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Abstract

It is considered a semilinear elliptic partial differential equation in RN

with a potential that may vanish at infinity and a nonlinear term with
subcritical growth. A positive solution is proved to exist depending on the
interplay between the decay of the potential at infinity and the behavior
of the nonlinear term at the origin. The proof is based on a penalization
argument, variational methods, and L∞ estimates. Those estimates allow
dealing with settings where the nonlinear source may have supercritical,
critical, or subcritical behavior near the origin. Results that provide the
existence of multiple and infinitely many solutions when the nonlinear
term is odd are also established.

1 Introduction

The solutions of the semilinear elliptic equation

−∆u+ V (x)u = f(x, u), x ∈ RN , N ≥ 3, (1.1)

play a pivotal role in the search for certain kinds of solitary waves of Klein-
Gordon or Schrödinger nonlinear type equations (see [11, 12, 22]).

The question of the existence of solutions for (1.1) has been intensively stud-
ied by many researchers under a variety of conditions on V and f . In [17], Floer
and Weinstein used a Lyapunov-Schmidt type reduction to prove the existence
of a positive solution of (1.1) for the case N = 1, with f(x, s) = s3 and V a
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globally bounded potential having a nondegenerate critical point and satisfy-
ing infRN V > 0. In [19, 20], Oh generalized the result in [17] for N ≥ 3 and
f(x, s) = |s|p−2s, with 2 < p < 2∗ := 2N/(N − 2).

The use of mountain pass arguments to study (1.1) goes back at least as far
as [16] and [21]. In [16], Ding and Ni obtained several results concerning the
existence of positive solutions for the equations of the type (1.1) with V (x) ≥
0. Under hypotheses on f coherent with the prototype nonlinearity Q(x)sp−1,
2 < p < 2∗, the main results in [16] establish the existence of positive solutions
for (1.1), decaying uniformly to zero as |x| → ∞, when Q(x) is neither radial
nor small at infinity.

In [21], Rabinowitz, among other results, employed a mountain-pass type
argument to find a ground state solution for (1.1), supposing infRN V > 0 and
f superlinear and subcritical at infinity, as long as lim inf |x|→∞ V (x) > 0 is
sufficiently large (see Theorem 1.7 and Remark 2.21 in [21]).

A further step in the study of such problems was made by del Pino and
Felmer in [15] that, under the hypothesis lim inf |x|→∞ V (x) > 0, considered the
problem on a local setting by assuming that the potential satisfies infΩ V <
inf∂Ω V on a nonempty bounded open set Ω ⊂ RN . The technique of del Pino
and Felmer relies on the study of a functional associated with a version of the
original problem obtained by a penalization of the nonlinear term outside Ω.
This penalization allows us to overcome the lack of compactness and to prove
the existence of a mountain pass critical level. Appropriate L∞ - estimate for
the solution of the penalized problem implies that it is actually a solution to
the original one.

In the last two decades many studies have focused on potentials that may
vanish at infinity, that is, such that lim inf |x|→∞ V (x) = 0 (we refer the reader
to the articles [1, 2, 3, 4, 6, 7, 8, 10, 14, 18] and references therein). It is
worth mentioning that in this case the natural space to deal with equation
(1.1) via critical point theory is D1,2(RN ) which is only embedded in L2∗(RN ).
Consequently conditions as |f(x, s)| ≤ C|s|p−1, p 6= 2∗, do not guarantee in
general that the related energy functional is well defined.

Among several methods that have been used to deal with problems with
vanishing potentials, we would like to mention a clever adaptation of the pe-
nalization technique that has been introduced by Alves and Souto [1]. We note
that, in order to prove that the solution of the modified problem is a solution
of the original problem, those authors adapt some ideas found in [13] to obtain
an L∞ - estimate for the solution of the penalized problem in terms of its L2∗

norm.
In [1] it is assumed that the potential V : RN → R is a continuous function

satisfying the assumptions:

V (x) ≥ 0 for every x ∈ RN , (1.2)

there are Λ > 0 and R > 1 such that
1

R4
inf
|x|≥R

|x|4V (x) ≥ Λ. (1.3)

Furthermore it is required that f is an autonomous continuous function that it
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is positive on (0,∞) and satisfies the hypothesis:

lim sup
s→0+

sf(s)

s2∗
< +∞. (1.4)

Assuming further that f is superlinear and subcritical at infinity, the main
result in [1] provides a constant Λ∗ > 0 such that equation (1.1) has a positive
solution whenever Λ ≥ Λ∗. We observe that condition (1.4) implies that f has
critical or supercritical decay at the origin.

Motivated by the articles [1, 15, 21], our primary goal in this paper is to
present a version of the penalization technique that will enable us to obtain
results on the existence and multiplicity of solutions for equation (1.1), depend-
ing on the decay of the potential at infinity, under versions of hypothesis (1.4)
that allow the nonlinear term to have supercritical, critical, or subcritical be-
havior near the origin. Furthermore we contemplate the possibility of having f
nonautonomous and assuming negative values. We also establish results on the
existence of multiple and infinitely many solutions when f is odd with respect
to the second variable.

We emphasize that the argument we use for the existence of solutions uncov-
ers an interplay between the behavior of the nonlinear term at the origin and the
decay of the potential at infinity. A key ingredient for establishing such relation
it is a result of the L∞-estimate for the solution of the penalized problem that
does not depend on the behavior of the nonlinear term close to the origin.

Henceforth in this article we set Ω := {x ∈ RN : V (x) < 0} and define
V∞ := max{V (x) : |x − x0| ≤ r0}, where r0 = 1 and x0 = 0 if Ω = ∅, while
r0 > 0 and x0 ∈ RN are such that Br0(x0) ⊂ Ω if Ω 6= ∅.

In our first result, we suppose the function f and the potential V satisfy

(f1) f ∈ C(RN × R,R) and there is q > 2 such that

lim sup
s→0

∣∣∣∣sf(x, s)

sq

∣∣∣∣ < +∞, uniformly in RN ,

(f2) there are a1, a2 > 0 and p ∈ (2, 2∗) such that

|f(x, s)| ≤ a1|s|p−1 + a2 for every (x, s) ∈ RN × R,

(f3) there are θ > 2 and S0 ≥ 0 such that

sf(x, s) ≥ θF (x, s) > 0 for every |s| ≥ S0, x ∈ RN ,

where F (x, s) :=
∫ s

0
f(x, t) dt,

(V1) V ∈ C(RN ,R) and either V ≥ 0 in RN or Ω is a nonempty bounded set
and

inf
Ω
V > −S/|Ω|2/N ,

where S > 0 is the best constant for the embeddingD1,2(RN ) into L2∗(RN ),
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(V2) there is R > r0 + |x0| such that

Λ(R) := inf
|x|≥R

|x|(N−2)(q−2)V (x) > 0,

with q > 2 given by (f1).

