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A B S T R A C T 

This thesis Is about tht connexions bttveen oriented 111trolds 

and sphere syslems, combfnatortal objects on ont hand and topologlcal 

objects on the other. 

Oriented ~trolds arise 1s I ccnblnatorial abstraction of linear 

algebra and ge011etry over ordered fields, Ano.■• Is I collection or 

signed vectors on• finite set E (aiaps E•(O,+,-J). Ith required to 

satisfy certain axioms vhlch reflect obvious properties or any r1■ lt7 

of signed vectors that results fr01111 vector space of real valued 

ve--tors upon fo~gettlng Ngnltudes. 

A sphere system (1,k,1. •1rrange111ent of pseudohe111lspheres•) 

on the unit sphere sn ts I finite family (S!lec[J of t ■ages of 

sn•l under holleomorphls■s of sn, together with labets s;, s; on the 

comple1111nt1ry domains of each s:, so that the tntenKtlon of any 

subcollectlon of s:•s ts I topological sphere that crosses any s: 
not containing tt. The sphere systa ts said to be ltnHr If eacll s: 
ts th1 tntenectton of Sn with I hyperplane through the or~gtn. 

For each point 11,sn let 0(1] be the signed vector on E defined 

by 0(1)1 • J c-~~cs!, J•O,+,• • Le! . C• l•(s)lxcS11Jul2~ • 

It tums out that C b an oriented •trotd and \hat every 

oriented •trold 1r\ses In th1s w11, 1h15 _Is tht Rtpres111tlU011 Tllto,_ 

of Foluan and Lwrenct. 

M 
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The flnt h1lf of this thesis, chapters 2-6 contains I new 

proof of thlt theorem, which entails a detailed analysh of some 

posets usoclated to oriented 111atrolds and of the topology of sphere 

systems. The ~•in result Is that oriented 1111trolds are PL-spheres 

(PLi •Pie<ewh.e Linear•). ~ic;ng other things that b1pl1es th1t for 

1n1 sphere system there exists a self-home0110rphis■ of sn and a radial 

projection onto I polytope boundary llhlch combined send e1ch s: onto 

a union of fices of that polytope. 

As l)irts of this develol)ffllnt we have: 

1) The use of constructibility. a dec0111posltlon property, as a means 

for crossing the borderline between Combinatorics and Topology. 

A l)irtlcul1r result Is that oriented Ntrolds are constructible. 

b) A combinatorial development of Piecewise-Linear Topology, In which 

tht emphasis Is In c011plexes rather than s111ces. 

c) A proof of the b,proved Represent.lion Theorea which entails the 
fact that uny structural properties of sphere syste111 previously 

take11 IS definition requlr1111ents are consequences of the sl111>lt 

crossing properties. 

d) A proof of the Upper Bound Conjecture for the oriented 1111trold 

covnterpnts of polytope lattices. 

In the rest of the thesis those results art applied: In Chlp~r 7 

for .tht construction of soaie ntenslo11s of oriented ■atrolds, In 
Owipter 8 In tht development of •surgery•. 1 technique that Mgh11ghti 

(¥1) 
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th, distinction betw,en general sphere syite111s and linear ones; In 

Chapter 9 as part of the way on, studies affine Ntrolds, 

An affine matrold Is an oriented matrold looked at from 1 

viewpoint which Makes It an encoding of the way I f1mlly or (pseudo) 

hyperplanes partitions euclidean spice, A Nin result Is the ~onnealon 

between an extension property related to •Euclid's parallels postulate• 

and the 110notonlcHy or ltnHr functionals In JR" along lines. Using 

these concepts ~nd surgery ve arc then able to produce Infinitely 

•inany ~,nor ■lnlul nonlinear oriented 1111trolds whose underlying 

inatrolds are all linear. These In tum give evidence that soaie 

properties of Euclidean space ha~e no oriented utrold counterpart, 

Finally. special cuts of conjectures by ~rty and Lu Vergnu art 

proved. 

. I 
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CHAPTER 1 

A GENERAL OVERVIEWt 

Thfs thesfs explores the connexions between oriented inatrolds 

and sphere syst!IIS, 

<h'fented Ntrofds arfse as an abstraction of the codlfnatorfcs 

of linear algebra over ordered fields. What Is special about ordered 

fields frcai this viewpoint Is that Inequalities are 1s important as 

fquati_ons. 

1) Let E be a finite set, Indexing the rows of a homogeneous 

ltnur systM A.x•O In Jin, One ina_y regard each equation Ae.x • be 

as deffning I hyperplane Ke' whose sfdes get labels H:• txlAe.x>O), 

H; • (xlAe.x<()}. We shall use the ten11 homogeneous linear system for 

any ffnfte collectfon A• tHele<EI of hyperplanes fn some Jin, with 
♦ - . sides labelled "e• "e• and by an abuse of notation think of A also 

as a Ntrtx. The half-spaces of the syste■ are ~ • H; U He and 

11; • H; u "e· We allow s0111e of the He to be copfes of R"._ which IDiy 

be thought of as degenerate hyperplines. 

for each pgfnt •«Rn the set <X> • O(H~I x,~) 1s 1 

polyhedral cone. The set C(A) • (<x>lxdlnl fs the f.!!!!21!! of A, 

One easily verfffes that <X>5i"Y" tf <X:> 1s I face of cp 

and the fntersectfon of any two ined>ers of C(A) Is fn C(A) 

also and ts• face of both. 

tlhfs chapter ts· purely Introductory, nothing In the rest of this 
thesis depends on It for definitions or anything else. 
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A Nin 1110tlvatfon for the study of oriented •trolds 11 

the desire to comprehend the fncluslon order of C(A), and as 

part of the deal. to get I better understandfn9 of face lattices 

of cones (or of polytopes). One can encode that partfal order 

of C(A) very conveniently In this way: 

2) A signed vector on E ts a vector Indexed by E, whose 

components NY have values 0, +, -; f.e., 1 NP fn111 E to 

(O,+,-J. For each vector xdl£, let 0(1) be the signed vector 

defined by: o(x)e • O,+. or - according IS •e • O, •e > 0 or 

•e < O. The Inclusion order of C(A) can be represented by 

the family of signed vectors C • (c,(Aw) wdlnl, the oriented 

N trold of A: ft follows th1t o(Ax) • o (Ay) I ff ex>• <y>, 

and that ex> Is I face of cy> lff o(Ax) · can be obtained 

frllfll o(Ay) by changing some components to zero. 

Fro• the fact that (Axlxdlnl Is closed under 11near 

coa,t,fnatton~. on• NY d•rfve ,_ sf11111l• clllllbfnatorf1l properties 

fts oriented 1111trold 11111st satfsfy, Ovt of these prope,-ttes c•es 

this 1xl0111c1tfc definition. 

3) An oriented 111i1trofd on £ fs I set C of signed wcton 

on E such that 

1) ll•C, where 2 ts the s~gned vecto,. 111 whose co.ponents 

equal O. 

b) x.c f111P11es •l,C, where •I fs defined by (•1)1 • D,+,• 

1ccordfng ,s 1
1 

• O,•,•· 

• 



' 

c) x.,,c 1111P11es x.1,c. where (X.Y)e•Xe tf 111 10. 
■ Ye othel'"lfise. 

d) F'or any X.Y<C and e,E, H {Xe.Ye)•{+.-). then 

there ulsts I Z,C such thllt Ze • o. 1nd for 

every f,E such that uf,Yfl I(+,-), Zf• (X.Y)f• 

4) The set f111fly H(C) • (E • !IX<C), where ! • le<EIVOJ 

ts shown in section (2.1) to be the family of closed sets of 1 

..atroid, which 1s said to underlie C. This observation helps 

proving some lnttt1l results, but after a while becomes quite 

secondary to our develol)lllent. A reason for thts ts that the 

desire to bring out the geometry underlying the concepts here 

p~sented leads to I conceptualization 1nd proof methods which 

have little to do with those of iaatrold theory. This contrasts and 

coq,leiaents earlier works of Bland, Lis Yergnlls, Folk1111n and 

Lawrence In which oriented matroids were studied as an extension 
of Ntrotd theory. In order to 111ke thts thests readable for 
those with no knowledge of natrold theory, section (2.1) contains 

1 short Introduction to that subject. 

S) Every oriented Ntrold ts partially ordered by: X s 1 

lff X results fl"OII Y by changing socne tOIIIPOnents to zero. A 

sill of C ts I set of fonn [X]• IYcCIYsXJ, ind the~ 
of C ts the set of Its cells. Clearly the inclusion order of the 

c011Pl1111 tsoaorphtc to the order of c. It ts also lsoaorphlc 

J 



to the inclusion order of C(A) ff C fs the oriented Ntrofd of 

1 homogeneous linear system A. 

In particular, each cell of a ltne1r oriented utrold, 

wfth the restricted order, fs tsomorphfc to I polytope (cone) 

lattice. Hence one NY study polytope lattices by studying 

oriented 111atrofd cells. It WIS shOWl'I by l•~nce (unpublished, 

see [Hu]), that there exist oriented 111trold cells which are not 

1s01110rphic (1s posets) to any polytope lattice, so there are S01111! 

li•itations to this fdea. 

6) Chapter 2 describes SOffll! elementary properties of oriented 

1111troid partial orders. In particular, ft fs shown that they have 

the Jordan-Dedekind (JD) ch1fn condition, so we can associate to 

each vector (cell) of C an integer "dimension•, such that d(Q) • -1 

and d(X) • d(Y) + 1 for every pair (l,Y) such that l covers Y. 

Given I set P of signed vectors on E, 1 flat of 0 

ts I set of fora 0/J•{X,Dlle•O for every e.JJ, where 1,E. 

A half-space of P ts I set of fol"II ~ • {l,PIXe • O or J), 

j • + or -. A superce11 of O is an fntersectton of hllf-sp1ces 

which 1s not I flat. 

P1rt of Chapter 2 also studies the flats and supercells 

of oriented inatrofds. In particular, the flats are shown to fol'II 

a lattice, wftll JD property. Also, 1 chlractertzatfon of orlentecl 

1111trofds by properttes of their supen:ells 1s obtained 111 secttOII 

(2.V). 



7) Chapter J Is about constructibility. A~ ts I family 

K of sets c1lled cells for whfch the sets (1ic(P)IP<kl ire p1frwtse 

. disjoint, where tk(p) • p- Ulqdcjq ~ pl. Each poset P wt11 be 

Identified with the complex whose cells 1re (p] • (qcPfq s p). The 

space of I complex IC ts the unfon of its cells, denotP.d s(IC). 

A coq,1ex L !: K wtth the property that' for any p,L, (qrKjq !: Pl!: L, 

ts s1fd to be I subcomplex of IC. In particular, each cell of a 

·poset ts I subc01'4)1ex. Two complexes IC, L are order isomorphic 

tf there exists I bijection f: K• L such that f(p) !: f(q) 1ff 

p 5 q; A c0111plex K with mint- cell 2 1s pure dimensfonal if 

there ts I function d: K•ll such that d(2)•·1, d(p)•d(q)+l 

whenever p zq ind no member of IC ts between them, and, d(p) 

hn the ume value n for e1ch 1111xf11111 llll!mber of k. We say th1t 

the dfinenston of IC ts n, d(K) • n. In thfs use, denote 

1(1C) • fP•kld(p) • n-1 and p ts contained tn exactly one maximal 

iaemer of ICH the boundu'.Y of IC fs alC • (P<KIP ~ q for s01111 

qca(K) ). 

A pure-dl•nsfonal coq,lex ts said to be S-cons.tructfble 

5 

ff tts dl•nston ts -1, or ff tt ts the unton of two B-constructtble 

subcoq,1ues a:1, Ki such that 1t1 n ic2 • aK1 • aK2• A pure-dtmenstonal 

complex of dtinenston n z O h Hid to ~ I-constructible tf It has 

1 unique uxiNl cell and s-constructtble boundary, or If ft fs the 

1111ton of two 8-constrvcttble subc011Plexes of dt•nston n whose 

tntersectton ts I-constructible of df•nsfon n-1 and conutned 



In the boundary of etch. 

(3.111.1) Theorem: Every oriented Ntrold 1s S-contructlble tnd 

each of Its supercells Is B•constructlble. 

Jt is tlso part of (l.IIJ.l) thtt cells of oriented 

matrolds are "shellable", which consists of I strong fo,.. of 

constructibility. This extends I result of Bruguesser and Plant 

[BM] about polytopes. That result 1nd I strengthening of It by 

Klee and Danaraj (DKtJ, which also holds for orfented Ntrofd cells 

(3.IV.4) ire the JnOSt r~strlctlve combfnator111 properties of 

polytope lattices ever published, yet In view of (3.IV.4) ind 

Lawrence's result, they fall to characterize polytope lattices. 

8) It has been demonstrtted In [LY1], [BLY], [FL] that not 

111 oriented matrolds arise from linear systems . Nevertheless,• 

topologlc1l generalization of linear system provides the extct 

scope of the oriented .atrold uloms. 

Denote, s" - bdln+l l•t•xi•· .. +,.~1-o, •nd tdentfry 

.sn•l with fx•Snl•n•l•OJ. An n-sphere 1s I topotog1c1l sptct 

home0111Drph1c to s". ~ subset K of 1n n-sphert s 1s I hm rsphPrt 

of s If It Is the INge of s"·1 by a holneoinorphls■ of s" to Si 

the COllll)Onents of S • K ■re the sides of I(. 

A sphere system ts I triple (S,E,H) are S fs • 

topological sphere, E Is • finite set and H • cs!lecE. jc(O,•.-JJ 

ts I ft■lly of subsets of S utfsfyfng: 



a) For e1ch e«[, either 1s:,s:,s;) • {S,♦,♦) or s: fs 1 

hypersphere or s with sides s:, s;. 
b) For every nonl!fflPtY subset A of E, the subspace O(S~le«AJ 

ts a sphere. This ts called a flat or the systeta. 

c) For every flat f and hypersphere s: not containing It, 
0 ♦ -senF ts• hypersphere of F with sides senF ind · senF. 

d) Denote I!• s! US~. for every collectfon B of such sets 
either 

0 . 
OB• n{se IIe,B or ~;rnJ or ne ts a ball. 

7 

One ts led to considering sphere systems by the observation 
that for a homogeneous linear system A all positive scalar 11111ltiples 
of each vector of Rn determines the saine signed vector In the 
corresponding oriented 1111trofd. Thus;no lnfonnatlon Is lost by 
looking only at points of s", and substituting each hyperplane 
H

1 
of A by the hypersphere Hen sn of sn. The definition of 

sphere syste111 reflects SOiie s1q,1e properties of that kind of 
systt11, 

Given I sphere systet1 (S,E,H) (denoted sfq,ly by S 
ff no confusion arises) we associate to each point x,S the signed 
vector a(x) gfven by: a(11)e • J l_ff 11,s!: o(S) denotn the 
set of 111 such signed vectors. The degeneracy of S ts one plus 
the dl11t11sfon of the sphere n{Sele<E). In particular the degeneracy 
of S ts O lff Qta(S). Two sphere systetH S and T with 
sw Index set . E are said to be egufv1lent ff there exists a 
~rphha II: S•T such that h(s!>•r!• for every e, J. 
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Cleaily equfvalent sphere systems satisfy o(S) •o(T), 

The relationship between sphere systeatS and oriented Ntrolds 

was established by Folk111an and Lawrence [FL]. fn the following 

Representation Theorem: 

(4.1.2) •ror 1ny sphere systffl s. a(S)UIQJ ts an oriented 111trotd. 

and any oriented 111atrotd can be obtained in this way. Two 

sphere systMS are equfnlent tff they have the sa111e oriented 111trotd 

and same degeneracy.• 

The second part (Chapters 4,5,6) of this thesfs reproves 

this theorem, tn a way that deepens one's understanding of both the 

COlllblnatorfcs and the Topology Involved. TheH results had I strong 

contribution of Jack Edmonds, whose lnstght led to the fo1"1111l1tl0fl 

and proof of 1111th of what ts In these chapters. The contributions 

Ire Nlnly: 

Our proof that every oriented 111trold arises f!'VII I spllere 

systl!tll ls by 1n Induction using constructfbfllty; ft entails tlMt 

fact that oriented 1111trolds are PL-spheres. This fact (whose 

meaning we detail In a few paragraphs fro111 now) has l•rtlnt 

consequences both todllnatortalty and topologlc111y. 

Theore• (6.Jl.1): condition (8.d) In the definition of 

sphere systems is redundant. This fact Nkes tt 1111ch easier the 

task of recognizing whether I given collectlon of hyperspheres ts 
a sphere systM. Proof of the Theorea tnvotwes 1gatn c0111tructt11ntty. 



• ,.,. Tbest two aspects are given in Chapter 6. Chapter 4 fs 1n 

introduction to sphere systems. It explains how the linearly 
-,tlvated oriented utrold axtc.s still hold In the topological 
setting. It Is also shown that sphere systems can also be 
constdered as systeMs of pseudo~yperplanes in projective space, 
by producing 1n tnvolutory self-holneOIIOrl)hls• h of S 
such that h(s:) ■ s;. h(s;> • s;, ror ,11 e,E. 

10) Chapter 5 Is an introduction to Ptece11fse-Lfnear (PL) 
ToPology ~Ith emphasis on the associated combinatorics. 

A PL-sphere Is any complex order Isomorphic to I coq>lex 
K whose space Is the boundary or I polytope and such that for 

.. nery cell pd( there ts • polytope P and I homeomorphls11 
f: p • P such that: 1) f(p - fl(( p)) . ts the boundary of P, 

b) there ts • dec~osftfon of p H • union P1 U P2 U •. , U Pk 
of polytopes such that on each of these f Is an affine 111p. An 
alternative description of the requirttaents for I( Involves 
Polyhedral COIIIPlexes, lilhlch IN! complexes whose cells ire polytopes 
and 111 their faces and such that any two cells Intersect In• 
face of both. A PL-sphere 1111 also be defined (S.Yll.7) as any 
coq,tex order lsoaDrphic to I complex I( for which there exists 
1 Polyhedral compleii L satisfying: a) s(L) • s(K) incl It Is 
the boundary of, potytope (and Indeed one •1 even require that 
\. be the boundary c0111>leic of I polytope); b) Each cell p of 
l ts the space of a subc011Plex L(p) of L such that 

g 
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(bl ):tll(p). U(L(q) lqd., q !, p) Ind (bz):L(p) fs order lsOErpllfc 

to I polyhecfr1l complex whose spice fs I polytope. 

PL•balls can be deffned sf•fl1rly. 

(5.1.5) Theorem: S-construc;t1ble coq,lexes ire PL-spheres and 

8-constructfble complexes ire PL-bills. 

(5. I .1) ~ Orfented 1111trofds ire PL-spheres, 

Although the deffnftfons of PL-spheres seea r1ther 

cumbersome, they express some topologfcal sfmplfclty 1s 111 the 

homeomorphisms fnvolved result of piecing together affine 111ps, 

We revfew fn section (5.1) some of the reasons whfch h1v1 led 

tOllologlsts to Introduce these concepts, and us to delve on thetl. 

In one pofnt, Chapter 5 strongly dfverges fl"OII the 

tr1dftfonal focus of PL-tapology ([Hu],[RS]), We ire mre 

fnterested fn the order structure of the complexes whfch c°""rfH 

the spaces than fn the topology of the spices, Thfs ts reflected fn 

our slightly unorthodox ten11fnology, ind fn the way we restate SOiie 

classfcal result. It Is felt that even those 1lre1dy 1cq111fnted 

10 

with PL-topology can ffnd some lnterestfng noveltfes fn thfs 1ppl'Olch. 

New results are Theorea (5.Yll,7) whfch turns (5,1.5) 

fnsfde out and shows th1t PL-bills (and PL-spheres) can be deffned 

entfrely fn tel"IIS of constructfble coq,lexes, without any reference 

to topology or polyhedra. Another result ts (S.1.8), the Upper 

Bound Conjecture ([l'lo],[ltl],[St2]) for PL-sphel"H fn llhldl the 

fntersectfon of any two cells fs a cell. 



' 
11) The last two parts apply 111ny of the "sults ind techniques 

of the ffrst two. In view of the Representation Theon!II, t0pologic1l 

proofs of combln1tort11 results on oriented 1111trolds ire possible. 

If X ts a signed vector on [, and I~ E. X\I denotes 

the restriction of X to E • I. For a collection C of signed 

YeCtors, C\I denotes U\IIX~CJ. When C Is an oriented ..atrold. 

so ts C\I. If I• {el. we omit the br1cltets and write C\e, X\e. 

An utenslon of I Sphere system S ts any other sphere 

system obtained by adjunction of s0111e hyperspheres. Si~ilarly. an 
oriented 111trold O ts an extension of C if C • 0\1 for some 

set r. 
A theorem (7.1,3) of Las Vergnas (LV2] establishes 1 

btJectton between extensions of an oriented matrold by a stngle 
eleinent and certain partitions of the set of minl1111l nonzero vectors. 

lie have found tt • 1110st useful result. In particular. cORlblnlng In 
different proportions Lis Vergnas' and the Representation Theoreti, 
-■ obtaf" three lntrf9uf"917 different proofs vf: 

(7.1.7) Theore11: Suppose that oriented mtrolds C, O on E are 

such that cs O and d(P) • d(C) + 1. Then there exists 
an extension £ of 9 by I single eletaent I such that 

C• (X\ellcf, X
1 

• OJ. 

11 

This Theoret1, Inspired by Its obvious converse, ts I very 
1pec:t1t case of I conjecture of Las Vergnas [LV4). It fs subsequently 
used 1n I chlnctertnt1on of •general poslt1on•. 
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The rest of Chapter 7 cont•tns I dtscusston of the gtl'lllllt 

concepts of general position and erections. We say that e,[ ts 

In general position tn C If no nonzero flat of C cont1tned tn 

Ce. (XcCIXe. OJ h an intersection of inemers of (Cff frE - e). 

we say that P ts an erection of f tf there extsts 1n extenston 

C of P by an ell!llll!nt e in general position such that C/e • E. 

We have SOllle Methods for producing extensions tn general 

position, and erections of un1for11 ortented Ntrotds (those 111 

whose elements lrf tn general position). 

12) Those concepts come together tn Chapter a. where we 

investigate the following operation: 

Start with a sphere systea (S.E.H) of degeneracy o. 
and let (v.wJ be 1 0-sphere which is a flat of s. Choose 1 

disc neighbourhood D of v in S such that the intersections 

of the boundary of D with the hyperspheres of the systea which 

contain v cOll'4)rhe I sphere systM. Suppose that one Ills 1nottwr 

sphere systea T on AU(•), where A• lecElv,s:, 1nd -t[. 

in which the system Induced on f! is equivalent to that tn thl 

boundary of D. Then one can re..ove D ind replace 1t by f! 
YII a h0111e01110rphlS11 that aakes Hth s:no Ntth r:n,:. lie 

also do a syllllll!trtc operation in I neighbourhood of w. 

The Surgery Theorea (8.1.4) states th1t provided • 

ts in general position In the oriented •trofd of T, w 
constructton succttds h1 obtaining I NII sphere s,sta. 



A companion oriented inatrofd Surgery Theore~ (8.J.1) 
describes the resulting oriented 1111trofd fn terms of S and T. 

One use of surgery 1s 1n tonstruct~ng examples of 
oriented 11111troids whfch cannot arise fr01111ny lfnear syste111. 
That Includes or1entatfons of the_ Yamos matrofd [BLY], and other 
wll-knOlffl examples like the non-Pappus and non-Oesargues' 1111troids. 
In Ch1pt1r 9 some infinite families of •bad• oriented matrofds 
are presented with the use of s~rgery. 

13) The last part of this work studies aspects of real aff\ne 
ge0111etry IS reflected by oriented matro1ds. 

An affine linear system ts an indexed family (Hele,EJ 
of affine hyperplanes 1n some Jin, with sides labelled H+ H" e' e' 
To one such systetn w assotlate I hoinogeneous linear system in 
Rn+l, A•(lfelecEU(•ll as follOks: He ts the linear subspace 
of Rn+l spanned by He•(l), while ii. lsg1venbytheequatlon 
xn+l • D. Side hbeh on each iie are Inherited fr0111 the He· 
Froa th1s,one can obtain I sphere systl!tl 1n the usual way. 

l3 

Reversing the construction, we are led to define an!!!!.!!!. 
system as the configuration A tnduted on the posltlvt side of 1 

hypersphere s! of I sphere system S. Similarly, 1n affine 1111trofd 
ts I nonl!ft1)ty set of signed vectors of the fon1 A•U,CIX.•+J, 
where C h 111 oriented 11atrofd on EU l•J. We denote those 
relltfOflshfps as A• (S,•), A• (C ,.). A hyperplane of A (not 
to be confused with Ntrofd hyperplanes) ts I set of the for11 



.... t. .. "" 

Ae • {x,AIXe •OJ, !)rovlded ♦ 'I Ae 'I A. A !!!1 of A h any Inter• 
section of hyperplanes. A flat which Is a singleton Is a~ 
of A, and any flat which covers I vertex In the 1nc1uston order 
ts a line of A. 

Consider an affine system A• (S,•). Clearly s! ts 
homeomorphic to some Rn, and properties of hyperspheres l~ly 
that the !,nag!! of each s: n s! ts 1 "pseudohyperplane", that h, 
an Image of Rn-l by a self-~omrphls• of Rn. Indeed, each 
flat of A 1s the Image of SOIII! Jl" by I self•hOffll!OftlOrphfsm of 

· :r.n, In particular, each line .Is homeomorphic to the real 11ne. 

14) The Infinity of a flat of ·A Is the Intersection of the 
corresponding flat of S with S~. Similarly, the Infinity of 
a flat of an affine matrold A• (C,•) Is the Intersection of th• 
corresponding flat of C with c!. 

Two flats are said to be parallel If the Infinity of ont 
contains another. For affine linear systeins this definition Is 
tanta1110unt to the geometrical 111eanlng of parallells•. 

't 

An affine syst~ Is s11d to be euclidean If given any 
hyperplane He and any vertex V there exists an extension of the 
syste• with a hyperplane through V parallel to H,. A sl•llar 
definition 111y be fonnulated of euclidean (affine) •trolds, so 
that both concepts bec0111e equivalent via the Represenutlon theorea. 

In R", given a hype111lane H and a point v not 111 
K, there is a (unique) affine hyperplane through v, par11'11 to 

14 
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H. That very basic property surely iaplies that affine linear systeias 

are euclidean. It COlll!S at first as• shock the realization that 

soae affine matrolds fell to be euclidean: Section (9.IV) does s0111e 

damaging surgery to certain linear oriented aatrolds in order to 

produce s0111e noneucltdean ones. On the positive side. 2-dlmenslonal 

1fffne Ntroids are euclidean; this fact Is equivalent to a theorn 

of Levi [Le] on arrangements of pseudollnes. 

When an affine lllilirold Is not euclidean. ft must exhibit 

1 well-characterized configuration. We explain that In tenns of 

affine systems. under the sl111Plifying hypothesis that every line 

111eets every hyperplane. 

A line, being holile01110rphfc to the real line. has tw 

possible orientations. Given a fixed hyperplane He of the syste111 

A. the e-orientatlon of each line of A not cont1ined fn He 

ts that along Nhlch one moves from H" to It. The e-orientltlon 

1s well defined because each ltne of . A not In H
1 

11eets K
1 

at exactly one point, at Nhlch they cross. 

(9.111.6) Theoret11: An affine systea Is euclidean lff It has no 

configuration consisting of• hyperpl1ne He and a 

sequence of vertices v° .v1 , ••• ;Vlt, k:t l such that yk • v° and 

for I• 1,2, ••• ,t, vl-l and v1 lie on I ltne of A, and v1•1 

pJffedes v1 In the e•orlentatlon of that line. 

Soae noneucltdean •trolds we construct ne real show-offs-

11 thetr non-linear behavior. Section (9.Y) ellM!lnes several 
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statements about affine systems which are well kn1111n to be true for 

affine linear systl!ft!S but are not tl'\le tn general. 

1S) The last section shows that every oriented Ntrold which 

can be 111ade euclidean after an extension in general position by 

1n eleinent to be put at infintty has a configuration consisting of 

• 111xi111l _cell order Isomorphic to a stq,lex. and a vertex Y 

of that cell which disappears upon deletion of soae element of C. 

That gives• par.tl1l positive answer to conjectures of Las Yergnas 

ind Murty. and brings those conjectures together. 

16 

16) How far •sphere systems.• are fl'Oftl "linear systems• ts shlllln . 

In section (9.IV), where the constl'\lction of noneucllde1n 111troids 

brings 1n extra 1nfonnatton. First we remark that In the d1flnitl011 

of h01110geneous linear systeia and linear oriented matrold the field 

of real nulllbers can be substituted by any other ordered field or 

ordered division ring.Thus. one may speak of 1n oriented Ntrotdas 

being "linear over the ordered dtvlslon ring It". 

It can be shown that tf C ts linear over R then so 

are any of Its proper •fnors, I.e., oriented 1111trotds of fora 

(C\1)/J. where I, J are disjoint subsets of E, IUH •· It ts 

also tl'\lt that an oriented •trold that ts linear over the ntlonals 

ts linear over any ordered division ring or field. 

Theoreas (9.IY.12) and (9.IV.20) give an tdu of hcN far 

the oriented aatrold axlmis are froa chlracterlzfng linearity. [acll 

of these theorNS describe 111 tnftntte f•111 of oriented •trofds 
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whtch proves: 

•There exist tnftnttely 111ny oriented 111trolds which are 

not ltnear over 1ny dlvtston rtng, but whose underlying 11c1trotd and 

111 whose proper •fnors are ltne1r over the rationals.• 

A reaiark about cross references inside this work, 

Chapters are numbered by 1r1bfc numerals and sections within 

each chapter by l'Offlan numerals. Within each section, all 

nlllll!ratlon ts sequential, tncludlng theorems, le111111s, foraulae 

and occasional paragraphs. A reference to within the Sllnl section 

ts by nlalber only, and if to other section of the saine chapter, 

• •1 t the chapter nudler, 

.,. ... 
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CHAPTt:R 2 

BASIC THEORY 

Axiomatic definitions of oriented inatrotds abound and we 

present three tn thfs chapter. In section I, 1 definition based on 

the signed vectors of a real vector space is used to Introduce the 

theory; The notion of supercells and an axi011 systl!III based on topo­

logical properties of I partition of space by hyperplanes are presen­

ted In section V. Last, fn section YI, the definition based on ■Inf• 

11111 vectors, which Is the one previous 1uthon have preferred. 

