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Abstract

Estimation and diagnostic procedures for partially linear models with first-order
autoregressive [AR(1)] skew-normal errors are proposed in this paper. An EM iterative
process with analytic expressions for the M and E-steps, which combines back-fitting
and Newton—Raphson algorithms, is developed for the parameter estimation. A linear
smoother for the estimation of the effective degrees of freedom concerning the non-
parametric component is derived from the iterative process. Local influence analysis
is developed based on the conditional expectation of the complete-data log-likelihood
function, used in the EM algorithm. A simulation study is also conducted to evaluate
the efficiency of the EM algorithm. Finally, the methodology developed through the
paper is illustrated with a real data set on daily ozone concentration.

Keywords Back-fitting algorithm - EM-algorithm - Local influence - Penalized
Smoothing - Semiparametric models - Skew-normal distribution

1 Introduction

The aim of this paper is to develop an Expectation—-Maximization (EM) iterative
process and local influence procedures for partially linear models (PLMs) (or semi-
parametric models) with first-order autoregressive [AR(1)] skew-normal errors.
Linear and nonlinear models with AR errors have been studied by various authors.
For example, under elliptical distributions, Liu (2004) developed diagnostic methods in
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conditional heteroscedastic time series models, Paula et al. (2009) discussed estimation
and diagnostics in linear models with AR(1) errors, whereas Cao etal. (2010) presented
procedures for assessing heteroscedasticity and autocorrelation as well as diagnostic
methods in nonlinear models with AR(1) errors. In the asymmetric context, Bondon
(2009) introduced an autoregressive model with epsilon-skew-normal innovations,
whereas Sharafi and Nematollahi (2016) considered an autoregressive model of order
one with skew-normal innovations.

On the other hand, regression models with AR(1) errors may present a nonlinear
relationship between the response and some continuous explanatory variables, such
as time. So, nonparametric forms may be added into the systematic component of the
model in order to accommodate this covariate flexibly. Such models, named partially
linear models with AR errors, have been investigated by various authors. For example,
Ferreira et al. (2013) developed a Bayesian analysis for partially linear models with
first-order autoregressive errors belonging to the class of the scale mixtures of normal
distributions whereas Relvas and Paula (2016) proposed an iterative process and some
diagnostic procedures for partially linear models with AR(1) symmetric errors. In
the asymmetric context, Ferreira and Paula (2017) developed a PLM under a skew-
normal distribution allowing maximum likelihood estimation via EM algorithm and
diagnostic analysis using Zhu and Lee’s approach (Zhu and Lee 2001).

In this paper, we propose a generalization of the PLMs with AR(1) errors under a
skew-normal distribution (Sahu et al. 2003) using the EM algorithm for the param-
eter estimation and the local influence approach developed by Zhu and Lee (2001).
As pointed out by Greene (2012) AR(1) error models have been largely applied in
time series analysis due to their flexibility of modeling more complex processes. The
remainder of the paper is structured as follows. Section 2 presents the proposed par-
tially linear models and the penalized log-likelihood function with AR(1) skew-normal
errors and some related properties. An EM iterative process for the parameter estima-
tion is derived in Section 3, combining back-fitting and Newton—Raphson algorithms
for estimating the nonparametric and parametric components. A linear smoother for
the estimation of the effective degrees of freedom of the nonparametric component is
derived from the EM iterative process. In Sect. 4, we derive local influence curvatures
using the methodology proposed by Zhu and Lee (2001) under some usual perturba-
tion schemes. Section 5 deals with a simulation study for evaluating the efficiency of
the EM algorithm and Sect. 6 illustrates the application of the proposed methodology
in real data on daily ozone concentration. Section 7 summarizes the contributions of
the paper.

2 Specification of the model

The skew-normal (SN) distribution (Azzalini 1985) has range for asymmetry varying
between —0.995 and 0.995 and the maximum of the kurtosis is 3.869. So, this distribu-
tion is useful to modeling data with asymmetry and some degree of kurtosis. There are
some other versions of this distribution (see Nadarajah and Kotz 2003; Genton 2004;
Ferreira and Steel 2006), among others. In this work we use another version of the
skew-normal, developed by Sahu et al. (2003), where there is a one-to-one relationship
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between the parameters of the two versions to the univariate case. An advantage of
this version is that it directly allows analytic expressions in the M and E-steps for the
EM algorithm in the proposed model.

