RT-MAE 2010-10

MINIMAL REPAIR REDUNDANCY FOR
SIGNIATURES OF A COHERENT SYSTEMS

by

Vanderlei da Costa Bueno

Palavras-Chave: System signature, Dynamic signature, Point processes martingales,
Coherent systems.

Classificagiio AMS: 60GS55, 60PG44 .

- Dezembro de 2010 -



Minimal repair redundancy for signatures of a coherent system

Vanderlei da Costa Bueno
Institute of Mathematics and Statistics
Sao Paulo University
Cx. Postal 66.281 05389-970, Sao Paulo, Brazil

Abstract. In this paper we discuss how to maintain the swnature representation of a
 coherent system through a minimal repair redundancy.

Keywords: System signature; Dynamic system signature; Coherent systems; Point pro-
cesses martingales.

AMS Classification: 60G55 ; 60G44.

1. Introduction. The signature of a coherent system with independent and identically
distributed component lifetimes, as defined by Samanicgo (2007), is a vector whose i — th
coordinate is the probability that the i — th component failure is fatal for the system.

The key feature of system signatures that makes them broadly useful in reliability
analysis is the fact that, in the context of independent and identically distributed (i.i.d.)
absolutely continuous components lifetimes, they are distribution free measures of system
quality, depending solely on the design characteristics of the system and independent of
the behavior of the systems components .

A detailed treatment of the theory and applications of system signatures may be found
in Samaniego (2007). This reference gives detailed justification for the i.id. assumption
used in the definition of system signatures. By the way there are a host of applications in
which the i.i.d. assumption is appropriate, ranging from batteries in lighting, to wafers or
chips in a digital computer to the subsystem of spark plugs in an automobile engine.

Formally the definition is:

Let T be the lifetime of a coherent system of order n, with components lifetimes
1i,..., T, which are independent and identically distributed random variables with abso-
lutely continuous distribution F. Then the signature vector ¢ is defined as

a={ay,..,04)
where ; = P(T = Ti;)) and the {Tj;),1 <4 < n} are the order statistics of {T;,1 < i < n}.

Clearly, under such conditions, {T'=Ti3} 1< i< n}isa (P-as.) partition of the
probability space and

P(T<t)= P(T=T)P(Ty ST =Ty) = ) . aiP(Ty < t).

i=] i=1



Samaniego (1985), Kochar, et al. (1999) and Shaked and Suarez-Llorens (2003) ex-
tended the signature concept to the case where the components lifetimes T3, ..., T;,, of a
system are exchangeable (i.e. the joint distribution function, F(ty,...,ts), of (T1,...,Ty)
is the same for any permutation of ty,...,t,), an interesting and practical situation in
reliability theory.

Concerning an improvement to system reliability, in its signature representation,
through a redundancy operation of its components, and in view of the identically {ex-
changeable) distribution component lifetimes conditions, to maintain a system with its _

" 5

structural relation P(T < t) = Za;P(T(,-) < t), we choose to apply the minimal repair
redundancy. Intuitively the mini’m;l repair redundancy gives to component ¢ an additional
lifetime as it had just before the failure. Clearly, in the case of independent component
lifetimes the whole system is returned to the state it had just before the failure.
A minimal redundancy of a lifetime T produces the sum T+ 5 where S is called spare
lifetime and
P(S>UT=s)=P(T>t+s|T >5s).

If the distribution function of T is F(t) = 1 - F{(t), the resulting lifetime T + S has
the distribution function P(T + S <t)=1- P(T + S > t}, where

PT+S>t)=P(T>t)+ /t P(T +8 > t|T = s)dF(s) = F(t) - F(t) n F{¢t).
0

However in the context of system signature the approach of minimal repairs is not so
clear: What are the effects of the independent {exchangeable) component lifetimes minimal
repair in the ordered statistics and in the signatures a; itself? To answer such a question
we consider dynamics signatures, as in a recent work by Bueno {2010), in a general set
up, under a complete information level and where the dependence (exchangeability) can
be considered.