We associate two posets to 1n oriented Ntrofd: 

The lattice of flats is studied In section I together with the un-: 

erlylng matrold. The complex of the oriented •trold 1s the object 

of section IV, where several known facts about polyto.,. latlfcn ire 

proved In the context of oriented Ntrolds. 

Section JI connects oriented ■atrotds and gecatry, ind 

section Ill Just develops ■achfnery. 

18 
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. ~ 
I) ORIENTED MATROJDS AND TH£JR FLATS 

Throughout this work E is I finite set. A signed vector on 

E ts a 1111p X: E •ID,+, •J, and we write Xe for the image of 

• c E, The !.!!21!!!!!. of X ls !~ (e < Elle' • DI. The opposite of X 

ts -X deftned by (-X), ••Xe, where -(0, +, -) • (O, -, +). 

An element e c E separates X ind Y if Xe• -Y, • 0 , · The product 

X•Y of l and Y ts defined bl: (X•Y), • X1 1f Xe• 0, • Ye 

othentfse. The (stgned) vector 2 has 111 1ts cow,ponents O and 1s 

indexed by whatever •ppropr11te set we want. 

1) An oriented inatrofd on E h a collection C of signed vectors on 

E uthfytng: 

{1.11 2,c. 
(1.b) If X c C, then -x cc. 
(1.c) If X,Y c C, then X•Y Ii:. 

(1.d) If X,Y c C and e c E separates them, then there exists 

Z cc such that Ze • O 1nd for every f c E whtch does not 

· separate X and Y, z, • (X•Y)f•(Y.X)f. Me say that Z results 

fro11 the •ellmfnatfon of e betwten X and,•. 

We shill add the followfng -basfc and very useful property to 

the 1xf01115 11st, though ft ts redundant, 

(1,1) Given X,Y c c wtth ! ~ ! and such that at le1st one coa,ponent 

separates X fl"Oll Y , then there exists Z c C such that 

Z • X • Z
1 

• X
1 for every • not separating X froa Y , 
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1nd no component sep1r1tes X and Z. lie say that Z fs 

1 "Y-approxlmation of x•. 

2. The 1x1oms of course ere Inspired on properties of vector spaces. 

Let R be an ordered field, let RE be the vector space of Npptngs 

from E to R. For •, If let o(x) be the sfgned vector bn [ 

given by _o(x)e • O, •• - 1ccordlng 1s •• • 0, •• > 0 or •• c O. 

Let Y be a linear subspace of /- and C • o(V) , The 1at011S 

(1,1) • (1.e) 111 describe sl""le properties of this ~. 

The first bolo are obvious. For the other three. let x,y • Y 

be such that X • a(x) , Y • a(y) • and let D • <• • El•,·Y, c OJ 
•le, Ele separ1tes X end YJ. Then: 

with O ca< 111ln(lxel/l11 1 le• DJ • 

afx+aY) • X·Y • thus x•y C i: ; 

with a• tiaxllYelll•el I• c DJ• z •ax• Y • V 

and Z • a(z) fs as In (1,e). 

All oriented Ntrold C ts linear If thert extsts I vector 

space V =. RE ( R • real field) such that C • o(V) • Note th1t 
nothtng distinguishing the reals froa other o~red dtvtston rt119s -ts -tn,olwed 

tn the axtoms, ft ts h~ver IROrt convenient to have this f•1111r fftld 
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present fn the geometrtc11 discussion of the next section, It can also 

be proven that ff 1n oriented matrold C Is of the fol"II o(Y) • where 

Y ~ RE , R an arbitrary ordered field, then C ts linear (the proof 

fs I str1tghtfon1ard application of I theorem of Tarski [T1J;the 111ethod ts 

l111>llclt In [Lil); that 111e1ns, the re11s provide the 1110st general concept of 
•1tne1r• 1s far 1s fields go. 
3. Ltne1r oriented matrolds ire in fact much mre than I family of 

examples: they ere the 1111tn 1110ttvat1on of the theory. 

Fro• this viewpoint, 1ny property Milch c1n be inmedtately proven 

for linear oriented inatrotds can be taken as an axiom. It so happens 

that all candidates for axioms we have found ire consequences of 

(l.1) • (l.d). We shall see later 1n chapter 9 another, more 

coq,ltc1ted property, which does not follow from these 1xioms. 

Before the theory really develops, let us satisfy ourselves 

that these axioms are Independent. We give for each of the axioms 

1 list of signed vectors which fall to satisfy that axl011 MIile satis­

fying the otherS. For simplicity, signed vectors ,,.. vrttten H 

sequences of signs, without brackets. 

(1,a): the eq,ty set. 

(1,b): 00, ++ • 

(1.c): oo, 40, -0, O+, o- • 
(1,d): 00, 40, -0, ++, ·-, -+, +• • 

As we have satd, (1.e) ts redundant. Indeed It could substitute 

(1,d). We show 1t tn two propositions: 
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4. PROPOSITlON: If a set C of sfgned vectors utfsf1es (1,d), then 

tt satisfies (1.e). 

PROOF: Let X,Y be given as In (1.e), Choose Z • C such that 

Z • X , Ze • lie for every e « E which does not separ1te X and 

Y, ind such that Z fs separated fr0111 l by as fN components 

1s possible. If SIIIN! component e separ1tes l and Z, ellafnatfng 

e between X and Z w obtain a Z' c C which contr1dfcts 

the choice of Z as ft 1s separated fl'Offl l by fewer component 

than Z was, and z; • x, whenever z, • If • Thus Z Is 

not separated from I, and Is therefore a Y•1pproxl1111tton of l. a 

s. PROPOSITlON: If a set C of signed vectors Httsfles (1.c) Ind (1.e), 

then it satisfies (1.d). 

PROOF: Let X,Y,e be given as tn (1.d). Let 11 • X•Y c C• 

Choose x2 
c C such that x2 • x1 x2f • x1f for nery f which e e • 

does not sep•rate X •nd Y, and su~h that x2 •nd Y are 

separated by 1s fl!W components 1s possible. let Z, C be a 

Y-approxlNtlon of x2 , which exists as !~ x2 and x! • •T1 • 0. 

Clearly Z ts separated fro■ Y by fewer coq,onents than x1 ts; 

thus by the choice of x2 , Z
1 

• O. It follOIIS that Z results 

from eliminating e between l and Y. a 

&. For the rt11111fnder of the section, let us fix an oriented aatrotd 

on E • It 1s col)ventent to partition E tn two types: • c E 

ts a ~ of C If x, • 0 for every I , C:; the realnt119 
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elements are the equators of C • Thus the set of equators ts 

e{!f l c C} • 

Let us define the following rel1tfon among signed vectors on 

E: X s Y- tf for every e, E. Xe - O l""lles Ye• Xe: 

as usual. l • Y st1nds for (ls Y and X - Y). We can use this 

notation to refol"lll.llate (1.e): Z ts a X-approximatfon of Y If 

Z • Y and Z1 • Ye for every e -'tlch does not separate X and 

y • 

The restriction of s to C Is a partial order~ this poset 

( c. s) wtll be studied extensively here. One basic property 

It has 1s the Jordan-Dedekind chain condition, We express this _ 

In the 1110re convenient fonn of the following definition. 

7. A poset P Is JD (for_Jordan-Dedeklnd) If It has a mlnfmu~ 

element O , and there h a function r : P • l such that 

(7,1) for every p.q, P, If q covers p, r(q) • r(p) + 1 (q 

~ p tf p c q and there 1s no s • P suc.h that 
p < s < q) 

Such an h exists tff for each p, P, 111 saturated chains 

fl'OIII O to p hive the saine length and this length ts r(p) - r(O). 
Thus h ts uniquely detel'llllned by tts value at O • The 

rank function of P fs the only such r satisfying r(O) • 0 

the dl111enslon function of P , which shall be 110re used later, ts 
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defined by d(p) • renk(p) - 1. 

The proof of • c Is Jo• will be given tn sectfon IY. tleenwhtle, 

u I step towards this, we fnfthte the study of flits of C and 

C's underlying Ntrofd. 

Notation: F + e instead of Fu (el and F • e tnste1d of F •(el. 

8. A ,natrofd on £ ts co11ectton M of subsets of E called closed sets 

satisfying 

(8.1) E r H 

(8.b) If F,G, M then F n G c M 

(8.c) If F, M, e,f, E • F and there exists 6, M containing 

F + e but not f then there exists H, M cont1lnfng F + f 

but not e. 

A inatrold M, ordered by fnclusion, ts• l1ttic1, ""tell ts JD. 

1h15 15 I wett-kncn,n feet end - prove ft ■t the end af thts secttOII 

for the benefit of the unacquainted reader • 

9. The zero-set of X , C Is (e c Ell
1 

• DJ • Let M(c) be the 

collection of 111 zero-sets of iaed>ers of C , M(C) • IE • !IX , Cl • 

1D. PROPOSITION: M( C, Is 1 •troid on E • 

PROOF: Properties (8.1) and (8.b) follow frm (l.1) and (1.c) rtSptC• 

tlvely in 1n obvious w,y. To show (8.c), let F,1,f,G bl gtve111s 

tn the sutt111e11t. Let ll.Y ,c be such U..t F • E • ! , G • E • ! . 
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Sfnce F + e E. G, x,,x,,v, are nonzero and Ye• 0. Substituting 

tf necessary Y by -Y, we can assume that Yf • -Xf. Eliminating 

f between X and Y , we obtain Z < C.. which satlstfes: 

z, • 0, Ze - 0 (as e does not separate X and Y) , and 

!, ~ (! u !) - f • (E - F)-f • E - (F+f) • Thus, with H • E - !,, 

H I H( C:, , F + f I H and e I H • □ 
A iaatrold N is orientable If N-H(C) for some oriented inatrold C 

For an oriented matrold, It ts 1110re Interesting to consider 

another lattice, which Is Intimately related to the underlying matroid. 

The flat of C with zero-set S Is the col lectlon C/S 

of vectors of C whose zero-set conta In S ; thus 

17S • IX c C l!nS • ♦ I , 

11, PROPOSITION: Let L( (.') be the set of flats of C. Then: 

(11,1) C Is a flat. 

(11,2) . If f,G I L(C) , then r n G c L(C) , 

(11.3) L( C:, ordered by Inclusion Is a lattice. 

(11,4) The correspondence S • C/S Is a bijection between H(C) 

1nd L(C:, , and if S,T I H(C) , S ~ T tff CIT E._C/S. 

(11.5) L( q is JD, and its rank function 1s 

r( f/S) • p(E) • p(!I) , 

where p is the rank function of H( C) , 

PROOF: (11,1) Let X be the product, In soae order, of 111 vectors· 

of C. Then X , C , and its zero-set K Is the set of loops of C, 
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Clearly C • C/K • hence C r L( C) • 

(11,2) It ts clear from the deftnttton that every flat ts closed 

under products. Let X be the product. tn some order. of 111 vectorS 

of F n G • By the remark above, X , F n c.:. We cht11 that 

F n i; • C'S • where S is the zero-set of X • Indeed, as 

! • ul!fY c F n G}, S ts cont1tned fn the zero-set of each lllelltler 

of f n G, so F n G !. C/S • For the reverse tnclusfon, let us write 
. 

F • Cit • As X , F , T !, S • But then, Y r C/S •> ! n S • ♦ •> 

l n T • ♦ •> Y ~ F i thus t'IS !. F • and stmihrly C/5 !_ T • 

(11.3) The treet tn L(C) h intersection. the jotn Is 

FvG•nlllrl(C) f f!_fflnd 0!:_ff), whichls1fl1tofC by 

(11,1) and (11,2), 

(11,4) Clearly the given inap Is onto and fnc1us1on reversing. Now, 

given f • <'/5 , L( C) , let Z • Z( F) • n {E - ! I X c f } • Then 

F,. Z( f) ts the Inverse of the map S • C/S • Indeed, IS zero-sets 

are closed under Intersection. Z Is I zero-set. Sfnce S • E - ! 

for same X c ;: , Z ~ S , but as the zero-set of 11ch ..-er of 

F contains S , so does Z , hence Z • S • 

Finally one 1111st check that F !. G tq,ltes Z(G) !. Z(F) 

but this follows fnnedlately fl"OII the definition of Z. 

(11.5) The alnl- flat of C ts of course 121 • C/E, incl 

r(IQI) • p(E) - p(E) • 0. Thus tt Is enough to show that r as 

deffned In (11,5) satisfies (7.1). Let c:/S, CIT be flats such that 

· C/S coven CIT tn L(c) • By (11.4), T co.ers S hi ll(C) • 
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thus p(T) • p(S) + 1. One illlll!diately obtains r(CIS) • r(C/T) + 1 

□ 

12, Remark: lt tums out later to be more geometrically appealing to 

handle the dimension of flats instead of their rank. lh!ce11 that 

dl111enslon i rank• 1, Thus we have the for,nul1: 

d(C/S) • p(E) • p(S) • l , 

An n-flat of C Is I flat of dimension n • We shall repeat 

this tennlnologtcel pattern wtth 111 JO posets wt encounter: an 

•n-object• Is an "object• of dimension n. a 

13, ~: Let V ~ 'fl.E be a sul>space and C • a(V) be tts oriented 

1111troid. lf F ~ C h a flat, It Is easy to see that 

W • {a c Vla(x) c F) Is • subspace of V • One can also prove 

that r(F) Is the dimension of W as I vector space. In partlcula 

r(C) • dim V • a 

For the time being, this is 111 to be said about flats, We 

conclude this section with • short Introduction to 1natrolds, The unpro, 

~suits c1n be found tn [lie) • 

Let M be I matrold on E , as defined in (8) • The closun 

of A!. E 1s cl(A) • nlF , MIA~ Fl • By (8,b), cl(A) c M • A 

set I !;. E is Independent 1f for every • c I , e I. cl(J-1) • A bas, 

of A~ E Is I aaa1N1 Independent slbset of A • 
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We shall prove the next two results: 

14. PROPOSITION: All bases of each subset of E have the s.-e 

cardfnaltty. 

28 

The rank p(A) of A!:. E 1s defined as the comnon c1rdln11tt1 

of f ts bases. 

15. PROPOSITION: Consider H as I Postt, ordered by tncluston. Then 

M ts JD and I lattice, tts rank function being o, restricted 

to flats. 

A 11111final proper flat of H 1s I h,rperplane; thus I flit fs 

a hyperplane fff fts rink Is p(N) • 1, 

16. PROPOSITIOfl: Every flat 1s an intersection of hyperplanes. a 

The c011111leinent of a hyperplane ts I coclrcutt of H • C1Hrly 

no coc1rcu1t contains another. A ■lnfNI dependent set ts I circuit of H. 

17. PROPOSITION: let C be I collection of subsets of a set E such 

that no member of C Includes 1nother. The following ire 

equfva lent: 

(17.1) C 1s the f1111fly of coclrcutts of a 1111trofd Oli E. 

(17.2) For every X,Y, C, e IX n Y, f I I• Y, there exists 

Z, C such that f, Z !:. Xu Y • •. 

(17.3) For every X,Y, C, e, X n Y, there exists Z c C Suell 

that Z ~ l u Y • e. 

(17 .4) C ts the fuily of cfrcufts of • ■atrofd on E. a 
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18. PROPOSITION: A inatrotd is coa,pletely deterwined given any one of 

the following f1■llies of sets: 

a) Its independent sets. 

b) Its bases. 

c) Its hyperplanes. 

d) Its cocircutts. 

e) Its circuits. □ 
Now we proceed to the proof of (15). First we prove (14), 

for ..tllch the following preliminary 1s needed: 

19, LE"'4A: Let M be 1 1111trold on E • Then: 

(19.1) For every A~ E. , A~ cl(A) • cl(cl(A)) ; A• cl(A) 

· 1ff A 1s closed 

(19.2) For every A~ B ~E, cl(A) ~ cl(B) 

(19.3) For 111 A~ E. 1,f CE - cl(A) • If I' cl(A+f) then 

f I cl(A+e) • 

(19.4) If I~ E fs fndependent 1nd e I cl(I) • then I+• Is 

independent. 

(19.5) If I~ A~ E ts independent then I ts a base of A lff 

cl(I) • cl(A) • 

PROOF: (19.1) and (19.2) are obvious. To verify (19.3), first 

notice that a closed set contains A tff It cont1fns cl(A) , 

hence a closed set contains A+ f lff ft contains cl(A) + f; 

so (19.J) ts a rest•t-nt of (8.c). for (19.4) 0 let J •I+•• 

Then I I cl(J-e) by tlypothesh for every f c I • as • I cl((l-f)+f) 
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and f I cl(J-f) (since .I ts Independent) 1t follows frm (19.3) 

that f I cl ( (1-f)+ e) ■ cl (J-f) ; thus J ts Independent. About 

(19,5), notice that since neces~artly cl(I) ~ cl(A) (by 19.Z)) 

the condition cl(A) • cl(J) Is equivalent to cl(A) ~ cl(I), 

which In tum Is equivalent to A!:. cl(l). Suppose A!:. cl(l). 

Then I+ e ts not Independent for any e c A• I , hence I ts 

a base of A. Conversely, If A l,tl(l) , then we can choose 

e, A• cl(J) and I+ e Is Independent, by (19.4), showing that 

I Is not a base. a 

20, PROOF of (14): Suppose the statement false and choose A~ E and 

bases e1,e2 of A such that IB11 c IB21 and 1B1 n B21 Is 

largest possible subject to these · conditions, Choose e c 82 - 81 • 

Then, by definition of Independent sets, cl(B2-e) i ct(B2) • cl(A). 

Dn the other hand, cl(B1) • cl(A), thus, as cl(B1) I cl(B2-e), 

a1 ~ cl(B2-e) by (19.2). Choose f c 81 - cl(B2-e), and let 

B3 ■ 82 - e + f. By (19.4), 83 ts Independent, so It Is contained 

In a base B of A • As B3 !. B and 1831 • 1•21 • IBI a l821 > 1B1 f. 
On the other hand, a, n B ~ B1 n Bz ♦ f • thus 1•1 n Bl > 181 II •zl • 
contradicting the choice of a1 and 12 • D 

21. PROOF Of (15): The fact that M ts a lattice follows fna (B.a) 

and (8,b): given A,B c M, their .. t ts An I and their Jota 

1s nffc11IAuB !:. Fl • 

Let now 2 • oH be the ■Int- flat. Then 2 ■ cl( ♦J so 

♦ Is a base of 2 and 11(2) • 0 • Hence to Pl"Oft that N ts 

l 

$, 
l 
li 
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JD with rink function P , we only need to prove th,t p 

s1tfsffes (7.1). 

Let f , G be flats such that G covers f • Choose 

e C G - F and I base I of. F • Then, as cl(I) • cl(F) • F • 

e I cl(l) ; therefore by (19,4) I+ e Is Independent. As 

•IF ind I+ e ! G, Fi cl(l+e) ~G. Since· G · covers f, 

cl(J+e) • G, thus by (1~.5) 1 + e ts• bast of G. Hence 

p(G). 11 ♦ •I. p(F) ♦ 1· . □ 
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Linear oriented utrofds are particularly useful In describing 

certain geoinetrlcal aspects of systelllS of linear tnequ1ltttes and 

equations. 

1, The hyperplane of IRn detennfned by the pair (c,b) , where 

!! - c , Rn , b, R , ts H • (w , R"Jc•w • bJ ((c.w) ts the Inner 

product I c1w1.) • The sides of H are H+ • (w , ll"lc·w > b) 

·and H- • (w < llnlc•w <bl. Note that H can be detenntned by 

several pairs (c,b) ; the partition (H+,H-J of 111" • H depends 

only on H but the labels H+ , · H· NY be reversed if wt use a 

negative 111Ultlple of (c,b) to describe H , A signed hyperplane 

ts a hyperplane H whose sides have been labelled H+, H., and 

It ts determined by any pair (c,b) which Induces such labelling. 

A hyperplane Is hon,ogeneous if It contains the origin; thus It ts 

dete""ined by • patr (c,O) • ror mnvHlena, w dNIII this tratlfng 

0 and say that _ H Is determined by c. 

We shall use the ter,. •11ne1r system• to describe an Indexed 

fa•fly of hyperplanes. For the present theory ft ts lq,ortant to dlsttnguts• 

bet1'1een two types, whtch we call •homogeneous• and •afftne•. 

2. A homogeneous lfnear syste• In J{' , Indexed by E • Is a fu11y . 

IH
1 

I e c EJ of flomgeneous signed hyperplanes and copies of R" • 

To each Ntrh A c sf-xn , we associate tlle tiomgeneous systea 
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whose llled>ers ire determined by the l"OltS IAele < El ; thus 

nl n O I He• lw c R Ae.w• 01 • 1nd H, • R when A,• , We 1vo d 

spect11 not1ttons, ind c111 this syte• A, Clearly every homogeneous 

systtt1 1s of this fonn. 

For each w c Rn, the vector a(w)•o(Aw) 

denotes the posltfon of w relathe to each l:ellber of A : 

a(w)e•O, +, • 1ccordtngly 1s w, H,,H: or H;. Thus the oriented 

111trotd C • o(Y) , where Y • rx , REI x•Aw , some wJ fs 

the column space of A, encodes all possible positions of points 

of Rn re11ttve to A • 

· 3, The concepts we developed for oriented inatroidstn gener11 have · 

significant Interpretation fn the context of linear systems, 

ff rst of 111, equators 1nd loops: e c E fs an equator of C 

fff He 1s a hyperplane: thus the loops of C are those e c E 

such that H• • Rn, Thfs ts actually I Justification for the 

1esthettc1lly unappealing presence of copies of Rn In the description 

of linear systems. Adding I detaand of no loops to the defining 

axfDll'IS for oriented Ntrofds would unduly coq,llcate the theory, 

as wfll becOllle p,tent fn later developments, That fS tlhy we allow 

loops to occur In linear system!i, 

4. A flat of A ts 1 11nHr subspace of If' which 1s an fntersectfon 

of _.rs of A • The flats of A correspond naturally to the flats 

ofC: tf as Is a flat of C I then (W C Rnlo(AN) • C/SI 
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ts a flat of A. the Intersection n!Hele c SJ. Conversely. 1f 

S ~ E • F • n !Hele c SI • the set io(Aw)lw c Fl ts I flat of • 

Indeed, this flat ts r/G , where G • le c El He .:!. Fl • 

This last expression also gives the meaning of the underlying 

111atrotd H( d of : the closure of S !:. E tn M( C) ts 

le c EIF !:. He) , where F • n1H
1

le c SI • A set I !. S 1s I base 

of S tf I ts 111fnt1111l with the property that the hyperplanes ft 

Indexes Intersect fn F. Also, I!:.£ ts Independent lff the 

corresponding rows of A are linearly Independent, 

Let S !:. E be a zero set of c. and I• le1,e2, .. ,.e111 be• 

bas~· of S. Define 

As each 11 ts Independent, F1 i F2 i·•·iFk. Since ft+I ts the 

Intersection of F1 with I hyperplane, di■ F1+1 • dt111 F1 • 1 

(d111 F ts the dfmenston of F as a linear subspace). We concludll 

that dim fk • n - k • Now, F11 corresponds to the flat qs of 

c. The rank of C /S ts r(C /S) • p(E) - p(S) • p(E) - k • Thus, 

dim Fk • r(C/S) + (n-p(E)) • and we see that the correspondence 

between flats of A and flats of C preserves rank up to an addtthe 

constlnt. 

· This constant can be directly COllll)Uted fraa A • Denote by 

N • Iv c ll"IIII • 01 · the intersection of __ 
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111 hyperplanes of A • The corresponding flat of C h l!V • C /E , 

and has rank O. We conclude that di• N • n - p(E). Thus we may 

. finally express, with S~ E and F • nlHele, SJ 

(4,1) dim F • r(C/S) + dim N. 

5. An 1111portant aspect of linear systems Inspired the definition of the 

partial order on C: 

The cells of A are the sets lt(X)IX, Cl, defined by: 

i(X) • (w c llnlo(Aw) ~XI, Each cell Is a cone, a solution of a 

h01110geneous system of linear Inequalities and equations: 

(5,1) •:x) • lw c llnlAew • 0, :i: O, s O according as Xe• 0, +, -1. 

Now, to A one can associate several systems of linear Inequalities 

and equations, other than those specified by c, by choosing for 

each e, E one of A
1
w • 0, Aew :i: 0, A

1
w s O. The~ 

of A , C(A) Is the set of 111 the cones obtainable as solutions 

to these systems, 

&. PROPOSITl<Jt: The complex of A Is the set of cells of A .• Moreover, 

for X,YcC,.(X)~t(Y) iff XsY. 

PROOF: Clearly every cell of A belongs to C(A) • Conversely, 

let P be I cell of A and let S • (o(Aw)lw, Pl. We can represent 

the defining system of P as i(X) • extending the notation of 

(5,1) 1 where l ·ts I signed vector not necessarily In C. Let 

S • {c;(Aw)lw c Pl , and let Y be the product of 111 vectors In S , 
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tn any order. Observe th•t Ye• 0 tff o(Aw)e • 0 for every 

w, P, 1nd If Ye• 0 then Y
1 

•Xe; thus Y s X. Then 
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P • i(Y): if wt i(Y) , then o(Aw) s Y s X , hence we P and 

conversely. ff w c P, then o(Aw) c S, hence o(Aw) s Y. 

• 

The fact that t(X) ! ♦,Y) tff X s Y ts easily ftrtfled 

and lie 011lt the details. D 

Thfs result gfves the inaln Interpretation of the partial order 

on 1n oriented 11atrold: In cue where C · 1s the oriented m1trold of 

1 homogeneous linear system A, the coq,lex C(A) • p,rttally ordertd 

by t11cluston, ts tsomorphtc to the poset· C • 

Given a cell i!X) c C(A) , the corresponding set (o(,.,)lw c i(I)} 

of signed vectors 1s, by Proposttton 6, CXJ • (Y c C /Y s X) • 

Accordingly, 11e call such a set [XJ a cell of C. 

The ~ of • coM •<X) are ti•• cells of A tt cont.Ins. 

Alternatively, K ~ i(X) ts a face tf there exists cc Rn such 

that c.w i O for every w c «x) 1nd IC • (w c i(X) Jc.w • 0) • 

The faces of t(X) • ordered by fncluston, fora a 

litttce, the face-littlce of i(X) • Jt follows fl"OII Proposttton I 

that this lattice 1s ts0110rph1c (1s I poset) to Cl]. TIits •tlv1tes 

the study of oriented 1111trotd cells as an 1bstr1ctf011 of face-1att1c:es 

of cones. 

.. . 

f 
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7. An lfflne lfnear syste111 In Rn Indexed by E , ts • family 

(Hele c EJ of signed hyperplanes ind copies of Rn. 
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As with homogeneous systems, each affine system will be represen­

ted by I pair (A,b) where Ac RExn, b c P.E, and 

He• (w r RnlA
1
w • b

1
1 (thus we require that be• 0 whenever 

Ae • ~; th .. t 1s for those e such that H
1 

• Rn l. 

As In the homogeneous case, to each point w, P." , we .associate 

• signed vector X(W) on E -'itch Indicates how w Is positioned 

relative to (A,b): ll(w) • a(Aw-b) • The col lect1on V of all 

such signal vectors Is not an oriented matrold in general; unless 

b • 9, the negativity axiom (1.1,b) will fall, It can, however, 

be fruitfully regarded IS •part• of an oriented matrold: 

Let us Identify Rn with Rnx{l) ~ lln+l , and consider 

the homogeneous system c~rtsed by the homogeneous hyperplanes 

spanned by each "•, and as a 1111tter of convenience, let us add 

Rnx{OJ to the syste•. signed so that Its positive side Is 

{wl•n+l > OJ. That Is, we consider the homogeneous system with 111trlx 

Al (A : -bl • ~-T:.·1 , Where the last row of A' 1s Indexed by a new 

element,•. This Is essentially the usual process of proJectlvtzlng 

affine space by Introducing a "hyperplane at lnflnl ty•. 

The oriented •trold C of A' Is the one we associate with 

(A,b) • and call It the oriented 111trold of (A,b). Let 
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A• u < c pt_ • +) • lie observe that A 1s precisely thl Ht 

{(Y ,+)IY c r,} of vectors obtained by adding a nl!',j c~onent + 

to each vector in r,. Indeed, tf Y c r, , Y • u(All-b) , then 

(Y,+) • a;A'(w,1)) c A; and 1f (Y,+) • a(A'w) c A, then 

Y • a(Aw'-b) c r,, where w' • (1/wn+lUw1,w2, ••• ,wnl • 

Consonantly, we define an affine inatrofd to be an ortrnted 

matrofd with a distinguished equator and study these objects as an 

abstrutfon of afft.ne linear ,ysletn~. In particular, one CIR cleftnt 

flats and the notion of para11e1fs• In• natural way. This ts cloM 

tn Chapter 7, and we do not delve on these points right now. 

Still something must be noted about affine 111atrofds; their connection 

with face-lattices ofconvupolyhedra. 

A (convex) polyhedron ts a subset of Rn which ts the solution 

set of a system of linear inequalities and equations. A polytope 

Is a bounded polyhdron. One may spec I fy I polyhedron by a triple 

(A,b,X), where (A,b) fs an affine If near systea Indexed by [ 

and X ts• signed vector. The polyhedron thus specified ts 

P ■ (w c R"lo(Aw-b)) sX • The£!!!!!!!!.!!. of (A,b) ts the collection 

of 111 polyhedra definable fl'OII (A,b) as above; the !!!!!Of 

(A,b) are the polyhedra (A,b,X) where X • 11. As tn Proposition 

6, we have: 

PROPOSITION: The c~lex of (A,b) ts precisely tht set of cells 

of (A,b) • Moroever, for I, Y , f) , 

.. . 
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PROOF: Similar to th~t of (6) • a 

FN>II this result, evel')' polyhedron 15 1 cell of an affine ltne1r 
syste111. The facu of (A,b,X) are thosl!! cells of (A,b) which are 
contained In (A,b), and 11s0 thl!! e111>t1 set ts satd to .bl!• face 
of (A,b,X). Ordel"l!d by inclusion, the facl!!s of (A,b,X) fon11 I 

letttce, which is is01110rph1c to {Y , C I Y s Xl • 

Polytopes 1-re, among polyhedra, those whose face-lattices have 
deserved rore attention. We shall be proving results about these 
directly tn the oriented 1111trotd context, way before the study of 
affine Ntroids begins. This ts justified by the next proposition, 

10, PROPOSITION: Ll!!t P be I polytope, given as I cell (A,b,X) of 
an affine linear system (A,b). Then the face-lattice of P 

Is isOfflOrphic to the cell [(X,+)l of the oriented Ntroid of 
(A,b) • In short, every polytope-lattice ts Isomorphic to a 

cell of an oriented Ntrotd. 