A random variable Y follows a univariate skew-normal distribution (Sahu et al.
2003) with location parameter i, scale parameter o> and skewness parameter 8, if its
probability density function (pdf) takes the form

2 2 < y— K ) <5 y— K )
L0%,8) = "o :
fylw, 0%, 8) \/(72—{-8245 Vo2 + 82 0 Jo? 4852 o

where ¢ and @ are, respectively, the probability density function (pdf) and the cumu-
lative distribution function (cdf) of the N (0, 1), namely Y ~ SN (u, 02,8).Fors =0,
the pdf in (1) reduces to the one of the normal distribution. The mean and the variance
of Y are, respectively, given by

E(Y)=pu+bs and Var(Y) =o’ + (1 — b*)8>, )

where b = /2/m. The stochastic representation is given by Y 4 w+ 8| Xo| + o Xy,
where X and X are independent random variables N (0, 1). The cumulative density
function of ¥ ~ SN (u, o2, ) is given by

Fy(y;u,az,8>=2d>2((—y_“ ,0);0,sz>, 3)
o2 482

1 =6 . s
where 2 = s 1 , with 1 = ok

The partially linear model with AR(1) skew-normal errors is defined as follows:

yi = Wi + €,
€ = p€i—1+e, —l<p<l1, and (@)
ei ~ SN(—=b8,62,8), i=1,...,n,

where y;’s denote the response values, pu; = xl—r B+ f(t;) is the expected value of Y;,
X; = (Xi1, ..., x,-p)T contains values of explanatory variables, 8 = (81, ..., ,B,,)T is
the fixed-parameter vector, p is the AR coefficient, ;’s represent values of a continuous
covariate that has some nonlinear relationship with the response, for example, the
time, f(-) denotes a smoothing function and e¢;’s are independent random errors with
a skew-normal distribution of zero mean, fori = 1, ..., n. We will assume €y = 0 and
when p = 0 model (4) reduces to the skew-normal partially linear model discussed in
Ferreira and Paula (2017).

Properties:

1. Y1 ~ SN(uy — b8, 0%, 8). So, we have that E(Y;) = 1 and Var(Yy) = o2+ (1 —
b*)82.

2. Yilyio1 ~ SN(ui + p(yi-1 — ti-1) —b8,02,8), i=2.....n.

3. E(Y:) = w and Var(Y;) = Var(Y1) Y,y p*@~7 fori =2,...,n.
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4. Fork > i, Cov(Y;, Yy) = Var(Yy) 2320 oI k=20,

This paper considers smoothing functions expressed as B-splines (de Boor 2001)
and (Wood 2017), namely f(¢) = Z?’:l N i (t)yj, where

I, kj<t<kjyi
Njay=43, - .77
i1 (@) { 0, otherwise,

and

Nji(t) = wjxNjk—1) + (1 —wjt1, ) Njt16-1(0), for k>1,
with u)jk(l) = K;-:I(—+K/’
and y; are coefficients to be estimated, for j =1, ..., ¢, whereas m is the number of
internal knots, namely a1 < k1 < --- < k, < by and ¢ = m — k — 1. For simplicity,
we will assume & = 3 (cubic B-splines) and consequently, f(f) = Z?:l Ni®)y,;
with N;(t) = N, 3(t). B-splines have been largely applied for modeling nonlinear
relationships due to their flexibility and local control (Eilers and Marx 1996; Wood
2017).

Then, the systematic component of the model (3) may be expressed in the matrix
form p = XB + Ny, where o = (i1, ..., n) |, X denotes an n x p matrix with
rows XZT, Nis an n x g matrix with rows an = (N1(t;), ..., Ng(@t)),fori =1,...,n
andy = (y1,..., yq)T. In order to obtain a smoothing fitting, we will consider a
continuous penalization in the likelihood function from which an EM iterative process
will be developed. However, discrete penalization has been largely applied with B-
splines, such as P-splines (Eilers and Marx 1996). See Appendix B for the construction
of the matrix N based on the equidistant knots ¥ and values t = (1, ..., t,).

N i (t) denoting the B-spline basis functions of degree k

3 Parameter estimation via EM-algorithm

From (4) the observed-data log-likelihood function of § = BT, y.o%8,p' €
RP", p* = p + g + 3 may be expressed as

2 n n
n o2
€(8) = nlog — Slog (0> +6%) — == > B} + ) log®(B;).  (5)
i=1 i=1

2
S22 2 252 5

where Bj = —or (vi — & +b8). & = pi + p(i-1 — mi-1)s bi =X B+n]y
with XZ-T and niT being the i-th row of X and N, respectively, fori =1, ..., n.

One may have two difficulties in maximizing £(@) in (4), the evaluation of the
term ®(-) and the need of imposing some restriction for f(¢) to avoid over-fitting
and nonidentification of y (see, for instance, Green 1987). So, we will propose the
parameter estimation evaluated by an EM-algorithm with the incorporation into the
log-likelihood function of a penalty function J (p) together with a smoothing param-
etera > 0.
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3.1 EM-algorithm

The EM algorithm (Dempster et al. 1977) has been largely applied for finding max-
imum likelihood estimates. One advantage of the EM algorithm is that the M-step
involves only complete data ML estimation, which is often computationally simple.

Let TN(u, %0, ~+00) denote the truncated-normal distribution with parameters
w and o2 and support in (0, +-00) (Johnson et al. 1994). Using the stochastic repre-
sentation of skew-normal distribution and Property 2, we have that

ind
YilZi = zi,yi-1 ~ N(& — b8 +8z;,0°) and
iid
Zi TN, 1; (0, 400)), i=1,....n.

