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Summnary

The Bayes estimator of the number of classes in a population is considered. Attention
is restricted to the case where all classes are equiprobable. An exact expression is obtained
for the posterior mode under a noninformative prior. Large sample properties of the
posterior mean and higher moments of the posterior distribution are investigated. The
strongest results are the convergenee of the Bayes estimator and the convergence of the
posterior variance to zero.

1. Introduction

A random sample of size n is taken from a multinomial distribution with an unknown
but finite number of classes, N. The main object is to estimate N. Practical situations
related to the estimation of N are reported in Goodman (1949), Efron and Thisted (1976),
Holst (1981) and Esty (1985, 1986). Given N classcs, we consider that they are indexed
by 1,...,N. Let p; be the probability that any observation belongs to the j-th class and
X; the munber of elements of the j-th class observed in the sample, j = 1,..., N. Clearly
z;\i_, pj = 1. Then, (X;,...,Xy) is multinomially distributed with parameters n and
P1y-- PN, that is,

N
n! o
PlXy=x,...,Xn = :I.‘N] = —5 Hl)},
n;:l‘TJ' i=1 ’

where x; € {0,1,...,n}, 7 = 1,...,N and Z;le,- = n. Let N, be the number of
classes that occur r times in the saple, that is, N, = Zf’zl Iix;=r)y v = 1,...,n. Thus,

S PNy = noand T, = Z:-l=1 N, is the number of distinct classes observed in the

reT
sample, with T, = 1,2,...,min{n, N}. Now, for all n; € {0,1,...,n}, 1 £ j < n, such
that 3°0_ rn, =n, i, n, =t and observing that X; = z; if and only if the j-th class
occurs exactly #; times in the sample, it follows that the event

(N|:~7,|\"'1Nll:7’1l)= U (‘\rl:mls--'w\/N::rN)» (1)
Thyes TN

where the union in (1) extends to all xj, 1 < 7 < N, such that ny of the = are equal to 1,
ng of the aj are equal to 2, .., ny, of the r; are equal to n and N ¢ of the z; are equal
to zero. Thus,

PNy =ny,...,Ny=my|N)= Y P(Xy=um,...,Xn =2n)

TrieaIN
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i€A,  jEA: k€AY €A,

where the summation in (2) is extended over all disjoint subsets 4,,..., A4, of {1,..., N}
such that A; has n; elements, 4, has ng, ..., A, has n, elements. Suppose now that the
classes arc equiprobuble, that is, py = p, = ... = py = 1/N. Then, it follows from (2)
that

N! n!

Ply,...,u,|N) = (N OV [T, i

for all ny,...,n, € {0,1,...,n} such that 3", rn, = n and ¥r_, n, = t, which implies
that "
P(T,.:t]N):Z P(ny,...,n,|N)

N! (+) n!
- > T e @)
(N —t)IN» =, nel(r)ne
t=1,...,min{n, N}, where Z(') extends over all integer and nonnegative solutions of

: " .
the equations 370, rn, =n and 32"_ n, = t. Thus, we may writte

P(T, = {]N) = —2

!
= N - DN S(n,t),

t =1,...,min{n, N}, where S(n,t) are Stirling numbers of the second kind (see Char-
alambides and Singly, pg 2540, 2.27).
2. The posterior distribution
Forallt e N* ={1,2,...} such that 1 < ¢ < n let

k!

K(k) = m,

keN*, k>t (4)

7 be a probability function for N and

Arp={r €Nz 2>t and =(z)> 0}
Notice that K(k) is the kernell of the likelihood (3), that is, the smallest value of the
likelihood function that depends on the value of N. For all t € A'* and k € Ag g, the

posterior probability function of N is given by

1 = 1) = KO0
n(k|T, =t) = Y K(k)r(k)
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klz(k)

= C(n,t)m, (5)

where
= kin(k
11. t = [Z( ( '),C"

Some comments are now in order. First notice that

o Mk=1)..(k=t+1)
(k_t)!kn - kn —<— 1’ (6)

which implies that
S kln(k)
Z( lkn hand Z (k

Thus, 0 < C(n,t) < oo and 7(.|T, = t) is well defined. Moreover, it is difficult to define
a workable conjugate class of distributions for this problem since, for some sample points,
the sum of the likelihood over all possible values of N diverges. If an improper prior is
considered for N, that is, 7 does not define a probability measure in A*, then [C(n,t)7!
converges if and only if 1 <t < n -2, that is, n(.[T, =) is not defined for t = n — 1 and
t = 2. For the case where it is well defined, the theorem that follows provides an explicit
expression for the mode of the posterior prohability function (5).