2. Dynamic system signature.

We consider, as in Bueno {2010), the system evolution on time under a complete
information level. In this fashion, if the components lifetimes are absolutely continuous
independent and identically distributed, the expected dynamic system signature enjoy the
special property that they are independent of both the distribution F and the time ¢. This
fact has significance beyond the mere simplicity and tractability of the signature vector,
reflect only characteristics of the corresponding system design and may be used as proxies
for system designs in the comparison of system performance. Also the dynamic system
signature actualizes itself under the system evolution on time recovering the dynamical
system signature in the set {T(;) < t < T(341)} N{T > t}, as in Samaniego et al. (2009)
and the original coherent system signature in the set {T{,y < t} as in Samaniego (2007).

In our general setup, we consider the vector (77, ..., T,,) of n component lifetimes which
are finite and positive random variables defined in a complete probability space (2, S, P),
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with P(T; # Tj) = 1, for all i # 5,4,7 in E = {1,...,n}, the index set of components. The
lifetimes can be dependent but simultaneous failure are ruled out.
In what follows, to simplify the notation, we assume that relations such as C,=
", %,<,# between random variables and measurable sets, respectively, always hold with
probability one, which means that the term P-a.s., is suppressed. ’

The evolution of components in time define a marked point process given through the
failure times and the corresponding marks.

We denote by T(1) < T(y) < ... < Ti,) the ordered lifetimes Ti,T,..., Ty, as they
appear in time and by X; = {j : T;) = T;} the corresponding marks. As a convention we
set Tn41) = T(n42) = .. =00 and X4y = Xpy2=...=ewhereeisa fictitious mark not
in E. Therefore the sequence (T{n), X»)n>1 defines a marked point process.

The mathematical formulation of our observations is given by a family of sub o-
algebras of G, denoted by (S¢):0, where

G = 0{1(T>J})1{T(,-)>s}:xl' =j1<j<nj€eE0<s< t})

satisfies the Dellacherie conditions of right continuity and completeness, and T is the
system lifetime

T = min maxT;,
1<j<kiek;

where Kj,1 < j < k are minimal cut sets, that is, a minimal set of components whose
joint failure causes the system fail.

Intuitively, at each time ¢ the observer knows if the events {Ty;) < ¢, X; = 7} ({T < t})
have either occurred or not and if they have, he knows exactly the value T(;) (T') and the
mark X;. We assumed that T;,1 < i < n are totally inaccessible Sy-stopping time. In
a practical sense we can think of a totally inaccessible S;-stopping time as an absolutely
continuous lifetime.

The simple marked point process Nps) ;(t) = 1{r;,,<¢,X,=3} is an S¢-submartingale and
from the Doob-Meyer decomposition we know that there exists a unique $-predictable
process (A j(t))ez0, called the i-compensator of Ni;) ;(t), with Ay ;(0) = 0 and such
that N;) ;(t) - A ;(t) is an y-martingale. Ag;) ;(t) is absolutely continuous by the totally -
inaccessibility of T;,1 <i < n.

The compensator process is expressed in terms of the conditional probability, -given
the available information and generalize the classical notion of hazards. Intuitively, this
corresponds to producing whether the failure is going to occur now, on the basis of all
observations available up to, but not including, the present.

As Ni;) ;(t) can only count on the time interval (T(;_y), T()), the corresponding com-
pensator differential dA(;) ;(t) must vanish outside this interval. To count the i — th
failure we let Niy(t) = Lim, <ty = Zjz1V),5(t) with -compensator process A (t) =
Z;>140),i(t). The ¥,-compensator of Nj(t) = 1(r;<y), corresponding to the j-th compo-
nents lifetime, is A;(t) = Ei14(),;(2)-




Follows that the S-compensator of N(t) = z E Niy;(t) is

i=l j=1

Alt)= E Z A3 (O ry <t<tism)-

i=1 j=1

which is an S;-predictable process and therefore unique ( see Bremaud (1981)).