So, after some algebraic manipulations, the joint distribution for (Y;, Z;) becomes
given by

F i zis yie1,0) = 20 (il& + 820 — b8, 07) (2)T(0,100) (2:)
= 26 (il6; — b5, 0% + 699 (zilpiz, o) o400 (20,

where i, = U%Hz(yi — & + bS) and ozz = ﬁ So, we have that Z;|y;, 8 ~
TN ([Ll‘ Z azz; (0, +oo)). Thus, from properties of truncated normal distributions, we
obtain

E[Zilyi]l = piz + o;Wo(uiz/o;) and (6)
E[Zi2|yi] = /'Lizz + Uzz + o iz Wo (liz/07),

where Wo (1) = ¢ (u)/ P (u).

Lety = (y1,...,yn) andz = (z1,...,2,) " withz being treated as missing data.
Then, the complete log-likelihood function associated with y. = (y',z")T may be
expressed as

n [~
Le®lye) = C—7 logo®——— Zl [ —&)% = 260y — &)(zi = b) +62(b% = 2bzi +2])],

(N
where C is a constant that does not depend on unknown parameters.
In the E-step, one has the function

000" = E[e.0]yo)ly. '

n

k)] o« —g loga2

5 (k)
— 2 [0 =82 = 2801 — 80 @Y — by + 8202 — 2650 + 27
i=1

(®)
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where 20 = E[Z; |y, 8% ] and 22\ = E[Z2[y:.8%).

Similarly to Green (1990), the maximum penalized likelihood estimate (MPLE) of
0 will be obtained by maximizing the function

0,010) = 0(0]6) — %J(m, )

where o > 0 denotes a smoothing parameter whereas J () denotes the penalty func-
tion, which is defined as follows

b
J(y) = / O 0Pd = y Ky,
al

(see also Wood 2017, Chap. 5) with K € R7*7 being a nonnegative definite matrix
that depends only on the knot differences (see Appendix B for details). Using (6), we
have that

~(k)
A( ) /J“t(z) + O(k)W ( t(]i)) (10)
Z
and .
k A —~(k PUTIOR

20 = (9P + 2P 4 500w, Mz ) an

a(k)

Z
3K k (k) =) . "
where '“( ) =0 5@)2( i — & +b5W), 02, = —;5((13) 7 nd &0 = +
A -~(k .

Let A A(p) an (n x n) matrix given by

1 00 - 0 0
—p 1 0 -~ 0 0
A= : .
0 0 0 —p 1

The M-step maximizes Q (0 |§(k)) with respect to 6, obtaining a new estimate

@\(k—H), as described below:

E-step: Compute, fori =1, ..., A(k) and z using (10)—(11).
k) e (& .
M-step: Update (k), y®, 02( ), A(k) and ,'5(]‘), respectively, as

ﬁ(kﬂ) _ §(k) (@) [5’\* A(k)NA(k)]

FktD S(k) (@) [fy\*(k) . K(k)Xﬁ(k)]

— (k+1) 1
o = > [0 =892 =250 —EE - b
i=1

@ Springer



Estimation and diagnostic for partially linear models. ..

k
k k
U+ _ > i1 (i —'5,-( ))@ '—b
B =®
Y2 =262 220
5®Hu_2£ﬂn—3“@“—bmpl
Z?:l ri2_1 '

and

where

~ —~ —~ -1
S¥(a) = [(A(")X)T(A(k)X)] AOX)T and

. - - ~®. 1~
SP (o) = [(A“‘)N)T(A(")N) + cxaz(k)K] AON)T

are smoother with y*® = A(k)y SOk — p) being a pseudo-response, r; =
k

= = 3y —xTB® T30, i = 1, mrg = 0,and 70 = G, ZO)T,

fork=0,1,2,....

Note that, at the M-step, the iterative process above combines a back-fitting algo-
rithm for estimating 8 and y with a Newton—Raphson algorithm for estimating 2, §
and p. The iterations are repeated until a suitable convergence rule is satisfied, e.g.,
[|0%+D —g®)is sufficiently small, say 107°. A set of reasonable starting values may
be achieved by computing ﬁ(o) and 52 as the solution of the least-squares regression

0 _ NT ~2(0) INT 2O %0
model of y on X. So, for fixed a, ) = W'N + ac*VK)"'N' (y = XB ),
may be the sample skewness coefficient of y — X8 — N3© and 7y = 0.

3.2 Effective degrees of freedom

After some manipulations of the expressions of ﬂ( 1 and 7*+D in the M-step, we
have that
ﬂ(k+l) [(A(k)X)TW(k)A(k)X] (K(k)X)ngk)y*(k) and

N —~ A~ (o~ —~(k -1 ~
y(k+l) — [(A(k)N)TWSf)A(k)N +0502( )K] (A(k)N)'I";V(]Z()/y\wk)7
where

W, =1L, — AN[(AN) "AN + a6 ’K]" ' (AN) " and
W, =1, — AX[(AX) TAX] ' (AX) .

