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Summary 

The Uaycs estimator of I.he 1111111ber of classes in a popnlat.ion is considere<L Attention 

is !'t'stride<l to tlH' case whew all classes are cq11iprolmblt'. Au exact expression is ohtained 

for the posterior mode under a nouiuformative prior. Large sample properties of the 

posterior mean and higher momrnts of the posterior distribution arc investigated. The 
strongest. results are the convergew·c of tlH' Oayes estimator all(\ I.he convergence of the 

posterior variance to z<•ro. 

1. Introduction 

A rnudom sample of size n is tak<•n from a multi110111ial distrilJ11tion with an unknown 

lint finite 1111mbcr of classes, N. The mai11 object is to estimate N. Practical situations 

relal.!'d to th<' cstimat.ion of Narc reported i11 Goo<lmau (1949), Efron a11d Thisted (1976), 

Holst. ( 1981) and Esty ( 1985, 1986). Given N classes, we co11si<lcr that, they arc indexed 

by 1, ... , N. Ld ]lj lie the prolmhilit.y that any obscrvatio11 belongs to t.lH, j-th class and 

Xj the number of d1'111P11ts of the j-th cla.ss observed in the sample, j = 1, ... , N. Clearly 

I:f=l 11; = 1. Then, (X1, ... , X N) is mnltinomially distributed with parameters II and 

]>1, ••. ,J1N, that, is, 

I N 
71. TI x; 

nN .J l'j, j=I x,. i=I 

wlierc :rj E {0,1, ... ,n}, j = 1, ... ,N and I:f=1x; = n. Let N,. he the munher of 

classes that. occur 1· t.im<·s in the sampl<,, I.hat. is, Nr = I:f=t I(,"(;=r), 1· = 1, ... , n. Thus, 

I::•~, ,·N,. = n all(\ 7~, = I::'=1 N,. is t.lu, 11umhcr of disti11ct classes observed in the 

sample, with Tn = 1, 2, ... , min{n, N}. Now, for all n; E {O, 1, ... , n}, 1 :S j :S n, such 

that, 'I:~=I n1,. = n, I::'=1 !Ir= t and observing that Xj = x 1 if a)l(l only if the j-th class 

occ11rs exart.ly :ri tinH·s i11 t.lw sa111pl1•, it follows that the Pv<·nt 

(1) 

when· tlw 1111ion in ( 1) extends to all :r j, 1 ~ j ~ N, s11ch that 111 of the :r; are equal to 1, 
112 of tlu~ :rj an• l'((llal 1.o 2, ... , 11 11 of t.Iu, :rj an· eq11al to 11 and N - f of tlw :r1 an~ equal 

to z<·ro. Tl111s, 



(2) 

where the s11111111,d,io11 in (2) is extended over all disjoint s11bsctH A1, ... , A,. of {I, ... , N} 
such that A1 has 11 1 clc11wnts, A2 has n 2, ... , A,. has n,. elements. S11pp0He now that the 
classes arc eq11iprnbable, that is, Jlt = p2 = ... = JlN = 1/N. Thc11, it follows from (2) 
that 

N! 11! 
I'(1ti' · · · '1t,.IN) = (N - t)!N" fI~

1 
nr!(d)"•' 

for all 711, ... , 11,. E {O, 1, ... , n} such that E~=I rnr = 71 and E~=I llr = t, which implies 
that 

'\'(•l 
I'(T,. = tlN) = ~ P(111, ... , 11,. IN) 

(3) 

t = 1, ... , mi71{11, N}, where E(•l cxtcwb over all integer and nonnegative sol11tio11s of 
the equations E;'.= 1 rnr = n and E~=l nr = t. Thus, we may writte 

P(1~. = tlN) = (N ~~!N" S(11, t), 

t = l, ... ,111i11{11,N}, wlwrc S(11,t) are Stirling 11umbers of the second kiud (sec Char­
alambides and Si11gh, pg 2540, 2.27). 