Theorem 2.1. Consider the improper uniform prior n(k) =1, k € N* and t € N* such
that 1 <t < n -2, withn > 3. Hence, the mode, k, of the posterior probability function
(5) i3 unique and given by

i= 1, if t=1
Ttk =1, f l1<t<n-2,

where

ke =min{k € N*; (t+k=1)" <k(t+k)"'). (M)

Proof. If t =1, then
k—u+1

S
k € N*. Therefore, k = 1. On the other hand, if 1 < ¢ < n -2, then

”(leu =1)=

k!
(k—0)1k"
w(MTy = ) = e —,
Ek t (k=t)ikn

k> t, which implies that

7T(k + llTn = t) _ t -1 n
(KT, =t) (1 k+1) (1= k+l) '



k> t. Let’s now consider the function
gle) = (1 —tx)7 (1 - 2)",
for all x € [0,1/t). Notice that the function g(.) is such that, for all k > ¢,

1 (k41T =)

k+ 1) T ow(k|T. =1t) (®)

9
Morcover, its first derivative is such that
g'(@)=(—n+n - Dte)(1 —tz)"2(1 — )"},

for all z € (0,1/t). Hence,

() <=z < not
oM re< T .
I (n-1¢'
(2) = 0 = not
g(x)= =
v (n—1)t
and
"2) > 0= x>
g (n—1)t’

which implies that g(.) is a monotone decreasing function in the interval [0, (n—1t)/(n—1)t]
and monotone increasing in the interval [(n =t)/(n = 1)¢t,1/t). Thus, since g(0) = 1, g(.)
is continuous in the interval (0,1/t) and

lim  g(x) = oo,
1/t~

it follows that there exists a nnique point, z,, in the open interval (0,¢7!') such that
9(zo) = 1, g(z) < 1, for all z € (0,2,) and g(z) > 1, for all = € (z,,t~!). We note now
that the root z, is not of the form z, = 1/k, k € A™*. Indecd, if £, = 1/k for some k € N'*,

then k > t and
t 1

(1-p7a=-pr=1

@
~
o] —
—

Il

is equivalent to
n—1 _1yn+1
> (7-1)(—1)"‘%"“‘ oz = ET

=1 M
Note that the left hand side of this equation is an integer. However, the right hand side can
not be an integer. Thus, z, # 1/k and we can conclude that there is an integer k, € N
such that ¢(1/(t + k)) > 1, for all k < k, (k € N™*) and g(1/(t + k) < 1, for all k > k,
(k € N*). This implies that

1
ko =min{k € N';g(m) <1}



= min{k € N*;(t + k- 1)" < k(t + k)" '}
= kl‘

Now, from (9), we note that
7I’(t + ke ~ 1|Tn = t) > W(t + kq —2|T" = t) >0 2> "(t|Tn = t)

and
m(t 4+ ke — 1T, =t) > a(t + kT, = t) > a(t -+ ke + 1T, = 8) >

Thus, k = t 4 k; — 1 is the unique mode of the posterior probability function (5). This
concludes the proof.

A similar argument can be used to show that the maximum likelihood estimator of k,
that is, the value of & that maximizes the likelihood (3), is given by

» 0o ift=n
“’*{f+k,~1 it <, ©)

where k; is as given in (7). Notice that IEM is defined for all values of t. Moreover, it is
very simple to implement computer programs in any language, which can be used to find
ke given by (7).