From Hastie and Tibshirani (1990) the effective degrees of freedom involved in
modeling the nonparametric component will be estimated from the following rela-
tionship obtained at the convergence of **1_ Thus, we may express the estimate of
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the corrected linear predictor for the nonparametric component as
ANy = H(@)¥",
where ﬁ(a) = KN[(KN)TW fKN + oc;\zK]_1 (KN)TW  may be interpreted as a

linear smoother. As pointed out by Hastie and Tibshirani (1990, p. 52), the sum of the
eigenvalues of H(w), for « fixed, namely

df(@) = rr{H(a))

may be defined as the effective degree of freedom due to the nonparametric fitting.

Then, one has a total of p + 3 4 df (o) parameters to be estimated and we may
use the Bayesian information criterion (BIC) to select an appropriate model, which
consists in minimizing the function

BIC(a) = —2¢, (8, @) + [p + 3 + df(@)]log(n),
where £, (5, o) (jienotes the Renalized log-likelihood function available at @ for a fixed

o, given by £,(0, ) = £(0) — oy "Ky. We use the “optim”routine in R (R Core
Team 2019) to estimate o, with « between (0, 103).

3.3 Residual analysis

We propose to use the quantile residuals (Dunn and Smyth 1996). From the model
(4), the ith ordinary residual is given by

TA T~ ~A
rqg = Yi =X B—m; Y —péi

_ {m—x@—n??, i=1, R 12

yi—x B—n/y—p[yici—x B-n¥], i=2....n

So, using the cdf of ¥; in (3), the conditional quantile residual is defined as
ty = © N (Fy(rg;; —b8,62,8)), i=1,....n. (13)

According to Dunn and Smyth (1996), the distribution of 7, converges to standard
normal if the parameter 6 is consistently estimated. So, we will use conditional quantile
residuals to the construction of simulated confidence bands for assessing departures
from the error assumptions and the presence of outlying observations and construct
graphs of the autocorrelation and partial autocorrelation functions for verifying the
adequacy of the AR structure for the errors.

4 The local influence approach

The main idea of sensitivity studies is to assess changes in the parameter estimates,
particularly inferential changes, under perturbations in the model or data. The most
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popular method is the case deletion, which consists in assessing changes in the param-
eter estimates after dropping individual observations (see, for instance, Cook and
Weisberg 1982). This approach has been largely applied in regression models under
independent observations, but has rarely appeared in time series models. The method-
ology proposed by Cook (1986), named local influence, which consists in studying
the influence of small perturbations in the model or the data on the parameter esti-
mates, seems more suitable for such models. However, the local influence approach
was originally developed for maximum likelihood estimation through the likelihood
displacement. Zhu and Lee (2001) proposed an extension of the methodology for the
EM estimation covering a general class of statistical models with missing data. The
approach is based on the Q-displacement instead of the likelihood displacement. We
propose a natural extension of this methodology to semiparametric models.

Letw = (wy,...,w,) " a perturbation vector varying in an open region £ € R”
and £, (0, wl|y.), @ € R”, the complete-data penalized log-likelihood function of the
perturbed model and let 0(w) denote the maximum of the function Q, (0, w|0)
E[Ecp @,w|Y)ly, 0] It is supposed that there is wo such that €., (0, wolY.) =

£c,(01Y,) for all 6. So, the influence graph is defined as a(w) = (w . fo w)T,
where fp(w) is the Q-displacement function defined as

fow)=2[0, (618) — 0, (B(w)I8)].

According to Zhu and Lee (2001), the normal curvature C, 4, of e(w) available at
w( in the direction of some unit vector d has information about the local behavior of
the Q-displacement function. Zhu and Lee (2001) show that

Cp

o . . o~ _1
Crpa=-2d"0yw,d and — Oy, = Ay {—0p®)}  Aw,,

320,010 920,60, wl0
Qp(TI ) and Ay — Op( :I ) .
0000 " lo—p 909w 0=0(w)

To construct a measure of influence, we calculate the spectral decomposition of

- QW()

where Qo (5) =

n
20w, = Y _ Erere;,
k=1

where (£1, e1), ..., (&,, e,) are the eigenvalue-eigenvector pairs of the matrix —2 Qwo
with & > -+ > &;,6,41 = --- = & = O and ey, ..., e, are clements of the
associated orthonormal basis. Following Zhu and Lee (2001) and Lu and Song (2006),
we consider an aggregated contribution vector of all eigenvectors corresponding to
nonzero eigenvalues, given by

q
M) =) Eej,

k=1
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where & = &/,/>1_, g} and e = (€7, ..., ¢2).