PROOF: Let O,A' • C be defined for (A,b) H In (7) , By (9), 
we have that the face-lattice of ·p ts is0110rphlc with 
(Y c 1) I Y s X} 11 ( !!l • Thus the result wt 11 be proved 1f we show 
th1t C(X,+)l • l(Y,+)IY a 1', Y s XJ u l!!l , 

........ 
~l'OII the discussion on (7), C(X,+)l contains all vecton on 

the rtpit, and every vector 1n C(X,+)) whose last component is + 
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lies in the set on the rfght. Thus we nftd only to show thlt: tf 
(Y,0), C, ('f,O)s(X,+), then ('f,O) • ~. 

If that was not the case, there would be I w•, Rn+l such 

that o(A'w') s (X,+) and w~+l • 0. let w • (w1,w2, ..• ,w~). 
Then w • 0, and for every w, P, l ~ O, we have that 

w +Aw, P. • since o(A(w♦Aw)-b) • o(Aw-b+lAw) s I• 1s both 

o(Aw-b) s X and o(Aw) s I. Since this ts tnlf for arbitrary 

positive 10 we- get a contrad1ct1on to the hypothesis that P ts 

bounded. a 

11. Remark: An affine linear system 111 whose mentiers cont1in the origin · 
may be thought of as• homogeneous system. However, 1s Is patent froa 
the preceedlng discussion, we handle the system differently In either 
case. For Instance the oriented 111o1trold of the affine systein has 
one element 110re than the oriented •trold of the holllOgeneous systea. 
Thus, although fonially homogeneous systems fo,.. • special class of 
affine systems, those two classes have distinct (albeit related) 

theories. This 1ccounts for our use of the modifier •afftne• fn 
lllhat apparently could be tenned Just •11ne1r systt111S•. 

12, A homogeneous linear syste■ A fs pointed ff the null space of A 
1s {21 • Froa (4,1), ff A 1s pointed, then for every flat 
F of A , ff C /S ts the correspondfng flit of the oriented 

Ntrold of A • 

(12.1) di■ F • rt/S) • 
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In particular. if A is located in R" 1 r(C) • n. 

As far 1s linear oriented matrolds are concerned, we may 

restrict oul"Sehes to pointed syste111S. For 1 if C • o(V) 1 with 

41 

Y !;.RE, then let A be a 111atrix whose colU11111s for111 a basts of V. 

One verifies easily that the homogeneous syste11 A Is pointed and 

has C for its oriented matrotd. Thus: 

(12,2) Every linear oriented matrofd ts the oriented matroid of a 

pointed homogeneous linear system, 

13, One 1111y wish to be able to think of linear systems in a coordinate 

free fol"III, We sketch some ideas on it for homogeneous systems. 

Let V be a real vector space and L ■ <•ele, E) a set of 

linear functionals on Y. We may call L I homogeneous linear 

system on V • comprised of the signed hyperplanes. He •. {v • Vl•,(v) • 
♦ with He• Iv c Vl•.(v) > O}, and copies of V for those e c E 

such that •• • O. let : V •RE be the linear map defined by 

w(v) ■ (we(v))e,E. Then w(V) is a subspace of RE and its 

oriented Ntroid C ts the oriented matrold of l • All concepts 

like flats and cells of linear systelllS and their relationship to 

translate easily to this context. 

If V Is finite dlllll!nsional, we recuperate the original 

definition by choosing an is01110rphls11 h • R" • V • Then L can be 

considered as I homogeneous syste■ in R" 1 whose ■atrtx fs the 111trtx 

of b• ntattve to the canonical bash of If' and RE • 
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Ill) MINORS AND OIANGE OF SIGNS 

We describe sorne basic machinery which ts constantly 

used In what follows • It ts a collection of operations with 

simple interpretation tn the context of ltnear systNIS, and, with the 

exception of change of signs, extend usual operations on 111trotds, 

Let l be a signed vector on [ and S !. [ , We denote by 

l\S the signed vector on [ - S defined by: (X\5)1 • le for tvery 

e c £ - S • let C bf .•n oriented 1111troid on [ • Define: 

1, ~ ,s • I X\S X c C I , 

• 

• 

It ts easily verified that both C \S and C/S are oriented 

inatrolds on E - S • They are said to be obtained fl'OIII C by, · 

respectively, deleting S and contracting S. Deletions and con­

tractions can be effected one elennt at a ttrie and 1n any order, the 

end result depending only on the sets of elements which wre deleted 

or contracted. 

The reader will have noticed the double ineanlng of C/F when 

F Is a zero-set. It can iae1n I contraction or• flat. TIits alli>tgulty 

will be usually resolved to the context, However, for 1110st purposas 

tt ts convenient, tn case E !. E' , to consider each signed vector 

on E as a signed vector on E' 111 --,.tch the nev c°""°"'11t1 are 

all O , Thus an oriented •trofd OIi E •1 be COM1derad 11 111 
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ortented 11atrotd on E' , where the Rnt>ers of E' • E ire all 

loops. In this sense, the flat C /F and the contraction rJF 

become the same object. 
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3. In the case where_ C ts the oriented matroid of I homogeneous linear 

system A, deletions and contractions have the following interpreta­

tion: 

C\S ts the oriented matroid of the homogeneous system .obtained 

fro111 A by deleting the rows (hyperplanes, copies of l!n) indexed 

by ined>ers of S • · 

C/S ts the oriented matroid of the homogeneous system on the 

flat of A which ts the intersection of the members of A Indexed 

by S. One should use the coordinate free definition of homogeneous 

system given tn (II.ll). 

4. Deletions and contractions are connon operations In 1111trold theory. 

If M ts I matro1d on E, and s .!:. E. one defines: 

M\S ■ (F - SIF, MJ , 

M/S ■ (F - SIF ( M. s .!:. F). 

It follows: 

Mt: \S) • M(C)\S 

and 

M(C/S) • M(C)/S. 



.. . .. ... 
')/_ 

2.111 44 

5. AnOtner useful operation 1s th1tof reversing signs. OM reverses 

the signs of some hyperplanes of• h011109eneous sysletl A by iaultl• 

plying the corresponding rows of A by -1 • The analogous oriented 

matrold operation ts as follONS: 

With s ~ [ • X • signed vector on [ I r Is the signed 

vector Z g!ven by: Ze • •Xe If e c S, X1 If el S. The 

result of reversing S on C ts: fC • ffX IX ,C). 

It ts quite clear that f C ts an oriented ..atrold. One also 

notices: 

(S.1) The rnap 'S" : C .. -s-c given by X + 'S"X h • bijection whh:11 

preserves the partial order, products, opposites, 1pproxtn11tions, 

eliminations, flats, rank, etc ••• 

Indeed, 1lmost all aspects of oriented inatrolds we are Interested 

tn ire preserved under reversal of signs, one could consider C and 

J'C as Isomorphic objects. 

A remartt about notation: when S • {e) , we write 

C /1, C \e, ic and so on, omitting the brad:ets for clarity. 

6. PROPOSITION: Let e,f be equ.tors of C. The following are 

equt va 1 ent: 

(6.1) C /e :5.C If (I.e., for every X c C, X1 • 0 111Pllts Xf • O) 

(6.2) Either for every X rC, Xa • Xf 

or for every X , C , X
1 

• -1, 

• • 
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(6.3) C /1 • C /f 

PROOF: The 1q,1fcattons (6,2) ■ > (6.3) •• (6.1) are trtvt1l, Let 

us 1ss- (6.1) and show (6.2). 

As f ts an equator, there ts an X ( C such that x, _, 0 • 

Fron (6.1), le_, 0. There are two possibilities, namely Xe• lf and 

le• •lr • We deal 1111th th~ first only as the second ts similar, 

Let us shov that for e.ery Y , C , Ye • Yf • 

If this was not true, there would be a Y (C such that 

Y1 _, Yf. From (6.1) we can conclude that Ye_, 0, and, substituting 

ff necessary Y by -Y, · we may assume that Ye• •Xe. Let Z cc 

be obtained by ell~lnattng e between X and Y. As Yr_, Ye, 

either Yf • 0 or Yf • -Y1 ••(·Xe)• x
1 

• Xf. In either case, 

z, • lf _, 0, lllhfle Z
1 

• 0, contradicting (6.1). □ 

Equators e,f satisfying the conditions above are called 

coincident, It ts cle1r fro19 (6.3) th1t coincidence 1s en equivalence 

relation. The correspondent concept in Ntroid theory ts that of 

parallel ell!llll!ntsi w reserve this ter11 for a later use. 

An oriented utro1d ts ml!. ff It has no loops and no two 

e1einents are coincident. Recall thit I loop Is an element e ( E 

such thit Ye • 0 for every Y c C. Eqwfvalently, C 1s st~le 

ff tt does not have loops and {e) ts I zero-set for each e , E 

,,,_ (6.1) • 



2.111 

... 
'\. 

46 

PROPOSITION: Let C be an ortented Ntrotd on E , and S ~ E 

conUtn 111 loops ind 111 but one equ1tor of each coincidence 

class. Then C \S 1s s111,ple -ind ts01110rphic to C as I poset 

vt1: X .. X\S • 

PROOF: Clearly C\S has no loops, Also, ff e,f, £ • S , IS 

they do not cotndde 1n C , there fs a X c C such that X
1 

• 0 , 

x, • O , by (6.1 h then X\S , C \S shows th1t they do not coincide 

tnt\S. Hence C\S Is stq,le. 

The map X .. X\S fs clearly onto and order preserving; (6,2) 

shows thdt tt ts 1-1 , and that the Inverse bfJectfon ts also order 

preserving, a 

An oriented inatrotd obtained fl"OIII C as 1bov. fl a sta,111ftcat1on 

of C. One easily checks thlt tf ~ 1nd ~ ire sf1111t1ftc1t1ons of 

C , then one can obtafn Cz fna Ci by rel1bet1n9 sa.. equators 

and ch•nging s- signs. 
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IY) TlfE COt11'LEX OF AN ORIENTED MATROID 

Throughout this section, C is an oriented inatrofd on E • The 

· ~of C fs the collection {[X]/X ,c I , where CXJ • IY, C/Y s XI 

ts 1 .£!ll of C. Note that the inclusion order on the complex of C 1s 

fsomorphtc to the order s on c • We occutonally abuse the llnguage 

and refer to vectors of C as cells, 

1. PROPOSITION: The Intersection of two cells ts a cell. 

PROOF: Let [Xl, [Y] be cells of C , and K • [Xl n [Y) • 

~,, As CX] and [Y] are closed under products, so ts K. 

Let Z be the product of 111 members of K, tn some order; thus 

Z c K. So CZ]~ K as Zs X and Zs Y. Conversely, tf 

W c K then ~ ~ !. , as clearly !. • u{!IT c Kl • For every 

e c ~ , s I nee both W, Z , X , W
1 

• Xe and Z1 • X
1 

; thus W
1 

• Ze • . 

That 11e1ns that W, Z. □ 

2. COROLLARY: Each cell of C is I lattice, with the restricted 

partial order. 

PROOF: Let [Xl be I ct11. It Is clear that the product of two 

vecton tn [X] ts their least upper bound 1n C; and It 1s tn CX]. 

Tht 111e1t of Y and Z c [Xl Is the vector W such th1t 

[Ill• CY] n [Zl. □ 



• 

3. 

.. 
2. IV 

The results above reflects the well known fact that the faces 

of I polytope or cone font a lattice, All results here about 

cells translate directly into stat!ffll!nts about polytope lattices. 

The tenntnology used will make it clear. 
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The lattice of flats of an ortented Ntrotd has been shown to 

be JD by relating It to the lattice of the underlying aatrold, We 

now extend this result to cells. 

For every vec.tor X c C , E • ! 1s the zero set of a flat F • 

Let us define the nlll'lber r(X) as r(r). A mre intrinsic expression 

Is, IS In (l,11,5): 

r(X) • p(E) • p(E-!) 

where o ts the rank function of the underlying 1111trold H(C). 

4. THEOREH: C IS JD and Its rank function is r • IS defined tn (3). 

PROOF: Clearly r(Q) • 0 • Let us show that If x1 .x2 
c C, and 

x2 cowers x1 , then r(x2) • r(X1) + 1 • For I contradiction, 

suppose that there extst x1 ,x2 , C such that x2 cove" x1 and 

r(X2) • r(X1) + 1 • Let F 1 be the flat with zero-set [ - ! 1 
• 

1 2 2 1 F t • 1,2 • As x c x • E - ! .!:. E - ! • so 1 .!:. F 2 • llellct 

r(r1) c r(F2) and u r(F -1) • r(X1), r(F 1)+1 c r(F2). As the 

lattice of c Is JD with rant function r • there ts a nit F 

bebft!en F 1 and f 2 • Choose I vector X such that [ • ! 1 ~ 

the zero set of F : thus E - f i E • ! i E - !1 • As x1•1 us 
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the seme zero-set as l , we may nsi,ae that x1 
< X , Moreover, 

!i ! 2 • Let Y be an X-approxlmatlon of x2 (cf. (1.1.5)); then 

x1 < Y < x2 • This contradicts the hypothesis that v2 covers , 1 , 

and c~letes the proof. 

Now th1t we hive established (4), we shill prefer to use 

dl•nslon Instead of rink. For X, C, 

d(X) • p(E) - p(E-,!) - 1 • 

a 

Ill n-£!!! h I ce11 of dfmensfon n (the dimension of [Xl equals 

d(X)). 

At this point of developt11ent, the reasons for preferring dimension 

over rank may be unclear. It will turn out when topology enters the 

picture that •dimension• has the ineanlng our Intuition and nonnal 

topological use requires. In this section this will be 1110st ,pparent 

In Theoreai ( 18) : we prove that 1 1-dfinenstonal oriented 1111trold 
can be Identified with I polygon, of lffllch the 0-cells are the vertices 

and the l•cells are the edges. It seeas mre natural to refer to 

this 1s l-dlmenston11 thin rank 2, 

A~ h 1 111uil11l vector of c. 

6. PROPOSITION: A vector T c C ts a tope I ff I ts support ts the Ht 

of equators of · c • A11 topes have dhenston eq1111 to d( c) • 
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PROOF: If ! 1s the set of equllors. 1t Is clear that T Is 

maximal, Conversely, If T Is 11111xl111i11, let e be an equator and 

X r C be such that Xe • 0 , Then T s T•X and by 1111xhnality0 

T • T ,X • Since the support of T•X 1s I u ! , we conclude that 

e • ! . Dfrnensfon follows as the zero-set of T 1s the same as that 

of C. 0 

A tope-lattlce Is a lattice Isomorphic to a 1111xt11111 cell of an 

oriented 111atrold: 

PROPOSITION: £very cell, and every Interval of C Is a tope-llttfce. 

PROOF: If X r c, and S Is Its zero-set. then txl fs lscmrph1c 

to the cell cx,sj of c /S (and we shall usually Identify thn, as 

suggested tn the last section). Clearly X\S Is a tape of C /S. 

Intervals wfll be handled fn 1110re detail fn Lenna (14). 0 

Let us adapt the tennfnology of polytopes to C • We say that 

a signed vector X Is a !!.£!_of Y cC If X cC and X s Y: 

It fs a proper face If It 1s not Y. A lli!!Of Y ts a 11111•1 

paper face of Y : fn111 (4), X c C fs I facet of Y tff I s Y 

and d(X) • d(Y) • 1 • 

,, PROPOSITION: S11ppose C ts stq,le, T ts a tope. I • [ , 

Let Y be the signed vector obtained fl"DII T by changing Its · 

e-coq,onent to O (Y • T\e) , The following art equ1valent: 

' t 
' 
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(8.1) Y c C • 

(8,Z) Y 1s a facet of T • 

(B.3) f c C. (recall that f Is th@ vector resultant of reversing 

th! sign of thee-component of T) • 

Moreover, every facet of T 1s of the fora T\e for SOIIII! 

equator e • 

PROOF: The equhalenc@ of (8.1) and (8.2) Is clear. If V ,C , i5 

•l c C we conclude that i • Y•(-T) « C ; hence (8.1) hnplfes (8,3). 

ConV!rsely. If T c C • e11•1nat1on of e between T and iT has 

Y H the only poss Ible res Ill t, hence Y « C. 

Jf X 1s I facet of T. then d(X) • n • 1. where 

n • d(T) • d(C) • From the dtllll!nston fonnula (5), we conclude that 

th! zero-set T of X hu rank 1 fn M(C) • Since C Is s1q,1@ 0 

that set lll.lst be• singleton le) , thus X • T\e. a 

In a sfqile oriented 1111trotd. when T and • IN related as 

above. we s1y that e 1s a facet equator of T: (8) shows that to 

each facet Y of T corresponds an unique facet equator of T. 

the supporting !!Quator of Y • and this correspondence Is bijective, 

It 1s an accident to language the fact that the supporting equator 

of a facet Is the only equator not In Its support, 

t. TIIEOR£M: Every (d(C) - 1)-cell Is I facet of exactly two lopes, 



2.IV 

.. ' 
' 52 

PROOF: We may assume that C h Si1111>le, let X be a (d(C) • 1)­

cell, Thus X ts not maximal and X c T for some tope T. As 

d(X) ■ d(T) • 1 , X h I facet .of T , By (8.3), i"T 1s another 

lope of C covering X , · where e 1s the supporting equator of Y • 

Clearly no other signed vector on E 1s > X, therefore T and 

eT are the only topes covering l. D 

10, THEOREM: let T , T' be distinct topes of C • which we assume fs 

simple. Then some f1cet equator of T separates tt fnllll T' • 

PROOF: Let X be a T'-approxfmation of T. Since X • T, there 

fs I f~cet Y of T such that l ~ Y. The zero-set of X consists 

only of equators separating T and T' , and the supporting equator 

of Y Is one of them, D 

This result can be visually interpreted via the tope graph of 

C at T • Thts ts I directed graph TG(C,T) whose vertices are the 

topes and wtth an edge directed f,- T1 to r2 whenever they 

are separated by an unique equator e and T! ■ Te ; see ftg, (2,1). 

Note that by (9), one can identify the edges of TGf ,T) with the 

(d(C)-1)-cells of C, 

. .. 
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11. THEOREM: With c simple, TG(C,T) Is acyclic, has a unique source, 

T, and an unique sink, -T. 

PROOF: It Is clear that TG(C,T) 1s acyclic, T Is a source and 

•T Is a sink. If W • T, then some facet equator e of w 
S!parates It fl'ORI T , so iw + W 1s on edge of TG(C, T) , and 

W Is not a source. Similarly, It Is not a sink, unless W • -T. a 

12. COROLLARY: It Is possible to order the equator5of a sim!)le C as 
1 2 k e1,e2, ••• ,ek so that •11 vectors T ,T , ••• ,T • •T obtained 

fr011 T by successively reversing those equators are 

lopes. 

lJ k PROOF: let T,T ,r, ... ,T • -T be I path In TG(C,T)., which 

exists, as It follows easily fl'DIII (11). The sequence e1,e2, ••• ,ek 

ts obtained In the obvious way. froaa the edges of the path. a 

The tope graph will shoW up again In the next chapter In 

connection with shellablllty. 

The next result h a key property of length 2 Intervals, which 

entails a characterization of l•dl•nslonal oriented 1111trolds. We prove 
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it 1110dulo Lenna (14). whose proof follows aften,ards. 

13. THEOREM: Let X, Y be vectors of C • with X c Y and 

d(Y) • d(X) + Z. Then there exist precisely two facets of 

Y containing X. 
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14. LEK-IA: For every cell X , C , the function t : W .. W\! 1s 1 

poset fsomorphis• between st(ll.C) • IW , q W :ai XI (ill! of X) 

and C \! . Moreover, d(C\!,) • d(C) - d(X) - 1 • 

15. PROOF OF (13) (modulo Lerrma (14)): As we are looking only at 

vectors s Y, we 111ay contract E - ! ; thus 1ss1111e that Y ts 1 

tope. By Lentna ( 14), the interva 1 (W , C /X s W s Y) .ts Isomorphic 

as a poset to the cell [Y\!l of C\! , and d(C\!) • 1 • As 

Y\! is a tope of C\!, we are reduced to prove: 

(15.1) Every tope of a 1-dimensfonal oriented 111trofd has exactly 

two facets (O-cells). 

Starting the notation anew, let C be a 1-d1mensfon1l oriented 

matrotd, which we can assume to be simple, and let T be a tope of r • 
By reversing the signs of all negative coinponents of T, w can 

assume that T • .t • Let W be a fleet of T , wfth supporting 

equator w • 

Let v be a (-W)-approx1Ntlon of T • Then V • T and 

v~ • Tw ■ +·. As 2 c V c T, d(V) ■ O, hence V ts I facet 

of T supported by the equator v • This sholfs already blo fKets 

. .. 
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of T. 1s V - W. Suppose for I contradiction thlt T has 1 

third f1cet z , supported by z • We resume the lnfonnation 1bout 

11,V,Z u: 

Eliminating w between V and -Z, we obtain ·x ,C with 

Xv• - , \ • 0, Xz • +. -Eliminating v between X and W 

we obtain Y , C such that · Yv • 0 • Yw , Yz • + • Then 

2 < Y < Y. Y < Y, T ts I ch•tn of length 3 In C • contradfctfng 

the hypothesis that C has dimension 1 (rank 2), □ 

16. PROOF of 14: Clearly • 111aps st(X) into [Y\!l, It ts Injective, 

and for all W,Z , st(X), c(W) s (Z) 1ff w s Z • Let us now show 

th1t t ts onto. 

Choose Z , CY\!], Then Z • W\! for some W c c • As 

x.w c c and X s x.w , we see that Z • •CX,W) • This completes 

the proof that t Is bijective. 

To check the dlllll!nston fonnula, recall that as Y\! ts a tope 

of C \! • d(C..!)+1 • r(Y\!.) (u ~ vector of Y\!.) • ind tt ts the 

length of a saturated chain fro• 2 to Y\X • Ast ts an tsomorphfs•. 

the Inverse t1111ges of the vectors In the chitn fona I satur1ted 

chltn fro. X to Y · tn C. The length of this chain ts 

d(Y)-d(l), _which yields to desired result, a 
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we may con-bfne (9) and (13) as follows: tf we adjotn a 

1nulmU111 el~nt to C. tn the resulting poset evuy length Z 

Interval has the form of a diamond ◊ 

We can now present a useful ch1racterlz1tlon of 1-dlmensfonal 

oriented matrolds. lines. It fs a specialization of the mre general 

Theoretn (3,111.1): we present tt here for Its si1111111ctty and because 

of the t~ortant role of lines 1n later chapters.A similar character. 

tutton apoears fn CLV6l, 

17. WtlA: Let C be I lfne without loops, V, C a O-ce11 with 

zero-set S. Then 

(17.1) V Is contained fn exactly two 1-cells. T1 and y2. 
(17.2) y2 • sf 1 

(17.3) If x1 and x2 are respectfvel7 the other 0-cells tn t1 

and T2 • the equators which separate x1 and x2 are 

precisely those fn S. 

(17.4) Let e t s • f , y • If 11 ,c • 11
1 

• o and 111 • v2 • 

then W • V • 

PROOF: (17.1) 1s a special case of Theort11 (9). (\7,2) 1s a special 

case of (Bl, before slqillflcatlon: It also follws bJ noticing thlt 

1 1 1 1 
T • v.(-T ) , c, and Y c 'S"T - T • 

To prove (17.3), notice that if I separates 11 and 12 , -

tt also separ1tes 11 and t2 , hence I c S • Conversely, tf 

• c S • as T1 • v.11, x! • 1! and slllilarly x! • t! i since 

... 
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t 1 • -T2 - 0 e separates T1 and T2 • e e ' 
(17.4) Since We • 0 , W , C/e • As d(C/e) • 0 • C/e • IV,-V, ,Q.l 

and since Wf • v1 - 0, W • V. a 

If G Is 1n even pol.)l}on with vertices mlllbered cycllc1lly 

v1,v2, ••• ,v2n. we say that. for 1 • 1,Z, ••• ,2n, v1 and vt+n . 

are opposite (Indices modulo Zn). 

Let C be 1n 1-diinenslonal oriented matrold without 

loops. Define the graph Skel (C) whose vertices are the 

0-cells of C; X,Y being adjacent tff they are contained tn 

a I-cell. 

18. THEOREM: Skelt) ts an even polygon tn which the opposite of each 

l "') 12 n-1 V tn Ske ~ ts .y. Furthennore. tf X .x •..• ,X are the 

1ntema1 vertices In one of the paths 1n Skel( c) between V and 

•V, and e ts an equator tn the zero set of V, then 

•!. •! - ... - ~-1. 0. 

PROOF: Let V be a O-cell. By (17.1), V ts contained in e~actly 

two 1-cells. By (15.1) each of these contains exactly o~ O-cell 

distinct froM V. These two O-cells are the only ones adjacent 

to V. and are dtsttnct by (17.J). Thus each vertex tn Skel(c) 

Is adjacent to exactly two others. Hence each coq,onent of Skel(c) 

1s a polygon. 

let T be a 1-cell containing V, and let x1 be the other 



... 1' 
t .,, ' -- . 

lo. 

58 
2. JV 

I-cell of T • Define x2 
,13 ,... sequencfally u follows: tf 

11 • .y. let xf+t be the 0-cell of x1.(-V) which ts d1st1nct 

from x1 
• Clearly xn • -V for some n • By construction, 

y 1 2 n-1 · 
,,X ,X , ••• ,X , -V are the vertices of a path tn Skel(C), 

Since X,Y adjacent In Skel(C) lqilles -X, -Y adjacent, 

n-1 2 1 V, -X , ••• ,-X ,·X ,•V ts also a path tn Shl(C) , It wilt 

follow that Skel(CI ts an even polygon, and the opposite of Y 

Is -V If we show that those two paths use all Its vertices. 

Indeed, If W ts a 0-cell, W • V, -V, and e ts tn tts 

zero-set, then Ve ■ 0. let I be maxtrrun such that x! • v, (x0.v). 
Since xf+l ts adjacent to x1. , It cannot happen that x!+l • -Y

1
, 

hence x!•l • O. It follows fl"IIIII (17,4) that either W • 11•1 or 

W • •Xl+l • 

To complete the proof, let e be an equ.tor tn the zero-set 
1 

of V. Then, for t • 1,2, ••• ,n-1, x. • 0 , by (17.4) and since 

x1 ts adjacent to x1• 1• x! • x!+l (t<n-1). a 

A converse of this theorem Is given by the following construction, 

let P be an even polygon, E a finite set, and for each I c E 

let P~ be a pa1r of opposite vertices of P. It 1s required that 

each vertex of P be in at least one Pe O• Choose for each I one 

of the paths between the vertices of ,,0 , and let P
1
+ be the set 

of Its Internal vertices: let ,,· be the set of opposites of tho11 

♦ • • 

llll!lllbers of Pe • Note thlt no edgt has both I wrte1 111 P • an4 
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Define, for each vertex v of P the signed vector o(v) on 

Eby: o(v)e • J <•> V c peJ. Define also for each edge o the 

signed vector o(o) by: o(o)e • J ••> o has I vertex fn peJ, J • +, 

-. 
19. THEOREM: With the construction above, 

• 10} u lo(v) I Y • vertex of Pl u lo(o)/o an edge of Pl 

Is 1 1-dfmenslonal oriented inatroid, and vertices v,w 

of P are adjacent tff o(v) and a(w) are adjacent 1n Skel( C). 

PROOF: We sketch the veriffcatfon of the oriented 111trold axiOl'IS. 

and leave the remaining details for the reader. 

Jf v ts a vertex of P, and V' ts Its opposite, then 

o(v') • •o(vl • If • ts an edge. with vertices v.w. then the 

opposites v',w' are fncfdent to en ed~ o', and o(o') • -a(o). 

let x,y be vertices or edges, and suppose that o(x).o(y) - o(x). 

Then x ts I vertex and there ts I unique shortest path fn P 

containing both x and y. Let o be the edge of thfs path incident 

to x, then o(o) • o(x).o(y). Finally, suppose that o(xle • +, 

o(y)• • • and o(x) - -o(y). Choose again the shortest path 

contafntng both x and y. Since x has (or 1s) a vertex fn 

,;, and y has (or fs) a vertex tn ••·• th1t path cont1ins one 

wrtex v c p•O' a(v) ts the result of eli■lnatlng • between 
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• • 1,o 
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fr011 the two results 1bove, l•dt11e11stonal oriented utrotds 

c;1n be thought of 1n even .polygons, 1nd there 1s no 1dvant1ge on 

distinguishing between C 1nd Sktl(C). This v111 be explored later. 
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V. SUPERCELLS 

Consider I 11ne1r syste11 B obtained by deleting SOiie lllelllbers 

of another system A. Then each cell of Bis I union of cells of A. 

This suggests considering each cell of Bas a •generalized cell" of 

A. The corresponding concept in oriented 111troids fs what we call super­

cells. 

The Nin result in this section 1s a charactertzatton of 

oriented 11111troids by properties of their supercells. That way one ob­

t,fns I definition of oriented 111trotds as a set of signed vectors 

with certain topological properties (Theoreni (9)). For that purpose, 

soee notions, will be Introduced for arbitrary sets of signed vectors 

and then spectalfzed to oriented 111atrotds. 

In this section, unless othen,1se inent1oned, P denotes 1 

set of signed vectors on the finfte set E. 

For each e,E, jdO, +, -), let 11! • {X.:PIXe • J), and let 

v! • 11!uo:. Thus o! • o: • v:~;. Sets of for111': and o; are called 
the half-spaces of P. Given IEE, the set P/1 • {X«PIXe • 0 for every 

ttll is the flat of Pit dell!rwtnes •. Note that fl/I• n{fl:letl} • 
n~!le,J, J • +,-},that ts, any flat fs an intersection of half• 

spaces. The set P is also a flit P/♦ • P. 