2. The posterior distribution 

For all t EN•= {1,2, ... } Huch that 1:5t:571 kt 

- k! /\(k) ---- '· EN•, k >_ t, = ('' )''' , " " - t ·"" 

7f be a probability fu11ctiu11 for N and 

Arr,t = {x E N•;x 2 t and 7r(x) > O}. 

(4) 

Notice that K( k) is the kemell of the likelihood (3), that is, the smallest value of the 
likelihood functiou that depends 011 the value of N. For all t E N• and I.; E Arr,t, the 
posterior probability fuuction of N is given hy 

, J{(k)rr(k) 
rr(klT,. = t) = L~t K(k)7r(k) 
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k!rr(k) 
= C(n, t) (k - t)!k", 

~ k!rr(k) _1 
C(n,t)=[L.,(k-t)!k"J . 

k=t 

Sonw comments are now in orcl<'r. First notice that 

k! = k( k - 1) ... ( k - t + 1) < l, 
(k-t)!l. 11 k11 

-

which implies that 
00 k!ir(k) 

00 

~ (k _ t)!k" S ~ ir(k) S 1. 

(5) 

(G) 

Tims, Cl < C(11, t) < oo and rr(.17',. = t) is wdl clefiuecl. Moreover, it. is difficult to define 

a workahl<! conjugate class of clistributious for this problem since, for some sample points, 

the sum of the likelihood over all possible values of N diverges. If an improper prior is 

considere<l for N, that is, rr clocs uot dl'fill<' a probability measure in N•, then [C(n, t)J- 1 

convnges if and only if 1 S t S n - 2, that is, ir(.IT,. = t) is not definecl fort= n - l and 

t = 11. For the case where it is well defiuecl, the theorem that, follow,; provides an cxplidt 

<'X)lr<"ssi011 for t.hc n10d<: of the posfrrior probability function (5). 

Theorem 2.1. Con.,ider the improper nniform prior rr(k) = 1, k EN• and t EN• 3uch 

that 1 S t :s; n - 2, with 11 ~ 3. llcncc, the mode, k, of the po.,terior probability function 

( 5} i., unique and _qi11cn by 

X- _ { 1, if t = 1 
. - t + 1.:t - l, if 1 < t :s; n - 2, 

l.:1 = min{k EN*; (t + k - 1)" < k(t + k) 11
-

1 
). (7) 

Proof. If f = 1, t.lirn 
k-n+I 

ir(tlT11 =f)= 00 , 
~ k-n+I 
L..k=I 

I.: E N•. Therefor<', k = 1. On t.11<' otll('r hand, if 1 < t :s; n - 2, th<•11 

k ~ t, which impli<•s that 

rr(k + llT,. = t) = (l __ t_)-t (1 __ l_)", 
1r(kjT11 =t) 1.:+l k+l 
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k 2:'. t. Let's 110w co1rnider the fu11ctio11 

for all x E [O, 1/t). Notice that the fu11ctiou g(.) is such that, for all k 2:'. t, 

g(-1-) = 1r(k + ljT,. = t)_ 
k + 1 1r(kjT,. = t) 

Moreover, its first derivative is s11ch that 

g'(x) = (t -11 + (11 - l)tx)(l - tx)-2 (1 - x)"- 1
, 

for all x E (0, 1/t). Hence, 

and 

11 - t 
g1(x) < () {==> X < ---; 

(n - l)t 

11 - t 
g1

( X) = () ¢=:? X = --­
(n - 1 )t 

11 - t 
g'(x) > O <==> x > (n - l)t' 

(8) 

which implies that g(.) is a mo11oto11e clt-t:rcasi11g fu11ction in the interval [O, (11 - t)/( 11- l )t] 
and monotone increasing in the interval [(n - t)/(11 -1)1, 1/t). Thus, since g(O) = 1, g(.) 
is continuous in the interval (0, 1/t) ancl 

li111 g(x) = oo, 
x-1/1-

it follows that there exists a 1111iq11e point, x 0 , in the ope11 interval (0, t- 1) s11ch that 
g(xo) = 1, g(x) < 1, for all x E (O,x 0 ) all(! g(x) > 1, for all x E (x 0 ,t-1