Hence, we inspect the graphic of {M(0);,/ =1, ..., n} to the assessment of influ-
ential cases. Following Lee and Xu (2004), we use the value 1/n+c*S as a benchmark
to regard the /th case as influential, where ¢* is a selected constant (depending on the
real application) and S is the standard deviation of the vector {M (0);,/ =1, ..., n}.

4.1 The Hessian matrix, (59 (5)

To obtain the diagnostic measures of the PLM-SNAR(1), based on the approach of
>0,016)

00007
(ﬂT, yT, a2, 8, p)T. It follows from (8) to (9) that Qg (@) has elements given by

Zhu and Lee (2001), it is necessary to compute Qa (6) = , where 0 =

82%;(;?) — _é(AX)T(AX),

W _ —é(AN)T(AX),

323%!;(8";3'5) - _ﬁ(AX)T [y—&-s8@-bL)].

82%73(2@ - —%(AX)T@—bln),

% - Zz [ =& = 8Gi = )izt +rica (6 = pxi-)].
328%(:@ _ —é(AN)T(AN) oK,

fw _ _ﬁ(AN)T [y—&-38@-01y)],

32%78(3@ _ —é(AN)T@—bln),

Bzgga(fllﬁ) _ _% Z:; [ —& —8Gi — b)mi_y +ri 1 (i — pmi_1)],

020,6016) _ n 1y i+ 2
et T 208 gt 2 (01— 602 = 2600 — 6@ = b) + 8202 — 202 + 2
2 0 i )
OO0 _ LS [~ —e0@ — b+ 807 23+ 2]
i=1

38902 o4 4
320,(016) 1 ¢
L DI (BB CE

i=2
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32%%(2"@ _ _é an:(bz — 267 + 22,
i
82%};;2@\) = _é 2’1:@ —Db)ri—; and
%f“‘” _ 012 Z 2,
where 1,, is a one’s vector and & = (&, ...,&,) .

4.2 Perturbation schemes

In this section, we consider the three usual perturbation schemes in local influence for
the PLM-SNAR(1) proposed in this work.

4.2.1 Case-weight perturbation

Under this scheme, we evaluate if the contributions of the observations with different

weights affect the ML estimate of . The perturbed Q-function is written as

0, (0. wih) = Y wiQ:(016) - 5y Ky.

i=1

In this case, wo = (1, ... HT =1, and %\;ZW@ = Q,»(0|/0\) and Ay, has
elements %:'a) i=1,...,n,given by
Zng(zla) = % [yi —& — 8@ — b)] (x; — pxi—1),
Z“Qg(:@ _ % i — & — 8Gi — b)] (m; — pmi_1),
aQaifz@ = oy g [0 = 8 = 2501~ 80 G — b+ 807~ 205 + 2],
aQia((f@ = [0 - 8@~ — 507 2% + 2] and
Z’Q;(;@ _ % [ri — priei — 8Gi — b)] rie1,

with xg = ng = 0 and ro = 0.
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4.2.2 Explanatory variable perturbation

Considering a specific continuous explanatory variable, we use an additive perturbation
given by

X, =X+ 8w, refl, ..., pl,

where S, is the standard deviation of the explanatory variable x,.. So, wo =0 :n x 1
and the perturbed Q-function is given by

~ n |
0,0, w19 o 3 log® = 553 01 = &)? = 2801 — 6@ — )]

x?w,B +n1ry, i=1,
Xiw — PXi—1w) B+ @ —pni—) "y +pyic1, i=2,...,n.
5 ~
M — (AT, AT , A;l:, AT)T,
00w |y, o Y

where &;,, = {

It follows that the matrix Ay, =

where

s, Vi —& — 8@ —b) — p(yir1 — &1 —8Giv1 — b)] 1r0

Ag, = — =B [Xi — pxic1 — (i1 —px)], i=1,....n—1,
n —&n — 8@n — b0 — Br(Xn — pXp—1), i =n,

A :_Srﬂr n,-—,oni_l—(n,-_,_l—,oni), i=1,...,n—1,
Vi o? n, —pn,_i, i=mn,
A, = SB[y =& =8G =b) = pQivt =§it1 = 8@ = b)), i=1,....n—L

o ot Yn_Sn_(s(En_b), i =n,

A __Srlgr ’Z\i—b—p(l\iﬂ—b), i=1,...,n—1,
5 = 0'2 ’Z\n—b, i=l’l,

A — SeBr | it — yiet — p(i — i) — Yig1 + i1 +8@ip1 —b), i=1,...,n—1,
Pi o2 | izt —ya1 I =mn,

where S, is the rth element of 8 and 1,9 is a p x 1 vector with one in the th position
and zeros elsewhere.

