ptv|peK}. We say that a complex L
1s a_join of K and v, 1f Ke{v)is a subcomplex of L and there {s
an order {somorphism lsv.K  which {s the {dentity on K+{v}. The
context will make it clear what type of join is being handled,

1f £:P+Q {s a PL-map, and the joins v.P and w.Q are defined,
then T given by TOvel1-1)y) = Awt(1-2)f(y) (yeP) is a PL-map
from v.P to v.Q. If f is a PLH, so is T.

In particular, if P {s a polyhedral n-ball, v.P is a polyhed-
ral (n+1)-ball. That is true,as 1f T is an n-simplex and the point
v is joinable to T, v.T {5 an (Mi)-simp'lex. Also, since 3v.T = TuvaT,
1t follows from invariance of boundary that dv.P = Puv.3P. Simi-

larly, for complexes we have:

1. PROPOSITION:  Let K be a complex. The property of being J0, pure
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dimcnsional or P holds for v.K 1ff it holds for K.In the latter
case, ov.K = K §f oK = &, av.K = Kuv.2K {f 3K Jé¢ .

PROOF: Straightforward. 0

PROPOSITION: If K is a PL n-ball or a PL n-sphere, than v.K {s &
PL {n*1)-ball, If K s a PL ball-complex, and v is
Joinable to s(K), then v.X = Ku{v.P|pcK} is a PL ball-complex.

PROOF: 1If K fs a PL ball-complex, then v.X is a collection of
polyhedral balls, and the formu-

lae for 3{v.p) and a(v.[p])bshw that K is a PL ball-complex.

For the first part, we may assume that K is a PL ball-complex and

that s(K) is either an n-polytope or the boundary of an (ntl})-

polytope P, Choose a point v joinable to s(K)}, and {interior to

P in the second case. Then v.K is a PL ball-complex and its space

is a (n+1)-polytope, due to the choice of v. 0

As an application of this result, we define the derived of

a complex, and use it fn the study of PL ball-complexes.

Given a complex K, & derived K of K is a simplicia) complex
with vertices (p|pek-01 in 1-1 correspondence with non-zero cells
of X, and such that (ﬂl.pz.....pk} are the vertices of a member
of l' if PyPyc. .. <Py. Note that any two deriveds of K are iso-
worphic, thus PLH.




161
5.1¥

Mhen a derived K. of K {s fixed, one has naturally the der-
fved of each subcomplex of K contained as 3 subcomplex of K'; we

refer to these implicitly in what follows.

One easily verifies that when KI.KZ are subcomplexes of K,
- ] L ]

(Klulz) - Klu Kz.
* » L ]

(Klnkz) = "l n.Kz..

tpd = p.(30p1)

K = u([p].lp raximal in K}.

As we pointed out in section I, a palyhedral complex K has
a derived in which peint(p) and s([p]’) = p for each pek-Q. For

PL ball-complexes, something similar exfsts:

3. THEOREM: When K fs a PL ball-complex there is 8 PL-homeomorphism
his(K')+s(K) such that for each peK, h(p)eint(p)
and h(s(tpI*)) = p.

PROOF: Define h{p)=p for each vertex p of K. Suppose that h has
been defined on s(Kn_l.). where K, = {peK|d(p)sn-1}.

The special properties of h imply that for any subcomplex L of

Koo1® n(s(L")) = s(L). In particular, {f peK, d(p)n, then

Ms(alp)") = 3p and (3[p3)" 1s & PL-sphere (simplicial). Hence.

[pl' = 9.Q( p]). 1s a PL-ball, and one can extend h from its bound-

ary to a PLH from s([p]') to p. Clearly h{p)eint(p). Doing this

simultaneously for all a-cells of K, one extends h to a PLH from
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s(Kn.) to s(Kn). The result follows by inductiononn. O

Indeed, this theorem still holds if one removes all "pL® from
{ts statement; the proof is essentially the same. Thus, the fol-

lowing corollary also holds without any mention to PL-ness.

COROLLARY: The group of order automorphisms of a PL ball-complex
can be faithfully represented by a group of PL self-
homonbrphisms of its space, each homeomorphism compatible with

the corresponding automorphism.

PROOF: Let K be the complex, and h = s(K')-s(K) be given by
Theorem (3). For each automorphism g of K, Tet g be the
permutation of the vertices of Kk* defined by 8(p) = g(p). Since
g preserves chains in X, g ¥nduces an order automorphism of K K
to which corresponds a PLH, still denoted §, by affine extension.
The representation of Aut(K) is given by go—vhgh'l. Yerification

{s straightforward, a

We introduce now a few more objects which are usefull to look
at in acomplex. Let K be a complex with minimum Q and peK, There
are defined (fig.5.2) the star of p in K, st(p.K) = {qeKlp=als
the shell of p fn K, sh(p,K) = [st(p.K)}- st{p.K),
the link of p In K, {p.K) = {qeX|png = Qand pugs some cel) of K},




lk(PlK)

sh(v,K)stk{v,X)

sh(p.K)

Fig. 5.2
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Thus, sh{p,K) and Yk(p,K) are subcomplexes of K while the
star is not. However, st(p,X) 1s a complex on {ts own right and

a most useful one.