A subset K of fl which Is an Intersection of half-spaces, but 

not I flat, fs called I supercell of o. 
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EXAMPLE: Let A• (HelecE) be• homogeneous systea tnRn, and ltt 

be its 1111trofd. Denote by o(w)(cC) tht signed vector 

fndfcatfng the position of w« R" relative to A, 1s In (JJ,2). 

Then for each half-space C !.a-1(c!) ts• (closed) half-space 

tn 11", of fon11 H~ u He. rr K ts I supercetl of C, o·1(K) ts I cell 

of the linear syst1111 one obtains by deleting fl'OIII A those H
1 

for 

which c: ~oes not conlitn K. a 

PROPOSJTlCW: If K fs either I flat or I supercell of C, and Y«K, 

then for every X«K, x,v 1inplfe, X«K. 

PROOF: This ts clear for any h1lf-sp1ce, thus tt ts also true for 

any Intersection of half-spaces. D 

The span of I set KsD h deftned IS the fnteructtons of 111 flats 

containing K. Thus the span of K equals n<O:IK5t1:}, provided K 

h. contained tn SOl!le 0:· 
PROPOSITION: Let C be an oriented utrofd on E and ltt K bt a 

supercell of C, wfth span F. 

Then: 

(l.1) X, YcK fmplfes X.Ycl. 

(l.2) All 111xfmal vectors of K have support E-Z, where Z fs the 

zero-set of F. 

(3.3) All 11axl1111l vectors of K have dt1111nston equal to d(f). 

PROOF: As each half-space fs a subalonofd of C, so are tntersec• 

ttons of h1lf-sp1ces, and (3.1) follows. To verify (3.Z), 

note thlt tf X fs 1111xl111l fn K, and YcK, stnce lsl,YcK, • havt 

that l • x. Y. thus !.~!· Hence ~~ lff ''!• that ts Z ■ E • !· 
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Combining (3.2) with the dtnienston fo1"111Ul1 (IV.5). (3.3) follows. a 

Ve Introduce I notation for 1n Intersection of h1lf-sp1ces. 

Let Y be• signed vector on E, and l~E. Denote: 

P(Y,I)• n{~!el eEE•Y} 

• IX,PI X\lsY\I} 

4. PROPOSITION: The supercells of 1n oriented Nlrold Care precisely 

the sets C(Y ,I) where Y,C and !·I•♦ • 

PROOr: Suppose that YcC and !·I•♦ • Then Y,C(Y,I), while ·YIC(Y.I). 

Hence, C(Y,T) cannot be• flat, so It ts a supercell. 

Conversely, let k be I supercell of C. let I• le El c;nk•♦• 

t;nKJ, ind choose I ma~lmal Y.K. Suppose that ri:11(. Then either Ye•O 

ind by (J.2) K~C~, or Ye•O and then Ye•j, thus eel. That Implies that 

K•C(Y,J). Of course, !·1-+, othen1lse one would have K-C/(E·I), 1 flit . 

We shill need• few 1110re concepts which are 110tlvated by 

topologtca1 considerations about linear systl!IIS. We now topologlze each 

P by defining• set k~ to be open lff It satisfies: for every X,P, 

1nd Yd, If Xd then XEK, Clearly K fs closed 1f XsYd Implies Xd, 

whenever Xdl • 

t.1., the open sets of Fire precisely the Intersections with F of 

open sets of P. St■lltrly for closed sets. 

5. [XANPLE: In the not1tlon of Exgple (T), the up o: Rn..C fs 

continuous, since for each closed set K, 0 • 1(K)• 

cii9
1

(ul[Xll XcKJ)• u{o·1ccxJJI X,KJ • finite union of closed polyhedrt. 

This .. p ts also open. a 
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Consider I polyhedron K • {x«RnlA•2bl 1 w1th the rows of A 

indexed by E. let I• (e(EIAe.x • be for every xcK). Then the span 

(1ffine hull) of K is !.ilcll"IA1x • b1J. The rel1tlve 1ntertor of 

K may be defined In two different ways: (a) as the topologlc1l 

Interior of K 1n its span; (b) IS (x(KIAr be for every e<E-IJ. 

It Is easy to show that those two definitions are equivalent. 

Each of (1) and (b) suggests I definition for the relative 

Interior of I supercell. For oriented inatrolds those coincide. 1s 

Proposition (7) shows. However, thfs fs not the case for 1n 1rbl• 

trary O and the definition of relative Interior we have found ef­

fective Is the one derived fl'OIII (b). and we present it below. 

The relative lr.terfor of I supercell K of P ts defined by: 

relfnt (K)• (n{v!IKso!. Kt~})nK. 

Note th1t, for 1nst1nce If 11 • (+o. ++, -o. •-l. and K • 

{+0,++} 1 then rellnt(K) ■ (++) 1 while K Is open In Its span 11. 

6, PROPOSITION: Let F be the span of K 1nd wr1te K • P (Y 1 1) • wfth 

Y ■fnf1111l. The following two expressions equ1l 

relfnt(K): 

(6.1) (n!~IK£~, Kt~llnF. 

II • l ,. ;h ' I \ ' I l 
\~•'' ,, .. ;; , 14 • : ., ,. 

PROOF: Denote by Kl ind~ the sets In (6.1) ind (6.Z). Since 

K:Fo re11nt(K),!:K1• Now we show lhlt K
1
~

2
• Let ld

1
, 

Ind tcE•I. TMt •ans t,,.t K:~, where j • y
1

• If j ■O, tJlftl 

.... 

/ · 
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~ J 
l4,11, t.t., le • O. If J I 0, aini•l Hy of Y implies th.t KB1,. 

Then 1t1~~• l
1 

• J. Reversing the argument one gets K2cK1• Fin­

ally, we obtain: relint(K) • K1nK • 1t2nK • K2, since Kf-K· a 

1. PROPOSITION: If K 1s I supercell of the oriented inatrofd C, then · 

reltnt(K) is the topological fntertor of It 1n fts 

span. Further, ff K • r(v;o. with Y,K, then re11r.t(K) • (X<CIX\I • 

•h1,. 
PROOF: Let F be the span of K. The ffrst assertion 111eans that 

rellnt (Kl Is the union of all open sets off contained In 

It. Since each v! 1s an open set, (6.1) shows that rellnt(K) 1s 

an open set of P. Conversely suppose· that A~ Is open Inf and 

let us show that A relfnt(K). It Is enough to show that ff K!:o! 

and Kf~• then A!:o!• 

Suppose that this falls for I specific~- Thus there exists 

an X,Ano;. Since KtO:, e ts not I loop, hence there eitlsts 1 

V,O such that X<W and We• -j. Since A Is open, W•A, contradicting 

AS,.. 

Consider noi, the expression K • (Y,I). Since Y<K, for every 
Ye _o 

ttE-1, we hive thlt, l!:fe and Ktc, Hf Ye , o. Thus rellnt(K) • 
y 

(n{C
1
ele•!•ll)nK. That 1s equivalent to the desired conclusion. 0 

A set O ts (topologically) connected ff 1t Is not the union 

of two dlsjofnt non-t!llpty open sets. It Is weakly conMCted If 
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there ts no ecE such that 11: , ♦ , 11; and 11: • ♦• 

8. PROPOSITION: A connected set II ts. weakly connected. The two 

types of connecttvtty can be ch1r1cterlzed 1s follows: 

(8.l)P Is we.kly connected lff the following graph 1s connected: 

vertices • 11 , X Ind Y adjacent tf they Ire not separated by IIV 

component. 

(8.2) P ts connected tff the following graph ts connected vertices 

•O, X and Y adjacent 1ff llc't or Yd (the •comparability graph• of d. 

PROOF: If P ts not weakly connected, the partition (11;, o;> shows 

that O ts not connected. Ve omit the proof of (8.1).wtitch 

Is sl11tlar to (8.2). 

To prove (8.2). consider dtsJotnt open sets A1, A2 of O. 

Then no llelllber of A1 ts adjacent to I IN!lllber of A2 In the graph. 

Thus every topologtc1l c0111pOnent of O Induces a COlllpOnent of the 
graph and vice-versa. a 

How we can finally present I char1ctertz1tton of oriented 

1111trotds. Note that the closure of • set IC.51' ts (lcPll t:T for sae 

T,IC}. 

J, THEOREM: Let P be I collection of signed vectors on E, Then O+ ~ 

1s an oriented aatrofd tff O satisfies. 

(9.1). For every flat F, P:n F, ♦ tff P;n fl ♦, 

(9.2) Every superce11 ts the closure of Its relative Interior. 

(9.3) The relative tntertor of Heh superce11 fs (weakly) connected• 
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PROOF: We prove necessity first. let O+ ~ be an oriented matroid. 

One obtains (9.1) 111111edlately froni the existence of opposites. 

To check (9.2) and (9.3) let~ be I supercell of 0, K •O(Y,I), where 

Y•K. Then, If x.K, X,Y,K by (J.l); coq,artng supports, (X,T)\J • 

Y\I, hence X.Y, reltnt(K), by (7). As xsx.Y, X ts In the closure 

of rellnt(K) • Thus K~ closure rellnt(K)~ K, where the last tnclu­

slon holds since K fs closed. Finally, suppose for I contradiction 

th1t rellnt(K) Is disconnected, so It can be partitioned Into dis­

joint open sets A1, A2• Choose x1«A1, x2,A2 such that they are 

separated by as few c0111ponents as possible. The same hypotheses 

are still satisfied tf !ft! substitute x1 by x1.x2 and x2 by x2.x1. 

Thus we assume that ! 1 • ! 2 • . If e separates x1 1nd x2, elim1natton 

produces a vector still In relfnt(K), and separated fr011 either . 

by fewer components. It follows that x1 and x2 are not separated, 

hence x1 • x2, contradiction. Thus (9.l) holds. 

Con~ersely, - assiae that (9.1) - (9.3) are satisfied by 0. 

We establtsh flnt: 

(a) If O(Y,I) contains• vector W such that W
1 

• Y
1

, O for so. 

e,E-1, thenO(Y,I) 1s I supercell. 

Proof: let J • '•• Since o!n O(Y,1), ♦ but ~n (Y,J) •♦, 

(9.1) liaplfes that O(Y,I) ts not I flat. II 

Now for the oriented utrold U.IOIIIS. 

(bl If x.r,o. then x.v,o. 

~: Let I be the set of caaponents sep1r1tfng _X tnd Y, 
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let W ■ X.Y, end consider K ■ P(W,I). Stnce both X,YcP(W,l), 

lie lie 
and for each e,E-1, either x,oe nK or Y,P

1 
nK, reltnt(K) ■ 

(n{ P~e I e<E-I) )nK ■ IZ,K I Z\I • 11\1}, 

By the definition of closure, end (9,2), thel"'t exists Zcrtllnt(K) 

such that XsZ. Thus, XsZ and Z\I • W\I. This showS that Z • w, stnce 

15!, and X4', Hence X.Y • ll(rellnt(K) • II 

(c) El ta1t111tlon holds 1n P + 2,. 

Proof: Let X, Y < r- and let e be I component separating thea. 

The presence of U allows us to assume that X ,-Y. Con­

sider again K • O (W,I). wtth II, I as tn part (b). 1nd recall 

thet rellnt(K) ■( l(KIZ\l • W\I). By (b). II ■ X.Y, and T • Y.I 

are both In o. ind are therefore 1n reltnt(K) • Slnct 11
1 

and 

Te are opposite. we have that o:nre11nt (k) and P;nre11nt(K) 

are both non-e11tpy. By weak connectivity, there exists 

0 ZcOenreltnt(K). That Z results fl'OII tlf■lnatfng • between X and Y. II 

(d) x,o 1111plfes -x,o. 

Proof: We prove tt by cont,.1dtctton. Suppose th1t there ex-

ists 1n x,o such that -XIII , ind choose such III X with 

11tnt■1l support. Clearly X ~ 2,, let F• P II, where I • E • !• 

ind choose e,!, By (9,1), there exists Ycf such tblt Y1 • -x •. 

Stnte Y,F, !G!, Let Wdl be an Y-approxt111tton of I, ~fell 

exists by (c) 1nd (1.4). Then ll<l and tlle llinl•11V ~f X 
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\ . 
. .... a 

1apltes -W.11. As for everyft!, either Wf • Xf or Yf • -Xf' 

(-W).Y • -X. Since 11 us products, -X(P, contradicting 

the choice of X. This contradtctton proves (d), and the 

theorea • . a 
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II) VERTICES 

A ~ of C ts • •infmal nonzero Yl!Ctor, equivalently, a 

)-cell, We say that a Yl!rtex Y ts a vertex of a cell Y ff Y s Y, 

I, PROPOSITION: Every nonzero vector of C ts the product of 1ts 

vertices, 

PROOF: It ts enough to show that a cell ts the product of ~of fts 

vertices, Suppose thfs Is not the case. and choose a cell Y ■fnful 

with respect to not befn_g the product of fts vertices. 

Let X be a vertex of Y. Let Z be a (-X)-approxlrnatton 

of Y; thus Z < Y and Z\! • Y\!, By the ~fntmalfty of Y, Z 

Is the product of fts Yl!rtfces. Sfnce every vertex of Z Is also 

a vertex of Y, Y • X,Z ts the product of fts vertices, contradicting 

the way ft was chosen. a 

It 1s a corollary of this, IS C ts a mnotd. that C - ~ 

consists of all signed vectors which are products of vertices. Thus, 

the collection of vertl ces of C ts enough data for a complete 

description of C. It turns out that there are very stq,le conditions 

which determine when a collection of signed vectors ts the set of 

vertices of an oriented Ntroid, These conditions are quite sl■flar 

to the ones describing a set of cocfrcufts; a fact whfch ts not• . 

coincidence, IS the supports of vertices of C are the coctrcutts 

of M(C) : 
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2. PROPOSITION: A vector V ts I vertex tff there ts no cell Y wtth 

♦ "!i!• 

PROOF: If there ts no such Y, of course V ts minimal. Converse 

tf there ts such a Y, either Y or I Y-approxlmation of V 

shows, that V ts not a vertex. a 

This result shows th1t V ts• vertex tff tts zero-set ts not 

contained In any other zero-set besides E, that ts, E • !. ts 

1 hyperplane of M(C). Hence V ts I vertex tff ! ts I coclrcutt 

of M(C) • 

l. PROPOSITION: Let' 11 be the set of vertices of an oriented Nlrold. 

Then 

(3.1) QL !• X d' Implies -X c V, X,Y c II ind!~! 

Implies X • Y or X • -Y, 

(3.2) For every X, Y c V , given any e c E separatl ng X 

1nd Y 1nd any f c !. u ! not separating them, there 

ts a Z c ·v such that Ze • 0 , Zf " 0 and for every 

other g , E , z9 equals either \ or Yq or O • 

PROOF: (3.1): 2 L V be deftnttton. As ! • -! , from (2) tt fol1011 

that X c II 1111Pltes -X c II. If X,Y , V, ! s ! 
and X ts not Y or •Y, then there ts an e c ! 
separating thea and one which does not. Eliminating 

e betwen l and Y , we obtain I nonzero cell Z , 

wtth !. ~ ! . This contr1dtcts (2) • 
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(3.2) Let W be• cell obutned by elf•in1tlng t between 

l and Y • As r does not separate l and Y , 

Wf • D. From (1) 1t follows that there Is a vertex 

Z of W such that Zf • w,. This Z clearly 

satisfies the required condition. a 

It Is a quite s111'4)1e exercise to show that 1f a collection V · 

of s lgned vectors satisfies (3.1) and (J,2J, It Is the set of vertices 

of an oriented inatrold. This ts analogous to the @clu1valence of 

(1,17.1) and (1.17.2). 

Hore significantly, an •oriented• version of (l,17.3) 

Is available, Theorem (4) below. That 15 

taken as the basic axiomatic definition of oriented 

aiatrotds by Bland and Las Vergnas [BLY), end FolkNn and L1Mrence 

[fl]. The reader can find there I proof that a set II satisfying 

the conditions below •lso satisfies (J.2). 

4. Tl£0REM: Let V be a collection of s tgned vectors satisfying: 

(4.1) !!, I V ; X c II lq,ltes -x c V ; ll,Y « II end ! ~ ! 

tq,lfes X • Y or X • -Y • 

(4,2) For every X,Y c II such that JI • -Y and any • c E 

separating the11, there ts a Z ell such that Z• • 0 

and for every f c E - • , z, • x, or Y f or O • 

Then v h. the 11et of vertices of an oriented aatrotd. a 
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When C 1s the oriented 111atrold of en affine linear system 

(A,b) tn R~ whose columns ere linearly Independent, the vertices 

of C which correspond to points o_f Mn correspond to "baste points•. 

Those are the points which are detennlned as Intersection of hyper• 

planes of (A,b) • 

The verte1 axioms (also called "circuit axioms") arise naturally 

. In connection with directed graphs. One can associate to a directed 

graph a pair of oriented matrolds, reflecting the circuits and the 

cutsets of the graph, Those 111atrolds are linear. Unfortunately, 

the results In this thesis do not seem to yield graph-theoretic 

results, when specialized to these matrofds. We refer 

the reader to CBLVl. 

We conclude with the connection between our geometrical Inter­

pretation of linear oriented matrotds and that presented In {BLY]. 

Let A c RExn , and let C be Its oriented 111trold. Let 

W • (y c lie IYA • D) and let ti• o(W) • The vertfces of .ti are 

called the circuits of C ; C and ti are said to be orthogonal. 

IIM 1111y consider the rows of A . as points In lln , and then 
. 

the circuits of C reflect the 11near dependencies of those points. 

In this IIIOdel, t1ch zero-set F of C lnde1es a 11111xlmal collection 

of those points lying tn a subspace of Rn • of dllenslon p(F) • 
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In general. for any oriented Ntrotd Con E. the collection P 

signed vectors X such that for every Y,C either X.Y•Y.J or ,!n! • ♦ 

an oriented matrold. This Is called the orthogonal or dual of C. 

e relationship between C and Its dual ts studied In detail In [BLY] 

d [Fl]. We shall 1111ke just a passing use of du1llty; this tool ts 

sent from this thesis otherwise. 

In comparing our results with those earlier articles. It ts 

portant to understand that In those works an oriented Ntrold ts 

scribed by the vertt,es of Its dual Ntrotd, called the circuits of C. 

• • 
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YII) REMARKS 

The foundations of oriented 11111troids were Independently laid 

by Las Vergnas CLVl), Bland [Bl) and folkman and Lawrence [FL) (this 

11st paper contains Lawrence's ~velopment of the theory initiated by 

Folkman, and was published after Folk1111n's death), In all these works, 

oriented niatrolds are developed as an extension of inatrotd theory, 

That explains a preference f~r the vertex axi0111S, other than the grounds 

that these are si111pler than the set we have chosen. 

The crux ·of the difference of approaches Is however the 

nature of the geometrical 1110del for linear matrolds. It becolll!s very 

apparent when one compares the results of section IV with the geometric 

theory of Las Vergnas CLV3l. To help In comparing viewpoints let us 

consider• potytope P In 11.n given as the set of solutions of the 

systea Ax a (t,1,,,,,1); let Q be the convex hull of the rows of 

A , and let C be the oriented 1111trold of the affine linear system 
(A, 1) • 

The face-lattice of C as defined by Lu Vergnas fs the collection 

of 111 zero-sets of vectors In C!l , ordered by inclusion. It corresponds 

to sets of rows of A whose conve1 hull Is a face of Q, and- ts thus 

isomorphic to the face-lattice of Q. On the other hand, we consider 

C!l as our abstraction of polytope, 1111delling the lattice of P. 

Those two llttfces are related by 1n order reversing btJectfon, and s0111e 

results.llere appear In CLV3] In ••upslde•down• fo,., For Instance, (IV,4) 
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is essentially the same as (1.1) of CLYll. Some other "sults are 

harder to recognize. for instance CLYJ,1.21 1s essentially the,._ 

as (IV.10). 

In Follcun and Lawrence CFLJ, the linen syste11 IIIOdel appears 

as a guide for the theory. So one sees there the presence of tht whole 

set C and Its partial order 1s an object of study. 1n particular, 

(IY.4) apt,ears as the le111111 following Theore~ 19, ind the core Df 

(IY.13) ts Theore~ 17 of (fl]. We shall have •ny IIO,.. points of contact 

.wt th [ Fll in Chapter 4. 

Recent work of Munson [Mu] contains a 110re detailed c~rison 

between tope lattices and las Yei-gnas lattices. In p1rttcul1r1 she 

proves that the two classes of lattices are not the s1•. That 1s an 

Interesting contrast to polytope lattices. 

ftlnson's result ts partly based on a constructfOfl of J.lawrence 

(unpublhhed) of tope lattices which are not 1scaorph1c to any polytope 

11tttce. 

I 

I 



CHAPTER 3 

CONSTRUCTIBILITY OF THE HATROID COMPLEX 

The main result of this chapter Is Theorem (111.1) which 

asserts that oriented Ntro1ds ire constructible, This 1s the stepping 

stone for 1chleving the topological representation of oriented 

•trofds. The proof Is spread over sections 111-V, and the uin part 

of ft Is the proof that lope-lattices are she111ble. 

Constructible and shellable complexes ire defined ind studied 

in section II. Section I Introduces the notion of complexes. Those 

IN! little IIIIN! than fa•11les of sets, and ire basically 1n •lternatlve 

to posets. 

The 11st section refines the proof that topes ire shellable 

with the help of the tope graph. We actually show thlt each tope can 

be proven she11•bl• 1n sever•1 different ways - that fs. ft hAS seVH'AI 

•sttellfngs•. 

77 
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COHl'lEXES 

A conplex ts I finite collection It of sets called cells. sucll lhlt 

t he sets {ik(P)I P<KI are palr-..he disjoint, where llt(p) • p-ulqckl q~p} 

Is the interior of p In K. The space of k, denoted s(K). ts the union of 

all · cells of k. 

To every poset P • one associates the c°""lex lilhose cells 

are the sets [pJ • fq c Pjq s: p} , p r P • Given I set 5 and 

1 function f · : S • P, the set of Inverse t111ages of cells of P 

ts I COIT4)1ex; the Interior of ,·1([p]) ts ,·1(p) • 

Example: Let A be I homogeneous linear system In 11" • vlth oriented 

inatrold C. Define F : JI." • C by f(w) • a(Alf) • · Then the 

c0fl'4)1ex defined by f ts the c01!1)1ex C(A) of ti. linear 

system. a 

Exa"fle: The comple>< of • poset I' ts clete,-tned by the 1dentfty 

function on p • a 

Example: Ball-c°"5!lex: it Is I collection k of topologlc1l balls 

In JI."• whose relative Interiors are disjoin\ and such that the 

boundary of Heh llellt>er of IC ts I union of llltll'bn of IC (see 

fig. J. 1). Thus, for each pc IC , IK(p) equals its bill Interior, 

Note that the definition ts not through • map to • poset. 1111 

COll'C)lexes are the Nin aottYAtton for the Introduction of the notion 

of c~lexes, and their role vtll becca 1pparent 111 tJie Mlll 
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chapters. 

Ffgure 3. 1 

5. Exanple: The collection of faces of• polytope forms• complex. 

This Is both a special type of ball-complex and a subcomplex (defini­

tion later) of the con.,lex of any affine linear system associated 

with the given polytope. a 

6. PROPOSITION: Let K be a finite collection of sets whose union 

ts S. The following are equivalent. 

(6.1) K ts I coq,lex. 

(6.Z) The Intersection of any two members of K Is I union of 

llll!ll'bers of IC (possibly e~ty). 

(6.3) For each x c S I the Intersection of 111 llll!llbers of IC 

containing x Is In IC. 

(6.4) For 111 pc IC I x c p I x • IK(p) 1ff every llll!mer of 

, • K containing x also contains p • 
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PROOF: (6.1) ■ > (6.2). Let p,q c K ind a c p n q. lie 1111St 

show that there utsts a • It such that x , a ~ p II q • Let p' 

be a cell, minimal so that • c p'and p' !. p; clearly x c tK(p'). 

Obtain q' s1mtlarly; tt also follows that x c 1K(q') • So 

tlt(p') n tlt(q') • • , ind since IC ts I complex, p' • q•, 

Thus 1 • p' ts as required. 

(6.2) •> (6.J) Clear. 

(6.3) •. (6. 4) • Let q be the tntersectton of 111 11td>ers 

·of IC containing •. Clearly q !_P, and x, tK(p) lff the 

inclusion 1s proper. 

(6.4) •> (6.1) • If tk(p) n tK(q) • ♦ , then p ~ q 

1nd q ~ p, by (6.4). a 

The connection between complexes and posets goes both ways. 

A coq,lex It, ordered by tncluston, ts I poset, 1nd we refer to 

1t as •the poset of 1t• • Deftri1 the NP f fl"OIII s(K) to the poset 

of K by f(x) • the cell of K WhOse 1nter1or contains x 

(so x , f(x)) ·, 

7. PROPOSITION: The complex defined by f above ts It, and tndeed, 

for each p , It , f- l (l pl) • p • 

PROOF: Only the last st1teaent needs vertflcatton, as tt clearly 

tq,ltes the first. Let p, K. If x c p, then by (6.4) 

f(x) !.P, hence f(a) c [Pl; thus x c ,·1(tpl), Conversely, 

if x c f-1([pJ) 1 then f(x) ~ p and IS x c f(a) • x c p, 0 
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From this correspondence one can easily translate concepts from 

posets to complexes and vice-versa. For instance, a JD complex 

is one whose poset is JD. These translations wfll be made 

tacitly in what follows. Actually, most properties of complexes 

we study are properties of their partial order, and irrespective 

of the contents of cells. 

An order isomorphism between two complexes K ~ L Is an 

Inclusion preserving bijection f: K + L (t,e, p ~q implies 

f(p) ~ f(q)) whose inverse is inclusion preserving. This 1s of 

course the same as an isomorphism of -the posets of K and L. 

Without further conment, we speak of order isomorphisms between 

complexes and posets. 

Let us introduce some terminology, to be soon used,· A subcomplex 

of a complex K is a complex L ~ K. such that for every pc L. 

q c K tf q ~ p then q c L (this is sometimes called an order 

Ideal, for posets). Unions and Intersection of subcomplexes are also 

subc011111lexes. If Q ~ K. the subcomplex ~ by Q is 

[Ql •{pc Kip ~q for some q c QJ. the Intersection of 111 

subcomplexes of K containing Q. In particular. tf Q • ♦ • 

then [Ql • . ♦ • even tf K has an empty cell. Note that ff 

p c K • the subcC111plex [Pl ts Just the cell corresponding to p 

tn the poset of K • 
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A JD complex K h pure d1mens1onal 1f 111 of Its Nxlmal 

cells have the same dimension; that 1s denoted d(K) , the dimension 

of K • If d(K) • n , we say thlt K h an n-complex, for short. 

• Exanple: An oriented inatrold C 1s pure dh,enstonal,by (2.IY.6). 

Every supercell and every flit of C 1s I pure d1inens1ona1 subcomplex. 

by (2.V.3). 

... . 
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II) CONSTRUCTIBLE CCJ1PLEXES 

In the ne•t sections 11e shall prove that oriented 111atrolds 

are constructible. llere we introduce constructible complexes. Through­

out this section, 111 complexes are supposed to be pure dhnenslonal 

(thus JO). 

For 1n n-df111ensfo111l coq,lex K, let e(K) denote the set 

of those (n-1)-cells which ire covered by exactly one n-cell of K • 

The boundary of K 1s the subcomplu Induced by 11(K) , 1nd Is denoted 

al • Thus: 

aK • {p, Kl there exists q, K, with p !:_q and q 

covered by exactly one n-cell}. 

In particular, 1f K has only one 111axf111l cell p, 1.e. K •Cpl, 

aK • K • p. Note that either . aK • ♦ or d(aK) • d(K) - 1 • 

1. L•t K be• pure n-dlmenstonal complex. 

(1,a) K fs S-constructtble ff n • -1 or ff n ~ 0 and K ts 

the union of two n-dtmenslonal 8-constructtble subcoq,lexes, 

whose fntersectfon ts the boundary of each. 

(1.b) K ts a-constructible If n ~ O, and If either K has 1 

unique 111xlNl cell, with S-constructfble boundary, or If K 

ts tha union of two n-dti1ienslonal a-constructible subcomplexes, 

wse tntersectfon fs the Intersection of thafr boundaries 

111d 1s 8-constrvct1bl• and (n-l)-dl11tnsf01111. 
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We say that K ts constructfble ff It ts tither S-constnictfble 
or 8-constructfble, and fts !rP.!, ts S or B , 

Exaliples: We characterize constructible coq,lexes of s1111ll dl111ensfon, 
up to o~der tsomorphlsm. 

d(K) • -1 

d(K) • 0 

K has only o"e cell, and ts S-constructfble. 

If K has only one 0-cell, Its poset Is represented 

by the Hasse diagram J . It ts a-constructible, 1s 

a[pJ • 101 , which ts s-constructtble, 

Other 0-dtmenstonal c~lexes ha~e dt19r1111: 

With two NXIIIWII ele111ents • K Is S-constructtble, 

as Cpl n Cql • 101 • a{pJ • atql • 1 t is clearly not 
B-constructtble, 

Now, tf d(K) • 0 and K has IIIDrt than WO NXINl cells, fn 
any decomposftlon of k as the union of two O-cft111enstonal subcoq,lexes. 
at least one of these has at least two Nxl111ls, It follows that no 

such K ts constructible. 

d(k) • 1: If k has only one 1-cell, ft ts constructible fff 

ak Is s-constructlble; ,s d(ak) • 0. by th1 fo,-r 
CISI tht only possibility for aK Is , • Thlli the only 

B-constructtblt 1-cetl ts ◊ . 

.. . 
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If k has 110re than one 1•ce11 1 and ts constructtble 1 then 

every 1-cell subcoq,lex ts constructible, As 1bowe 1 every one cell 

contains exactly tvo 0-cells. Define the graph Skel(K), whose 

.ert1ces are the 0-cetls and whose edges are the 1-cells, the ends 

of 1n edge being the two 0-cells tt contains, It follows easily by 

Induction that If K Is I-constructible, then Skel(K) Is a path 

whose end vertices are the only tw 0-cells tn s(K) • from this, 

· If K Is S-constructlble, then Skel(K) Is a poly!JOII (dlgon 

11s0 possible). The sl•llarlty with (2.IV.18) Is not accident,!; 

oriented 111trolds are S•constructlble. 