Conveniently, we define the critical level of the component j for the i-th failure, Y 5,
as the first time from which onwards the failure of component j lead to system failure
at {T = T(;), Xi = j}. We consider the S;-compensator process (Aa{t)):>o of the point
process Ny (2) = 1{1<y), of the system lifetime T', such that Ny(t) — As(t) is an zero mean
S;-martingale with P(T < t) = E[Ny(t)] = E[As(t)]. Bueno{2010) proves the following
results:

Theorem 2.1 Under the above notation, in the set {T' > t}, the S;-compensator of
Na(t) = Lir<yy, is

Aa(t) = T4 T A 5(0) - A (Yol lmg <<t
where a*'= max{a, 0}.
Theorem 2.2 Let T be the lifetime of a coherent system of order n, with component
lifetimes T3, ..., T, which are totally inaccessible &-stopping time . Then, under the above

notation and at complete information level, we have

=1 X, 00,
P(T > T()[Se) (T $t<Tiny)

P(T <t|%) = I}, 55,

with lI‘(,l.H) =00
Remarks 2.3 i) In the case of independent and identically distributed lifetimes we have

P(T =Tiz)

P(T < f-isg) 8._1WI{T(()S1<T“+|)}'

ii} Clearly, it is not seemingly true to think the general case of dependent components
in the signatures context. However, as Navarro et all. (2008) asked, it is plausible to
analyse the case of dependent and identically distributed lifetimes ( any way, its holds true
for exchangeable distribution). In this case we have

P(T< 4S) = Shlm (Tw$t<Tuan}:

4



Clearly, in the case of exchangeability, the expression in i) is holding.

Corollary 2.4 Let T be the lifetime of a coherent system of order n, with component
lifetimes Ty, ..., T which are independent and identically distributed with continuous dis-
tribution F. Then,
P(T < 4§8) = ZL1Bil 1<t}
where
_PT=Ty) _PT=Ty-n)
P(T>Ty) P(T2Ts-)

with Tig) =0, Tia41) =0, fi 20and L 5 = 1.

Bi

Remarks 2.5 We observe that

n n :
P(T =T) = Bllir=ry)) = 3 Elgr=ro) {Xs =3} = 3 Ell vy, cmios<my] =

i=1 i=1

n n
S (Y < Ty <T)= Y Fi(T) - Fi(¥a5)-

i=1 i=1

3. Minimal repair and system signature.

It is well known that there exists a bijective relation between the space of all distri-
butions functions and the Q;-compensators space characterized by the so called Doléans
exponential equation

F(HiS) = e O J[(1+8A(s)

<t

where A°(t) is the continuous part of A(t) and AA(t) = A(t) — A°(t) is its discrete part.
Therefore, to detect the eflects of the independent (exchangeable) lifetimes component
minimal repairs in the ordered statistics and in the signatures f; itself, we are going to
consider the minimal repair operation through compensator transform, as in Bueno (2005).

3.1. The first minimal repair operation.

We are concerning with an improvement of the component lifetime T; through a trans-
formation of the Q;-compensator process A(t) of the counting process Ni(t) = 1{r,<y-
The compensator process transform is in the form

Bi(t) = /o BdAs), 1<i<n,
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where (8:(s))s0 is an ,-predictable process. Clearly, if 0 < &(s) <1, the ha'lzard process
8(s)dA;(s) is lower than the hazard process dA;(s) and we unduirstand -such‘ improvement
of the components i lifetime as a redundancy operation. The main tool in this approach is
the Girsanov Theorem which proof is in Bremaud (1981)(see A2. in Appendix).