We note that (f3) is the famous Ambrosetti-Rabinowitz’s superlinear condi-
tion which has been introduced in the seminal article [5] to study via minimax
methods semilinear elliptic problems on bounded domains. Condition (f3) with
S0 = 0 has been assumed in the articles [1, 15, 21]. Such hypothesis with S0 > 0
allows the nonlinear term f to assume negative values.

It is important to observe that hypotheses (f1) and (V2) provide a clear
relation between the behavior of f near the origin and the lower bound for the
decay of the potential at infinity. Finally we note that hypothesis (f2) implies
that f has a subcritical growth at infinity and that, under condition (V1), the
potential V may assume negative values.

We may now state our first result on the existence of a positive solution for
(1.1).

Theorem 1.1. Suppose V satisfies (V1)-(V2) and f satisfies (f1)-(f3). Then
there is Λ∗ > 0 such that (1.1) possesses a positive solution provided Λ(R) ≥ Λ∗.

Theorem 1.1 may be seen as a complement of the result established in [1]
because under its hypotheses f may assume negative values and it does not have
necessarily a critical or supercritical behavior near the origin. In other words,
if q ∈ (2, 2∗), we obtain a result that is not covered in [1]. Moreover if q = 2∗,
hypothesis (f1) is exactly (1.4) and (V2) allows the same decrease at infinity for
V as the one considered in [1]. If q > 2∗, Theorem 1.1 improves the result of [1]
in relation to the behavior (decay) of V at infinity.

We emphasize that the constant Λ∗ provided in Theorem 1.1 depends on the
radius R > 0 given in condition (V2). In particular, when the condition (f3)

holds with S0 = 0, we may find Λ̃∗ > 0, independent of R, such that (1.1) has a

positive solution whenever Λ̃(R) := Λ(R)/R(N−2)(q−2) ≥ Λ̃∗ > 0 (see Theorem
4.1 in Section 4). Observe that when q = 2∗ the corresponding estimate is
precisely the hypothesis (1.3) assumed in [1].

To reinforce the interplay between the behavior of the nonlinear term at the
origin and the decay of the potential, evidenced by conditions (f1) and (V2), we
present a result in which the function f approaches zero rapidly at the origin:
supposing that f and V satisfy

(f̂1) there are constants q, a > 0 such that

lim sup
s→0

|f(x, s)|e(a/|s|q) < +∞ uniformly in RN ,

(V3) there are constants µ > 0 and R > r0 + |x0| such that

Λ(R,µ) := inf
|x|≥R

eµ|x|
(N−2)q

V (x) > 0,

with q given by (f̂1),
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we may state

Theorem 1.2. Suppose V satisfies (V1) and (V3), and f satisfies (f̂1), (f2), and
(f3). Then there are constants µ∗,Λ∗ > 0 such that (1.1) possesses a positive
solution provided 0 < µ ≤ µ∗ and Λ(R,µ) ≥ Λ∗.

We remark that under the hypotheses of Theorems 1.1 and 1.2 we may
actually find solutions u+ and u− of (1.1) with u+ > 0 and u− < 0 in RN .
Furthermore, if we suppose f is odd with respect to the second variable, we may
derive the existence of multiple pairs of solutions for (1.1). More specifically,
assuming

(f4) f(x,−s) = −f(x, s) for every (x, s) ∈ RN × R,

we may use our version of the penalization technique and a minimax critical
point theorem for functionals with symmetry due to Bartolo et al. [9] (see
Theorem 5.1 in Section 5) to obtain:

Theorem 1.3. Suppose V satisfies (V1)-(V2) and f satisfies (f1)-(f4). Then,
given l ∈ N, there is Λ∗l > 0 such that (1.1) possesses l pairs of nontrivial
solutions provided Λ(R) ≥ Λ∗l .

As a consequence of Theorem 1.3, we may consider a setting where equation
(1.1) may have infinitely many pairs of nontrivial solutions without supposing
that the potential is coercive in RN . For example, assuming the following version
of (V2):

(V4) there is a sequences (Rj) ⊂ (0,∞) such that

Λj(Rj) := inf
|x|≥Rj

|x|(N−2)(q−2)V (x) > 0,

with q given by (f1),

we may state:

Proposition 1.4. Suppose V satisfies (V1) and (V4) and f satisfies (f1), (f2),
(f4) and (f3) with S0 = 0. Then equation (1.1) possesses infinitely many pairs
of nontrivial solutions provided

lim sup
j→∞

Λj(Rj)

R
(N−2)(q−2)
j

=∞. (1.5)

We remark that hypotheses (V4) and (1.5) do not imply that the potential V
is coercive. Actually, given any α ≥ 0 it is possible to find a potential satisfying
those conditions and lim inf |x|→∞ V (x) = α. We also note that, under those
assumptions, we may always assume that Rj →∞, as j →∞, and, consequently
that Rj > r0 + |x0| for every j ∈ N.

It is worthwhile mentioning that Proposition 1.4 holds under hypothesis (f3)
with S0 > 0 and a version of (1.5). Furthermore, it is possible to derive the
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existence of infinitely many pairs of nontrivial solutions for (1.1) when f and

V satisfy (f̂1) and a version of (V3), respectively (see statements and remark in
Section 5).

The article is organized as follows: In Section 2, we introduce the version
of the penalization argument used for proving our results and we establish the
existence of a mountain pass solution for the penalized problem. Section 3 is
devoted to proving an estimate for the L∞ norm for the solutions to the modified
problem in terms of its L2∗ norm. In section 3, we also obtain a result on the
decay of the solution of the penalized problem at infinity. In Section 4, we
present the proofs of Theorems 1.1 and 1.2 and the corresponding results when
(f3) holds with S0 = 0. The proofs of Theorem 1.3 and Proposition 1.4 are
presented in Section 5.

2 Preliminaries

Let E be the subspace of D1,2(RN ) defined by

E =

{
u ∈ D1,2(RN ) :

∫
RN

V (x)u2 dx <∞
}
.

We claim that, under the hypothesis (V1),

‖u‖ :=

[∫
RN

(
|∇u|2 + V (x)u2

)
dx

]1/2

is a norm in E and E is continuously embedded in D1,2(RN ).
Since the claim is trivially verified if V ≥ 0 in RN , in order to verify the

claim it suffices to suppose that Ω 6= ∅: given u ∈ D1,2(RN ), we may use
Hölder’s inequality, with r = 2∗/2 and r′ = N/2, and the estimate |u|2

L2∗ (Ω)
≤

S−1
∫
RN |∇u|

2 dx to obtain∫
Ω

u2 dx ≤ |Ω|
2/N

S

∫
RN
|∇u|2 dx. (2.1)

From (V1), there is α > 0 such that

inf
x∈Ω

V (x) ≥ −α > − S

|Ω|2/N
. (2.2)

Thus we may invoke (2.1) to derive∫
RN

(
|∇u|2 + V (x)u2

)
dx ≥

(
1− α|Ω|2/N

S

)∫
RN
|∇u|2 dx. (2.3)

Observing that (1 − α|Ω|2/NS−1) > 0, this concludes the proof of the above
claim.
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Henceforth in this paper we take α = 0 and Ω = ∅ whenever V ≥ 0 in RN .
Note that in this setting the above estimates are satisfied for those values of α
and Ω.