To any graph G • (V,E) one can associate the complex: 

IC(G) • h) u {h)I v • V) u ({e.v,wJI ·e • E , v,w the ends of e). 

Tht converse of tht statement In the last paragraph holds: If G 

ts a path, IC(G) Is &•constructible, If G Is a polygon J:{G) 

Is S•constructlble. One also notices that K(Skel(K)) Is order 

lsamorphlc to K. If K ts constructible. Til1s characterizes 

constrvcttble 1-coq,lexes up to order ts01110rphlsa as ,dpath)or 

IC(polygon). D 

3. Ex•IIJ)lt: Consider the pl1n1r llilP In Fig. (3.2). 

The letters denota the respective fices. 
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Fig. (J .2) . 

Consider the complex K whose cells ire the fices, edges, vertims 

(1s subsets of the plane) 1nd the einpty set. Cle1rly l Is 

2-dlmensional. 

By the discussion 1bout l-di111ensfonal complexes. 11ch 2-ce11 

of K fs 8-construcUble. Now. the subcomplex [1,b] Induced by 

11,b} 1s B-construct1ble, since [1,b] ■ [a]uCbl and [a]n[bl 

1s • path in th■ boundary of both. St•thrly. tf.dl • Cc.el IN 

8-constructfble and so is thetr union, [c.d,e,f]. Since the 

intersection [1,b]n[c,d,e,f] ts the polygon tn dirt lines, Nh1ch 

Is the bound•ry of both, tt follows thlt l Is S-constructlble. 

Indeed, every S-constructtble 2•complex can be obt1fned (up 

to order lsomorphts111) fro. 1 pl1n1r NP tn this w1y. and vtce-wersa. 

provided the boundary of e1ch face of the •P ts I polygon. This 

fs , specl11 cHe of the theorea to be proved tn chapter S 

that every constructible C011Plex 1s ordtrts0110rplltc to I ball 
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c~lea C, such that s(C) is• topological ball or sphere. a 

lie now develop a few properties of-constructible complexes. 

For convenience, If In-complex K 1s the union of two n-subtOllll)lexes 

K1,Kz such that K1nicz • ak1naK2 , Ne say that IC results froN 

pasting K1 and Kz . 

4. PROPOSITIOtl: let K be an n-dlffl!ns1ona1 constructible complex. Then: 

(4,1) Every cell of k ts 8-constructible, with the exception of 

the (-t)-cell, . 

(4.2) If K Is obtained by pasting n-subcoqilexes K1 and K2 , 

then ~(K) • 8(K1) 6 a(K2) , where a denotes synnetrlc difference. 

(4,3) Every (n-1)-celt of K lies 1n at P10St two n-cells of IC. 

(4,4) If IC fs S-construct1b1e ·then a{K) • ♦ : thus every (n-1)­

cell of K ts a face of exactly two n-cells, 

(4.5) If p,q are cells, with p =. q, d{q) • d(p) + 2, then 

there exist exactly two cells between p and q. 

PROOF: (4.1) Is clear, 

(4.2): Hole first that as K1n Kz has dhienslon (n-1), _K1 and 

Kz have non-cell In cOIIIIIOn,. let p be 1n (n-1)-cell of k and 

k,t1,t2 bt respectively the nllli>er of n-cells of K,K1.icz which 

cover p • By th~ u•g.-nt above k • t 1 + t2 • Thus as p c 11(1t) 

1ff k • 1 • p, a(K) tff tt1,t2) • (0,11. that ts, tff p 1s tn 
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Px1ctly one of s(K1) • •(Kz) , ldllcll ts the s- as uytng 

pc 8(K1) 6 S(Kz) , 

(4.3) Proof by Induction tn the number of n-cells of K. 1f 

this number is 1. the result ts obvious. Othervise, K Is obulned 

by pasting K1 and K2 • for which the result holds by the 

Induction hypothesis. let p by 1n (n-1)-cell of K. If' 

pc K1nkf • aK1naK2 , it follows that pc 1(K1)na(K2). 

· As p, e(~1) 1 • 1,2, there Is 1x1ctly one n-ce11 in K1 ind 

one in K2 covering p. and this gives exactly two n-ce11s of K 

covering p , so p I S(K) ,· Otherwise p Is In exactly one of K1 

and K2 • say K1 ; any n-ceH of l covering p lnUSt be also In 

K1 • since Kz ts I subcomplex, and there are It IIDSt two of 

these n-cells, 

(4,4) We hne that K • K1uKz • where aK1 • aK2 , K1,Kz n-sim­

complexes. Therefore, 8(K1) • s(Kz) and fl"DII (4,2). l(K) • 

a(K1 ) 6 a(K2 ) • ♦• The re1111lnlng of the st1temnt follows fl"DII 

( 4.3). 

(4.5) By (4.1), atq] is S-constructible, Since pc a[q] and 

Its di11ension Is d(atql)-1, the result follows froa (4.4). D 

... . 
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As one constructs I c0111ptex by 111sting1 the boundary is also 

befng •constructed" tn s0111e sense. We hive not been able to prove that 

the boundary ts constructtble, though. Stitt, exal!lples and the theorems 

assocfatfng constructible complexes ~1th balls and spheres point towards 

an afffr'llltf,e answer for the question: 

Is the boundary of• B-constructfbte complex S-constructfble7 

Ont of the consequences of the topological results ts• fo!'IIM­

la for the [yler characteristic of constructible complexes. That ts, 

however, directly derivable frma constructtbflfty, as we see here. 

Thf Euler characteristic of a JO- c0111plex K Is: 
◄•· . 

d{IC) I . 
x(K)• EC-o.,,cx) 

f•O 

• r c<-1>d(p>11,d-Q}, 

wllere f1(1C) ts the IIUlllber oft-cells of IC. 

5. PROPOSITION: x(IC) • I If IC ts I-constructible, x(IC) •I+ (-l)d(ICJ 

ff IC Is S-constructfble. 

PROOF: We prove this together with x(alC) • l + (-l)d(IC)·l, ff IC 

Is B-constn,ctible. The proof Is by Induction In the dfaen­

slon and then number of cells of IC. Tn1e 1f d(X) • -1. For tht 

rest, the following fol'!llllae are easily verified: 

•> ff X MS only one NXl11111 cell, 

x(K). (-~)d(K) ♦ x(aK). 

II) if It ts @tafned by pasting K1 and Kz• wtth l 1nK2 I-constructible 

of df•nston d(K)-1, 
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x(K) • x(K1) + x(K2) - x(K1nK2); 

· x(aK) • x(aK1) + x(~K2) - 2x(K1nK2) + x(a(K1nK2)). 

c) tf K ts obtained by pasting Kl ind Kz• K1nKz • 3Kl • 3Kl' 

x(K) • x(K1) + x(K2) - x(K1nK2). 

Each fonnula eJ1presses the char1cterlst1c of• c0111ple1 In tenas 

the cha.ractertsttcs of s11111ler complexH. Subst1tvtlon or their val• 

•s as anumed tnducthely w111 c011111lete the tnductht step. 0 

• COROLLARY: No complex ts both 8-constrvcttble and s-constrvctlble. a 

Motivated by (4.3) we introduce a new definition: A conq,lex 

ts PH If It ts pure dinenstonal, say, of dimension n, and every 

(n-1ke11 ts covered by at IIOSt two n-cell,. The •PH• stands to 

resent>le •pseudo-inantfolds•, 

c0111111 exes. 

ldttch lrt PM .st-.,1tct1l 

I. Examples: Every JD CQlll>lex with I unique IIIIJ1h11l cell 1s PH. Froa 

(4.3). every constrvcttble complex ts PPf. If c ts 1n orfented 

matrold complex, (2.IV.9) states that C ts PH. and (2,IY,13) 

tqilles that for every cell [X] of C. a(Xl fs Ptl, O 

If we want to show th1t I c011111ex fs constructible, ft helps 

knowing tn advance that ft ts PM, Thfs ts fndtcated by Proposttfon 

(9). We first prove: 

a. LDt1A: Supp0se tti.t It ·fs a PN-c0111plt1 of dl11enston n • which 15 

the '!"Ion of n-subcomplues 1t1 ,Kz lillost fnttrstetfOA ts (pure) 

(n•l)-dt•nston11. Then 

.. . 
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(8.1) e(K) • e(K1) A 11(Kz) 

(8.2) 1t 1n1tz • aKrnaK2 

(8.3) aK • ♦ tff K1nKz • aK1 • aK2 • 

PROOF: (8.1) The proof ts the sall'I! as 1n (4.2). 

(8.2) We only need to show that K1nKz ~ K1naK2 , as the reverse 

tncluston ts trtvtal. ~s both K1nKz and aK1naK2 are subcoqilexes 

of K , tt ts enough to show that every 111x11111l cell of K1nKz 

1s tn aK1naK2 , 

Let p be• 11111xtmal cell of K1nK1 • Then d(p) • n-1 by hypo­

thesis. Since d(K1) • d(Kzl • n , there exist n-cells q1 , K1 , 

q2 ~ Kz. both contaf~fng p. As _ K1 and K2 have non-cell fn 

conmon, q1 • q2 • But then ql and q2 are the only n-cells of 

K containing p , as K ts PM • Thus p 1s covered by only one 

cell of K1 , so p , e(K1) ; sili,tlarly p, B(Kz) • Hence · 

P, B(K1)na(~) ~ aK1na~. 

(8.3) Fro111 (8.1), aK • ♦ 1ff 11(K1) • B(Kzl. That Is tff 

aK1 • •Kz. The result follows fr011 (8.2). a 

9. PAOPOSlTION: Suppose that a PM COllplex K of dl11enston n ts the 

union of two B-constrvctlble n-subcQ11Plexes 1t1 ,K2 whost tnter­

sectfon hH dhaenston n-1 • Then K 1s a-constructible provided 

K1nKz fs so; It ts S-constrvctible provided alt•♦ • 

. ' 
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PROOF: The B c1se follows from (8.Z); the S case follows fr1111 

(8.3). a 

Shellable complexes •re• spectal subclass of constructible 

complexes. which deserve some sep1r1te interest: 

An n-c01111lex K ts S-shellable ff n • -1 or tf n i O 1 

and K ■ K1u[p], where[plts • B-_shell1ble n-cell of K, 1t1 

ts I B-shellable n-subcomplex of K I and K1ntpl ■ a1t1 ■ a[pl. 

An n-compln It ts B-shelhble (niO) tf etther It ■ [pl and 

ilC ts S-shellable or tr It ■ ic1u[p] where K1 , [pl are 1-shellabll 

n•su!Jcomplexes (p 1n n•cell of K) 1 such that K1ntpl ts 1-

shellable of dimension n-1. 

In section VII we present a less recursive altemattwe to 

this deftnftton, We conclude wtth a counterpart of (9). 

10. PROPOSITION: Suppose that K ts n•dimnstonl PM, K1 ts a l•shellabll 

subcomplex, Cpl a B•shellable n-cell such thit, It• 1t1utpJ 

and 1t1n[p] ts (n-1)-dtmenston&l, Then It ts 8-shellable 

provided i:.1ntp] ts so. It ts s-shellabl1 tf alt• ♦• 

PROOF: It follows frllll (8) IS before. C 
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III) THE nATROJD CONSTRUCTIBILITY THEOREM 

1. THEOR£H: Let c be an ort ented 1114 trot d. Then 

(1.1) Every nonzero cell of C ts 8-shellable. 
(1.2) Every superce11 of C Is B-constructtble, 

(1.3) £very flat of C 1s s-constructtble; tn particular, C ts 
S-constructlble, 

We shall prove thts theorem tn two steps. In this section, 
w assllllll! (1.1), and proceed with the proof of (1.2) and (1,3). 
The proof of (1.1) will be presented tn the next sections. 
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Let us first establtsh (2), the baste property of supercells 
vhlch entail their constructtbtltty. Recall that a supercell can be 
represented H C(W,S) • (l , CI X\S s W\5} , where S ts a set 
of equators and W c C, }! - S • ♦ • A l.lll!etl.Oil ts • supercell 
lllhfc:11 cont11ns • tope, t.e., • supercell representable IS C (T ,S) , 
vhere T ts a tope. 

z. PROPOSITION: . Let k be a supertope of C containing at least two · 
topes. 

Then there exist supertopes k1 •~ such thlt K • KfKz and 
K1nK2 ts a supercell of dlllll!nston d(C) - 1 • 

PROOF: The order lsOIIIOr,,hh■ In (2,111.7) fl'GII C to I stq,11ftut1on 
C • Induces a btJectfon between supercells of C and those of C '. 
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Thus, it 1s enough to consider the case where C ts slq,le. 

Let T
1 

• T
2 

be lopes In k. We NY represent k IS 

r(T1,s) • C(T2,s) for s0111e nonempty set S, Note that every 
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equator separating T1 and r ts In S, By (Z.JV.10), one of these 
equators, call It e, ts a f1cet equator of r1 , tall x· the 

corresponding facet of T1 ; thus Xe• O, Xf • T~ for every 
f ,. e , Let S' • S - e , K1 • C (T1 ,S') Kz • C(T2 ,S') 

Clearly K1 • {W,K !We • r! or 0) , Kz • {W<lt I 
We• -T! or 0); thus K • K1u~. Since r1 c kl, r2 c ~, 

both these superce11s are supertopes, Also, K1nK2 • 

IWcK IW
9 

• OJ • C (X,S') • Thus K1n~ ts I supercell, of 

dimensions d(C)-1 , as ft ts conutned tn fie. Indeed, 
as X c k1nKz and d(X) • d(C)-1 , It follows that d(k1rJC2> • 

d(CJ-1 , 0 

PROOF of (1,2) and (1.3) IIIOdulo (1.1). 

The results ,re true ff d(C) • -1 ( C • (21). We ISSlllllf 

Induct I vely the results for all oriented 1111trotds of dhaens Ion c df:) , 

Now , every supercell which ts not a supertope ts I supercell of sa.. 

contract ton of c; also every proper flat of c ts an ortented 

ma trofd of Slliller df111tnsfon. TIius, the Inductive hypothests h.tndln 

these superce1_1s and flats, and we only h.tva to ..orry lbaut provft1g 

(1,2) for supertopes and (1,n for the flat C, 
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(1.2) A supertope whtch contltns only one tope Is I tope cell, 

thus B-constructfble by the 1ssumptfon of (1.1). An 

tnductfon fn the number of tapes wf11 h1n<lle other super­

topes, by• colllblnatlon of Proposftfons (2) and (JJ.9). 

(1.3) let t be an eciu1tor. let K1 • ~ • Ol<CIX
1 

• + or l
1 

• 0), . 

k2 • ? ;. Then 1t1 and 1t2 •_re supertopes, and 1t1nK2 • C/e 

ha~ dl111nslon one less than d(C). Thfs ts the hypothesis 

of Proposition (Jl,9), thus c ts S-constructlble. a 
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IV) ROOTING 

The usefulness of sfn.,lfffcatfon fn proving statements about 
· oriented matrold coq,lexes was. apparent In section (2, IY) and fn Propos• 

ltfon (111.2). Next section we are going to discuss fndfvfdual ce11s, 
and a further slq,llffcatfon ts possible 1nd useful, 

To motivate the fdea to be presented, let us consider 1 

homogeneous linear system A tn R" • with oriented 1111trold C on [ • 
Consider the cone P • lw, R"IAw • 0) • and suppose for slq,llclty 
that there ts I w0 c lln such that ,_o • O (t,e •• ! c C), Also 
suppose that C ts s IIIIJ)le. f .e,. no row of A fs I scalar 111111 tfple of 
another. An equator I ts• facet equator of ! fff there exists 
w , R" such that Aew • O and A,w > O for every f • e ; In thl s 
case, (w c PIAew • 01 fs I facet of P. Now, c011slder 1n equator 
e which fs not a facet equator, and let A' be the Ntrfx obtained by 
removing Ae from A. The cone P' • lw c R"IA'w 2 01 contains P; 
the fact that e does not define I facet of P fq,lfes thlt P' • P, 

For ff w1 c P' • P. then A1w1 
2 0 and A1w1 ~ 0; but then 

w2 ■ IA w11w0 +IA w0~w1 satisfies: A w2 • 0. A1w2 
> 0, contradicting e t e e 

the choice of e, That Is, as far as P ts concemed, e Is Irrelevant, 
Thus we obtain the well known result: 

I 

1, PROPOSITION: L~t P • !w c RnlAN a 0) • 1nd suppose that there exfsts 
a w0 c II" svch that ,.,,o > o • Let a bt the subutrtx of 
A coq,rfHd of the rowi; of A which deffne f1cets of P , 

Then P • lw, 11"1111, • 01. D 

.. . 
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This result gener•lfzes to oriented inatrotds fro111 the for,i 

•u,e face-lattice of P ts preserved upon deletion of non-facet 

Inequalities•, It appears In CLV3) as Theorl!II (2.2). 

z. THEOREM: Let T be a lope of a s1q,1e oriented inatrofd c on E 

and let F be the set of facet equaton of T, S • E - F, 

Let a:C~\S be the IMP a(X) • X\S , Then: 

(2.-1) For 111 Ii , C , If o(W) s o(T) , then W " T • Equivalently. 

o•1(a([TJ)) • [TJ, 

(2,2) The restriction of a to [Tl fs an order ls~rphfsmwlth 

the ce 11 CT\Sl of c ,s . 

(2,3) All equators of c \S _are facet equators of T\S • 

PROOF: We shall repeatedly use (2, IV.10): for T. T' topes of C , 

sane equator sepuatfng T and T' ts a facet equator of T • · 

(2. 1) Let W c C and suppose that a(W) " o(T) but W ts not· I 

face of T • Then son,e melltler of S separates T fro111 II • But 

Ulen, 11,T · ts a tope of C , distinct fro111 T , and separa_ted 

froa T only by metrben of S • By (2.IV.10), one Rlllber of S 

ts a facet equator of T, contradicting the definition of S. 

This contradiction shows that II ts a face of T. 

(2,2) Clearly o 111ps [Tl Into [T\S] and ts order preserving. 

Froa (2,1), tt ts also onto. Let 11$ show that It ts 1-1: 

Suppose thlt this ts not the case, so there exist distinct 

• I 
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X,Y, lTJ such that X\S • Y\S, Choose e c S such that 

Xe• 'et neither of Xe.Ye can be •Te• so, without loss of 

generality, Xe• O, Ye• Te. Let T' • X.(-Y),T. Then 

T~ • -T~ , so T' • T , and T' is separated f..,. T only by 

Sn!, Appealing to (2.JY.10) we obtain a contradiction, With 

this we have concluded that o Is bijective, 
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It remains to be shown now that for X,Y c (Tl If a(X)sa(Y). 

then X s Y. It follows as above that If we assume that the 

conclusion falls for particular X,Y, one gets a contradiction by 

considering the tope Y.(-X).T. This completes the proof of (2.2). 

(2.J) From (2.2), the facets of T\S are precisely ( X\SI X I facet 

of T) • Since C and C \S are slllll)le, the result follows fl'all the 

correspondence between facets and facet equators, a 

An oriented matrold with th@ property that every elewnt Is a 

facet equator of a tope T Is said to be rooted at T. Given 
• 
any oriented Ntrold C and • tope T , by first slq,ltfylng 

and then deleting 111 elements lllhlch are not facet equators of the 

tope corresponding to T, we obtain an oriented Ntrold C' 

rooted at a tope T' , such that (T'l ts ls0111Drphfc to [Tl. 

Thus the study of tope lattices -can be restricted to rooted oriented 

Ntrolds, Note tt,n these aatrolds 11"1 11ways sl1111l1. 
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3. PROPOSITION: If C 1s l"OOted, then for every equator e , C /e 

ts si~le, 

PROOF: Since C 1s itself simple, C/e has no loops. let now · 
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f,g be 1rtitr1ry equators of• C /e ; we shall show that they do not 

coincide. 

By • su1uble reversal of signs, we NY assume that the root 

of C ts ! . Call X,Y,Z the facets of ! supported respectively 

by the equators . f,g,e. Then x, • v, • +, x9 • z9 
• +, 

Yf • Zf • +, and x1 • Y9 • Ze • 0, Eltalnating e between 

X and .y, we obtain a w such thilt We• o_, w
9 

• +, w1 • - • 

As both W and Z 1rt vectors of C /e , f and g do not coincide 

there. a 



• .. 
100 3.Y 

V) UMBRELLAS ANO SHELLABILITY Of TOPES 

To prove that oriented matrofd cells ire she11ab1e, w need to 
specify subcomplexes whfch are going to be •shelled• In the Intermediate 
steps of the proof. For this purpose we Introduce unorella subccmplexes, 
In the same vein as the proof in section Ill reduced to the consider1tfon 
of supertopes•only, here we shall be conffnfng ourselves to topes prf1111rtl7, 

Let C be I slq,1e oriented lllltrold, with topes T and T' , 

Denote by U(T,T') the collection of facets of T supported by equators 
separating T and T' , Thus, U(T,T) • •, U(T,-T) • (111 facets of TJ. 
When T' • T or -T, U(T,T') ts tilled 1n 11111brella of T, A 

subcoq,tex Induced by 1n unorett1 ts 1n ~ subcomplex of T. 

1. THEOREM: Let T be a tope of the oriented 1111trofd C , d(C) a O • 

Then: 

(1.1) Every ll!brella subcoq>lex of T ts B-shell1ble. 
(1,Z) The boundlry of T ts s-shellablt. 

(1.3) The cell [Tl ts B-shellable. 

Wt need some prepantton before (1) ts proved. Ffrst: 

2, PROPOSITIOtl: With the notation of (lV,2), • defines I btJectton 
bet.ween Lllll>rellas of T and of T\S , by U(T ,T') .. u(.(T),a(T')). 

a 
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When C 1s rooted. umbrellas and topes ue tn a bijective 

correspondence: 

3. PROPOSITION: If C ts rooted at T • and U(T. T') ■ U(T. t•). 

then T' ■ t• • 
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PROOF: Let (F1,f2, •.. ,Fkl ■ U(T,T') and e1 be the equator supporting 
t . . 

F • for 1 • 112, ••• ,k • . By the definition of U(T,T') 1 

e1,e2, ••• ,ek are the facet equators of T separating 1t from T' • 

As C ts rooted at T I these are precisely the equators separatfng 

T and T'. Since t• fs separated fnllll T by the same equators, 

t• ■ T' • □ . 

Note the s1mllartty between the next two results and (111,2), 

Theorea (2.IV.10) appears again crucially, 

· 4. THEOREM: Suppose that T. T' are topes of C and I U(T. T' l I ;t 2 • 

Thffl, for some F£U(T,T'), U(T,T')-F fs an unore11a of 

T (even ff T' ■ -Tl, 

PROOF: By (2) we can suppose that C ts rooted It T • 

By (2.IV.10) there ts a facet equator e of T' · separating 

T and T' ; thus el' ts also a tope. Clearly U(T,,T') • 

U(T,T')·F I where F Is the facet of T supported by e. a 
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5. THEOREl1: Assine th1t C h rooted 1t T • Let U(T • T') be 1n 

urri>rel11 of T ind suppose th1t F Is a facet of T not 

fn U(T,T') , such that U(T,T')+F fs also an ir.i>rella 

., 
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of T. Then the collection of races of F which lfe 1n th• 

subcomplex induced by U(T,T') ts 1n umbrella subc01111lex of 

F In C /e , where e Is the supporting equator of F • 

(Rea-art: Notice that F Is • tope of C /e , which h s1111111• by 

(IY,3), so we are entitled to spe1k 1bout ullbre11as of F tn t/e.) 

PROOF: Let T" be a tope such that U(T,T") • U(T.T')+F, As C 

Is r<'Oted at T, by Proposition (3). t• ind T' ire separat.d 

only by e. Thus, e ts also a facet equator of T' and 

F'. T'\e Is I lope of C/e. Furthel"IIIOre. IS U(T,T') Ind 

U(T,t•) are uri>re11as of T, both T ind T' dlff•r fr,,. T 

ind • T , hence F' differs fro,i F and -F • Let ·:, be the 

subcomplex of C/e Induced by U(F,F') • and let U• [U(T,T')l. 

We shal 1 prove thllt u n[f1 • w • 

1/1 ~ u nCFJ • It fs enough to show th1t U(f ,F') !. U n[F] , 

Let Y , U( F ,F') and f be the f1c1t equator of F supporting It. 

Then r; •Ff, by the definition of U(F,F'). and hence · 

r; • -Tf • It follows that the facet V of T supported by f 

1s fn U(T. T') • As Y c T and Yf • 0 • Y , V • Thus Y • U. 

·un(Fl!_ •~ Ltt Y• Un[FJ, Then Y,•o forsoa1 

equ.tor f • t separ1Ung T and t• • Thh f ..st also sep1r1te 
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F and F' • thus Y .F • F • All equators separattng F and Y,F' 

are tn E-! and separate F from F' • By (2.IV,10). 501111! facet 

equator g of F separates ft froa Y.r•·, thus fran F' • Then 

F\g « U(F,F') and as Y
9 

• 0 , Y s F\g • l1111lying Y c "'. D 

These lut two results can be put together now for • proof of 

Theorem ( 1). 

6. PROOF of (1): By (2.IV.13),· a[T] ts PH with empty boundary: thus 

we uy use (11.10) to prove (1.1) and (1.2). The whole proof ts 

by Induction tn the dimension n of C. The case n ■ 0 ts trivial 

thus we NY assuine n > 0 • and thll the theorem holds for oriented 

Ntrotds of dhnenslon • n. In particular, for every facet F of 

T • Cfl ts B-shelloble, as F ts a tope of I flat of C • Note 

that a[Tl has dimension n-1 

(1.1) By (2) and (IY.2) we 11111 &SSUIIII! that C ts rooted at T • let 

U(t,t•) be 1n ud>rella of T and U • cU(t,T•)l. If U(T,T' 

hu Just 0111 facet of T • U ■ [fl , thus ts B-shellable 

by the tnductton, 

We proceed with an additional tnductton on k • IU(T,t•)I • 

Fr0111 Theol"ll'I (4), when k ~ 2 U(T, Y-) - F ts an umbrella U(T • t•) 

of T for some F < U(T,T•), Let U • [U(t,T•)l. By Theoret1 

(5) l;l11[F] ts 1n umbrella subc~lex of F tn C/e • for the 

correct 1. As d(C/e) ■ n-1 • that Intersection has dimension 

n-2 • and ts 8-shellable due to Its low df111nston and Induction, 

Since fU(T,T')I • k-1 , w ts also B-shel111>1e, thus by (11.10) so 
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ts U • If u[rJ • 

(1.2) As artl • U(T,-TJ , there Is by Theorem (4) a facet F of 

T such that a[Tl •F ts an unilrell1 U(T 1T') , By (1,1), 

tu(T,T')] Is 8-shellable, and IS [Fl ts shellable. 

(11,10) shows that a[TJ • [U(T 1T')lu[Fl ts S-she111ble, 

(1,3) ts imiediate fl'OIII (1.2). a 

More shnply restated: 

7, THEOREM: Every tope lattice ts 8-shellable, 

8. COROLLARY: Every polytope lattice ts B-she11able, 

Wee shall later need: 

a 

D 

9. PROPOSITION: Let X be I nonzero proper face of I tope T , Then 

the subtOAIJ)lex of acn induced by the facets of T containing X 

fs B-shtllable. 

PROOF: We can us1111e th1t C ts st111ple. Now1 since 

X • Q,T, -X,T • T,-T. It ts easy to see that the coq,lex tn 

question ts induced by u (T 1-X. T) 1 whence the result follows fraa 

(1.1). a 

When we talk about tope lattices a certain care -,st be taken 

about llrbrellas. It ts conceivable that I deftnttton of urbre11a 

subcomplexes In a tope lattice could be provided 1n an tntrtnstc 

111nner 1 without reference to other topes of 111 •tent or1Nted 111trotd, 
\ 
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However, this cannot be done. lie present 1n example of two rooted 

oriented 1111troids, whose roots hive ts01110rphtc lattices, with an 

111C>rell1 of one which does not correspond to any IJ!lbre111 of the 

second, fn 1ny order isomorphism. 

IOS 

10. EXAMPLE: COflsfder the cube Q tn R3 described by the system of 

tneq111l1ttes: -1 s w1'w2,w3 _s 1 • Label its f1cets 11,12,a3,bl'bz,b3 

so that a1 ts supported by wt• -1 , and bt ts supported by 

wt• 1. H01110getntzln9 this polytope, we obtafn • cone tn 114 described 

by: 

•1 wt · + w4 .t 0 

bl •Wl + w4 Z 0 

•2 Wz ♦ w4 .t 0 

. bz •Wz + "• z 0 
,., .t 0 

13 WJ ♦ w4 .t 0 

bl -WJ ♦ w4 ~ 0 

The l1tttce of this cone ts ts0110rphtc to that of the cube. 

Consider the oriented lllltrotd C associated to the llnear syste11 A • 

The vector ! ts a root lope of this oriented 1111troid, and tts 

lattice ts tsomorphtc to that of the cube. Thus we have I b1Jectton 

between topes of C &11d uncrellas of ! . 

Let us show that no set conststtng of two opposite faces of ! 

plus a thtrd fact b an ud>rella of ! . By s,-etry, ft ts enough 
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to show that t11,b1,a2l Is not an Ullilrella. If 1t was an •re111, 

the vector ---+++ would be a tope of t. That ts, theN would 

e•ist a vector w such that 

w, + w4 < 0 

•WJ ♦ W4 < 0 

Wz ♦ •4 < 0 

•Wz ♦ •4 > 0 

W3 ♦ w4 > 0 

·•3 ♦ w4 > 0 , 

Aoding together the fint two lnequ1littes and sep1r1tely 

the last two, we tnmediately conclude that then Is no such w. 

Let us now tilt I f1ce of Q, substituting the Inequality 

w1 :i: •1 by w1 + w2 ;i, -1 • Holiiogeneiztng the new syst11111 we abt1tn 

1 cone A'w ;i, 0 , where A' results froiw rephctng the f~tfty 

1 1 by: w1 ♦ Wz + w4 :t O • 

Again the oriented matrold of A' fs rooted at ! and the 

lattice of !: 1s isomorphic to thlt of Q in an obvious w11, Note 

thlt 1ny such httice isOMOrphfsas sends • pair of opposite faces 

to a pair of opposite faces. 