). We note now 
that the root x 0 is not of the form x 0 = 1/ k, k E }/•. Indeed, if :c 0 = 1/ k for some k E .Iv*, 
then k > t a11d 

1 t 1 
g(-) = (1- -)- 1 (1 - -)" = 1 

k k k 
is eq11ivalent to 

n-1 ( ) ( 1)"+1 ~ 1'. (-1)"-j 1.:J-l + 1.:11-21 = - k 
1=1 J 

Note that the left hand sid<! of this ecpiatiou is an integer. However, the right lwud side can 
not Le an integer. Tims, x 0 =j, 1/k and we can conclude that there is an integer ko E .Iv* 
such that g(l/(t + k)) > 1, for all k < k0 (k E .Iv*) and g(l/(t + k)) < 1, for all k 2:: ko 
(k E .Iv*). This implies that 

k = 111i11{k E /v*· g(-
1
-) < 1} 

D ' k+t 
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= min{k E N•;(t + k-1)" < k(t + k)"- 1
} 

= k,. 

Now, from (!>), we IH;tc that 

1r(t + k1 - 11r .. = t) > 1r(t + k1 - 21r .. = t) > ... > 1r(t!T .. = t) 

and 

1r(t + kt - 1l1~, = t) > 1r(t + k,11~, = t) > 1r(t + k, + 1l1~, = t) > .... 

Tims, k- =- t + k1 - 1 is the 11niqtH' mode of tlw posterior prohabilit,y function (5). This 

roncl 11cl<'s the proof. 

A similar argummt can he 11sed to show that the maximum likelihood estimator of k, 

that is, UH• val11e of k that maximi;,:es tllC' likclihoocl (3), is given by 

• { 00 
kM = t + k1 - 1 

if t = II 

if f < 11, 
(!>) 

where kt is as given in (7). Notice that kM is defined for all values oft. Moreover, it is 

very simple t.o impl<'ment computer programs in any lang11agc, which can be used to find 

k, given by (7). 

3. Posterior Moments 

In t,his section, we study the ca.~e where the prior ir is proper ancl has finite r-th 

moment, r E N•. Condition (G) then implies, for all t E N• sud1 that 1 $ t $ n and 
Air,t f- 0, that the ,·-th moment of tlw posterior prohabilit,y function is finite and given by 

Mr(n,f) = E[Nrl1~, = t] 

00 k!ir(k) 
= C(n, t) L (k - t)!kn-r 

k=t 

_ C(n, t) 
- C(n - ,·,t)" 

Ill partirnlar, if th(~ first. moment. of ir( k) is finite), it follows for nil t E N• sud1 that 

1 $ t $ 11 and Air,t -f 0 that the Ilay<'s Pstimat.or of N with repecl to the squared error 
loss is giv(•n by 

C(n, t) 
E(11,t) = M1(11,t) = C( ) 

II - 1, f 
(10) 

Defore discussing some propcrtiPs of tllP post.Prior monH'nl.s, we present an example with 
a Poisson prior distribution. 
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Example 3. 1 . 111 this example, we co11sicli,r tl1e case where the prior probability clistrilm­
tion for N is Poisso11 with parameter >., namely, 

1r(k) = e-A >,k 

k! ' 

k = 0, 1, .... Tlnrn, it follows from (10) that the Bayes estimator of N is givc11 by 

- E((X + t)-11+1] 
- E((X + t)- 11 ] ' 

(11) 

t = 1, ... , 11, where X is a raudom variable with Poisson distrib11tion with parameter>.. 
Table 1 presents the val11es of the Bayes estimator for >. = 20 and n = 10 and 11 = 15 
and several values oft. In pareuthcsis we present the MLE hr which follows from (9) and 
coincides with the Bayes estimator if t < 11 - 1 a11d 1r(k) = 1, for all k. 