By solution of (1.1), we mean a solution in the sense of distribution, namely
a function u ∈ D1,2(RN ) such that∫

RN
(∇u∇φ+ V (x)uφ) dx−

∫
RN

f(x, u)φdx = 0

for every φ ∈ C∞0 (RN ), the space of C∞-functions with compact support. In
fact, an inspection of the proof of our results will reveal that the weak solution
obtained satisfies the above identity for every φ ∈ E.

Since in Theorems 1.1 and 1.2 we intend to prove the existence of positive
solutions, we let f(x, s) = 0 for every (x, s) ∈ RN × (−∞, 0].

Next, in order to deal with the fact that in our setting f may assume negative
values, we introduce a version of the penalization argument employed in [1]: for
θ > 2 and R > 0 given by conditions (f3) and (V2) respectively, take k =
2θ/(θ − 2) and consider for every (x, s) ∈ RN × (0,∞)

f̃(x, s) =

 −
1
kV (x)s if kf(x, s) < −V (x)s,
f(x, s) if −V (x)s ≤ kf(x, s) ≤ V (x)s,

1
kV (x)s if kf(x, s) > V (x)s.

Furthermore set f̃(x, s) = 0, for every (x, s) ∈ RN × (−∞, 0], and define

g(x, s) =

{
f(x, s) for (x, s) ∈ RN × R, |x| ≤ R,
f̃(x, s) for (x, s) ∈ RN × R, |x| > R.

(2.4)

Observe that g is a Carathéodory function satisfying
g(x, s) = 0 for (x, s) ∈ RN × (−∞, 0],

g(x, s) = f(x, s) for (x, s) ∈ RN × R, |x| ≤ R,
|g(x, s)| ≤ |f(x, s)| for (x, s) ∈ RN × R,
|g(x, s)| ≤ 1

kV (x)|s| for (x, s) ∈ RN × R, |x| > R,

(2.5)

and {
G(x, s) = F (x, s) for (x, s) ∈ RN × R, |x| ≤ R,
G(x, s) ≤ 1

2kV (x)s2 for (x, s) ∈ RN × R, |x| > R,
(2.6)

where G(x, s) :=
∫ s

0
g(x, t) dt. The auxiliary problem that we associate with

(1.1) is the following:{
−∆u+ V (x)u = g(x, u), x ∈ RN ,
u ∈ E.

(2.7)

We observe that any positive solution u of (2.7) that satisfies |f(x, u)| ≤ V (x)u/k
for |x| ≥ R is actually a solution of (1.1).
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As a consequence of (2.5) and (2.6), the functional

J(u) =
1

2

∫
RN

(
|∇u|2 + V (x)u2

)
dx−

∫
RN

G(x, u) dx

is well defined and of class C1 in (E, ‖ · ‖). Moreover

J ′(u)v =

∫
RN

(∇u∇v + V (x)uv) dx−
∫
RN

g(x, u)vdx for every u, v ∈ E. (2.8)

Thus, any critical point of J is a weak solution of (2.7).

Proposition 2.1 (mountain pass geometry). Suppose V satisfies (V1)-(V2) and
f satisfies (f1)-(f3). Then

1. there exist constants β, ρ > 0 such that J(u) ≥ β for every u ∈ E such
that ‖u‖ = ρ;

2. there exists e ∈ E, ‖e‖ > ρ, such that J(e) < 0.

Proof. The proof of item 1 is standard and follows well-known arguments. For
the reader’s convenience, we give a proof for the case Ω 6= ∅: By (V1) and (V2),
Ω ⊂ BR(0) and V (x) > 0 for every |x| ≥ R. Consequently, from (2.2) and (2.6),
we have

J(u) =
1

2

∫
RN

(
|∇u|2 + V (x)u2

)
dx−

∫
BR(0)

F (x, u)dx−
∫
RN\BR(0)

G(x, u)dx

≥ 1

2

∫
RN

(
|∇u|2 + V (x)u2

)
dx−

∫
BR(0)

F (x, u)dx− 1

2k

∫
RN\Ω

V (x)u2dx

≥1

2

[
1− α|Ω|2/N

S

] ∫
RN
|∇u|2 dx+

(k − 1)

2k

∫
RN\Ω

V (x)u2dx−
∫
BR(0)

F (x, u)dx

≥ d1

∫
RN

(|∇u|2 dx+ V (x)u2) dx−
∫
BR(0)

F (x, u)dx, (2.9)

where d1 := min{(1− α|Ω|2/NS−1)/2, (k − 1)/(2k)}.
Given ε > 0, combining (f1) with (f2), we find a constant C(ε) > 0 such

that
|F (x, s)| ≤ ε|s|2 + C(ε)|s|2

∗
for every (x, s) ∈ RN × R.

Thus, there are positive constants d2 = d2(R) and d3 = d3(ε) such that∫
BR(0)

F (x, u) dx ≤ εd2‖u‖2 + d3‖u‖2
∗

for every u ∈ E. (2.10)

The above estimates and (2.9) give us

J(u) ≥ d1‖u‖2 − εd2‖u‖2 + d3‖u‖2
∗

for every u ∈ E.

Using the above estimate and taking ε > 0 sufficiently small, we conclude the
verification of item 1 by finding appropriated values of β, ρ > 0,
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For proving the item 2, recalling the definition of V∞ from Section 1, taking
a nonnegative function φ ∈ E \ {0} such that supp(φ) ⊂ Br0(x0), we obtain

J(tφ) ≤ t2

2

∫
Br0 (x0)

(|∇φ|2 + V∞φ
2) dx−

∫
Br0 (x0)

F (x, tφ) dx ∀t ≥ 0. (2.11)

By (f2) and (f3), there are constants C1, C2 > 0, depending on r0, such that

F (x, s) ≥ C1s
θ − C2 for every (x, s) ∈ Br0(x0)× [0,∞). (2.12)

From (2.11)-(2.12), we have

J(tφ) ≤ t2

2

∫
Br0 (x0)

(|∇φ|2 + V∞φ
2) dx− C1t

θ

∫
Br0 (x0)

|φ|θ dx+ C2|Br0(x0)|

(2.13)
for every t ≥ 0. Since θ > 2, we have J(tφ) → −∞ as t → +∞. Hence,
taking e = tφ, with t > 0 sufficiently large, we have that ‖e‖ > ρ and J(e) <
0. This concludes the verification of item 2. The proof of Proposition 2.1 is
complete.