Now: 
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which shws t~t ••-+++ 1s I tope of the 11atroid of A' , Thus 
(a1.b1.a2J ts an 1110rell1 of ± in this oriented aatroid, 

107 
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VI) SHELLINGS AND THE TOPE GRAPH 

In a proof that I complex is ~hellable, one has to remove one 

111axlmal cell at I time, so that the resulting complex at each step Is 

shellable, One can convenfently look at the reverse process, 11kt 

adding the 111ufmal cells one 1t a t111e, This is the n>re usual way In 

Which shellabillty ts presented, 

A shelling of a pure n-dl111ensfon1l JD complex Is an ordering 

r1,r2, ••• ,rk of fts maxi111al cells such that for eacll 1, 1, k, Fi 

Intersects the subcoq,lex generated by r1, ••• ,Fk-l tn a shellablt 

(n-l)-dl111enslonal subco"1)1ex, which ts of type 8 for each t ct. 

One inay redefine a complex to bt shell1ble tn tenns of shellfngs: 

A PM complex of dimension n ts shellablt ff the boundary of each ••1•1 

cell ts S-shellable and ft adlllits a shelling. The type of K ts 

S or B accordingly as aK • ♦ or not, 

The definition above ts easily seen to be equivalent to that 

In section II. 

This section studies a special class of shillings the bound1ry 

of a tope supports. 

1. THEOREM: Let T be a tope 1n an orfented Ntrold C Ind S14>PoH 

the f1cets of T are ghen an ordering F1 ,,2 , ••• ,rk • If for 

1, t ct, ff! ••• ,rk) ts an ud)rella of T. then tile 

given ordering ts • shelling of at • 

j 
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PROOF: This follows fl'OII the way (V,1) was proved, a 

An unt>rella shelling of I tope T ts I shelling of 1ts boundary 

through unt>rellas, in the s~nse of the Theore• above, These she11fngs 

can be encoded nicely by the tope graph of C. with edges coloured 

by equetors , 

Reca 11 that the tope graph of C at T I TG(C I T) : has for 

vertices the topes of c. and the edges are as follows: there ts an 

' 1 J 
edge directed from T to r if there ts a unique equator e 

separating them and T~ •Te•-~ • We colour this edge with e. 

2. PROPOSITION: Suppose that C is rooted 1t T. Let e1,e2 •••• ,ek 

be an ordering of the equators of C • and denote by r1 

the f1cet of T supparted by e1 , 1 • 1,2, •••• k, Then 

Fl ,F2 , .... Fk 1s an unbrella shelling of T fff there Is a 

path f'.-- T to -T in TC(C ,T) in which th• •dgu are 

coloured tn order e1,e2, ••• ,ek. 

PROOF: lt follows fr'OIII the obvious fact that U (T,T') • U( T,T.,.F 

tff there h 1n edge 1n TG(C 1 T) fr'OIII T' to r• • coloured e • 

whert 1 1s the equator supparttng F • □ 

There are ~,er,l such paths tn TG(C ,T) • Denote for each 

tope Y of C by ,(Y) the set of equaton sepuattng it froa T .• 
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• LE1t1A: Let T1,T2, ••• ,r' be I sequence of tc,pes of I sh1111e 

oriented iaatrofd C, such that l(T1) c y(,.Z) c,,.c lOlt) • 

Then there ts I path fl"OIII T to -T In TG(C ,T) thlt goes 

1 -2 k 
through T ,T-, ••• ,T In this order, 

PROOF: The stat~nt ind proof bec0111es clearer If w first do 1 

change of signs, so that T becomes t. Halntalntng the labels 

of topes lifter. the change of signs, we have "°"' that 

y(T') • lf«EIT, • -} • 

We can stick T to the begfnnfng of the gfven sequence 1nd 
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-T to its end, if they ire not there and stt11 hive I sequence with 

the sarre property, so we assume ~fthout loss thlt T1 • T, Tk • -T. 

If for some t , h(T1)1 c jy(t1•1,i-1 , by (2.JY.10) there 

fs an f, l'(Tf+I) - l'(T1] such that W • 11f+l ts I tope, Let 

us Insert W in the sequence between t 1 and yf+I, As 

y(T1) i 1(W) i y(T1+1), the nN sequence s1ttsftes the satt hypc,thests. 

Applying this arguinent enough tf111es w finally reach I sequence 

T • w1,',f, •.• ;J' • -T, of 'llh1ch the original one ts I subsequence, 

and such that for e1ch f c ft, lv(wi+l)I • 1,<w1)1+1 • Thfs sequence 

clearly detenwtnes I pith fn TG(C,T). a 

4. THEOROI: let L be I lope lattice of dl111enston ft. Let 

g •,!Jc Kl c,.,c xft•l c ~ • L be a chain of fices of L 

aftd rl,r1, ••• ,F"·1 be a sequence of facets of L sudl that 
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K"·1•1 s F1 but kn-I ts not I face of F1 (0 sis n-1). 

For 2 st s n-1 , let F1 denote the set of facet~ Y of 

L such that Kn-l-i s Y, Kn-i ~ Y and Y •Fi. Then L 

hH I shell Ing fol_lowlng the schellll!: 

Furthennore, for every tope T of an oriented 1111trotd such th 

[Tl ts isomorphic to L, such I shelling can ·be obtained IS 

an i.rbrell1 shelling of T. 

PROOF: Let C be an oriented rnatroid with• tope isomorphic to the 

given lattice, We NY 1ss1111e that C is rooted at this tope, as 

i,it>rella shelltngs need only be considered in rooted inatroids. 

We call T this tope and identify the faces of the given lattice 

with the faces of T to whtch they correspond by the tsomorphtsa 

L .. [Tl • 

Let 11 • icn•l-l ,{-T) (0 s 1 s n-1) , and let 

111 • Kn-l-t. (-Fl). T for 2 s i s n-1 • Note that W1 • - r 
et 

Where e1 1s the equator supporting F1 • 

The sequence of topes 

I 1 • .'J _2 3 3 .Jl•2 ..11•2 
T, T, T, v-, r, W, T •••••• , 1· 

. .11-1 ..n-1 T 
• N - • I • • 

uttsftes 
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By Ll!lllllil (3), there is I directed path fl'OII T to -T 1n TG( c.T) 

going through these topes In this order; this path detennlnes an 
umbre11• shelling of T by (2). It Is routine to check that 

U(T,To) • ,r>1. u(T,T1) • ,i:'1.F1) and, for 2 s I s n-1 • 
U(T,W1). U(T,r1• 1µ, ; U(T,T1). U(T,111) ♦ F1 • 

lllhfch ts what Is nqufred. 0 
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VII) REMARKS 

The presentation of constructibility 1s done here, for 

coq,lexes, seems to be new, 1lthou9h ' slmflar definitions appear In 

Hodlster [Ho] and Danar-aJ and Klee [1)1(1 l • In these articles the 

deftnltlon ts restricted to co~lexes In which the cells are polytopes 

and the intersection of any two cells ts a face of both; the posslbtllty 

of an entirely colli>lnatorlal conceptualization ts not considered. 

In 1110st occurrences of "constructibility• In the literature 

(e.g., Stanley [Stll) the definition Is given for shnpllclal complexes 

only, and In • mre 9ener1_l form than (1.10) which does not differentiate 

types 8 and S and does not linply PH-ness. That definition properly 

includes the classes of complexes we have called constructible. 

Shellable coq,lexes are by far 110re explored than the more 

aenaral constructible ones (see CDK2l) • Again here sl11111lfcfal COIIIPlexes 

get 1110st of the attention, In (BM] and [DKl], complexes whose cells 

are polytopes are considered for shellabtlfty. 

Bruguesser 1nd Mani [BHJ proved that polytopes ire shell1ble. 

Their 1110tlnt1on was to provide an eleinentuy coq,utltfon of the Euler 

characteristic, according to the proof of (11.5). The idea behind this 

goes back to the last century, In the wort of Schhfll. Dur "udlrella 

proof" Is essentially I coat,fnator1a11zatlon of the Ideas of [8"1 • 
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Theon!111 (IV.4) ts due to Dan1r1J and KlH CDICl] for polytopH. 

we feel that then! 1s 1 real s1q,11f1cat1on here In the use 

of the cont>inatorlal inethod0 the proof In [DKl] ts I considerable 

tour-de-force of geometry. 

"- l1:"410rtant point about this theore111 refers to the st111 

unsolved problem of characterizing polytope lattices. The shelltngs 

userted by the theorem fona possibly the strongest set of conditions known 

to be satisfied by polytope lattices. By proving them for tope l1tttces, 

w ensure that they do not suffice for I characterization of polytope 

lattices. as not 111 tope lattices are polytope lattices. 

Anotller proof that the Euler chlracter1stfc of • 

toll@ lattice ts 1 1pl)@1rs ln[CLM]. 

.. .. 



I) INTRODUCTION 

CHAPTER 4 

SPHERE SYSTEMS 

Linear systems were presented 1s the baste geometrical 

aotlv1tion for the study of oriented 1111trolds, However, as we shall 

see 1n Section IY, there are oriented utrolds which are not linear. 

The real scope of the oriented aatroid 1xl0111s is I topological 

.gener11tzatton of ltnear systeftlS, which we call sphere systems 

(also called "1rr1ngeNnts of pseudo-he11lspheres• by rolkun 1nd 

&.,wrence CFLJ), 

The oriented 111trold C of 1 11near syst111 A in JR" 

associates to each point of the space I signed vector encoding its 

position rel1tive to the hyperplanes of the syste11. As 111 positive 

scalar -ltfples of I vector are encoded by the suie signed vector, 

one •Y as well look only at points In the unit sphere 

sn•l • {x c llnl xf +•••+ x~ • 11 • with the only possible exception 

of~. all signed vectors of Care obtainable fr0111 points In sn•I, 

Each hyperplane He In A Intersects sn•l In an ts01111trlc copy of sn•Z 

which separates sn•l in two sides, s: ands;. the intersections of 

sn•l vith the sides of He. Thus, 1s far as their oriented aatroids 

go, linear syst11111 in Rn are equivalent to I fully of is-trfc 

copfes of sn•2 in sn•l together with I labelling of the sides of each 

•equator• IS • or - • 
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Some baste properties these families of spheres have suggested 

the definition of sphere sys tears. First we need sone pre11■1nary 

concepts and notation. 

A topological n-sphere (n-ball) ts I topolog1ca1 space 

home?'IOrphic to Sn (respectively, an• {x c 11"1 xf •···• x~ s 1)). 

Lets:• {11 « s"I •n•l • 01, s: • (x c s"I •n•l > OJ and 

S~ • {x f Snl •n• 1 < OJ. A hypersphere of an n-sphere S ts I subset 

of s which ts the linage of s: under a homeomorphis■ f: s" • S. The 

sets f(S~) end f(S~) are the~ of f(S:). 

1) A sphere system is I triple (S, E,.11), where S ts a sphere, E 

· is a finite index set, and ff• 1s:1 e , E, JdO,+,•J) ts a f•Uy 

of subsets of S satisfying: 

(1.a) For each e c E, either (s:. s;. s;i• (S,♦ ,t) ors: ts 1 

hypersphere of s, with sides s; and s; • 

(1,b) for every •-A~ E, the subsptice n(s:1 • c A) 1s • sphere 

(possibly empty). Thfs ts called a flat of the syste■. 

(1.c) For every flat F, and every e c E, either F ' s: or s: n F 

is a hypersphere of f', whose sides are s; n F and s; n F. 

(1.d) Oenote s! • S~ us: • For every collection B of such sets 

either n I • ~{S:I S~ c B for same J) or n I ts a ball. _ 

One checks easily that the construction presented prior to 

the def1ntt1on produces I c•11near•) sphere syste■ out of • linear 

syste■• Other kinds of sphere syste■s will be constructed later. 
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There 1s an inlillilte connection between sphere systMS and 

oriented Ntro1ds which was first discussed by Folkaian and Lawrence [Fl]. 

This connection is the theme of this chapter. 

Consider a sphere systet1 (S, E,ff), and associate to each point 

1 c S the signed vector 0(1) on E, defined by: o(x)e•j 1ff x c s!. 
The degeneracy of Sis 1 + d1■ o·1(2), where di■ K denotes the dimension 

of the sphfre K. Here we .Introduce the practice of referring to a sphere 

syste11 by fts supporting sphere S when that leads to no confusion. In 

particular, the set of 111 signed vectors obtained fl'OIII S wfll be 

denoted o(S). 

Two sphere systelllS S, T with the same index set rt w111 be 

considered equivalent If there exists a h0111eomorphls~ h: S • T such 

that h(S!)• T~, for every e, j. Jt ts clear that If Sand T •re 

equivalent, then o(S)• o(T)i also, the topologic1J Invariance of 

dl•nslon implies that Sand T have equal di111ens1on and same degeneracy. 

If the degeneracy of S fs 0, then 2 c o(S). We shall often 

look at o(S) • ~ ; note that stilt o·1 (2)• ♦ •n(S!I t<EJ 

t One can extend the notion of equivalence so as to allow 
dlfferer,t index sets, and rel1bellings, This would 111&ke the 

sets o(S) and o(T) •ts0110rphic• instead of Identical. 
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2) REPRESENTATION THEOREM: The NP S .. a(S)•2 ts a bijection between 

equivalence classes of sphere systelllS of ftxed de~r•cy • ~ O 

and oriented matrolds on the suae Index set. 

This ts the connexion established tn tfll. Ve shall present a 

ne~ proof of this result which strenghtens It tn sevtral directions. 

It ts natural to regard Theore• (2) as uklng three dl1tfnct 

assertions about a; those are separated In Theore111S (3),(5),(7) whtth 

together comprise I proof of Theorem (2). Tht st11111lest of the three Is: 

3) TIIEOREH: Suppose that two sphere systems have tht s._ set of 

signed vectors and the _same degeneracy. Then they ■re equtv1lent. 

This result Is proved by analYztng the p1rt1t1on I sphere 

system Induces In tts supporting sphere. The complex of tilt sphere 

systet1 S Is 

4. PROPOSITl<JC: The cc.plea of a sphere syste- ts a ball caaplex. 

This Is proved tn Section Ill, where we slightly -,dffy the 

definition of ball complex to ■ccOIIOdate degener1cy. An 1le9entary 

property of ball COlll)lexes (111.1) ts used to produce the hoaea..rpllis■ 

asserted by ( 3). 

The part of the proof of the Representation Thtorea witch 

actually develops the structure of oriented Ntrofds and sphere systas 

15: 
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S. THEOREM: Gfven an oriented •troid C and 1n integer It 2 0, there 

exists a sphere syste• with degeneracy It whose set of signed 

vectors 1s C • 

This ts proved by constructing a ball coaiplex order ts01110rphic 

to C, and whose space ts• sphere; then the several hyperspheres are 

1dentified as spaces of subc011plexes. The 1111n difference between thfs 

and the proof fn cnJ fs that we also prove: 

6. THEOREM: Every oriented 111trofd ts• PL-sphere. 

Roughly speaking, this says that 1n any ball coaiplex order 

is0110rphfc to an oriented 111troid, the cells are embedded fn the 

whole sphere in a nice way. The concept of PL-sphere ts 110re thoroughly 

discussed fn the next chapter, where we prove (6). An essential part 

of that proof ts the fact that oriented •troids are constructible. 

The proof of (5) 1s given in Chapter 6. 

RtMARK: All the worry about degeneracy 1n (2), (3) and (5) Ny see• 

like complicating for the sake of generality. For fnstance, Folkman 

and Lawrence never consfder degenerate systems, so why should we? 

The real reason for constdertng degeneracy lies fn whit happens 

llllen one deletes ele•nts fro11 a sphere systa: 

Stlec_t a subset A i; E and consider the systeta S\A•(S,E-A.H'). 

llllere ff' results froa the removal fr011 ff of all s! with e c A. That fs 

• sphere systn. and o(S\A)• o(S)\A. Now, the degeneracy of S\A can ti. 
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bigger than that of S; one can tastly show that If the dl•nslon of 

o(S) goes down by k upon deleting A, then the degeneracy of s gou up 

by k. a 

A 11st part of the proof of (2) ts showing that o 1ctually 

aaps sphere syste111s to oriented Ntrofds: 

7. THEOREM: For any sphere systea S, o(S)+2 ts 1n oriented utrold, 

Proof of this ts given In Section II. The basic Idea fs 

that whenever K Is a.supercell of o(S), o·1(K) Is a bal1 WMre 

Interior Is o·1(rellnt(K)).As o ts continuous and onto, the supercell 

1xt011S (2.lV.9) follow fr011 baste properties of balls. 

Related to the proof of (7) Is• question about the way 

sphere syste•s are defined, and what properties should one check to 

setlsfy ourselves that·• given triple (S,£,H) ts Indeed I sphere systlll. 

For Instance, Folk1111n and Lawrence hive shown that It suffices to 

verify (1.1,b,c) together wtth the conc1u,1on of Prvposl~lon (4). 

• They also assUIIII! the existence of an 1nvolutlve h0111f01110rphls■ of S, 

sl~fl1r to the antfpodallty In linear sphere syste11S, but this Is 

easily shown to be a redundant requlre111ent (Theorea IV.1). 

The statement that C(S) Is a bill c...,lex Is essentially 

1 weak fora of {1.d), naaely, It only specifies the result of tntt,... 

sectlng If~ sets of s!. Thus the llsk of verifying that• given 

ol>Ject ts a sphere systea 1s sOlll!lffiat sf■pllf1ed using Folmn and 

Lawrence's theor111. On tha other hind, one eutly nrfffn that 
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(1.c) 1s a consequence of (1,a,b,d), therefore redundant. 

Actually, a 11111ch deeper simplification Is possible: the 

assertion (1.d) for a given systea follows fro. (1.a), (1.b), (l.c). 

That Is, hyperspheres which Intersect nicely Imply that the 

cornspondlng sides also Intersect nicely. A direct proof of this Is amls 

1n Chapter (6) we shall see a proof which Is a bit of a mess,tnvolvlng 

another proof of Theore• (7) together with the full topological 

significance of Theorem (6). 

The last tw sections discuss systems of (topological) hyper­

planes In projective space. Section IV shows how to identify antipodal 

points In I sphere system, In order to get projective systems. Two 

dimensional projective systems ("arrangements of pseudollnes") are used 

to gt,, exuiples of nonlinear oriented Ntroids. Section V discusses 

Levi's Theorea, which Is a basic tool In tM theory of arrangeaents of 

pseudolfnes, 
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II) GETTING THE ORIENTED MATROID 

The axioms by which oriented 111trotds were defined have I f1tnt 

-reseimlance to those properties defining sphere systMS. For Instinct. 

the negativity 1xi011 ts related to the 'crossing property• (1.1.c), 

while products ind eltmtn1tlon reflect aspects of (J.1.d). A •re clear 

connection appears with the use of the superce11 axlDM. 

For this purpose and future use, tt ts convenient to introduce 

the following notlon:1 signed syste~ ts a triple (S,E,ff) where S ts 

a topologlc1l space, E Is• ftntte set, and H• (S!I e • [, J«(+,•,011 

ts I family of subsets of s, such th1t for each e • E, cs:, s;, s;) ts a 

partition of S, s: Is closed ands;, s; are open. A.!!!! of tlll 

system ts either Sor 1n Intersection of s:•s and a supercell ts 1ft 

Intersection of$~ which ts not I flat, where S! • s! us:. The 

relative interior of a supercell k ts defined as: 

1. An abstract sphere syste11 (one 1111st bl careful with 1bbrevt1• 

tlons!) ts a signed syste■ (S,E,H) such that: 

(1.a) For every flat F and e ~ [, s; n F • ♦ tff s; n F ■ ♦, 

(1.b) Every supercel) ts the closure tn S of Its relative tnterfor. 

(1.c) The relative tntertor of 11th supercell ti connected. 

Every set P of signed vecto_rs can bl considered • systea In 

1 Mtural IIIY, with the topology and Hts o! 11 defined '" SecttOII (2.Y). 
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z. PIIOPOSITION: A set O of signed vectors ts an abstract sphere 

systea lff P•2 ts an oriented 111trotd. 

PROOF: This ts Just a restatement of Theorea (Z.Y,9). a 

3, PROPOSITION: Every sphere · syste■ ts an abstract sphere systea. 

PROOF: Evidently, a sphere system S ts a signed syste■. It 

sattsftes (l.1), since s;nF•♦ 11111)11es that s:nF ts a 

hypersphere of F and s;nr ts· one of its sides, therefore none.pty. 

The supercell properties follow frm: 
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4. LEJtlA: Let K be a supercell of S, let F be the Intersection of all 

flats of S which conufn K, and denote n • df■ F. Then there exists 

a homtOIIIDrphfs■ h:Bn• K such that h(Bn.5n•l) • rtllnt(K). 

Assume (4) for a while. Then reltnt(K) ts connected and dense fn 

l sine, a"-sn•l has these properties •Ith respect to a". This completes 

tht proof of (3). 

PROOF of (4): Let "f1,f2, ••• ,ft be the balls "S"~nF which contain K. 

. " r 1 • ~~nF. denote r1 • s:nr. r 1 • sinr. Define t, • r,n ... nrt 

Kt• F1n.,.nf1; thus K • kt' rellnt(KJ •Kt. No i 1 1s contained In any 

rl (otheNfse, k~K1srl ~F. cont~adlctfng the definition of F), hence by 

(J,1.d), each r1 ts a ball, Nott that each K1 ts an open set of F (tn 

the relative topology), and each t 1 ts closed. 

We show tnducttvely that there exists a hollleomorphls■ h1:B"~ 11, 

sudt that h1(an.sn•I) • K1 • The cast 1•1 follows froa tht fact that Ft 
ts I hypersphere of F, and r1 ts one of Its sides, 
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Suppose now that the stage 1-1 has been succesful. Stnce 

K1 • K1-1nl\irt , 11-lnr t•• • The map h1_1 t""ltes that tt-1 ts the 

closure of k1_1; hence, k 1 _ 1 nr1 •♦• Thus t 1 cone.Ins the no11111pty open 

set K1_1 off. The lnvart1nce of Oofflatn Theorem (see [Dul, [&r1]) 

Implies that (since t1 ts I ball) there ts I ha.ie01110rphfs• h
1
:a"• t so 

n n•l 1 

that h1(B -s ) fs the unfon of 111 open sets of r contained tn r
1

• Thus 

k cti (Bn sn•l) On h n n-1 
1- f - • • t e other hand, h1(B •S )'-FJ, for every Jsf, sine• 

It Is contained In rj ■nd Is open. It follows that h (Bn.5n•l,snf' • X 
. I Jsl f • 

The last two propositions are tltd together by: 

5. PROPOSITION: If S Is an abstract sphere syste■, so ts o(S), 

PROOF: Observe that o b onto, and tr Kso(S) ts either a flat . -· .. 

or a supercell, so ts o•1(K) 1 and reltnt(k)•o(relfnt (o•1(k)J). 

Moreover, since every closed set of o(S) Is a union of superctlls, o 

1s continuous. 

Condition (l.1) follows for o(S) directly fro. th1 definition 

of o and (1.a) for S, wtllll (1.c) follows frOII the 11• for sand 

continuity of o. 

Since supercells are closed, any supercetl contains the closure 

of Its relative Interior. Suppose that (1.b) falls for K, Thus, there 

eJ1sts an open set A'-o(S), disjoint fn1111 retlnt(K) • such that Ank,... 

Since o onto, o•1 {A)no•1 (K)-♦ 1 ■nd 1s o•1(A) fs open In S Ind (1,b) 

holds for o·1(k), o•1(A)nrellnt(o•1(K)) .... Applying o wt obtain a . 

contradtctfon Mith the choice of A which shows that (1.c) also holds 

In o(S). D 

0 



125 
4.11 

"°" we reached the goal of this section: 

6. PROOF of Theorea (1.7): Proposition (2) • Proposition (3) • 

Proposition (5). □ 

Folkman and Lawrence's proof of (1.7) describes the oriented 

eatroid of Sin tenas of its circuits. In fact, there is a simple 

proof th•t the ~tnimal nonzero vectors in o(S) are the vertices of 

an ortut,d 111troid. One Just has to verify the conditions of 

TheOrfll (2.VJ.4) IS fo11011s: 

(a) lf Vro(S) 1s •lninial. let F•n(s:1 erE•!} • It fol lows froa 

(1.1.c) and ■tn1ma11ty that ~{s:1 e(E} ls a hypersphere of r; 

This implies (2.Yl.4.1), 

(b) (2.VI.4.2) follow easily fro11 (1.1.d) and the fact that balls 

are connected. by the SUie mthod used to prove that an abstract 

sphere systn of signed vectors satisfies the tli■ination property 

(2.V.9). 
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Ill) BALL COMPLEXES 
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The definition we give here differs I little froa the one In 

(3.J) In that we allow degenerate ball coq,lexes. By the boundary. a&, 

of a n-ba11 8 we tnean the tniage of sn•l under I honieomorphts■ an.a; 

the Interior of 8 Is B-all. Intrinsic. equivalent definitions are: 

int B• {~BI x has a neighbourhood h0ffll!01110rphic to IR"J, all• {1..SI 1 

has a neighbourhood hOllll!omorphlc to 11~1 • 

A ball complex 1s i c011111ex K with mlnlm11111 2, such that 111 

inelllbers of K-Q are balls In some euclidean space, ind the Interior of 

11<K·Q equals IK(p)• K-ulq<KI ~pJ. Jn p1rtlcul1r. If p covers o. we 

conclude that Q Is the boundary of p, hence a sphere. The degeneracy 

of K Is l+dimQ (Fig.4.1) 

Ftg.4.1 

degeneracy 0 degeneracy 1 

The space of l ts a subspace of soae lln, and has thus a topology, 

also cleter11lned by: A~s(l) Is closed lff Its Intersection with eadl cell 

ts closed In . the cell. Thus 1 •P defined on s(l) Is cont111UOU1 tff Its 

restriction ta eadl cell Is so. 
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1. TIIEOREM: _ Let l, L be ball complexes of equal degeneracy and 

f:K+L an order lsomorphls■. Then there exists a 

h01111!omorph1s■ h:s(K)•s(L) such th1t h(p)•f(p) for every p,K. Further. 

given eny subcOftll)lex K' of K end homeomorphls■ h'•s(K')•s(f(K')) 

CG11P1tlble with r, one cen construct h extending h'. 

PROOF: If K' h not specified, let K'• (2K) • and .h' :~--2t_ be 

any h0111eomorphls■. Jf K' ■K. choose a ■ini111l cell 

1><K-K'. Then every qip 1s 1n I(' , and 111e hive 

h'(ap)• u{h(q) I Cl'fp) 

• u<t(q) I q~pl 

• ulMI t~f(p)) 

• aq • 

By the Le111111 below, there 1s I homeomorphism fr011 p to f(p) extending 

h'I ap. This .ap tin be used to extend h' over p, thus over K'+p. 

Inductively, w extend over the whole K. □ 

2. LE""': Any hcmeomorphls■ between the boundaries of two balls can 

be extended to• homeocnorphis■ of the balls. 

PROOF: Suppose first th1t we are given I h011eomorph1s■ 

h: sn-l.sn-l • lie c1n extend It to h: an.en by defining: 
2 2 1,2 

h(O)•O, h(x)• l•l•h(X/J•I) , where • •(x1+•••+ xn) • More gener111y, 

given h~OIDrph1s■s f1 :an.el I f2:Bn♦e2, h: ~r•a&z, define h'•fz1hf1: 

5n-l.5n-l, extend h' over a" as lbove 1nd obtlln the extended II as 

h:ff'fj1 . . □ 
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Now we return to sphere systems: 

3. PROOF of (1.4): Let S be I sphere systl!fll and X<o(S). Then o•l([XJ) 

ts I supertell, therefore a ball, unless X• g, tn which 

case o·1(CXJ) ts I sphere. When X-2, Le111111 (11.4) says that 

Int u1([X)) IS I ball ts simply o·1(X)• o·1ccx1)-u(o·1ccY])I Y•XJ • 

which ts the interior or X tn C(S). Thus C(S) ts I ball c011111lex. D 

4. PROOF or (J.J): Let (S,E,ff), (T,E,l) be sphere systems, and denote 

by o5, o1 the corresponding ■aps to signed vectors. 

Suppose that o5(S)•oy(T)•C, and Sand T have equal degeneracy. Th111 

as1(Q) and °r1(Q) are homeomorphtc _spheres (possibly empty), and one has 

a homeomorphism h between them. Consider f:C(S)--C(T) defined by 

f(os1(CX]))• °Tl([X]). This Is clearly an order tsomorphts■, and In 

vtei,; of (1,4), combines with h to produce I h0111eomorphl511 h:S--T 1s In 

Theoru (1). It follows that for each Xt:C, h(a51(x))• o11(X), 

hence h(S~)• h(u!a51(X)I X1 •J))• T~ • D 
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JV) PROJECTIVE SPACE 

A h01110geneous linear syste• in 1t" can be considered as a 

collection of hyperplanes in real projective space ,n•l. There the 

hyperplanes do not have sides, but they still dissect .,n-l into 

regions. In sOIIII! situations, the systeta on .,n-l seems to be a 110re 

c0111fort1ble geometric1l object than a linear system or a h01110geneous 

linear syste■. We descr1H a s1•11ar gl11111ick for sphere systems. 

We consicffr F" u the ldentlftcatlon space s"t(x--x) • The 

Identification of sk with s"ntaik•l•2) for k<n, induces a canonical 

tnclus ion IPk~ l'n. A pseudo k-flat of IP" is the t1111ge of JPk by a 

h011e01110rphtsm of IPn. 

1. THEOREM:, Let S be a sphere systeni. Then there exists I homeo-

110rphlsm h:S-.S such that for every ~s. h(x)•x•h(h(x)), 

and such that h(~;>•~; for every e. The identification space 5/(Jl'-h(x)) 

t& h01Momorphlc to a projective space and the Image of each flat of S 

ts I pseudo-flat. 

PROOf: Let r
0
~r1i •·· ifn•S Ha sequence of flats of S, such that 

0 . 

r0
•n(S1

1 t<El and for each 1, di■ r 1 ■ t+k, where k•dt■ r0• 

Choose a hOllll!omorphls■ f
0
:r

0
.sk (ff t•-1, this step Is vacuous). and 

define h4r0 .. r0 
by h

0
(x)•f;1(-f

0
(x)). 