In our particular case of minimal repair (see Bueno (2005)) the compensator transform

is in the form

Bi(t)= f Als) dAi(s) = Ai(t) - In(1 + A;(2))

o 1+ Ai(s)
in which case - o
Ly = [%]M(l)(l + Ai(t)

It is remarkable (Norros,(1986)) that the continuous components compensator pro-
cesses at its final points, A;(T;), 1< j < n, are indepéndent and identically distributed
random variables with standard exponential distribution. This holds no matter how de-
pendent the actual lifetimes are and what the history, as long as simultaneous failures are
ruled out. Therefore E[A;(T;)] =1 and we have

dQJ' _ A,(T,_)

lo=2p =

Itis well known ( Arjas et al. (1988)) that A;{t) = —In F;(t) where F;(t) = 1-F;(t) =
P(T; <IS¢) and the survival function of the component j after the compensator transform

18
-F_j(t) =e~Bilt) = e~ Ai(t)Hn(1+4;(t)) _ —F_j(t)(l _ lnF,—(t))

recovering the expression of the first Section.

At this point we can ask how the independent (exchangeable) lifetimes component
minimal repairs affects the dependent ordered statistics and the signatures ; itself.

Lemma 3.1.1 Let Ay(t) be the S,-compensator of Ni(t) = 1i7, <1y where Ty is a totally

inaccessible Oy-stopping time representing the lifetime of the component &. Under the
minimal repair transform

_ [ A(s)
Bi(t) = L mdAk(S)

the S-compensator of the i — th failure, A;)(t), under Qgx, is transformed in
By (t) = 231 By 5(2)

where B(‘),](t) = A(,)J(t) lf] ?é k and



Proof
We observe that the §;-compensator of the i — th failure is set as

Apt) =) Aw;t) = Yrg<t<Tam) 3 Awilt).

j=1 =1

Also, the component $;-compensator can be set on the form:

Aj(t) = ZA(i)i(t) = Z I(T(i)SKT(lH)}A(")i(") = Z I{T(i)SKT(iM)}Aj(t)'
i=1

i=1 =1

In the case of a minimal repair transformation of the component k, through its ;-
compensator we have

t Ak(s) n TayAt Ak(S)

dAi(s) =
b 1+ Ax(s) (s) E Ty 1+ Ax(s)
Twht Agyu(s)
O ).
jn,_,, I+ Agye(s) (els)

Bi(t) = dAx(s) =

I=1
With T(n) =0.
Therefore, the effect of the component k minimal repair compensator transform, , in
the compensator of the i — th failure is through the { — th term of the last summation.

Ba(t) X"ZB ®=1 [i Agi(t) + TN Aan(s) dAe (o]
J = )i\ = YT << Ty, i) T o %AkS) =
(i) . OF; {Tw<t<Tapn} o ()i Ton 1+ Aap(s) i)
n TiiyAt Ak(S)
Ungsicrianil 3 A+ [ = daya)
0St<Tigy) :iz;l i)j Tty 1+ A(s)

As E[Ay(Ty)) = 1, by Girsanov Theorem, under the measure %ﬁi = A(Ti), By(t) is
the 9;-compensator of N;)(t) = 1{1,y <t} and the effect of a minimal repair compensator

transform, of the component k, in the compensator of the i — th failure is

“l(|)k
By ilt) = | —————dAiuds).
()'k() ./01+A(s)k(3) ()k(s)

In view of the identically (exchangeable) distribution component lifetimes conditions in
the signatures definition we must consider the minimal repair operations in all component
lifetimes under the measure Q; defined by the Radon Nikodym derivative

dQs

0 =1 Ak(Tk)



we have, using Girsanov Theorem, the following result:

Corollary 3.1.2 Let Ajt) be the G;-compensator of N;(t) = 1{1;<e) where Tj is a totally
inaccessible 3;-stopping time representing the lifetime of the component j. Under the
minimal repair transform

Bi(t) = A T%d"‘j(s): 1<j<n

the 8;-compensator of the i — th failure, Ag;)(t), under Qj, is transformed in

By (8) = Zp_1 By i(t)
where
Agx(s)

t
B(i),k(t):/; T:Aﬁ(mdfi(;)k(s).