4.2.3 Response variable perturbation
We consider an additive perturbation given by
Yiw = JYi +Sywi, i=1,...,n,

where S is the standard deviation of y. In this case, wo =0 : n x 1 and

~ 1
0,0, wil) o = | Giw = &) = 280w — ) G — b)]

202
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1
202 [(y”l’w — &) = 28Gittw — Eitlw) Cip1 — b)] ,

xlTﬁ +n1Ty, i=1,
where &, = T T .
Xi —pXi—1) B+ m; —pni—1) 'y +pYi-tw, [=2,...,0
. 92 0, w|0 T
It follows that the matrix Ay, = M = (A;gr ATZ, A)T, AT) s
900w T o Y
W=W(
where

g [A+eHx—pxa, i=1,

Ag = =5 POist = pX) [F1+8Gisr = D) +%i = pXicr, i =201,
Xy — pXp—1, I =n,

g [A+pPm—pm, i=1,
Ay, = % pMip1 — o) [—1 +8Gis1 —B)] +m —pniy, i=2,..., n—1,

7 n, —pn,_j, I[=mn,

s, [ 8@ —b)—pn—&)+ps@—b), i=1,
Ag2, = oy pit1 —&ir) [-1+ 8@ —D)]+yi —&—-8G —b), i=2,....n—1,

YIz_Sn_S(En_b)s i=n,

s, Zi—b—pE2—b), i=1,
Asi:% Zi—b—pQis1 —Ei+D@is1 —b), i=2,..., n—1,

o ?n —b, i=mn,

[pGi — i) = yir1 +&ig1 | [-1+8Gi1 = D)+ yic1 —pic1, i=2,...,n—1,

S, -8 -8 —b —p1—un), i=1,

A =22

Pi 02 )
Yn — Mn, 1 =n.

5 Simulation study

In order to study the large sample behavior of the natural cubic spline estimate obtained
from the iterative described in Sect. 3.1, we perform a small simulation study in which
the true nonparametric function assumes the forms: f1(¢) = cos(z),t € (—m/2,4m)
(model 1, coseno) or f>(t) = cos(47rt)exp(—t2/2), t € (0.6, 1.6) (model 2, doppler
effect).

In addition, the PLM-SNAR(1) is expressed as follows

yi=Bxi+ f(ti)+e, i=1,...,n,

with B = 5, o2 = 0.005, § = 0.212, p = 0.8 where x; are generated from a
U (0, 1). In the generation of f1(¢) and f>(¢), we divide the interval of 7 in n points
equally spaced. The simulation study is performed for different sample sizes (n equals
100, 500 and 1000) and M = 1000 replicates for each situation. For each random
sample, we calculate the parameter estimates using the EM-algorithm in Sect. 3 and the
approximate standard errors using the observed information matrix (“Appendix A”).
With these estimates, we calculated for each parameter 6; (8, 02,8 and p) the mean

of the estimates (Mean) éTk = Z?L] @j /M, the standard deviation of the estimates

(SD) given by \/ Z;VIZI (’97(]. — 5k)2 /(M — 1) and the empirical standard errors (S E¢y,)
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Table 1 Mean and standard deviations (SD) for EM estimates and empirical standard error estimates
(SEemp) based on 1000 samples from the model 1 (coseno)

True n= 100 n = 500 n = 1000
Parameter Value Mean SD SEemp  Mean  SD SEemp  Mean  SD SEemp
B 5.000 5.000 0.045 0.043 5.000 0.017 0.016 5.000 0.011 0.011
o2 0.005 0.010 0.006 0.003 0.005 0.004 0.001 0.005 0.002  0.001
8 0212 0.073 0.092 0.827 0.199  0.050 0.038 0.208 0.025 0.013
o 0.800 0.394 0.129 0.103 0.751 0.031 0.028 0.776  0.019 0.018

Table 2 Mean and standard deviations (SD) for EM estimates and empirical standard error estimates
(SEemp) based on 1000 samples from the model 2 (doppler effect)

True n =100 n = 500 n = 1000
Parameter Value Mean SD SEemp  Mean  SD SEemp  Mean  SD SEemp

5.000 4998 0.042 0.040 5000 0.016 0.016 5000 0011 0.011
2 0.005 0.005 0.003 0.003 0.005 0.004 0.001 0.005 0.001 0.001

o
) 0212 0.074 0.093 0.556 0200 0.050 0.036 0209 0.022 0.012
o 0.800 0411 0.111  0.097 0.751  0.030 0.027 0.776  0.019 0.018

calculated as 1/22!21 1 JI."‘ /M, where [ ;‘k denotes the k-th diagonal element of an
observed information matrix inverse. When sample size increases, it is expected that

the bias (@ — 6i) decreases and the values SD and SE.,, get smaller and closer.
Tables 1 and 2 present the results of the simulation study for the parametric compo-
nents for models 1 and 2. As expected, the bias of the MLE decreases as the sample size
increases. In addition, the standard deviation of the estimates as well as the empirical
standard errors are closer to each other and decrease when the sample size increases,
indicating that the observed information matrix calculated seems to be correct (Fig. 1).