Suppose tnductfvely that we have defined hcaomrphbllS 

h1:F1.f1, f 1:r1•St+k such that: 
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(1.1) h1(x)-x•h1(h1(x)), 

(1.2) f1h1(x)•-f1(x), 

(1.3) for every x,o(F1), . h1(o-1(X))• a-1(-X). 

We define now hl+l' f1•1: 

Let P=o(F1• 1). Then! exists an e,E such that F1=s:nF1•1• 

Therefore, K ♦-{o- 1 (CXlJI lft1;1 Is a ball c0111plex with spact 

s;nFl•l' while s;nrl•l ts the space of I st■tlar complex K_. Certainly 

g:K.•K_ given by o-1(CXJ)+o-1(C-XJ) ts 1n order homorphfs■, and 

hi Is a homeomorphis■ between the spaces of K'•(P<K.I p~F 1} and 

g(K;J={P<K.I ~F1J, such that h1(p)•g(p) for every 111K • We can thus 

extend h1 to t:s(K.) ~(K_), as In (111.1), so that t(p)•g(p) for 

ev6ry p,K • Define hl+l by: hl+l(x)•t(x) If Jl($;nrt,1' • t•1(x) 

otherwise. Thus hl+l Is now a function r1•1+r1•1, and It ts easy to 

see that It Is a home0110rphls■ and satisfies (I.I) and (1.3), 

To define fl+l' note first that s;nFl+I and sl•k•l are 

balls with boundaries r1 and sf•k. Th~s , 1 cen be ••tended by l- (111.2) 

to a homeomorphls■ w:S;nrl•l• ·~!•k•l. Define hl+l by: fl•l(X)"W(x) 

1f x,S;nFl+l' • -whltl(x) If x,S;nFl+I' It ts well def1n!d since 1f 

x,s:nF1•1, w(x)• f 1(x)•-f1h1(x)•-wh1•1(x), and also continuous. 

Hence (1.2) Is satisfied, The h0111tDfflllrphls■ h of the thtor'1!• 

ts hn and Its properties follOII' directly froa (1.1), (1.Z), (1,3), with 

the exception of the assertion about flats: 

Froa the ,onstrvctton, the luge of each f 1 uncltr the tdenttflca• 

t1on ll"'fl(x) ts a pseudo flat. Let F N a flat of dtae11st0ft Mi:. One cou14 
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lllve st1rted wtth • sequence of Fj's containing F, ind the sa111e f
0 

obt1lnfng I new hOlll!a.>rphts• h' such th1t under the fdentlftcatton 

by h', the l111age of F Is a pseudo flit. Let e1,e2, ••• ,en be I btse 

of a(S) and define g:S•S by: 

[ 

x, If for the sullest I for which a(x)1-o, 
g(x)• o(x)1• • 

h'h(x) othentlse. 

By observing the action of g on cells of C(S) one sees that 

tt ts a homeomorphts■, and froa the definition, gh•h'g. Thus g Induces 

a homeomorphts• of the two tdentiftcatlon spaces, hence F/(x--h(x)) ts 

the luge of the pseudo flat F/(x41'(x)). a 

Let us define'• projective syste11 to be an Indexed fa~tly 

{l'el efEI of pseudo•hyperplanes tri F" such that each s11bcollectton tnte 

sects In a pseudo-flat. The preceeding theorem tells us that every 

.sphere syst111 can be tumed Into a projective syste111. Conversely, 

given a projective systffl In IP" and If f:S"•IPn ts the double cover, 

tht systea lifts to a collectton of hyperspheres 1n sn. After 1abellin9 

as••• the sides of the hyper-spheres, one can verify conditions 

· (J.1.1,b,c) of the definition of sphere systeia. As we shall prove In 

Chapter 6, that shows th1t I sphere systea was obtained. ·So, one •Y 

consider a projective systeni as a sphere systea without••· libelling, 

to ldllch one could uke correspond 111 oriented utrotds obtained 

froa a(S) by a change of signs. 

A special case of projective systealdlich has deserved a lot 

of 1ttentton recently Is the 2-dilltllStontl c1se, also called arrangement 

of pseudo•11nes (CGJJ, [Coll, CCo4J, CGPll). 
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It follll'ls froa Theore■ (1.3) that the orifflud •tro1d of such 1n 

1rr1ngement 1s linear iff the 1rr1ngellll'lll ts •stretchable•, 1.e., c1n 

be transforined into 1n 1rr1nge111ent of lines by I hOlllfonorphis■ of JI". 

In Figs.2 and 3 we show two nonstretchable arr1ngenients. The non­

stretchabtl tty of the one tn f'li;.4.21s justified tn [GJ, p,42), and 

..... 

based on Pappus • Theorem. The one 1n F1g.4.3 fs nonstretchable , if It w1s, the 

(then) straight lines 1 •••• ,g would be part of I Desargues' configuration, 

thus !•plying that the lines AA', BB', CC' art concurrent. But those would 

be I, j, k, stretched, which ire not concurrent, 
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¥) LEVI'S THEOREM 

In aost tre1bltnts of arrangements of pseudo lines, 1s 

those quoted in 11st section, the following Theore■ of Levi [Le] 

(see also [Gr2, pg.OJ) is often uted as the main tool: 
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1. THEOREM: Given an arrangement of pseudoltnes A in F2 and points 

p,q in 1'2, not both in one pseudoltne of A, there exists 

1 pseudoline in P2 which contains p and q and can be adjoined to A, 

resulting tn • new arrangement. 

Given the relationship between arrangements of pseudolines 

and 2-di■ensional sphere systems, this result is equivalent to: 

2. THEOREM: Given• Z·dimensfonal pointed sphere systen S ind points 

p, q in S, not both in one of the hyperspheres of the 

syste■ , ft is possible to adjoin to SI new hypersphere S1 (with sides 

s;, s;), contatntng pend q, 5g that the -w systea ta sti11 • 

sphere sys te11. 

3. Refllark : For 1 lnear sphere syste11s this theore■ expresses 1n obvious 

property: every tvo points are contained In I plane through 

the origin. 

lie shill present I proof of (Z) using the Representation 

Theo,._. 

4. PRODF · of (2): We use the ter■ circle Instead of "hypersphere" in 

this conteat. 

Denote C•o(S)•Q, Y"O(p), 

, 

a 
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W•o(q). We shall do the case Y•iW. Th• cases where p 1nd q 11t In the 
sanie cell or opposite cells of C(S) can be deduced fr'OII that easily. 
It helps tf one views C(S) 1s I NP In the spheres. Tht 9e0111etrlt11 
dual of this 11ap 1s nothing .,re than the tope graph of C (unorienttd). 

Let r 1 • y.w. yZ • Y.(-W), t 3 • v.v. y4 • (•V),Y •. 
Since p and q are IIOt tn any of the circles. those four vectors ire 
lopes of c. They Ny not be all distinct (Ftg.(4.4)). 

rtg. 4.4 
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In TG(C, t 1), choose I path P fr011 T1 to T2• Consider the 

..0112 nn .01 n 
sequence A-,y ,X ,Y , ••• ,Y ,X, where PX ,X , ••• ,X, and for 

t•1, ... ,n, Y 1 ts the edge c0tm10n to X t-l ·and X 1• Choose points 

1 1 
1

0
,11, ••• ,xn tn S such that o(xi)•X, o(yi)•Y, with the car! of 

choosing x
0
•p · ff x0•Y, and •n•q ff xn•W. Join each pair of 

successive x,y points by an arc which, except for Its y-end, ts contained 

In the interior of tht cell containing•· There is no difficulty in 

making successive arcs intersect only at the extremities. lf p•x
0

, 

adjoin an arc px
0 

contained tn o·1(T1) to the beginning of the sequence, 

and 1tall1rly adjoin 1n ire •nq at Its end tf •n•q. Concatenating 

111 those arcs, we get I path P In S, Joining p to q, such that 

1) The~clrcles intersected by the interior of Pare only those 

separating p ind q, ind P Intersects each In I single point (y1). 

Leth be 1n Involution of Sas In (IV.1). In the argument above 

substitute q by p, p by h(q), T1 by T4, T2 by T3• There results I path 

Qin S froa h{q) top, satisfying the analogue of (1). Clearly QnP•lp) , 

hence the conc1ten1tlon of Q and P ts a path R frOM h(q) to q, which 

crosses once each circle not containing q. 

It follows that Se•Ruh(R) ts I circle containing p and q. 

Clearly S
1 

Intersects each circle of S In I pair (x,h(x)} of points, 

and these two circles cross each other. TMt ts enough to guarantee 

t!Nt S
1 

and Its sides c1n be adjoined to the syste11 S. 0 

Thts proof clearly extends to the following generalization 

of (Z). 
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3. TH[OREH: Let S be a n-dl11enslon11 sphere systelll, and let p, q 

f 
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be points In S. Also, suppose that 1n Involution h of S ts 

gl~en, 1s In (JV.1). Then there exists an etllbeddlng f:S1•S such that 

f(S1) contains p and q, Is fixed by hand crosses e1ch Se not 

cont1fnfng p ind q. Thus the Intersections of the s! with f(S1~ · 

define I l-dl111enslonal sphere system on f(S1). a 

This Is I poor-aan gener1tfz1tfon of (2). What one realty 

wishes ts scmeth-lng like: 

4. •if S Is I pointed n•dlaensfon1t sphere systn, then given any 

n points In S, ft ts possible to ~xttnd S with a new hypersphert 

th1t goes thru those points•. 

Unfortunately, this Is false ff ~3. COllltertxl!lplts to (C) 

ire presented In section (9.JV). 



Ch1pter- 5 

P. L. 

I) INTRODUCTION 

A ufn result of thfs chapter, with direct bearing fn the proof 

of the Represenutfon Theore11 (4.1.2); ts: 

. 1. THEOREM: Every or-tented inatrold ts a PL•sphel"I. 

The deffnftfon and study of the class of complexes called •PL· 

spheres•, and the c0111p1nfon "PL-balls• is the content of this chapter. 

An Ide• underlying the notion of "PL-sphere" fs that one would 
"V · 

lfke to study the bill complexes.whose spaces •re spheres, or balls, 

colllblnatortally. Thfs fs not too ... nageable, as some results one would 

expect to hold uy fail to be true. For fnstance, suppcse that K fs a 

ball complex and s(K) • s", and let x be• vertex of K. There fs • 

nc1ghbourh<>0d N of xis sn vhich 1c • topologlc1l ball ind aeets only 

the cells of K whfch cont1fn x. The lnter-sectton of these cells with 

the boundary of N delel"lllnes a complex wfth space 3N, 1nd'order 

fs0110rphic to st(x,K) • {p.KIX,p}. One would expect that N could be 

chosen so that the complex tn N fs I ball ca.plex, thus f1111lying tti.t 

st(x,K) ti.s the partial order of a •spherical• bill COllll)lex. There are 

euaplH which show tti.t this ts not the case CEdl, [Cm] • 

The class of pfecewfse•lfnear ball eot1plexes and correspond• 

137 
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fng notions of PL-balls and spheres avoids these pathologies. 

Those are ball coniplexes with an additional structure. We describe 

them after• few preli11tnary deffntttons. 

A 111c1p f: P +Jl.11
• where PsRn. fs affine tf for every 

Pp Pz, ... ,pksP, f(A 1p1+ ... +lkpk) • l 1f(p1)+ ... +Akf(p11 ), whenever 

l 1+l2+ •• . •lk • 1. 

In this chapter, a polyhedron ts I subset of some euclidean 

space which Is a finite union of polytopest. A Plecewtse-Lfnear 

(PL) !!!!J!. between polyhedra P,Q ts a 1-1111p f: p..q such that 

thereulstsa decomposition P • P1uP2u ••• uPt' where the P1
1s en 

polytopes and flP1 ts affine, for each 1 • 1. 2 •••• ,t. - A bijec­

tive PL-llllp 1s called a PL-homeomorphism. It ts a hOllll!OIIIOrphfSII 

fn the ordinary sense, and Its Inverse fs also a PL-up. 

Compositions of PL-111ps are PL-1111ps (11.1). Thus, Pl-holll!O· 

110rphlsms Induce an eaulvalence relation 11110ng polydedra. Thts 
can be alternatively described by (11.7): two polyhedr1 are PL­

h0111eD111Drphfc ff they can be triangulated by fsDIIIOrphlt sfaplfcfal 

complexes. 

Henceforth, we shall use PLH to abbreviate •PL•hOllleOIIIDrphlsa• 

t - The use of the tena •polyhedron• here ts fnconsfstent with the 
definition of unbounded convex polyhedron fn chapter z. Those 
deffnftlons can be concflfated (CHvl, pg. Bl) at thl 1xpens1 of 
SOiie tOlll)lfcatton Which fs unnecessary here. 

-
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and •PL-holneomorph1 c•. 

2. PIIOPOSlTlON: Any two n-polytopes are PLH, and so are their boun~ 

dar1es. 

PROOF: Given 1n (11.9) □ 

A polyhedral n-ball (polyhedral n-sphere) ts a polyhedron 

PLH to 1n n-polytope (the boundary ofan (n+l)-polytope). By the 

proposition. 111 polyhedral n-balls are Pl-hollleomorphtc. The 

t1111ge of the boundary of I polytope by I PLH to I polyhedral ball 
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P Is the boundary 3P of P; it ts, of course. the boundary of Pas 1 

topological ball. We shall prove tn section JI that aP 1s • well 

deftned· s~bset of P, and relate ft to triangulations of P. 

Re11111rk: It Is c0111110n tn topology to refer to polyhedral balls 

and spheres u PL balls and PL spheres. We reserve these naines 

for the classes of conaplexes defined below. 

A PL ball-complex ts• complex K whose cells are polyhedral 

balls or ♦ and such that for each P<K, its boundary ts the union of 

the cells of K tt properly contains. Thus ap • s(ak[p]). 

A Pl n-sphere ts a cc.aplex order ts0110rphic to a Pl ball­

c011plex whose space ts the boundary of an (n+l)-polytope. S1■1-

larly, a Pl 11-ball Is a cmplex order ts0110rphtc to • Pl ball-c0111Plex 

whost space ts an n-polytope. Polyhedral balls and spheres can 
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suDstltute the polytopes in these definitions, wtthout any conce,­

tual change. 

Hain examples: any polytope l1ttlce ts I PL-bill, and tts 

boundary Is I PL-sphere. 

I. PROPOSITION: A PL n-ball Is PK of dllnenslon n, and Its boundary 

ts I PL(n-1)-sphere. 

PROOF: Given in (Itl.6) a 

I. THEOREM: Let K be a COlllplex 1nd suppase that K1,Kz ire subcomplues 

of K, each I PL n-ba11,. and such that IC
1
ulC

2 
• IC. Then, 

(4.1) If K1nK2 • aKl • aK2• then K ts I PL n-sphere. 

(4.2) If K1nKz • aKl n 3K2 and Is I PL (n-l)-b1ll, then IC ts 1 

PL n-ball. 

PROOF: Given tn Section Ill. a 
Sf•llar re5ult5 hold with polyhedr1l balls and spheres. 

The presence of these two statements as parts of a single 

theore• fs so that the analogy between them be explicit. We paint 

out that (4.2) fs actually one of the fundallental characteristics 

distinguishing PL-balls 1110ng other bills c0111plexes. The analogue 

of (4.2), with the •pL• remond ts not true tn general, as can 

be seen frOII 1n eumple of Huley [Hal. On the other hind, the 
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proof of (4.1), presented in section 111 1 worts 1s well for geMral 

ball coaplexes whose spaces are topological balls. 

5. THEOREM: [very S-constructlble c011plex ts• PL-sphere and every 

I-constructible complex ts a PL-ball. 

PROOF: The usual induction for constructible co11plexes applies. 

Theorem (4) takes care of c0411Plexes which are obtained 

by pasting. The case where K has only one inaxl!IMII, p, and aK Is s­

constructtble ts handled as follows: by Induction, 3K Is order 

ISOIIIOl"J)hlc to I PL ball-complex wflose space ts the bound1ry of 

1 polytope P. We can add Pas I cell to the ball complex and ex-

te.rid the order ls0110rph i s111 fl"'OII 3K by p- P. a 

Theore• (1) follows directly from Theorem (5) and the construc­

tibility of oriented matrotds. By the same reason, one concludes 

that the boundary of I tope is I PL-sphere. Theorem (IY.8) says 

that the polar of I PL-sphere Is I PL-sphere. Thus we can state: 

6. THEOREM: Tope boundaries and thefr polars art PL-spheres. □ 

Notice that for linear oriented 1111troids, this theorem says 

just the obvious fact that polytope boundaries are PL-spheres. 

The.!!.!!:. of I cell p of I complex K fs st(p,K) -(~Kll)Sq): 

the shell of p ts sh(p.K) • Cst(p,K)] - st(p,K). 
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We uy that k' ts obtained fn111 It by !!!llli!i p at p, where 

p ts a point not in s(K-st(p,K)), tf K' ts order tsD110rphtc to 

the complex (K-st{p,K))u{q+~lqcsh(p,K)}, 

, 
14Z 

The operation of pulling a face 1s useful In the solutfon of 

some problems about polytopes. One reason ts that tf K ts I poly­

tope boundary, then K1 is also tsomorphfc to the boundary of 1 

polytope, Indeed, tf K ts the boundary c1111plex of a polytope 

P, by choosing• point~ separated frot11 P by the supporting hyper­

planes or facets which contain p, and no others, the convex hull 

of PulPJ ls a polytope whose boundary is isomorphic to K1 
(SH 

[G2, 5,2.ll), In fact this construction, and tts 1ppltcatton 1ft 

Ue proof of tl:e Upper Sound Conjecture for polytopes ts wllat led 

us to consider •pulltng•. 

7. THEOREM: Pulling• cell 1n I PL-sphere se11tlatttce results tn 

a PL-sphere semtlatttce. 

PROOF: (Y.6). a 

A semflattice ts a complex tn which the Intersection of any 

two cells ts• cell. In section IV we discuss the necessity of 

this addltton1l hypothesis, with the proof of the theorea. 

The Upper Bound Conjecture was • (now proven) stateaerit about 

the IIUlllber of faces of polytopes wt th given ..,._r of vertices 

, 
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1nd dt11enston. Cod>lnlng Theorem (7) with I result of Stlnley 

[St2]. we prove: 

8. ntEOREM: PL-spheres, and tn particular, lope boundaries and their 

pol1rs, utlsfy the Upper- Bound Conjecture. a 

"Pulling• has had• honorable place In the beglMlngs of 

PL-Topology, Alexander- [All h~s shown that the spaces of two 

sl•pllclal complexes are PL-h0111eocnorphlc tff one can go fl'OIII one 

complex to the other by I finite sequence of complexes such that 

each consecutive pair differs by i ·pu11 ing. 

That gives a totally combinatorial characterization of 

PL-bills and PL-spheres. In section Vil we present another 

totally combinatorial characterization of PL-balls and PL-spheres 

fn teras of constructibility and the notion of subdivisions. 

In the 511111! chapter we lay the groundwork for 1n approach 

to Pl-bills and Pl-spheres that further elllj)hastzes complexes, 

subdivisions and order ls0111Drphlsms, as opposed to Pl-inaps. That 

SKtlon reflects Ideas still being developed. It was written 

In order to be conceptually Independent of the Intervening 

sections (except for some concepts Introduced at the beginning 

of Section 11). Perhaps It would be I good Idea for the ruder 

to JUIIP now to Section VII for I first 1pprecl1tton of the 

Ideas theN, and then read the re11111n1ng sections with the 

possfbtltty of tne 11tem1t1ve approtch In ■Ind. 
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BASIC POLYHEDRAL TO!'OI. OGT 

PROPOSITION: Compositions of PL-ups are PL-maps. 

PROOF: let f :P--Q and g :Q,+R be PL•ups. Express 

P • u{P1li • 1, ••• ,k), Q • u{QJIJ • 1, ••• ,l), where the 

Pi,Qj are polytopes, f ts affine on each P1, and g ts affine on 

each Qj. Then {f-1(f(Pi)nQj)J gtves a decomposition of Pinto 

polytopes and gf ts affine on each piece. a 

A polyhedral complex 1s I complex K llhose cells are polytopes 

whose tntertorstn K cotnctde with their polytope interiors and such 

th1t the Intersection of any two 111enibers of IC ts I face of both. 

In particular, every face of a ineat>er of IC 1s tn IC. Jf each 

med>er of IC ts a st111plex, IC ts called a stmpllctat complex (1 poty­

tope P with vertices v0,v1 .... •"n 1s an n-sf111plex tf every point JI 

of P has a unique expression JI• l 0v0+l1v1+ ••• +ln"n• with Osl1, 

l0+l1+ ••• +l" • l). A triangulation of I polyhedron P ts a staplt• 

cial complex with space P. 

One can associate to each order 1s0tll0rphfs■ f: lt+L of st• 

pllcfal c0111plexes • PLH also denoted f:s(K)•(l), which is 

as given on vertices, and ts affine on each sl111plex of K. Note 

that this PLH ts uniquely defined fl'OII f. Thts ts an ex1111ple of 

slq>llctal ..ap. More generally, a Pl-a1p f: P • Q ts slg,ltclat 

retatfvt to triangulations IC of P and l of Q tf f •ps each staptex 

p 
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,, 
of k 1ffiMly onto I simplex of L. In other terms, f 1s deterained by its 
v1lue on verttce~ by 1fftne extension. 

We shall SH now that every PL·IIWIP fs stinp11clal relative 
to suitable trtangulatfons, This cOlllb1111tort1l characterization 
of PL-aaps explains for the 1110st part their advantage over 1110re 

general continuous tlllbeddlngs. 

Let K be I polyhedr1l complex and let us choose a point p 
* fn the interior of each non-empty cell p. The complex K • 

{conv(p1, •••• ~k)I{ p1, ••• ,pk} ts • . totally ordered set of cells 
of K-.!!l••s l(flrst) derived of K. It Is• sl111plfcl1l complex, 

• s(K) • s(K), and every cell of K Is the SP1ce of a subcomplex • • • of K, In fact, tf ♦I p«K, p•s([pJ ), and we also hive the 
• • • recu"ton CpJ • (a[pJ) u(conv(o+P)lo<(a[pJ) } • An r-th derived 

of l ts deftned IIIG!cttvely as the derived of 1n (r-1)-th dertved 
of l (fig. 1). 
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The use of deriveds In a,st of the follo-ing developaent ts 

not of absolute necesstty. but we feel that thts e1tr1 tool st• 
pllfles 111ch of the work 1he1d. 

For example. as polyhedr1l c0111plexes are bill cmi.,lexes. 

Theore• (4.111.1 ) applies. But we have the following strengthen­
tng: 

PROPOSITION: Let f:K+L be an order tsomorphts■ of polyhedral 

complexes •. Then there exists I PL-h0111eomorphls■ 

h :s(K)+s{L) such that for ,very p<K, h(p) • f(p), 

. . . . PROOF: As f extends naturally to an ts01110rphts■ f : K • L, 
• one obtains has the shnpltct1l ■ap 1ssoct1ted to f ·. D 

LEMMA: Let A1, A2, ... •"n be polytopes contatned tn the space of 
1 polyhedral complex K. Then K has 1n r-th dertved COIi- · 

t11nlng triangulations of A1• "z•···•"n• 

;ROOF: Let PO,P1,P2, ••• ,Pk be A1,A2, ••• ,An and their non-eapty 

faces tn order of non-decre1stng dt11111ston. Suppose 
Inductively that SOiie (r-1)-th derived K(r-l) contains trtangula­

ttons of PO,P1, ••• ,Pr-l' Thts ts clearly true for r-1, stnce P0 • ts I potnt, and tt ts I vertex tn so■e K. 

Now. for eacH 0<K(r-l), choose 4,lnt(a), and tn Prnlnt(a) 
if this 1s non-eapty. Define K(n) as the derived of K(r-l) wtth 

(l 

14i 
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th1s choke of 8•s, lie show now that each none11PtY set P r"°•od(Cr-1) 

1s the space of a subcomplex of k(n), That 1111plies that P,. is 

triangulated. 

Thts ts proved by tnductton tn t~e dimension of o. If d(o) • o • . 

there 1s nothing to prove. Suppose that PrnT ts triangul1ted in 

K(r). for each proper face of a given ock(r). Each face of the 

polytope P,.no ts an intersection of .fices of P,. 1nd of o, Since 

each proper face P
5 

of P,. ts triangulated fn K(r-l)• 1s s>r1 

P
5

no ts Just I face of a. It follows that each proper face of 

Prno ts the Intersection with Pr of a face of o. The Induction 

hypothesis Implies that each of these Is triangulated tn K(r). 

thus th• boundary of Prno ts the space of a subcomplex of L of 

K(r), Then Lu{conv(t+8)ltcL} is a subcomplex of K(r) and tts 

space ts Pr""· □ 

The following consequences are of fund.-ntal lq,ortance. 

4. COROLLARY: Every polyhedron Is the space of a Sl111Pllc1a1 complea, 

PROOF: Let P • P1uP2u ••• uPk be I polyhedron. where the Pf are 

polytopes. Choose• large s1mplea T such that P,sT. By 

ltllllll (3) so. r-th derived K of the face complex of T contains 

triangulations of each 't· Thus.Pis the space of {oEKlo,sP}. 

a 
A C011Plex L 1s a subdivision of K ff s(L)• s(K) and every 
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cell of K 1s the space of a subcomplex of L • 

• COROLLARY: Given any finite collection of polyhedral c~lexes 

contained In a polyhedron P, thenr exists I triangu­

lation of P, containing a subdivision of e1ch of theta 1s I sub-

complex. a 

• COROLLARY: Any PL-map fs sfmplfc1a1 relative to SDIII trlangut1-

tlons of the domain and codo1111ln. 

PROOF: Let f: P + Q be I PL-map •. Using Lenma (3), one can 

triangulate P by K so that f Is affine on each sl111plex. 

Triangulate now Q by L so that the l1111ge by f of eich member of 

K fs triangulated. Let K1 • (t"1{t)ltcL,T~f(P)), Then K1 ts 1 

triangulation of P and f fs sfmp11clal relative to K1 and L. 

a 
, COROLLARY: Two polyhedra are PL-ho111e0111>rph1c tff they have fso-

PROOF: The •tf• part Is obvious. For the •only tf•, consider 

a pair of polyhedra and I given PLH, The NP Is st1111lt• 

ct1l rel1tlve to suttlble trt1ngul1tlons, by (6), 1nd since It 

Is bijective, It Induces 1n order ts01110rphfsa of these trlangu-

l1tlons. a 
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COROLLARY: Two polyhedral complexes have Pl-holaeolllorphlc SPICIS 1ff 

they hive 1somrphtc slapltcht subdtv1s1ons. Ona 
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of these can be chosen to be an 1ter1ted derived. 

PROOF: Again, Just the "only if" part requires proof. One Just 

repeats the proof of (7), and of (6), with the following 

aodlffcatfon on (6): if P and Q ire the sp,ces of the given comp-
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lexes, when constructing Kind L ve iinpase that they are lter-

1ted derfveds of the original c0111plexes. a 

We c1n prove now• strong version of (1,2): 

9. THEOREM: Let P ,o· be n-polytopes, and p(aP, q(aQ be gtven points. 

Then there exists• PL-honieomorphls• h: P • Q such that 

h(p) • q and h(3P) • 3Q, 

PROOF: Using I suitable lfnear transformation, one can displace 

and shrink P, so that we can assume that P~intQ and that 

for soine point x<lntP, the segment xq Intersects the boundary of P 

fn the point p. Consider now all the polyhedra P 1ncon~(QJ♦x), 

where QJ Is• face of Q, Triangulate the boundary of P by K so 

that each of these polyhedra ire trl1ngul1ted. Radial projection 

,,,. x will Np each sillll)lex in this triangulation onto I Slllll)lex 

contllned In aQ, thus giving• tri1ngul1tion L of 3Q, and 1n lso­

.orphls■ f: K • L such ~t f({p}) • {q}. Define now K1 • 

Ku(conv(o+x)lo(l) and L1 analogously; then K1 trl1ngul1tes P, L1 

triangulates Q, and f extends to 1n lsomorphlSII f: K1 • L1 such 

~t f(x) • x, The correspond1ng slq,l1cl11 mp Is the required 

PUt. 'D 
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It ts clear that the result above ts still valid for any poly­

hedral n-balls P. Q. 

We now relate the concepts of boundary of I coaplex and ball 
boundary: 

10. THEOREM: Let K be a polyhedral camplex whose SPICI 1s II n-polytopt. 

Then K ts PPI. d(K). n Ind s(aK). as(K). 

PROOF: Let P<K have df111ensfon en, Then there exists I point x 

fn the interior of the polytope s(K) whtch ts not tn the 

affine flat spanned by p. Choose a point yctnt(p). The l1terlors . 

of cells of K partftfon the ltne segment xy Into open sell'ftllltS, 

and y ts an extremlly of one of these, s1y, of xynfnt(q). TIius 

ycaq. end since y,fnt(p), ~q. Thts shows that tf d(p)<n, p ts 

not inaxf11111, hence K ts pure, d( K) • n. 

Let p,K be an (n-1)-cell and let H be fts afffne hull. There 
ts no loss of gener11f ty ass11111tng that s(K) .511", hence H ts 
a hyperplane. Since any tvo n-polytopes containing p 

1nd contained fn the same side of H hive 1n Interior point fn 

there Is 1t 1111st one n-cell of r. cont11.nlng p on 
either side of H, Hence K Is PM. 

If 115.as(K), then ff supports I facet of s(K) and s(K) ts con­

. t1fned fn one side of H. Thus p ts contained In euctty one n-

· cell 1 1.1., pcs(K). On the other hind If i,tas(K), N splits tat(s(k)) 
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tn two parts, and the argument of the first par1gr1ph shows that 

on each stde of H there ts 1n n-cell containing p. 

Thus, 8(K) • {IKKld(p}_ • n-1, ~cls(K}}. A slra1ghtfon1ard 

arglllll!nt shows that the boundary c~lex of the polytope s(K) Is 

subdivided by a subcomplu of K. As that boundary complex Is a 

union of (n-1)-polytopes, tt follows fl'OIII the first paragraph 

that the corresponding svbcoq,lex of K Is a union of (n-1)-cells. 

Thus It ts generated by B(K), Ind IIIUSt equal aK, lt follows that 

s(ilK) • as(K). a 

11. THEOREM: Any PL-homeomrphls• of polytopes preserves boundary. 

Thus the boundary of a polyhedral ball Is well defined, 

PROOF: Let f: P1 • P2 be a PLH, where P1 and P2 are polytopes • . 