Theorem 3.1.3 Let T}, T3, ..., T, be totally inaccessible S,-stopping time representing the
lifetimes of a n component coherent system with lifetime 7, which are absolutely continuous
independent and identically distributed. Then, under the minimal repair transformation
of all component lifetimes we have

Qs(T <t) =T, 8;Qs(Ty < t)

where
. Qs(T = Tiy)) _ QT =Ty
T Q(T2T) QT 2Ty y)

Qs(T=Ty) = ) FalYiop)(1 - nFe(Yiape)) - Fu(T)(1 - n Fu(D));

k=1

n

QslTy )= 1-Fe(t)(1 - mFy(t)
k=1

and 4% = 77_ A\(T).
Proof Firstly, we note that, under Qy, the T lifetimes are independent:
Qs(Ty <ty T <tn) = Bo,{mioy lmcn)) = Bl A(Ti)lmy <)) =

Te=1 ElA (T g, <)) = Mo Bt [Lmcnag) = 1y Qo (Tk < th) = 1 Qa(Ti < ).

Also, as Tj, 1 < j < n are identically distributed, the ;-compensators A;(t),
of 1{1;<) are identical and we conclude that the 7 lifetimes are identically distributed
under Q. Therefore the signature decomposition under Q; remains true.
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Furthermore

Qs(T =Tiy) = Equllr=ri)l = Elnp oy AT r=1)] =

Y Bl ATl r=r oy {Xi = 5}] =

i=1

n n
Y Bl Ax(Te) r=m)] = Y Bl Ax(Te)l i m=azimom] =
i=1

j=1
n n
Y Elng s Au(Te)l BlA; (T as(my=a5ap) = Y E(AT) (agry=astrion)
j=1 i=1

The equivalence in the third equality is justified in Norros (1986) which defines the
P —a.s. inverse of Aj(t).
As, under the hypothesis, A;(t) = ~InF;(t) where Fj(t) = P(T;j < t|S:) we have
- Fy(T)
E[Aj(Tj)l(T=T(i)j}] = E[Aj(Tj)l('}'(i)JST(i”(T}] = / - ze "dr =
- InF5(Ye);)

F3(Yi;)(1 = 0 F5(Y;)) - F5(T)(1 - W F5(T)).

Therefore

QT =Ty) = . Fsl¥ap;)(1 = InF;(¥a)) = F(T)(1 - In F(T)).
ij=1

n
*Qs(Tey < V) = Eqllizy<yl = ZE[":=1Ak(Tk)ll(ng)1{Xi =j}]=
J=1

Sl AT, <l = Y Bl ATl ayman<asen) =
=1

i=1

n n
3 Efng s A TNEIA (T (acma < ason] = Y ElAHT) ay(riog<Asen)
i=1 j=1

and
E[Aj(Tj)II{T(()jSl]] = E{Ai(T.i)]l{Aj(T(i),t)SAj(‘)}l =
—-InF;(t) _ _
[ ze~%dz =1-F(t)(1 - nFy(t).
0
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Therefore

Qs(Ty <t) = le- {01 - InF5())-

j=1

3.2. Successive minimal repairs.

More generally, we intend to define a measure Q7 which is obtained when T; is
deferred n times in the sense of minimal repair. The measures Q2 oo Q',“ Q5 are defined
successively by Q% = P and

Q)= [ PUL )i (o)

It can be proved that, for any n, the probability measure Q7; is absolutely continuous
with respect to P, with Radon Nikodyn derivative

dQy 1 -
dP n!A‘(T') :

We reason as follows:

Suppose that we choose an w with probability distribution P and starting proceeding
at time 0. Suddenly T; occurs. In order to make a minimal repair, we have to change our
w to another, say w’ which is indistinguishable from w strictly before the time T;(w) and
satisfies T;(w') > Ti(w). Moreover, w’ should be chosen according to an appropriated dis-
tribution among the candidates satisfying these conditions. Indeed we choose w' according
to P(.IST;- ), the value of the process P(.|9;-) at T;, where

O =o{AN{t<Ti} A€t 20}

is the the history strictly before T;. Thus choosing w’ according to P(.l‘:s.,.‘-) we may
proceed further as if nothing had happened.