3. Posterior Moments

In this section, we study the case wlhere the prior 7 is proper and has finite r-th
moment, r € A*. Condition () then implies, for all ¢ € N'* such that 1 <t < n and
Ar # 0, that the r-th moment of the posterior probability function is finite and given by

M.(n,t) = E[N"|T, =t

= kiw(k)
(n, 1) Z(k Jen—r

_ C(n,t)
T Cn—rt)

In particular, if the first moment of 7(k) is finite, it follows for all t € A* such that
1 <t<nand Ay # 0 that the Bayes estimator of N with repect to the squared error
loss is given by

C(n,t)

E(n,t) = A'[](?I.,f) = m (](])

Before discussing some properties of the posterior moments, we present an example with
a Poisson prior distribution.
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Example 3.1. In this example, we consider the case where the prior probability distribu-
tion for N is Poisson with parameter A, namely,

e~k
kK

(k) =
k=0,1,.... Thus, it follows from (10) that the Bayes estimator of N is given by

o0 k
ket (T_,—?.k—-- _ E[(X - t)~nt1)
Clowdye B+

t=1,...,n, where X is a random variable with Poisson distribution with parameter A.
Table 1 presents the values of the Bayes estimator for A = 20 and n = 10 and n = 15
and several values of ¢. In parenthesis we present the MLE kas which follows from (9) and
coincides with the Bayes estimator if ¢t < n — 1 and (k) = 1, for all k.

E(n,t) = (11)

Table 1. BE (and MLE) of N for Poisson prior with A = 20

t n=10 n=15

1 1.0450 (1) 1.0006 (1)

3 10.2049 (3) 3.5704 (3)

5 15.2625 (5) 8.9280 (5)

9 21.5481 (42) 17.5215 (12)
10 22.90.85 (o0) 19.1690 (16)
14 - 25.0023 (100)
15 - 26.3430 (o0)

Note that the influence of the prior is stronger when the data is less informative, that is,
when ¢ is large.

4. Some properties of the posterior moments

In this section we restrict attention to proper prior distributions with finite r-th mo-
ment. For all n > 2 and r € N*, recall that the moments of order r (r fixed), namely,
M. (n,t), of the posterior probability function is a funciton of (n,t), where t € N*,
1 <t <nand Az # ¢. The next result shows that the r-th posterior moment of N
is a nonincreasing function of n, for fixed ¢.

Proposition 4.1. For all prior probability function = of N with finite r-th moment (r €
N*), for alln > 2 and for allt € N*, such that 1 <t < n and Ar # 8, we have that

M (n,t) 2 M.(n + 1,1). (12)
Equality holds in (12) if the posterior probability function, in (5) is degenerated.
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Proof. Forallt € A* suchi that 1 <t < nand Ap ¢ # 0, consider the function 1(.) defined
in N* by

Since the function h(.) when restricted to the set Ay ¢ is decreasing, it follows (Lelimann,
1966) that

EINTW(N)|T,, = t] < E[N"|T, = QE[W(N)|T;, = 1) (13)
Moreover,
S = kr(k)
E(b(N)|T, = t] = C(n,1) kZ =T
C(n,t)
_ ) 14
Cn+1,t) (14)
and
= kka(k
E[NTIL(N)|T, =t] = C(n,t Z T 'k"'“
k=t
C(n,t) C(n,t)
= = AT T, + 1,t). 15
C(n+l,t)E[N Ty =t = C(n+1, t) f(n+ 1) (15)
Thus, from (13), (14) and (15), it follows that
C(n,t) C(n,t)
—— i = M (1, t),
C’(n-*—l,t)ju w1, t)_C( LY (n,t)

which completes the proof.
From (12) it follows that, if » = 1 then,
E(n,t) > E(n + 1,t),

which implies that the Bayes estimator of N is a nonincreasing function of n for fixed t,
as would be expected. The next result shows that M,(n,t) is a nondecreasing function of
t, for fixed n.