Recalling that J satisfies the Palais-Smale condition [5, 21] if every sequence
(un) ⊂ E such that (J(un)) ⊂ R is bounded and J ′(un)→ 0, as n→∞, has a
strongly convergent subsequence, we may state:

Lemma 2.2. Suppose V satisfies (V1)-(V2) and f satisfies (f1)-(f3). Then J
satisfies the Palais-Smale condition.

Proof. Let (un) ⊂ E be a sequence such that (J(un)) ⊂ R is bounded and
J ′(un) → 0, as n → ∞. First of all we shall verify that (un) is bounded in
(E, ‖ · ‖). Using (2.5), (2.6), we have

J(un)− 1

θ
J ′(un)un =

(θ − 2)

2θ
‖un‖2 +

∫
RN

(
1

θ
g(x, un)un −G(x, un)

)
dx

≥ (θ − 2)

2θ
‖un‖2 +

∫
BR(0)

(
1

θ
f(x, un)un − F (x, un)

)
dx

− (θ + 2)

2θk

∫
RN\BR(0)

V (x)u2
n dx (2.14)

Next, we invoke (f1) and (f3) to find a positive constant C = C(R,S0) such
that

1

θ
f(x, s)s− F (x, s) ≥ −C for every (x, s) ∈ RN × R. (2.15)

Hence (2.14) and our choice of k provide

J(un)− 1

θ
J ′(un)un ≥

(θ − 2)

2θ

∫
RN
|∇un|2 dx+

(θ − 2)2

4θ2

∫
RN\BR(0))

V (x)u2
n dx

+
(θ − 2)

2θ

∫
BR(0)

V (x)u2
n dx− C|BR(0)|.

9



Consequently, using θ > 2 and the estimates (2.1) and (2.2), with α = 0 if
Ω = ∅, we get

J(un)− 1

θ
J ′(un)un ≥ K‖un‖2 − C|BR(0)|,

where

K :=
(θ − 2)2

4θ2

(
1− α|Ω|2/N

S

)
. (2.16)

Using that (J(un)) ⊂ R is bounded and that J ′(un)→ 0, as n→∞, we conclude
that the sequence (un) is bounded in (E, ‖·‖). Consequently there is L > 0 such
that ‖un‖ ≤ L for every n. Furthermore, using that E is continuously embedded
in D1,2(RN ) and the Sobolev embedding theorem, by taking a subsequence if
necessary, we may suppose there is u ∈ E such that

un ⇀ u weakly in E,

un → u strongly in Lσ, σ ∈ [1, 2∗), on bounded subsets of RN ,
un(x)→ u(x) for almost every x ∈ RN .

(2.17)

A standard argument shows that u is a critical point of J . Furthermore u− =
min(u, 0) = 0. Indeed, by (2.5), (2.14) and (2.17), we have

‖u−n ‖2 =

∫
RN

(
|∇u−n |2 + V (x)(u−n )2

)
dx = J ′(un)u−n = on(1).

Hence, u−n → 0 strongly in E and, consequently, u− = 0. Setting vn := un − u,
by (2.14) and (2.17), we have

‖vn‖2 =

∫
RN

g(x, un)vn dx+ J ′(un)vn −
∫
RN

(∇u∇vn + V (x)uvn) dx

=

∫
RN

g(x, un)vn dx+ on(1). (2.18)

Given ε > 0, we find r > R such that∫
RN\Br(0)

V (x)u2 dx <
ε2

(4k + 2)2L2
. (2.19)

Next, invoking (2.5), we obtain∣∣∣∣∣
∫
RN\Br(0)

g(x, un)vn dx

∣∣∣∣∣ ≤ 1

k

∫
RN\Br(0)

V (x)u2
n dx+

1

k

∫
RN\Br(0)

V (x)|un||u| dx.

The above estimate and (2.18) provide

‖vn‖2D1,2 +

∫
Br(0)

V (x)v2
n dx+

(k − 1)

k

∫
RN\Br(0)

V (x)(u2
n + u2) dx

≤
∫
Br(0)

g(x, un)vn dx+
(2k + 1)

k

∫
RN\Br(0)

V (x)|un||u| dx+ on(1). (2.20)
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Using that v2
n ≤ 2(u2

n+u2) in the third integral on the left-hand side of inequality
(2.20), we find

(k − 1)‖vn‖2 ≤ 2k

∫
Br(0)

g(x, un)vn dx− (k + 1)

∫
Ω

V (x)v2
n dx

+ (4k + 2)

∫
RN\Br(0)

V (x)|un||u| dx+ on(1)

≤ 2k

∫
Br(0)

g(x, un)vn dx− (k + 1)

∫
Ω

V (x)v2
n dx

+ (4k + 2)

[∫
RN\Br(0)

V (x)u2
n dx

]1/2 [∫
RN\Br(0)

V (x)u2 dx

]1/2

+ on(1).

Since, by (2.1) and (2.2),∫
RN\Br(0)

V (x)u2
n dx ≤ ‖un‖2 ≤ L2,

we may invoke (2.17) and (2.19) to conclude that lim supn→∞ ‖vn‖2 < ε for
every ε > 0. The fact that ε > 0 can be chosen arbitrarily small implies that
un → u strongly in E.

Remark 2.3. We observe that the decay of V at infinity is not used in the proofs
of Proposition 2.1 and Lemma 2.2. Actually, in those proofs, we have only used
hypothesis (V1) and the fact that V is positive on RN \BR(0).

By the Mountain Pass Theorem [5], there is u ∈ E such that

J(u) = c > 0 and J ′(u) = 0, (2.21)

where
c = inf

γ∈Γ
max
t∈[0,1]

J(γ(t)), (2.22)

with
Γ = {γ ∈ C([0, 1], E) : γ(0) = 0, γ(1) = e}

for e given by Proposition 2.1.
Since c > 0 and g(x, s) = 0 for every (x, s) ∈ RN × (−∞, 0], the function

u is a nontrivial and nonnegative weak solution of (2.7). Consequently, by the
regularity theory and maximum principle, u is positive in RN . It remains to
verify that u is a solution of (1.1).

We conclude this section with an estimate for the norm of the solution given
by (2.21) that will be of use later to estimate the decay at infinity of the positive
weak solutions of (2.7). Considering B0 := Br0(x0) and φ and the constants C1

and C2 given in the proof of Proposition 2.1, we define

d := sup
t≥0

[
t2

2

∫
B0

(|∇φ|2 + V∞φ
2)dx− C1t

θ

∫
B0

|φ|θdx+ C2|B0|
]

(2.23)
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Corollary 2.4. Suppose u is a solution of (2.7) such that J ′(u) = 0 and J(u) =
c, with c > 0 given by (2.22), then

‖u‖2 ≤ K−1 [d+ C|BR(0)|] ,

where C, K and d are given by (2.15), (2.16) and (2.23), respectively.