6 Application

The data consist of daily measurements of Ozone concentration (maximum 1 h aver-
age) and Temperature (the Inversion base temperature, degrees Fahrenheit) in Upland,
California, U.S.A., in 1976 (Breiman and Friedman 1985). The main interest is to
explain the daily Ozone concentration (ppm). Figure 2a and b present the histogram and
boxplot for the Ozone concentration, which seems to follow some suitable behaviour,
that could be fitted, for instance, by asymmetric distributions such as skew-normal.
Figure 2c presents the scatter-plot of Ozone and Temperature which seems a linear
relation. Besides, Fig. 2d presents the time series of the Ozone concentration, where
we may notice a nonlinear behaviour, which can be modeled by a partially linear
model.
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Fig. 1 Graphs of the nonparametric components with 1000 replications. Adjusted curves (gray lines) and
true curves (black lines): model 1 (first column) and model 2 (second column). a and b for n = 100; ¢ and

d for n = 500, e and f for n = 1000
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Fig. 2 Graphics for pollen concentration: a histogram of the original scale; histogram b, boxplot ¢ and d
time series for the Ozone concentration

So, we propose the following partially linear model:
yi=pPo+pixi+ fi)+e, i=1,...,330, (14)

where y; and x; denote, respectively, the Ozone concentration (in ppm) and the tem-
perature at the i-th day #;, f(#;) is an arbitrary smooth function and ¢; ~ N (0, o2) are
independent errors.

Under model (14), we noticed departures of the quantile conditional residual from
a white noise process. The ACF of the partial residuals presents exponential decay
while the PACF was significantly different from zero only in the first lag, indicating
a behaviour typical of AR(1) process. Thus, in order to take into account the periodic
tendency as well as the temporal correlation among the observations, we will consider
the same model given in (14), but by assuming now AR(1) errors. The residuals also
presented signs of skewness, which suggests the use of a skewed distribution to model
the errors.

Based on the earlier analysis, we will propose a partially linear model with AR(1)-
Skew-normal errors to the model (14). For the purpose of comparison, we will also fit
the model under AR(1)-normal error, named PLM-NAR(1).

Table 3 presents the parameter estimates, approximate standard errors using the
observed information matrix (“Appendix A”), degrees of freedom and the BIC values
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Table 3 Maximum penalized

R . AR(1)-Normal AR(1)-Skew-normal
likelihood estlrr.lates (S.E. Effect Estimate SE Estimate SE
denotes approximate standard
errors) under AR(1)-Normaland - ppiepcens  —11.838 0.137 —7.324 0.099
AR(1)-Skew-normal partially
linear models fitted to the Ozone ~ 1eMP- 0.382 0.002 0.311 0.002
concentration o2 20.278 2492 3.648 0.591

5 - 6.802 0.103
o 0.330 0.003 0.333 0.003
o 1.000 0.999
df (o) 4.267 5.269
£, ) —966.184 —949.665
BIC 1980.310 1958.880
Normal Q—-Q Plot Normal Q—-Q Plot
s .
=
— (73
S . 2
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Fig.3 Quantile-quantile plots with a 99% simulated confidence band for the conditional quantile residuals
from the fit of the partially linear model with AR(1)-normal (a) and AR(1)-Skew-normal (b) errors to the
data set on Ozone concentration

for the fitted models. Comparing such estimates we may notice that all parametric
effects are significant with a good agreement among the fitted models. Based on the
BIC we may observe a little better goodness-of-fit of the PLM-SNAR(1) model.

Figure 3a and b present the quantile-quantile plots with a simulated confidence
band of 99% (Atkinson 1981) based on the conditional quantile residuals 7, for
i = 1,...,n, for Normal and Skew-normal models, respectively. We see that the
PLM-SNAR(1) does not present observations out of the confidence band (Fig. 3b),
whereas the PLM-NAR(1) presents various observations outside (Fig. 3a).

So, based on the comparison of the goodness-of-fit and graphics of the two models,
the PLM-SNAR(1) seems to have a better performance to explain the Ozone concen-
tration. Next, we present other complementary analysis as well as the local influence
analyses for the PLM-SNAR(1). R

Figure 4a presents the fitted nonparametric function, the partial residuals (y; — xl—r B)
and the 99% pointwise confidence band for the nonparametric function, whereas
Fig. 4b presents the conditional quantile residuals, which indicate no observed ten-
dency. The autocorrelation and partial autocorrelation functions for the conditional
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Fig. 4 Fit of the partially linear model with AR(1)-Skew-normal errors to the data set on Ozone concen-
tration: Partial residuals and approximate 99% pointwise confidence band for the nonparametric function
(a); Graphics of the conditional quantile residual: by time (b), Autocorrelation function (¢) and (d) Partial
autocorrelation function

quantile residual 7,; displayed in the Fig. 4c and d, respectively, indicate that the AR(1)
structure assumed for the errors is sufficient to contemplate the temporal correlation
among the observations.