Choose triangulations K1 of P1, K2 of P2 relative to which 
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f is sl111pllclal. Clearly o«aK
1 

If f(o)~n2
, thus, s(aK

2
) ■ f(s( il_K

2
; 

By Theor- (10), s(aK
1

) ■ ,
1

• t • 1.2. so f(aP 1
) • a,,. For a 

general polyhedral ball P, tf f1:P1+P, f2:P2..P are PLH, 
1 . 

where , 1, , 2 are polytopes, we ti.ve tti.t f2• :P1•Pz Is a 

PLH, thus: 

'2(c1Pz) • fz( 3rz·1,1<P1>> 
• t 2r2"1f 1(aP1), by the first pert, 

• fl(.IPl). a 
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JJJ) PL-BALLS ANO Pl-SPHERES 

Recall that I Pl ball-complex 11111y be defined as I pointed bill CG11ple1 

whose cells are polyhedral balls. That includes polyhedral c1111pl1xes. 

Jn particular, Theorem (4.Jll.1) applies to those c0111plexes. 

Actually, 1 stronger result holds, 1s expected. 

l. THEOREM: Let K, L be Pl ball-complexes and f:K•L be 1n order 

isomorphism. Then there exists I PL-h11111!01110rphtsa 

h: s(K) + s(L) _such that h(p) • f(p) for every !>(K. 

PROOF: The same tnductfYe proof of (4,JJJ,1) 1ppltes. Thus, 

one 1ssuaies fnducttvely that the PLH h his been defined 

on cells of K of dfllll!nston <n, and extends h to the n-ce11s by 

the fo11u-,tng Leana, which ts I counterpart of (4.IJJ.5 ). D 

2. LEfltfA: Any PL-honteomorphls• between the boulldartes of ho poly­

hedral balls can be extellded to• PLH of the balls. 

PROOF: It ts enough to consider the case where one has• l'lH 

f: a1n + a1n. Deffne f(~) •~,extend f lfne1rly over 

each segment Qx, with x<aJ". Then f ts I holneofflorphiSII r" • 1". 

It ts PLH, since f ts 1fffne on each polytope conv(PuU)) .,. 

P~al" and flP ts 1fftne. a 

A PL-sphere fs a cG11plex order fs01110rphtc to I PL 11111-

COllll)lex whos- sJ)lce Is a polyhedral sphere. Pl-~ are defined 
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s111flarly. It follows frm Theorem (1) that a polyhedral complex 

fs Pl-ball (sphere) 1ff1ts space 1s a polyhedral ball (sphere). 

3. PROPOSITION: Every closed cell (subcomplex) of I PL b1ll•C0111Plex 

fs I PL-ball and fts "boundary subcomplex fs I PL• 

PROOF: Direct fr'OIII the definitions. a 

4. LElt!A: Every PL ball-complex K can be subdivided by a slmpllclal 

complex L so that for each piK, the subcomplex L(p) • 

(o,Llo5J>} fs order isomorphic to I subdivided polytope. 

PROOF: Each cell of K, being a polyhedr1l ball, has a triangula-

tion tp Isomorphic to I subdivided polytope. By (11.5), 

111 these trfangulatlons can be subdivided via a triangulation 

L of s(K). Thus, for each p,K, L(p) ts a subconiplex of L, and 

s(L(p))•p , wt,1ch shows that l ~ubdtvtdes K. Further, L(p) ts 

a sf11111ltclal subdivision oft,. the PLH fnlll p to I polytope P 

which 1s sfq,lfclal relative to tp Induces a subdivision of P 

lsOIIOrphlc to L(p). D 

5. ll!EOREM: Let K be a PL ball-complex. For each Pfk, define 

d(p)•n ff p ts a polyhedral n-ball. Then K fs JO 

with dl11tMfon functton·d. Further, let a stq,llcfal COllplex 

L subdivide K as In Lenu (4). If L Is PM, so fs Kand 3L sub­

divides iK. 
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PROOF: Subdivide K by l IS 1n lermll (4). let p,K hive dl111ens1on 

nd. By (11.10). 3l(p) trl1nguhtes ap. Anyodl(L(p}) 

lies In some cell q of K which lies 1n the boundary of p, Since 

n•l • d(o)$d(q)<d(p) • n, d(q)•n-1 , and we see that the aaxt• 

inal cells of K properly contained In p have dlwnslon n-1, This 

shows that d Is the dl11enslon function of K. 

We now suppose that l Is PM. Call n the dlinenslon of L. 

Every n-sl•plex 1s cont1lned tn I ce~l of K1 which 11111st thus hive 

dimension n. Hence then-cells of K contain all 111xl1Nl sl111plfc1s 

of l, so their union Is s(K). and It follows tMt K ts the union 

of Its closed n~cells, I.e., ft Is pure dliaenslonal. 

Let p be an (n-1)-cell of Kind choose o,l(p) of dlnenslon 

n-1. £very n-cell containing p 111st contain an n-sl111ple1 contain­

Ing a, conversely, If q,K. d(q) • n and orl(q)~ then 115q and 
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o, L(q). Thus. o,B(l) If there Is only one q such that o,L(q); 

equhe1enUr, If pc8(K) . Thul lll ■ u{[o] lo,s(l)) • u(l(p)l11ea(K)l, 

and this ts whit had to be proved. □ 

The next result encompasses Proposition (1.3): 

6. THEOREM: A PL n-blll ts PM. his dhenslon n. and Its boundary 

Is a Pl (n-1)-sphere. A Pl n-spllere 11 PM. has dl•nsfon 

n. and no boundary. 

PROOF: Both assertions follow froa a cGllblndfon of Theonas (5) 

and (11.10). 0 

I 
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We COIie now to the point of proving the ll11portant Theorea 

(J.4). Jt fs convenient to fl• the following notation: 

7, Let e1, e2, ••• ,en be the cannontca~ buts of R". 
n . 

Denote• P ■ conv{te1, te2, ••• ,tenl' 

,: • Pnn 11: • conv(Pn•l+en). 

Pn • Pnn lln • •P", 
- - ♦ 

Qn-l. aP" - int ,n-l 
♦ ♦ • 

Q~-1 • -Q: . 
Note that Q:·l and Q~-l are polyhedral (n-1)-balls: vertlctl 

pn,jectton onto ,n-l ts In either case a PLH. 

Recall that, In the statecnent of (1.4), K fs • c0q1le•, K1, 

K2 are subc~le•es of K, e1ch • PL n-ball, ind K1uK2 • K. 

a. PROOF of (1.4.1): Suppose that Klnl(Z ■ 3Kl • aKz· For 1•1,2, 

let w1 be I Pl ball-coq,lex and f1:Kr•W1 
n 

be 1n order fs0111Drphts■. let g1:s(W1)-oQ+ be I PLH, which 

exists since both are polyhedral balls. Now, restrfcttd to aw2, 

f1f2•
1 : aw2 • aw1 ts 1n order tsomrphtsm, to which corresponds, 

by Theore11 (1) a PLH h:s(aW2rs(aW1). Thus g1h ts I PlH 

frOII s(.112) to aQ~ • apn • aQ~. It can be extended by l1!111114 (Z) 

to a PLH g2:s(Wz)--<l~. The set W•{g1(p)lp(W1Julg2(p)lp,w2J 

ts then a polyhedr1l complex with s111ce a,~1, and there ts 1n 

order tsOIIIOrphlJ• f:K..V 

wflfchever fs defined (If both are, they 1gree). Thus K fs 1 
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Pl n-sphere. a 

The ide1 of the proof of (1.4.Z) ts essentl1lly the s1• as 

•~ve, namely, given PL n-balls K1,K2, we try to realize one as 

a ball collll)lex with space P: , the other on P~, so that K1nK2 ts 

retlhed on P: nP~. To do this, we shall need "Hewlllan's Theor••: 
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9, THEOREM: If K ts a Pl n-sphere 1nd I subc0111Plex L of K ts a PL 

n-b1ll, then the subcomplex CK-Ll ts• PL n-b1ll, Start­

l1rly, If• polyhedral n-ball ts removed from• polyhedral n-sphert, 

the closure of what rem.atns ts ■ p0lyhedr1l n-b1ll. 

• 

be order lsomor-

ph1sins, where w1,w2 are ball complexes and 

let h: s(f2(K1nK2) • s(f1(K1nK2)) be I PLH t0111P1tible 1s tn Theore11· 

(1) with the order fsolnorphh11 , 1, 21 :f2
(K1nK2J.f1(K1nKz) • 

L~t gl : s(f
1
K

1 
nK

2
)) .. pn•l be a PLH, which exists since by hypo­

the$lc K1nK2 1c a PL (n-1)-ba11. Consider 110W L1 • [3K1-Kr1zl . • 

By Newnan's Theore111, L1 ts a PL (n-l)-1>111, and clearly aL 1 • 

a(K
1 

nK
2
), since aii:

1 
h PM without boundary by Theore11 (6). Now, 

g
1 

gives a PLH from s(f(ill1)) to 3Q♦n-l, By Leama (2) we c1n 

extend g1 to a PLH of s(f(L1)) to Q~1• So, right now, v1 ts a 

PLH fn111 s(f(aK1
)) •as(W1) to aP:, ind 1nother 1ppltc1t1on of 

n n•l 
Lemm1 (2) extends g1 to a PLH s(W1).Pt • By defining v2: s(f2(11n1tz)>4' 

by g2 • v1h, "'e c1n repeat the previous argument and extend t 

to a PlH fn,a s(W1) to P~. Note that for each pcll"'z • 
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t 2f2(p) ■ t 1hf2
(p) • t 1 f1(p). by the constnictlon of h. Thus 

{g1f1
(P)lp,K1Ju{g2f2(P)IP<Kzl ts a Pl ball-cOllll)lex with s~ce P" 

and order fs0a10rphfc to K. This shows th1t K fs • Pl n-ball. 

□ 

Known proofs of NN1111n's Theore11 require mre specl1ltzed 
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•chlnery which would be of little use tn what follows. Proofs of the 

polyhedral statement can be found In Cohen [Co). Hudson 

[Hu. 1,2.6]. Proofs of a very different nature were given by N~n 

CNEll and Alexander [Al]. The "PL" part of the theore11 fol• 

lows easily from the polyhedral part. 

This theorea captures one of the 1111tn differences between PL-

""'· spheres and ball complexes whose space ts a topological sphere • . 

Indeed. combining results of Curtis and Zeeman [CZ] and of 

Edwards (Ed] and Cannon [CanJ, ft ts possible to produce a sl11-

pltctal complex whose sp,ace Is 1 5-sphere and such that the removal 

o~ a ~s1~1•• leaves s..-thfng other than I ball. 

We shall have occasion later for using the follow!ng result. 

Ve state it In both Pl (polyhedral) for,ns: 

11, THEOREM: Let K be a Pl (polyhedral) n-ball. and let L be a sub• 

complex (subpolyhedron) of K which ts also a PL (poly­

hedral) n-ball. and such that LnaK ts a PL (polyhedr1l) (n-1)-bill, 

Then. [K-Ll (the closure of K-L) ts a Pl (polyhedral) n-ball, 



,. I 1 

158 

s.m 

PROOF: See [Hu, 2.14] for the (d1sguhed) polyhedral StltelRl!t. 

The Pl stateaent follows easily froa thlt. D 

• 
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•• 
IY) JOINS , DERIVEDS AND STARS 

A set P sR" ind I point V (Rn.p Ir@ jolnable ff the open seg-· 

111ents jly. y<P ire p1ln1tse disjoint. In thfs case. the join x.P 

ts defined by x.P • (Ax+( 1-A)ylqsk: l,y<P); and by convent ton • 

• ,. • b}. If P h I polytope, x.P • conv(P+x). thus I polytope. 

Hence. 1f P ts I polyhedron. so 1s v.P. Also, ff K Is I polyhl!d· 

r11 c0111plex, then v.K • ICu(v.plr>«KI Is I polyhedral c0111plex whose 

SplCf 1s v.s(K). Note that ♦ cK, thus (v} • v.+,v,K. 

The abstract Join of I complex K with •lnillUII t and • point 

vls(K) 1s the cocnplex v.K • Ku(p+vlP<K}. We say that a complex l 

ts !..J.!!.!.!l of Kind"• If K+(v)is I subc0111plex of l ind there Is 

an order fsomorphls• i..v.K which ts the Identity on K+(v}, The 

context will Nke It clear what type of join ts being handled. 

If f:P..q ts I Pl-map, and the joins v.P and w.Q are defined, 

then 7 given by T(>.v+( 1..1 )y} • lw+{l-l )f(y) (ye P) 1s a Pl-iaap 

frOII v.P to v.Q. If f ts a PLH, so Is 1. 

In particular, If P ts I polyhedral n-ball, v.P Is a polyhed• 

ral (n+l)-ball. That ts true,as ff T ts an n-slq,lex and the point 

y 1s joln1ble to T, ,.T ts an (n+l)-sf~lex. Also, since av.T • Tuv.aT, 

1t follows fraa Invariance of bound1ry that av.P • Puv.aP. St■t• 

larly, for COllll)lexes we have: 

1. PROPOSlTIOIC: · Let K be a t011Plex. The property of being JD, pure 
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d1m::nstona1 or PH holds for v.lC. 1ff It hold$ for IC.. In the latter 

case, av.IC. • IC. 1f alC. • "• av.IC. • IC.uv.3K 1f 31t , ♦ • 

PROOF: Stratghtfontard. a 

2. PROPOSITION: If It ts I PL n-b1ll or a PL n-sphere, than Y.IC. ts 1 

PL (n+l)-ball, If IC. ts a PL ball-complex, and y Is 

Jolnable ta s(K), then v.K • Ku(v.Plp,K) ts I PL bait-complex. 

PROOF: If K ts, PL ball-complex, then v.lC. Is a collection of 

polyhedral balls, and the fo,..,. 

lae for a(v.p) and a(v,CpJ) show that IC. ts I PL ball-complex. 

For the first part, we NY assume that K ts a PL ball-complex and 

that s(K) ts either an n-polytope or the boundary of an (n+l)• 

polytope P. Choose a point v Jo1nable to s(K), and Interior to 

P tn the second case. Then v.K ts a PL ball•C011Plex and tts sp.ce 

Is a (n+l)-polytope, due to the choice of v. a 

As an 1pp11cat1on of this result, we define the derived of 

a complex, and use tt In the study of PL ball-complexes • 

• Given a complex K, a derived K of It ts a si111pltct1l c~lex 

with vertices IPIP(K-~l In 1-1 correspondence with non-zero cells 

of K, and such that (p1,p2, ••• ,pk} are the vertices of I ineaoer 
• of It t f p1cp2c ... cpk. Note thlt any tw derheds of It are 1so-

1111rphtc, thus PLH. 

• 0 
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• llhen I derived l of l ts fixed, one his 111tur1lly the der-
• 

hed of uch subcomplex of K conhined as I subc011plex of K ; we 

refer to these f111Plfcttl1 tn wlult follows. 

One e1stly verifies that when K1,K2 ire subcomplexes of l, 

• • • (K1
uK2) • K1 u K2

, 

• • • 
(KlnKz) • r.:1 n Kz, 

Cpl• p,(a[pl)• 

• It • u{[p] IP mu1ma1 1n IC}, 

As we pointed out tn section JI, 1 polyhedr1l c0111plex K has 

I derived In which pc1nt(p) and s(Cpl*) • p for each pcK-Q. _ For 

PL ball-complexes, something st~flar exists: 

3. ll!EOREM: When K h I PL ball-complex there ts I Pl-homeOIDOrphtsli 

h :s(K•)-.s(K) such thlt for each pd, h(p)<fnt(p) 

and h(s(Cpl*)) • p. 

PROOF: Define h(p)sp for each vertex p of K. Suppose th1t h his 

• 
been defined on s(Kn-l ), where Kn-l • {p,Kld(p)sn-1}. 

The special properties of h 1l1ply that for any subcompl_ex L of 

• ln-J' h(s(L )) • s(L). In particular. ff per.:, d(p)■ n, then 
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h(s(a[pJ)*) • ap 1nd (a(pJ)• ts I PL-sphere (stq,ltcf1l). Hence, 

CpJ* • p.QC pl)* ts I PL-ball, encl one c1n extend h fro. fts bound• 

ary to a PLH fro. s(Cpl•) top. Clearly h(p),fnt(p). Oofng thfs 

,1.,1uneousl1 for 111 n-cells of IC, one extends ta to I PLH froa 
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• s(Kn) to s(Kn). The result follows by lnductfon on n. D 

Indeed, this theoret1 sttll holds tf one rNOVH 111 ·PL. fro. 

Its statement: the proof ts essentially the s11111. Thus, the fol­

lo.,1119 corollary also holds without any 1111ntion to PL-ness, 

4. COROLLARY: The group of order 1ut0111Drphis11S of a Pl ball•COlll)lex 

can be faithfully represented by I group of Pl self• 

homeocnorphlsms of Its space, each holileolmrph1s• compatible wtth 

the corresponding automorphls•. 

• 
PROOF: Let K be the COlllplex, and h • s(K ) -.s(K) be ghen by 

Theor1111 (3). For e1ch autolnorphts• g of K, let g be the 

pernitatton of the vertices of K* defined by O(~) • g(p), Since 
• 

g preserves chains fn K, g Induces an order autCM110rphtS11 of l, 

to which corresponds a PlH, still denoted O, by 1fftne extension. 

The representation of Aut(K) ts ghen by g.-hOtt1• Verlffcatton 

ts str,tghtforw1nl. D 

We Introduce now I few mre objects wlltch are usefu11 to look 

at tn a complex. let K be • c0111plex wfth ■inf- 2 and pLlt. There 

are defined ( flg.5.2) the !!!!. of p fn IC, st(p,K) • (qcltfpsq), 

the shell of p fn IC, sh(p,K). [st(p,K)l- st(p,X), 
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Ult lfnk of p In K, lk(p,IC) • (q,Kfpnq • .Qand puqs soae cell of l), 
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. sh(v,k)•tk(v,k) 

II: 

,v - • 

st(p,K) 

sh(p,k) 

Fig. 5.Z 
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Thus. sh(p,K) Ind lk(p,K) •re subcomplexes of l while the 

stir fs not. H~ever. st(p,K) fs I c~lex on 1ts 01111 right 1nd 

1 mst useful one. 

We register without proof s0111e eleaentiry properttes of these 

object_s. 

5. PROPOSITION: let v be I vertex of I coq,lex K, Then sh(v,K) • 

lk(v,K); further, ff K is si111plici11. lhtn sh(v.K) 

is order isomorphic to st(v.K), 1nd Cst(v.K)l • ,.sh(v.K). If 

pgi then st(q,K) • st(q,st(p.K)). D 

The notion of shell does not 1ppe1r In the literature. What 

one encounters are 1111inly simplici1l complexes and llnlts are fav­

oured in that context. Wt have ltttl1 use. for ltnlts, and shill 

work utnly with shells and stars. 

6; THEOREH: The star of• k•ce11 fn I Pl n•sphtrt ·is I PL (n•k•l)-spllert. 

The star of I k•cell of the boundary of a PL n•ball ts a 

PL (n·k·l)•b1ll. 

PROOF: The proof fs written for spheres only. A proof for balls 

requires only slight 1110dfflcatfons. 
It fs enough to consider the case k ■o only. the star 

of I vertex. For tf pk is a k•ctll of a PL n-sphere K, 

let Po~ii·•·~k be• chlf~ in K, where k(pi) • t. Let K1 • st(p1.K); 

then 1
1 

• st(p1.K1_1
), by part of (5) above, and Pt ts a ,1rt11 

of li•l' Thus, by tnow:ng that the theore. 1s true for stars of 

,1rtfc1s. one obtains the general c1s1 by iteration. So, for 

now WI COflsfder only the CISI II. o. 
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- • The proof fs by fnductton on n. and obvfous for n • 0. Sup~ose 

now that n,O, let K bt I Pl n-sphere and v I vertex of K. Choose 

• 1 derived K, and define, for each p,st(v,K~, 

• • tp ■ sh(9,CpJ) • ~-sh(9,aCpl ). 

. . . 
For each p, tp is a subcOllll)lex of K. tn particular, t, • l~J. 

Now, stnce each arpl ts a PL k-sphere (k<n), by (111.3) so is atpl•, 

by Theorem (3), and the induction hypothesis tmp11es that st(v,a[p]•) 

fs a PL-sphere. Since st(v,atpl•l 1nd sh(v,a[pl*) ire order tso• . . 
aorphfc, sh(v,a[p]) ts I PL-sphere, and lp Is a PL-ball, by Propo-

sition (2), One easily vertftes that T • (s(tp)IP<St(v,K)J ts 1 

PL ball-COll!Pltx and p ... s(tp) gives Ill order hOIIIOrphfs• frOII st(v,K) 

to T. 

Thus the result wtll be t0111pleted If we show that s(T) ts 

1 polyhedral (n-1)-sphere. Now, s(T) • s(u(sh(9,[pJ•)lpcst(v,K))) 

• s(sh(9,1t*)). 

Since sh(O,K•) ts order fsomorphlc to st(9,K•), what we are 

required to prove 1110unts to a special case of the theorem, we 

state that explicitly, In polyhedral fo1'11, 

7. LDIIA: Let v be a vertex of the s11111)11c11l complex K. If K ts a PL 

n•sphere, s(sh(v,K)) ts a polyhedral (n-1)-sphere. If K ts a 

Pl n•blll and vcaK then s(sh(v,K)) ts a polyhedral n-ball, 

PROOF1 - We shall be only the sphere case. Let T be an (n•l)-st111pl111 11\d 

· Its fact complex. Sfnct s(K) ts a polyhedral n-sphert, there 

extsts I Pl.If h:s(K,. at. 
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Theorewi (11.9) provides• PLH g: T•aT such tll1t gll(v) ts 

1 vertex of T. Denote f • gll, and choose subdhtstons it1 of It 

T1 of 3T such that f ts stq,ltct1l rtl1ttve to these. 

Radial projection froa v Induces I st111plfcf11 subdivision 

of sh(v,K) Isomorphic to sh(v,K1). This gives I PLH s(sh(v,K)): 

s(sh(Y,K1)): St ■tl1rly one obtains I PlH s(sh(f(v),T1) • s(sh(f(v),aT)). 

Stmpllclaltty off tinplles that the restriction f: s(sh(v,K1)) + 

s(~h(f(~),T1)) ts·• PLH. Combining these three PlH, one obtains 

a PLH s(sh(v,K)) • s(sh(f(v),aT)). Since the shell of I vertex 

In the boundary of an (n+l)•sl11plex ts the boundary of an n-st-.,lex, 

the result Is proved, a 

-Theort!II (6) gives I property of PL-spheres .mlch to I certain 

extent Is what characterizes these 11110ng (PL) ball-complexes whose 

space ts I topological sphere. Sullivan (Sul MS proved the 

"Hauptvel"IIUtung• for spheres: tr I PL ball-complex has for sp,ce 

1 topological sphere and the stir of each vertex ts I PL-sphe", 

then the complex ts a PL-sphere, provided the dl11enslon ts not 4. 

The 4-df•nstonal case his not been settled yet, as far as I know. 

Recall that the 2!!.l!!. of I complex K ts the poset whose __,," 

are the non-zero cells of K, plus a new l!. tleaent, wtth the order: 

pcq tff qcp. As the polar of I polytopt boundary ts order hoaorphtc 

to I polytope boundary, one ts •ttvated to study the polar of 1 
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tope boundary 1s 1n abstraction of polytopes within oriented 111at­

rolds. There exists• lope whose polar Is not Isomorphic to any 

tope, so the two abstractions give rise to distinct classes 

of c0111Plexes (KuJ. 

However, the polar of I tope ts a Pl-sphere, by virtue of: 

8. THEOREM: The polar of a Pl-sphere ts I Pl-sphere. 

PROOF: The Idea Is that I complex and Its polar have the same 

• 
derived. let K be a PL-sphere, and fix a derived K. 

If p,K, st(p,K)• Is a subcomplex of K•, even though st(p,K) ts 
. . . * 

not I subc0111plex of K. For each pcK, let WP• p.st(p,K) , which 
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ts also a subcomplex of K•. By Theorem (6), st(p,K) ts a PL-sphere, 

• hence so ts st(p,K) • lt follows that each WP ts I PL-ball. lt 

ts routine now to verify that W • ls(Wp)I p,K) ts I ball complex, 

the 11ap pt-+ s(WP) ts an order homorphis111 from the polar of p to 

W, and that s(W) • s(K•). Since s(K•) ts• polyhedral sphere, 

by Theorem (3), that ts 111 that ts needed to prove the theorea. U 

The previously inentioned complexes due to E<hl1rds CEdJ and 

Cannon CCanl art stmpllcl1l COIIIPlexes whose space ts I topologtc1l 

sphere but such that the shells of some vertices are not sl111ply 

connected. The polar of one such comple11 1s not order hOIIOrphlc 

to any bill coq,lex, 
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5.IV 

rroa now to the end of this section, l Is a PL ball•coaplea 

and v Is a vertex or l. A star-neighbourhood of v In K Is a polyhedron 

O,.s(K) satisfying: 

(a) For every · pcK, Dnint(p)•t iff ~p , 

(b) For every l)(St(v,K)-lvl • Dnp and Dnap are polyhedral balls. 

d(p) • d(Dnp) • d(Dnap)t I • 

9. PROPOSITION: let h:s(K•)•s(K) be I PLH as In Theoret1 (3). Then 

0 • h(s(v,sh(v,K"))) is I star neighbourhood of v In K. 

PROOF: Fr011 the properties or h listed In (3) we deduce (1), 

Property (b) follows fnlll the facts: 

Onp • h(s(v,sh(v,fpl'))) , 

Dnap • h(s(v,sh(v,atpl.))) 

Since atpl" Is I PL (k-1)-sphere, where k • d(p), It follows froa 

Theorem (6) that sh(v,a[pJ•) Is I Pl (k-2)-sphere. Thus, v,sh(v,a[pJ9) is 

PL (k·l)•b111, 1nd v,sh(v,Cpl'J • v.(p.sh(v,a[pJ•)l Is a Pl k•nll, by 

Proposition (2). O 

For e1ch p ~ st(v,K)-(v} , let tp denote the closure a(Dnp)-(Dn~p); 

It Is I polyhedr1l ball, by (111.11), and Its Interior Is tpnlnt(p). Let 

Ko• . (tp I p,st(v,K)) • 

10. PROPOSITION: KD Is a PL b111-coq,1ex, and p,,tp Is an order ls0110rphlsa 

st(v,K)·Ko. Also T(K,D) • Kou{Dnp I !)(St(v,K)) fs I PL 11111 

COIIIIJlex with space 0, and order ls01110rphlc to •·Ko• 

PROOF: the order lsQa)rphlSII v.K0+T(l,D) Is 91ven by p,..,..Dnp, s,-tp• 

for each pcSt(v,K). Yertflcatfon of the anerttons Is routine. D 
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5.IY 

In p1rtfcul1r. it follows from (10) Utat any two star neighbour• 

hoods D. D' of, tn K •~ PLH. In fact, one can prove that there exists 1 

self PLH of K th1t ffxes 111 cells of K setwfse, and throws D onto D'. 

Hence, 111 star neighbourhoods are as described tn Proposttfon (9) . 

11. PROPOSITION: If K ls ·• Pl n•sphere,·K0 ts a Pl (n•l)·sphere. If 

l ts I Pl n-ball and v,aK. then Ko ts I Pl (n-1)-ball. 

PROOF: Just c•tne (10) 1nd (7. )_. a 
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V) SEHILATTICES ANO PULLING 

In spite of the strong Nl1ttonshtp between the concepts of 

star, shell and link, we have no analogue to Theoren (IV.6) for 

shells or links with the same scope. For sl111pltct1l complexes, 

stars and links are the same up to order tsomorphls•, so Th~rea 

(IV.6) gives Information about links In sl111pllcf1l Pl-spheres. 

I hive no Idea about how links appear fn general PL-sphel"es; In 

· fact, even 11nks In Pl-sphere~ which are polyhedral coq,le11es are 

elusive. 
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In contrast, shells behave •uch better, as long as one f111p0ses 

1 little restriction on the class of Cl)lll!llexes being considered. 

The restriction, presented below, Is not too strong, and allows for 

a nice development of •pulling•, 

A c011111lex Is called I semllattlce ff the Intersection of any 

two cells ts a cell. tn this cne, [pnql • [p]ll{q], 

A complex K ts said to be locally semflattlce at• cell p 

If for every q•sh(p,K},n{r,Klpuct:r) ts a cell of l. We denote 

that cell as pvq; If l Is I lattice under Inclusion, pvq ts Jint 

the lattice join or p and q, 

It ts clear th1t a seatlatttce ts locally seaflatttce at e1cll 

cell. The COflverse ts also true, but wt11 not be needed. 


	316626 capa a 69.pdf
	316626 capa a 58.pdf
	316626 capa a 18.pdf
	316626 capa a 4.pdf
	Fichário1.pdf
	316626 PRIMEIRA CAPA.pdf
	316626 CAPA E iii.pdf
	316626 ii,iv,v,vi,vii,viii,x,xi,1,2,3,4.pdf

	316626 vii,ix.pdf

	316626 5,6,7,8,9,10,11,12,15,16,17.pdf
	316626 13.pdf
	316626 14,18.pdf

	316626 19 a 58.pdf
	316626 19,20,21,22,23,24,25.pdf
	316626 26,27,28,29,30.pdf
	316626 31 a 58 completo.pdf


	316626 59 a 69.pdf
	316626 59,60,61,62,67,68,69.pdf
	316626 63,64,65,66.pdf


	316626 70 a 109.pdf
	316626 70,74.pdf
	316626 71,72,78,84,93.pdf
	316626 73,75,76,77,79,80,81,82,83,85,86,87,88,89,90,91,92,95.pdf
	316626 94.pdf
	316626 96.pdf
	316626 98.pdf
	316626 97 e 99 a 109 completo.pdf

	316626 110 a 158.pdf
	316626 110,111,120,130,141,142,143,144,146.pdf
	316626 112 a 115,117,118,119,121 a 125,127,128.pdf
	316626 116,126,134.pdf
	316626 129,131,132,133,135,136,137.pdf
	316626 138,149,150.pdf
	316626 139,140,145,147,148,151 a 158 completo.pdf

	316626 159 a 170 completo.pdf