Proof. First of all we observe that as a direct consequence (2.22) and (2.23),
c ≤ d. Furthermore, arguing as in the proof of Lemma 2.2,

c = J(u) = J(u)− 1

θ
J ′(u)u ≥ K‖u‖2 − C|BR(0)|.

Consequently ‖u‖2 ≤ K−1 [c+ C|BR(0)|] ≤ K−1 [d+ C|BR(0)|] .

Remark 2.5. If we suppose (f3) with S0 = 0, the estimate provided by Corollary
2.4 does not depend on the value of R. Indeed, since in this case the constant
C given by (2.15) is zero, we have ‖u‖2 ≤ K−1d .

3 Estimates

This section is devoted to establishing an estimate for the L∞ norm of the
solutions u in terms of its L2∗ norm and the decay of the solutions. Here we
shall consider the problem (2.7) with V satisfying (V1) and g : RN × R → R a
Carathéodory function satisfying

(g1) there are R > 0 and k > 1 such that

|g(x, s)| ≤ 1

k
V (x)|s| for every s ∈ R and for a.e. x ∈ RN \BR(0);

(g2) there are a1 > 0, a2 ≥ 0 and p ∈ (2, 2∗) such that

|g(x, s)| ≤ a1|s|p−1 + a2 for every s ∈ R and for a.e. x ∈ RN .

Note that as a direct consequence of (V1) and (g1) we have that Ω ⊂ BR(0)
whenever Ω 6= ∅.

The next result is a major step in our proofs of the existence of solutions for
(1.1) because it provides an estimate for the L∞ norm for the solutions of the
auxiliary problem regardless of the behavior of g near the origin. In our proof
of that estimate, we adapt to our setting some of the arguments used by Brézis
and Kato [13] and Alves and Souto [1].

Lemma 3.1. Suppose (V1) and (g1)-(g2) are satisfied. If u ∈ E is a solution of
problem (2.7), then u ∈ L∞(RN )

|u|L∞(RN ) ≤
(
C1|u|p−2

L2∗ (RN )
+ C2|u|p−1

L2∗ (RN )
+ C3

) 1
2∗−p (

1 + |u|L2∗ (RN )

)
, (3.1)

with the constants C1, C2, C3 ≥ 0 depending on the values of a1, a2, α, |Ω|, and
p. Moreover C2 = 0 whenever a2 = 0.
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Proof. For proving Lemma 3.1, it suffices to verify that u+ ∈ L∞(RN ) and
the estimate (3.1) holds for |u+|L∞(RN ) because to estimate |u−|L∞(RN ) it is
sufficient to observe that −u is a solution to (2.7) with −g(x,−u) replacing
g(x, u). Moreover, considering that the proof is simpler when Ω = ∅, we shall
present a proof of the lemma under the hypothesis Ω 6= ∅. Taking τ = 2∗/(p−2)
and σ = 2∗/2τ ′, where τ ′ is the exponent conjugate to τ , for every m ∈ N,
m > a2 , we set v = (u− a2)+ and we define

Am := {x ∈ RN : |v|σ−1 ≤ m},

vm :=

{
v|v|2(σ−1) in Am,
m2v in Bm := RN \Am,

wm :=

{
v|v|(σ−1) in Am,
mv in Bm.

A standard verification implies that vm ∈ E. Furthermore we have that vvm =
w2
m and

∇vm =

{
(2σ − 1)|v|2(σ−1)∇v in Am
m2∇v in Bm

and

∇wm =

{
σ|v|(σ−1)∇v in Am
m∇v in Bm.

Hence, considering that σ2 > 2σ − 1,∫
RN
|∇wm|2 dx = σ2

∫
Am

|v|2(σ−1)|∇v|2 dx+m2

∫
Bm

|∇v|2 dx

=
σ2

2σ − 1

∫
RN
∇v∇vm dx+m2

(
1− σ2

2σ − 1

)∫
Bm

|∇v|2 dx

≤ σ2

2σ − 1

∫
RN
∇v∇vm dx. (3.2)

Since vm ∈ E, vm ≥ 0, and vm = 0 on the set [u ≤ a2] := {x ∈ RN ; u(x) ≤ a2},
we may use that u is a solution of (2.7) and (g1) to obtain∫

RN
(∇u∇vm + V (x)uvm) dx =

∫
RN

g(x, u)vm dx

≤
∫
BR(0)

|g(x, u)|vm dx+
1

k

∫
RN\BR(0)

V (x)uvm dx.

Using the definition of v and that Ω ⊂ BR(0), we get∫
RN
∇v∇vm dx+

∫
Ω

V (x)uvm dx

+
(k − 1)

k

∫
RN\Ω

V (x)uvm dx ≤
∫
BR(0)

|g(x, u)|vm dx. (3.3)
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Therefore, from (V1), (g2), (2.2) and (3.2)∫
RN
|∇wm|2 dx ≤

σ2

2σ − 1

[∫
BR(0)

(a1|u|p−1 + a2)vm dx+ α

∫
Ω

uvm dx

]
(3.4)

We claim that∫
RN
|∇wm|2 dx ≤

σ2

2σ − 1

(
a3|v|2σL2στ′ (RN )

+ a4|v|2σ−1
L2στ′ (RN )

)
, (3.5)

where
a3 = 2a1|u|p−2

L2∗ (RN )
+ α|Ω|

(p−2)
2∗ ; (3.6)

and

a4 =

{
2p−1a−p2 (a1a

p−2
2 + 1)(1 + |u|L2∗ (RN ))

p−1 + αa2(1 + |Ω|) if a2 > 0,

0 if a2 = 0.
(3.7)

Indeed, invoking one more time that vm = 0 whenever u ≤ a2 and using that
vvm = w2

m, we have∫
BR(0)

(a1|u|p−1 + a2)vm dx

≤ 2p−1a1

∫
RN
|u|p−2w2

m dx+ 2p−1a2(a1a
p−2
2 + 1)

∫
[u≥a2]

vm dx

Supposing a2 > 0 and applying Hölder’s inequality, we obtain∫
BR(0)

(a1|u|p−1 + a2)vm dx ≤ 2p−1a1|u|p−2

L2∗ (RN )

(∫
RN

w2τ ′

m dx

) 1
τ′

(3.8)

+ 2p−1a2(a1a
p−2
2 + 1)|[u ≥ a2]| 1τ

(∫
[u≥a2]

|vm|τ
′
dx

) 1
τ′

.