Table 1. BE (and MLE) of N for Poisson prior with >. = 20 

t 71 = 10 71 = 15 
1 1.0450 (1) 1.0006 ( 1) 
3 10.2049 (3) 3.5704 (3) 
5 15.2625 (5) 8.9280 (5) 
9 21.5481 ( 42) 17.5215 {12) 
10 22.90.85 ( oo) 1!) .1690 ( 16) 
14 25.0023 (100) 
15 26.3430 ( oo) 

Note that the iuf111c11cc of tl1c prior is stronger whc11 the data is less iufonnative, that is, 
when t is large. 

4. Some properties of the posterior moments 

In this scctiou w,, restrict attention to proper prior distributions with fi11itc r-th mo­
ment. For all n ~ 2 and r E JI/•, recall that the moments of order r (r fixed), namely, 
Mr(n, t), of tlH' posterior prohahility function is a funcitou of ( 11, t ), where t E JI/*, 
1 $ t $ 11 and Arr,t /= </J. The uext n,sult shows that the r-th posterior rnomc11t of N 
is a nonincrcasiug fnuctio11 of 11, for fixed t. 

Proposition 4.1. For all prior probability function 7r of N with finite r-th moment (r E 
JI/•}, for all 11 ~ 2 and for all t E JI/•, .11tch that 1 $ t $ 11 and Arr,t /= 0, we have that 

1\11.(11,t) ~ 1\1,.(11 + l,t). ( 12) 

Equality hold3 in ( 12) if the ]I03terior probability function, in { 5} j3 degenerated. 
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Proof. For all t EN• such th a t 1 $ t $ 11 and A1r,r / 0, corasid(:r the function Ir(.) defined 
in N• liy 

{ 
O if k < t 

li(k) = f if k :2 t . 

Since tlac fnuction Ir(.) wlwn rcstricll:d to lite set A",' is decreasing, it follows (Lelnnann, 
HJGG) that 

E(Nr/r(N)l1;, = t] $ E[N"IT,. = t]E[/r(N)IT,. = t]. 
l'vlon!ovcr, 

• , 
00 

k!ir(k) 
E[/r(N JIT,. = t] = C(11 1 t) L (k _ t}!J.:n+I 

k=I 

C(11,t) 
C(n+l,t) 

and 
r ~ k'k!ir(k) 

E(N h(N)IT,. = t] = C(11, t) ~ (k _ t)!J.:n+l 
k=I 

C(11,t) E[ ,.
1 

] C(n,t) 'f( ) = C( ) N T,. + 1 = t = C( l ) 11 · r 71 + 1, t . 11+1,t n+ ,t 

Tims, from (13), (14) a1Hl (15), it follows that 

C(11 1 t) C(11 1 t) 

C( ) Mr(11+l,t)$C( 1 )Mr(11 , t) , 
fl + 1, t fl + 1 t 

which completes the proof. 

From (12) it follows tlmt , if 1· = 1 tlwn, 

E(11, t) ~ E(11 + 1, t), 

{13) 

(14) 

(15) 

which implies that the Dayes estimator of N is a noninncasing function of II for fixed t, 
as would he expected. The next result shows that Mr(11 1 t) is a 11omlecreasiug function of 
t, for fixccl 11. 

Proposition 4.2. Let ,r be a prior probability f1mcti,m of N with Jinite (1· + 1)-th moment 
{1· E N• ). For all 11 ~ 2 and all t E JI• .meh that 1 $ t $ 11 - 1 and 11.,,1 f- 0, if 
ir(. IT,. == t ) , thrn 

Mr(11 , t) $ M,.(11,t + 1). ( JG) 

Equality in {16} hold3 if 1r(.jT11 = t) i,, degenerate at any point butt . 

Proof. For all t EN• such that 1 $ t $ 11 - 1, A,,.,1 =/- 0 and 1r( .IT11 = t) not degenerate 
at the point t, we have 

, . , 
00 k'k!1r(k) C(11, t) 

E(N (N-t)jT,.=t]=C(11,t) L (k-t-l)!k" == C(n,t+J/lr(11,t+l} 
k=t+I 

(17) 
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and 
~ k'1r(k) 

E[N - tlT11 = t) = C(n, t) ~ (k _ t _ l)!k" = 
k=t+I 

Tims, ( 17) mu\ ( 18) imply that 

C(n, t) 
C( t 1) 

[M,(11, t + 1) - M,(11, t)] 
11, '+ 

C(n, t) 
C(n,t+l)' 

= E[N'(N - t)l1:, = t) - E[N - tl1:, = t]E[N'l7:, = t) 
= E[N'"H 11:. = 1) - E[Nl1:, = t]E[N,.I1:, = t) 

= Co11[N, N'l7:, == t] ;::: 0 

(sec Ld1111an11, l!JGG), whirh co11cl11d,·s t.!ll' proof. 