We register without proof some elementary properties of these

objects.

PROPOSITION: Let v be a vertex of a complex K. Then sh{v,K) =
1k{v.K); further, {f K is simplicial, then sh(v,K)

is order {somorphic to st(v,K), and {st(v,K)] = v.sh{v,X). If

p<q then st{q.K) = st(g,st(p.K)). o

The notion of shell does not appear in the l{terature. What
one encounters are mainly simplicial complexes and links are fav~
oured in that context. We have 11ttle use for 1inks, and shall

work mainly with shells and stars.

6. THEOREM: The star of a k-cell in a PL n-sphere is a PL (n-k-1)-sphere.

The star of a k-cell of the boundary of a PL n-ball is 8
PL (n-k-1)=-ball.
PROOF : The proof {s written for spheres only. A proof for balls

requires only slight modifications.
It is enough to consider the case k®*0 only, the star

of a vertex. For if p, is a k-cel) of a PL n-sphere K,
Tet pycP 5. .- 5Py e 3 chain in K, where k(p;) = 1. Let K = stpg.K)s
then K, = st(p,.Ki_l). by part of (5) above, and py 1s a vertex
of IRT Thus, by knowing that the theorem is true for stars of
vertices, one obtains the general case by {teration. So, for

now we consider only the case k = 0.

T
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The proof is by {nduction on n, and obvious for n = 0. Suppose
now that mo0, Tet K be a PL n-sphere and v & vertex of K. Choose
s derived K", and define, for each pest(v.X),
L} *
tp = sh(9,[p]) = p.sh{9,3Cp1 ).

For each p, t {s a subcomplex of K 3 in particular, t_ = (3},
Kow, since each a{p] is a PL k-sphere (k<n), by (111.3) so !s atpd’,
by Theorem (3); and the induction hypothesis implies that st(v.a[P] )
{s a PL-sphere. Since st(v.a[p]') and sh(v,a[p]') are order iso-
morphic, sh(v.a[p]') {s a PL;sphere. and tp 1s a PL-ball, by Propo-
sition (2), One éasi\y verifies that T = (s(tp)lpzst(v.K)) isa
PL ball-complex and pr*;(tp) gives an order isomorphism from st(v,K)
to T.

Thus the result will be completed {f we show that s(T) is
a polyhedral (n-1)-sphere. Now, s(T) = s(u{sh(v.[n].)Ipwst(v.x)))
. s(sh(v.x*)).

Since sh(O.K') is order {somorphic to st(9,K"), what we are
required to prove amounts to a special case of the theorem; we

state that explicitly, in polyhedral form,

7. LEMMA: Let v be a vertex of the simplicial complex K. If XKisaPL
n-sphere, s(sh(v,X)) 1s a polyhedral (n-1)-sphere. 1f Kis a
P n-ball and vedK then s{sh(v,K)) is » polyhedral n-ball.
e - PROOF2 - Me shall be only the sphere case. Let T be an {nel)-simplex and
fts face complex. Since s(K) is a polyhedral n-sphere, there
exists a PLM h:s{K)» 3T.



5.1

Theorem (11.9) provides a PLH g : T+ 3T such that gh{v) is
a vertex of T. Denote f = gh, and choose subdivisions Kl of K
Tl of 37 such that f 1s simplicial relative to these.

Radial projection from v induces a simplictal subdivision
of sh(v,k) isomorphic to sh(v.Kl). This gives a PLH s(sh{v,.X)) -
s(sh(v.Kl)): Similarly one obtains a PLH s(sh(f(v).‘rl) + s{sh({f(v),aT)).
Simpliciality of f implies that the restriction f : s(sh(v.Kl)) +
s(sh(f(v}),T})) 15 a PLH. Combining these three PLH, one obtains
a PtH s(sh(v,K)) » s{sh{f(v),aT)}. Since the shel) of a vertex
in the boundary of an (ntl)-simplex 1s the boundary of an n-simplex,

the result §s proved. 1]

Theorem (6) gives a property of PL-spheres which to a certain
extent {5 what characterizes these among (PL) ball-complexes whose
space is a topological sphere. Sullivan [Sul has proved the
"Hauptvermutung” for spheres: {1f a PL ball-complex has for space
a topological sphere and the star of each vertex is & PL-sphere,
then the complex is a PL-sphere, provided the dimension {is not 4.

The 4-dimensional case has not been settled yet, as far as I know.