Since |wm| ≤ |v|σ and |vm| ≤ |v|2σ−1 in RN , we have∫
BR(0)

(a1|u|p−1 + a2)vm dx ≤ 2p−1a1|u|p−2

L2∗ (RN )
|v|2σ

L2στ′ (RN )

+ 2p−1a2(a1a
p−2
2 + 1)|[u ≥ a2]| 1τ

(∫
[u≥a2]

|v|(2σ−1)τ ′ dx

) 1
τ′

.

Thus, using Hölder’s inequality one more time, we obtain∫
BR(0)

(a1|u|p−1 + a2)vm dx ≤ 2p−1a1|u|p−2

L2∗ (RN )
|v|2σ

L2στ′ (RN )

+ 2p−1a2(a1a
p−2
2 + 1)|[u ≥ a2]|( 1

τ + 1
2στ′ )|v|2σ−1

L2στ′ (RN )
.
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Consequently, observing that a2∗

2 |[u ≥ a2]| ≤ |u|2∗
L2∗ (RN )

, we may write∫
BR(0)

(a1|u|p−1 + a2)vm dx ≤ 2p−1a1|u|p−2

L2∗ (RN )
|v|2σ

L2στ′ (RN )

+ 2p−1a
−( 2∗

2στ′+p−1)

2 (a1a
p−2
2 + 1)|u|(

2∗
2στ′+p−2)

L2∗ (RN )
|v|2σ−1

L2στ′ (RN )
.

Since 2∗/2στ ′ = 1, we obtain∫
BR(0)

(a1|u|p−1 + a2)vm dx ≤ 2p−1a1|u|p−2

L2∗ (RN )
|v|2σ

L2στ′ (RN )

+ 2p−1a−p2 (a1a
p−2
2 + 1)(a2 + 1)(1 + |u|L2∗ (RN ))

(p−1)|v|2σ−1
L2στ′ (RN )

.

Analogously, we obtain∫
Ω

uvm dx ≤ |Ω|
p−2
2∗ |v|2σ

L2στ′ (RN )
+ a2(1 + |Ω|)|v|2σ−1

L2στ′ (RN )
.

From the above inequalities and (3.4), we conclude that the estimate (3.5) sat-
isfied if a2 > 0. A similar argument implies that (3.5) holds when a2 = 0, and
the claim is proved. From the last claim, |wm| = |v|σ in Am, the embedding
D1,2(RN ) ↪→ L2∗(RN ) and 2σ − 1 > 1, we obtain(∫

Am

|v|2
∗σ dx

)2/2∗

≤ σ2S−1
(
a3|v|2σL2στ′ (RN )

+ a4|v|2σ−1
L2στ′ (RN )

)
.

Letting m→∞ and using the monotone convergence theorem, we may write

|v|2σL2∗σ(RN ) ≤ σ
2S−1(a3 + a4)

(
|v|2σ

L2στ′ (RN )
+ |v|2σ−1

L2στ′ (RN )

)
.

As σ = 2∗/2τ ′ and replacing σ by σj , j ∈ N, in the above inequality, we obtain

|v|2σ
j

L2∗σj (RN )
≤ σ2jS−1(a3 + a4)

(
|v|2σ

j−1

L2∗σ(j−1)
(RN )

+ |v|2σ
j

L2∗σ(j−1)
(RN )

)
. (3.9)

Using an argument of induction, we may verify that the following inequality
holds for every j ∈ N,

|v|L2∗σj ≤ σ
∑j
i=1 i/σ

i [
2(S−1(a3 + a4) + 1)

] 1
2

∑j
i=1 1/σi (

1 + |v|L2∗ (RN )

)
.

Letting j → ∞ and using that
∑∞
i=1 i/σ

i = σ/(σ − 1)2 and 1
2

∑∞
i=1 1/σi =

1/2(σ − 1), we have

|v|L∞ ≤ σ
σ

(σ−1)2
[
2(S−1(a3 + a4) + 1)

] 1
2(σ−1)

(
1 + |v|L2∗ (RN )

)
.

Using that 1/2(σ − 1) = 1/(2∗ − p), a2 ≥ 0, and |v|L2∗ (RN ) ≤ |u|L2∗ (RN ), we
have

|v|L∞ ≤
[
σ

2σ
(σ−1) 2S−1(a3 + a4) + 2σ

2σ
(σ−1) + a

2(σ−1)
2

] 1
2∗−p

(1 + |u|L2∗ (RN )).

(3.10)
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Since 2(σ − 1)/(2∗ − p) = 1, we have

a2 <
[
σ

2σ
(σ−1) 2S−1(a3 + a4) + 2σ

2σ
(σ−1) + a

2(σ−1)
2

] 1
2∗−p

(1 + |u|L2∗ (RN )). (3.11)

As u+ ≤ (u− a2)+ + a2 = v + a2, by (3.10)- (3.11), we get

|u+|L∞ ≤ 2
[
σ

2σ
(σ−1) 2S−1(a3 + a4) + 2σ

2σ
(σ−1) + a

2(σ−1)
2

] 1
2∗−p

(1 + |u|L2∗ (RN )).

Hence, from (3.6) and (3.7),

|u+|L∞ ≤
[
C1|u|p−2

L2∗ (RN )
+ C2|u|p−1

L2∗ (RN )
+ C3

] 1
2∗−p

(1 + |u|L2∗ (RN )),

where C1, C2 and C3 are constants depending on the values of a1, a2, p, α, |Ω| and
k. Moreover, C2 = 0 whenever a2 = 0. The proof of Lemma 3.1 is complete.

Remark 3.2. We note that the values of the constants C1, C2, and C3 given by
Lemma 3.1 do not depend on the value of R in hypothesis (g1) or on the value
of the potential V on RN \ Ω.

Lemma 3.3. Suppose (V1) and (g1)-(g2) are satisfied. If u ∈ E is a weak
solution of (2.7), then

|u(x)| ≤M
(
R

|x|

)N−2

for every x ∈ RN , |x| ≥ R,

where R > 0 is given by (g1) and

M =
(
C1|u|p−2

L2∗ (RN )
+ C2|u|p−1

L2∗ (RN )
+ C3

) 1
2∗−p (

1 + |u|L2∗ (RN )

)
,

with C1 and C2 the constants given by Lemma 3.1.

Proof. Let z ∈ C∞(RN \ {0}) be the harmonic function z(x) = M(R/|x|)N−2,
for x ∈ RN . Next, take

w+(x) =

{
(u(x)− z(x))+ if |x| ≥ R,
0 if |x| < R.