Proposition 4.2. Let 7 be a prior probability function of N with finite (r+1)-th moment
(r e N*). Foralln >2and allt € N* such that 1 <t < n—1and Ax¢ # 0, if
(. |T, = t), then

M (n,t) < M.(n,t+ 1) (16)
Equality in (16) holds if n(.|T,, = t) ts degenerate at any point but t.

Proof. Forall t € N* such that 1 <t <n -1, Ay # 0 and 7(.[T,, = t) not degenerate
at the point ¢, we have
> Erklw(k) Cln,t)

E[N"(N = t)|T, = t] = C(n,t) Y GO = Oin, t+1)]\1 mt4+1)  (17)
k=t4+1




and
SN — T = 1] = Cln Z°° Ka(k)  C(n,t)
I =T, =1 = O ’t)k=l+l (k—t—1lk" ~ C(n,t+1) (18)

Thus, (17) and (18) imply that

C(n,t
St ot 1) < )

= E[N"(N = O[T, = 1) = EIN — t|T, = (E[N"|T;, = 1
= E[N"*!|T, = t] - E[N|T}, = t|E[N"|T,, = |
=Cou[N,N"|T}, = 1] > 0
(see Lehmann, 1966), which coneludes the proof.

In particular, if » = 1, then
E(n,t) < E(n,t + 1),
is & nondecreasing function of ¢, for fixed n, which also should be expected.
We discuss now two asymptotic properties related to the sequence of posterior mo-

ments. The first states that the sequence M, (n,t) is convergent and stablishes its limit.
The second is related to the convergence of the posterior variance,

Theorem 4.1. For any prior distribution 7 of N, for all vt € N* such that Ane # 9,
the sequence {A[,.(l).,t)},,z,*,. converges. Morcover,

lim M, (n,t) =m",

where m = mind, .

Proof. If n(.[T}, = t) is degencrate for n = ¢ 4 r, then M (n,t) =m" foralln 2t +r
and the result follows. If 7(.|T,, = ) is not degenerate then, for all n > ¢ + 1 we have that

oo k" kim(k
M.(n,t) = ;ﬂﬂ'&l’_

Zg’" J'_"gﬁ

(k=0

~ mr (m-o! ZT-’_—_,"+] (_k!_zr“_’)_(_rﬂ)n

min(m) k—lﬁk" k

(m—1)! Kr(k) cmyy,
1+ et Zz‘;m+l i (T)

min(m) {(k~1t)!

Notice that, for n >t 4 r,

— kla(k)  mo, g, > Ela(k) m .4,
2 TENIEAYY =mtr > =i %)

k=m 41 k=m+1



o (e 8]

<mitr 3 n(k)(” yrt- f<m‘+r(m+l)"“"’ > w(k)

k=m+1 k=m+1

< 1”l+r( )n t—r __ ('“+ I)H—r( )u — 0’

m -+ 1
as n — 0. Similarly, for n > t 7,

my, - m net
Z (k —t lLt )

k= m+1 k=m+1
m = m
< ¢ n—{ k 1 t n 0,
<m(om) k:’r:."( )< O+ D) ()" =

as n — 0o, which proves the result.
The convergence of the Bayes risk to zero is considered next.

Theorem 4.2. For any prior n of N and for all t € N* such that A # §, the sequence
{Var|N|T,, = t]}u>e42 converges and

lim Var[N|T,, =t]=0. (19)

Proof. From Theorem 4.1 it follows that the scquences {My(n,t)}up ez and
{Mi(n,1)}u>e41 are convergent and

My(ne, t) — m?* and My(n,t) = Efn, t] — m,
as n — oo, where m = mind, . Thus,
Var[N|T, = t] = My(n,t) — (Mi(n, t))* > m* —m* =0,
as 1 — 00, as was to be proved.

Since

Var[N] = Var{E|N|n,t]} + E{Vur[N|n,t}}, (20)
it follows from (19) above that as n increasis (and so thus the sample information) the
predictive (marginal) variance of N also increasis. Note that the Bayes estimator would
be perfect if E[N|n,t)(= E(n,t)) is equal to N, so that, from (20), the maxinuumn variance
would have been attained.
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