Next, we conduct a local influence study based on M (0); from the confor-
mal curvature B;, obtained by considering the case-weight, response and the
explanatory variable perturbation schemes. Figure 5a—c present, respectively, the
index plots of M(0); for the PLM-SNAR(1) model for case-weight, response and
explanatory (Temperature) perturbations. For case-weight perturbation, observations
#137, #167, #220, #226, #259 and #327 appear as possible influential that are high
residuals in absolute value, being #137 and #259 the smallest and the highest residuals,
respectively. For the response perturbation, the observation #219 has high Temper-
ature, while #231 and #258 presents median values for Ozone and Temperature,
and moderate residuals. The influential observations in the Temperature perturbation,
#137, #167, #225, #226, #237 and #327, present high absolute residuals.
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Fig.5 Diagnostic graphs from the PLM-SNAR(1) fitted to the data set on Ozone concentration with ¢* = 3:
a case-weight perturbation; b response perturbation; and ¢ explanatory (temperature) perturbation

7 Final considerations

In this paper, we discuss parameter estimation and some statistical diagnostics for
partially linear models with first-order autoregressive error under a skew-normal
distribution. We developed an EM algorithm for estimating the parametric and non-
parametric components of the model with analytic expressions for M and E-steps.
An appropriate smoother is also derived for estimating the effective degree of free-
dom concerned with the nonparametric fitting. Local influence approaches using Zhu
and Lee’s approach (Zhu and Lee 2001) were developed for the proposed model under
case-weight, explanatory and response variables perturbations. We also derived closed-
forms expressions for the observed information matrix, for the Hessian matrix Qand
for the A matrix. A simulation study considering two different nonlinear functions
for the nonparametric component suggests that, for a large sample, the EM estimators
seem unbiased, their variances may be estimated by using the inverse of the observed
information matrix and one indicates the consistency of the nonparametric estimator.
The model is applied to the daily ozone concentration in order to illustrate the appli-
cation of the proposed methodology, showing the usefulness of PLM-SNAR(1) to fit
data sets with nonparametric components in which the responses are asymmetric with
dependence on time. The R codes (R Core Team 2019) developed in this work may be
available upon request. A future work is to propose a PLM-AR(1) using an appropriate
skew heavier-tailed family of distributions, such as SSMN (Ferreira et al. 2011).

Acknowledgements We thank two anonymous referees for comments that improved this manuscript. This
work was partially supported by CNPq-Brazil and FAPEMIG-Brazil.

Appendix A: Approximate standard errors

The variance—covariance matrix of the /0\, corresponding to the inverse of the observed
information matrix, is obtained by treating the penalized likelihood as a usual likeli-
hood Segal et al. (1994). Given the observed log-likelihood function £(@) in (5), the
correspondence penalized log-likelihood function of @ = (87, y T, 02,8, p)" is of
the form
@oT
£p(0) = £(0) — 57 Ky. 15)
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The observed information matrix for # may be written as

with elements
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where WC’D (x) = —Wo(x)(x + Wa(x)). The first and second derivatives of B;, i =

1,...,n, inrelation to @ are given by
9B; F)
9B =—m( — PXi—1),
9 B;
ay = —m(ni —pn;_p),
dB; )
p = —m()’i—l — Mi=1),
dB; 5202 4 52
3012 = W(Y! & +bd),
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3%B; 8§02 +8%)
80‘28}3 = 20-3(0-2 + 82)3/2 (x; — )OXI‘,I)7
3’ B; 8§02 +8%)
dc2dy - 203(02 + §2)3/2 (n; — pni_y),
9*B; 5202 +8%)
3028p = 20’3(02+82)3/2 (yi—l — i—1),
3B o
3598 (02 +82)32 (xi — pxi-1),
3%B; .
359y (0218232 (m; — pn;—y),
3% B; .
d50p - (02 + §2)3/2 Yi-1 = pi-1),
92 B; 8(y; — & + bd) s, ) , .
907 = doS(or 3 ey ae (07 +87) =307+ 507,
82Bi 0(02 + 82)()’1‘ — & +2b65) — % [02()’,‘ —& 4+ bS) + ba(az + 82)] ((,Zai n 30)
90298 Py SR ST ’
3231' _ b(02 + 82)(202 —+ 382) — 36 [0'2()7i —& +b8) + ba(az + 52)]
08> o (02 + 82)5/2 ,

where xg = ng = 0 and yp = g = 0.

Appendix B: Derivation of the matrices N and K

Lett = (71, ..., t;;) and ndx the number of equidistant Knots desired by the user. It
follows the commands in R (R Core Team 2019) for construction of the matrices N
and K:

require(splines)

bspline=function(x,ndx,bdeg){

xl=min(x)

xr=max(x)

dx=(xr-x1)/ndx
knots=seq(xl-(bdeg-1)*dx,xr+(bdeg-1)*dx,by=dx)
B=splineDesign(knots,x,bdeg+1,0*x,0outer.ok=T)
}

B=Dbspline(t,ndx,3)
D = diag(ncol(B))
for (k in 1:2) D = diff(D)

N = bspline(t,ndz,3), K =D'D.
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