As a direct consequence of Lemma 3.1 |u(x)| ≤ z(x), for every x such that
|x| = R. Moreover, since ∆z = 0 in RN \ BR(0), w+ ∈ E, w+(x) = 0 for every
|x| ≤ R, and w+ ≥ 0, by (g1), we have∫

RN
|∇w+|2 dx =

∫
RN
∇(u− z)∇w+ dx

=

∫
RN
∇u∇w+ dx−

∫
RN
∇z∇w+ dx

=

∫
RN

(
g(x, u)w+ − V (x)uw+

)
dx

≤
∫
RN\BR(0)

V (x)

(
|u|
k
− u
)
w+ dx ≤ 0,
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where in the last inequality we have used that u ≥ 0 whenever w+ > 0. Now,
taking

w−(x) =

{
(−u(x)− z(x))+ if |x| ≥ R,
0 if |x| < R,

arguing as above and observing that u ≤ 0 whenever w− > 0, we obtain∫
RN
|∇w−|2 dx =

∫
RN
∇(−u− z)∇w− dx

=

∫
RN

(
−g(x, u)w− + V (x)uw−

)
dx

≤
∫
RN\BR(0)

V (x)

(
|u|
k

+ u

)
w− dx ≤ 0.

It follows from the above estimates that wi ≡ 0, i = ±, and, consequently,
|u| ≤ z on RN \BR(0). The proof of Lemma 3.3 is complete.

4 Existence of a positive solution

In this section, we present the proofs of Theorems 1.1 and 1.2 and the corre-
sponding results when hypothesis (f3) holds with S0 = 0.

Proof of Theorem 1.1. In view of Corollary 2.4, (2.3) and the estimate
|u|2

L2∗ (Ω)
≤ S−1

∫
RN |∇u|

2 dx, the equation (2.7) has a positive solution u ∈ E
satisfying

|u|L2∗ (RN ) ≤ Ĉ :=
[
K−1(S − α|Ω|2/N )−1(d+ C|BR(0)|)

]1/2
, (4.1)

with C, K and d given by (2.15), (2.16) and (2.23), respectively. Since g defined
by (2.4) satisfies the hypotheses (g1) and (g2), with k = 2θ/(θ − 2) and R, a1,
p and θ given by (V2), (f2) and (f3), in view of (4.1) and Lemma 3.3, we have

|u(x)| ≤ M̂
(
R

|x|

)N−2

for every x ∈ RN , |x| ≥ R, (4.2)

where

M̂ :=
(
C1Ĉ

p−2 + C2Ĉ
p−1 + C3

)1/(2∗−p) (
1 + Ĉ

)
, (4.3)

for constants C1 and C2 given by Lemma 3.1. Next, using the hypotheses (f1)
and (f2), we find a constant C > 0 such that

|f(x, s)| ≤ C|s|q−1 for every (x, s) ∈ RN × R, |s| ≤ M̂. (4.4)

Therefore, from (4.1) - (4.4),

|f(x, u(x))| ≤ CM̂ (q−2)

(
R

|x|

)(N−2)(q−2)

|u(x)| for every |x| ≥ R. (4.5)
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Setting Λ∗ = kCM̂ (q−2)R(N−2)(q−2) and combining (4.5) with (V2), we obtain

|f(x, u(x))| ≤ 1

k
V (x)|u(x)| for every |x| ≥ R,

whenever Λ(R) ≥ Λ∗. Thus, f̃(x, u(x)) = f(x, u(x)) for every x ∈ RN such that
|x| ≥ R, and so g(x, u(x)) = f(x, u(x)) for every x ∈ RN . Therefore, u is a
positive solution of (1.1). The proof of Theorem 1.1 is complete. �

As it was observed in the introduction, when (f3) holds with S0 = 0, we
may provide a relation between the parameter in hypothesis (V2) and the value
of R that, in particular, generalizes the result in [1] when q > 2∗.

Theorem 4.1. Suppose V satisfies (V1) and (V2), and f satisfies (f1)-(f2),

and (f3) with S0 = 0. Then there is Λ̃∗ > 0 such that (1.1) possesses a positive

solution provided Λ̃(R) := Λ(R)/R(N−2)(q−2) ≥ Λ̃∗.

Proof. Since f satisfies (f3) with S0 = 0, we may invoke Remark 2.5 to conclude

that the constant Ĉ, given by (4.1), does not depend on the value of R. There-
fore, from Remark 3.2 and (4.3), the estimate (4.4) holds with the constants

C and M̂ being independent of the value of R. Consequently, supposing that
(V2) holds, the argument used in the proof of Theorem 1.1 implies that (1.1)

possesses a positive solution whenever Λ̃(R) := Λ(R)/R(N−2)(q−2) ≥ Λ̃∗ :=

kCM̂ (q−2).

Proof of Theorem 1.2. Since (f̂1) implies that (f1) holds, we may invoke
Corollary 2.4, Lemma 3.3 and the argument used in the proof of Theorem 1.1
to conclude that equation (2.7) has a positive solution u ∈ E satisfying the

estimate (4.2). Next, we fix 0 < â < a. From (f̂1) and (f2) we may find C > 0
such that

|f(x, s)| ≤ Ce−â/|s|
q

|s| for every (x, s) ∈ RN × R, |s| ≤ M̂,

where M̂ is given by (4.3). Consequently, by (4.2), we may write

|f(x, u(x))| ≤ Ce−µ
∗|x|(N−2)q

|u(x)| for every x ∈ RN , |x| ≥ R,

where µ∗ := â/(M̂R(N−2))q. Taking Λ∗ = kC and using (V3), we get

|f(x, u(x))| ≤ 1

k
V (x)|u(x)| for every|x| ≥ R (4.6)

whenever 0 < µ ≤ µ∗ and Λ(R,µ) ≥ Λ∗. This implies that u is a positive
solution of (1.1) because (2.4) and (4.6) imply g(x, u(x)) = f(x, u(x)) for all
x ∈ RN . The proof of Theorem 1.2 is complete. �

Remark similar to Theorem 1.1 shows that Λ∗ in Theorem 1.2 depends on
R given in (V3) if S0 > 0 in (f3). If (f3) holds with S0 = 0 and V satisfies
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(V5) there are constants µ > 0 and R > r0 + |x0| such that

Λ̂(µ,R) := inf
|x|≥R

eµ( |x|R )
(N−2)q

V (x) > 0,

with q given by (f̂1),

then we may find Λ̂∗ > 0 independent of R such that (1.1) has a positive solution

provided Λ̂(µ,R) > Λ̂∗. More precisely, using the arguments employed in the
proof of Theorem 1.2, we may also state the following version of Theorem 4.1:

Theorem 4.2. Suppose V satisfies (V1) and (V6), and f satisfies (f̂1), (f2),

and (f3) with S0 = 0. Then there are constants Λ̂∗, µ̂∗ > 0 such that (1.1)

possesses a positive solution provided 0 < µ ≤ µ̂∗ and Λ̂(µ,R) ≥ Λ̂∗.

5 Existence of multiple solutions

In this section, we present proofs of Theorem 1.3 and Proposition 1.4. Here we
also state a version of Proposition 1.4 under hypothesis (f3) with S0 > 0 and

corresponding results under hypothesis (f̂1) and versions of (V3).
Before proving Theorem 1.3, we recall an abstract result that provides the

existence of k pairs of nontrivial solutions for even functionals defined in Banach
spaces (see [9]).