In parl.i<'.11lar, if,.== I, t.lH'n 
E(n,t) s; E(11,t + 1), 

is a 11011d,•ncasinp; function oft, for fix,·d 11, which also should lie expected. 

(18) 

Wi, discuss now two asympt.otic properties rdatecl to the sequence of posterior mo­
ments. Tht• first statrs that the scqm·nre 1\1,(n, t) is convergent n11,I stalilislws its limit,. 
The second is n•lat.,·cl to the co11v,·rp;1·11,·,· of thf' postf'l'ior variance. 

Theorem 4.1. For nn.y prior cli.1trib1ttion 1r of N, for nll 1·,t E JI/• .,uch thnt A,,,1 f- 0, 
the .1cq11cnr.r. {l\l,.(11, t)} 11 ::,: 1+,· r.n11.11cr_qr..•. l\forc011cr, 

lim M,.(11,t) == m', 
u-oo 

where 111. == 111.inA,,,,. 

Proof. If 1r(.l1:, = t) is dcp;cm•rak fur 11 = t + ,., tlw11 M,.(n, t) = m', for all 11 ;::: t + I' 
aud tlw n·s11lt follows. If 1r(.IT11 == t) is not dq?;l'lln-af.1• t.lH'n, for all 11;::: t + 1· we have that. 

M,(n, t) == 

m•· + ~ ~oo ~(~(!!!)" 111!,r(m) L...k=m+I (k-l)!k-• k 
== -------'~-----'---'-----1 + ~ ~oo l!,r(k)("')" 

111!,r(111) L...k=m+I (k-1)! T 
Notice that., for 11 ;::: t + 1·, 
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t+r( II! )u-1-r ( )t+r·( 111 )" 0 < 1/1 -- = Ill + 1 -- -; , 
m+l m+l 

as 11 -• 0. Si111ilarly, for 11 2'. t + r, 

L
oo k!rr(k) (111) 11 1 Loo k!rr(k) (~) 11 -t 

--- - =Ill 
(k t)' k (k - t)!k 1 k 

k=m+I - ' k=m+I 

::S m'(-11_1_)"-1 f rr(k) < (111 + l)'(-11_1_)" _. 0, 
m+l m+l 

k=m+I 

as 11 -, oo, whirh proves the n'.stilt. 

The C(mvergc11c1'. of the Dayes risk to Zt'.l'O is considered next. 

Theorem 4.2. For ,my prior 71' of N and for all t EN• 311ch that Arr,t =/ 0, the 3equcnce 
{Var[NIT11 = t]},.;:: 1+2 corwergc,i and 

lim l'm·[NjT,. = t] = 0. 
n-oo 

Proof. From Theorem 4.1 it follows that the sequences {./1/2 (11,t)},.>ni all(! 
{./\.11(n,t)} 11 ;:: 1+1 are co11vcrg1int aJlCI -

aud 

as 11 -, oo, where 111 = 111i11A,,,1. Tims, 

as 11 -• oo, as was to be proved. 

Since 

1\11(11,t) = E[11,t] -• 111, 

l'11r[N] = V111·{E[Nl11,t]} + E{l'ur[Nj11,t]}, 

( 1!)) 

(20) 

it follows from (lD) above that as 11 iurn•asis (and so thus the sa111plt~ information) the 
predictive (marginal) variance of N also increasis. Nole that the Dayes estimator would 
be perfect if E(Nl11,t](= E(n,t)) is ecpml to N, so that, from (20), the maximum variance 
would have been attaiucd. 
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