Recall that the polar of a complex K s the poset whose members
are the non-zero cells of K, plus a new { element, with the order:
p<q {ff gcp. As the polar of a polytope boundary s order {somorphic
to a polytope boundary, one is motivated to study the polar of
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tope boundary as an abstraction of polytopes within oriented mat-
roids. There exists a tope whose polar is not {somorphic to any

tope, so the two abstractions give rise to distinct classes
of complexes [Mul.
However, the polar of a tope is a PL-sphere, by virtue of:

THEOREM: The polar of a PL-sphere is a PL-sphere.

PROOF: The idea is that a complex and its polar have the sam.e
derived, Let K be a PL-sphere, and fix a derived K..

If peK, st(p.x)' {s a subcomplex of K.. even though st{p,K) is

not a subcomplex of K. For each pek, let Hp - p.st(p.K)'. which

L]
s also a subcomplex of K . By Theorem (6), st(p.K) s a PL-sphere,

hence so s st(p.K).. It follows that each Hp is a PL-ball. It
{s routine now to verify that W = (s(\lp)| pcK) 1s a ball complex,
the map p++ s(Hp) {s an order isomorphism from the polar of p to
W, and that s(¥) = s(K'). Since s(K’) is a polyhedral sphere,

by Theorem (3), that {s all that is needed to prove the theorem.

The previously mentioned complexes due to Edwards [Ed] and
Cinnon-(Can] are simplicial complexes whose space is 2 topological
sphere but such that the shells of some vertices are not simply
connected. The polar of one such complex is not order isomorphic

to any ball complex.



From now to the end of this section, X is a PL ball-complex

and v is a vertex of K. A star-neighbourhood of v in K is a polyhedron

D~s(K) satisfying:

(a) For every * peK, Dnint(p)e¢ 1ff vop ,
(b) For every pest(v,K)-(v] , Dnp and Dndp are polyhedral balls,
d{p) = d(Dnp) = d(Dn3p)+l . :

9. PROPOSITION: Let h:s(K")+s{K) be a PLH as in Theorem (3). Then
D = h{s(v.sh{v,K"))) fs a star neighbourhood of v in K,

PROOF: From the properties of h listed in (3) we deduce (a).
Property {b) follows from the facts:

Dup = h{s{¥.sh(v,[p1"})) .
Dadp = h{s{¥-sh{v,3(p)"))) .

Since atp)" is a PL (k-1)-sphere, where k = d(p), it follows from
Theorem (6) that sh(v,a[p)") is a PL (k-2)-sphere. Thus, ¥.sh(v,a(p)*) fs
PL (k-1)-ball, and ¥-sh(¥,(pI1") = ¥.(p.sh(¥.2(p]")) is a PL k-ball, by
Proposition (2). 0

For each p ¢ st(v,K)-(v} , let tp denote the closure a({Dnp)-(Dndp);
it is a polyhedral ball, by {I11.11), and fts interior is tpniut(p). Let

Kp * (tp | pest(v.K)} .

10, PROPOSITION: KD is a PL ball-complex, and p-tp is an order isomorphism
st(v.K)+Ky . Also T{K.D) * KpulDop | pest{v.K)) is a PL ball

complex with space D, and order isomorphic to v.Ky.

PROOF: The order fisomorphism v.KDd(K.D) {s given by pswDnp, ptp.
for each pest(v.K). Verification of the assertions is routine. O
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In particular, it follows from (10) that any two star ne ighbour-
hoods D, D' of v in K are PLH. In fact, one can prove that there exists a
self PLH of X that fixes all cells of X setwise, and throws D onto 0.

Hence, all star neighbourhoods are as described in Proposition (9).

11. PROPOSITION: If K is a PL n-sphere, K, is a PL {n-1)-sphere. If
K s a PL n-ball and ve3K, then K is a PL (n-1}-ball.

PROOF: Just combine (10) and (1.).. a
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V) SEMILATTICES AND PULLING

In spite of the strong relationship between the concepts of
star, shell and 1ink, we have no analogue to Theorem (IV.6) for
shells or links with the same scope. For simplicial complexes,
stars and links are the same up to order {somorphism, so Theorem
(1v.6) gives information about links §n simplicfal PL-spheres.

1 have.no idea about how links appear in general PL-spheres; in
" fact, even Vinks in PL-spheres which are polyhedral complexes are

elusive.

In contrast, shells behave much better, as long as one imposes
s little restriction on the class of complexes being considered.
The restriction, presented below, fs not too strong, and allows for

a nice development of "pulling”.

A complex s called a semilattice if the intersection of any

two cells 1s a cell. 1In this case, Ipnql = [pln{ql.

A complex K is safd to be locally semilattice at a cell p

1if for every qesh(p.K),n{rcK|puger) is a cell of K. We denote
that cell as pvq; if K §s a lattice under inclusion, pvq is Just

the lattice join of p and q.

It fs clear that a semilattice is locally semilattice at each
cell. The converse is also true, but will not be needed.

.

T e e
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