Intuitively, if § is an $;-stopping time, the difference between the o-algebras Sg- and
Qg is that, in ¥s-, it is known when § occurs, but its not known what else happen at
time S. For example, if S is the failure time of a systems component, it is known in Ss-,
but at this time, we do not known what component will fail.

Indeed, as in Section 3.1, its holds for n = 1. Suppose that its holds for some n fixed.
We have to prove that

EQm 9] = E[S—= AT

(n +1)'

for any random variable S, ST'--measurable.
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Equotl8] = Bquer B(SI87 ) = Bl AT E(SIS..)) =
E[‘/om %Ai(t)"E(S[g‘!- )dl(-risq] = E['/om %A‘-(t)“E(S,g"— )dA,(C)] -

o0 1 - _ n
B fo mE(sol-)dA.-(t) "= BBSIOn) +1).A(T) =

As the process A;(O"E(S]S- ) is Oy-predictable, the forth above equality is true.
The sixth equality follows from Dellacheries integration formula.
E[B(S+——

AT 185,)] = B(S—— AT)™").

(n +1) (n +1)T

Furthermore we have

Qy(Ti > t) = Eqn, l1(7‘.>l}l—El A (T Yn>] =

. A' t)l —A;(t)
¢ = E

1
El;iAi(Ti)nl(Aa(T¢)>A.-(t)}l = / o
: =0

and we conclude that the number of minimal repairs occurring before T; is modeled by a
doubly stochastic Poisson process.

Next we consider the realization of an equal and finite number of minimal repairs
of each totally inaccessible 3,-stopping time representing the components lifetimes. As
the continuous components compensator processes at its final points, A;(T}), 1<i<n,
are independent and identically distributed random variables with standard exponential
distribution, in the case of a fixed configuration m = (m, ...,m), where m is the number of
minimal repairs of component i, we can define a product probability measure in Q® 2 ®

.30 o
= HQgg
i=1

where —£ Q‘ = LA(T)™.

Follows that, under the corresponding 8.-compensator transform we can enunciate
the Theorem

Theorem 3.2.3 Let Ti,T3,...,T, be totally inaccessible S,-stopping time representing

the lifetimes of 2 n component coherent system with lifetime T. Then, under the minimal
repair configuration m and under the probability measure Q™, we have

Q™T <) =ZL,8Q™Ty < 1)
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where
g = Qm(T = T(i)) _ Q™T= T(i—l))
7QMT2Ty) Q™T 2Ti-y)

Appendix

Al An extended and positive random variable  is an Q,-stopping time if, and only
if, {r <t} € Sy, for all t > 0; an Q;-stopping time 7 is called predictable if an increasing
sequence (7n)n>0 Of Sy-stopping time, 7, < 7, exists such that limy_co 7y = 7; an -
stopping time 7 is totally inaccessible if P(r = ¢ < 00) =0 for all predictable 3;-stopping
time 0. For a mathematical basis of stochastic processes applied to reliability theory see
the book of Aven and Jensen (1999).

A2. Theorem A.2 (Girsanov) Let T;,i = 1, ..., n be totally inaccessible Qy-stopping
times, the point processes N;(t) = {71}, with $y-compensators A;(t),] < ¢ < n. Let
8i(t)):>0, be non negative Sy-predictable processes such that for all t > 0, and for all
1<1<n,

Bi(t) = /0 ' 5i)iA(s) < oo,

and {3(t))es0 With 8(t) = (8 (£), 85(t), .., a(£)) € S0 = 8. Then

Ly = JJE(T)IMO explAi(t) - Bi()}

i=1

is a non negative &-local martingale local and a non negative $;-super martingale.
Furthermore, if E{L;] = 1, the probability measure Q5 defined by the Radon Nikodym
derivative
dQs

ap =l

is such that, under Qq, B;(t) is the unique S;-compensator process of Ni(t).

In particular, we denote &' = (1,...,1,8u(i), 1,...,1) and 5%’,1 = Lsi.
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