Theorem 5.1. Suppose X = X1

⊕
X2, with dimX1 < ∞, is a Banach space

and that I ∈ C1(X,R) is an even functional satisfying I(0) = 0, the Palais-
Smale condition, and

(I1) there exist β, ρ > 0 such that I(u) ≥ β for every u ∈ X2 such that ‖u‖ = ρ;

(I2) there exist a finite dimensional subspace W of X and γ > 0 such that
I(u) ≤ γ for every u ∈W .

Then, if dimW > dimX1, the functional I possesses l pairs of nontrivial critical
points {±u1, · · · ,±ul}, where l = dimW −dimX1. Furthermore β ≤ I(ui) ≤ γ
for every i ∈ {1, · · · , l}.

In order to apply Theorem 5.1, we consider ĝ : R×RN → R the odd extension
of the function defined by (2.4) for every (x, s) ∈ RN × [0,∞). We note that ĝ
is a Carathéodory function satisfying

ĝ(x, s) = f(x, s) for (x, s) ∈ RN × R, |x| ≤ R,
|ĝ(x, s)| ≤ |f(x, s)| for (x, s) ∈ RN × R,
|ĝ(x, s)| ≤ 1

kV (x)|s| for (x, s) ∈ RN × R, |x| > R.

(5.1)

Moreover, defining Ĝ(x, s) :=
∫ s

0
g(x, t) dt, we have{

Ĝ(x, s) = F (x, s) for (x, s) ∈ RN × R, |x| ≤ R,
Ĝ(x, s) ≤ 1

2kV (x)s2 for (x, s) ∈ RN × R, |x| > R.
(5.2)
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Next, we consider the symmetric version of the auxiliary equation (2.7):{
−∆u+ V (x)u = ĝ(x, u), x ∈ RN ,
u ∈ E.

(5.3)

We also observe that any solution u of (5.3) that satisfies |f(x, u)| ≤ V (x)|u|/k,
for |x| ≥ R, is a solution of (1.1).

As in the proofs of Theorems 1.1 and 1.2, the functional Ĵ : E → R, given
by

Ĵ(u) =
1

2

∫
RN

(
|∇u|2 + V (x)u2

)
dx−

∫
RN

Ĝ(x, u) dx

associated with (5.3), is of class C1 in (E, ‖ · ‖) and critical points of Ĵ are weak
solutions of equation (5.3). Furthermore Ĵ is an even functional functional and
Ĵ(0) = 0.

The next result provides a version of Proposition 2.1 for the functional Ĵ .

Proposition 5.2. Suppose V satisfies (V1)-(V2) and f satisfies (f1)-(f3). Then

1. there exist constants β, ρ > 0 such that Ĵ(u) ≥ β for every u ∈ E such
that ‖u‖ = ρ;

2. given l ∈ N, there exist {φ1, · · · , φl} ⊂ E and Dl > 0 such that such that
Ĵ(u)≤Dl for every u ∈Wl := 〈φ1, · · · , φl〉.

Proof. Item 1 has been actually proved in Proposition 2.1. For proving item 2,
as in the proof of item (2) of Proposition 2.1, for each 1 ≤ i ≤ l we consider
nonnegative functions φi ∈ E \ {0} such that supp(φi) ⊂ B0 := Br0(x0) and
supp(φi) ∩ supp(φj) = ∅ for i 6= j ∈ {1, · · · , l}. Defining di, i ∈ {1, · · · , l}, by

di := sup
τ∈R

[
τ2

2

∫
B0

(|∇φi|2 + V∞φ
2
i )dx− C1|τ |θ

∫
B0

|φi|θdx+ C2|B0|
]
,

with C1 and C2 given by (2.12), we obtain J(tφi) ≤ di < ∞ for every t ∈ R.
Since supp(φi) ∩ supp(φj) = ∅ for i 6= j ∈ {1, · · · , l}, item 2 is satisfied with

Dl =
∑l
i=1 di. The proposition is proved.

We are now ready to present the proofs of Theorem 1.3 and Proposition 1.4:

Proof of Theorem 1.3. Observing that the argument employed in the proof
of Lemma 2.2 may be easily adapted to verify that Ĵ satisfies the Palais-Smale
condition, we may invoke Theorem 5.1 and Proposition 5.2 to verify that Ĵ
possesses l pairs of nontrivial critical points {±u1, · · · ,±ul}. Moreover β ≤
Ĵ(ui) ≤ Dl, and

‖ui‖ ≤ K−1 (Dl + C|BR(0)|) for every i ∈ {1, · · · , l}, (5.4)

where C, K and Dl are given by (2.15), (2.16) and Proposition 5.2-item 2,
respectively. The proof of Theorem 1.3 is concluded by using the estimate
provided by Lemma 3.3 and arguing as in the proof of Theorem 1.1. �
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Proof of Proposition 1.4. Noting that the estimate (5.4) holds with C = 0
(see Remark 2.5), we may argue as in the proof of Theorem 4.1 to conclude
that under the hypothesis of Theorem 1.3, with f satisfying (f3) with S0 = 0,
we may find l pairs of nontrivial pairs of solutions whenever V satisfies (V4)

with Λj(Rj)/R
(N−2)(q−2)
j is sufficiently large, independently of the value of Rj .

This fact and the hypothesis lim supj→∞ Λj(Rj)/R
(N−2)(q−2)
j =∞ conclude the

proof of Proposition 1.4. �
It is not difficult to verify that, as a direct consequence Theorem 1.3, a

version of Proposition 1.4 holds under (f3) without supposing S0 = 0:

Proposition 5.3. Suppose V satisfies (V1) and (V4) and f satisfies (f1)-(f4).
Then there exists a sequence (Λ∗j,l) ⊂ (0,∞), (j, l) ∈ N2, such that (1.1) pos-
sesses infinitely many pairs of nontrivial solutions whenever (Λj(Rj)) has a sub-
sequence (Λji(Rji)) satisfying Λji(Rji) ≥ Λ∗ji,li for every i ∈ N, with li → ∞,
as i→∞.

We also state without proving a version of Theorem 1.3 under the hypothesis
of Theorem 1.2 and (f4).

Theorem 5.4. Suppose V satisfies (V1) and (V3), and f satisfies (f̂1), and
(f2)-(f4). Then, given l ∈ N there are constants Λ∗l , µ

∗
l > 0 such that (1.1)

possesses l pairs of nontrivial solution provided 0 < µ ≤ µ∗l and Λ(R,µ) ≥ Λ∗l .

Remark 5.5. Finally we like to emphasize that, assuming the condition (f4), it is
not difficult to derive versions of Propositions 1.4 and 5.3 under the hypothesis
(f̂1) and conditions related to (V3) and (V4).
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