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1 Introduction

An important problem in the theory of representations of finite dimensional algebras
{or f.d. algebras, in short) is to obtain the full list of different kinds of algebras which
are of a finite representation type (or finite type, or fr.t., in short) The first classes
of associative f.d. algebras of f.r.t which were described was the class of algebras with
zero square radical and hereditary algebras over algebraically closed fields.

There are different approaches to study the representations of f.d. algebras. One
of them is approach of P.Gabriel [4], which reduces the study of representations of
algebras to study of representations of quivers. Other approach was first introduced
by L.A.Nazarova and A.V.Roiter [17]. This approach consists in reducing this prob-
lem to solving "matrix problems”, that is the reducing some classes of matrices by
means of admissible transformations, and then the description of representations of
corresponding finite partially ordered sets (shortly, posets). And the third approach
is the Auslander-Reiten approach which is connected with technique of almost split
sequences.

* This work was partially supportedby CNPg and FAPESP of Braziland DFFD of Ukraine
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The classification of finite dimensional algebras of f.r.t. with zero square radical
was first obtained independently by P.Gabriel [4] and S.A.Kruglak [14].

For any finite quiver Q = (V @, AQ, s, €) we can construct a bipartite quiver Q* =
(VQ®, AQ, 51,€;) by the following way. Let VQ = {1,2,...,s}, AQ = {01,09,...,0:}.
Then V@b = (1,2, ..., 5,b(1),5(2),...,b(s)} and AQ® = {71, 72, ..., 7}, such that for any
o; € AQ we have s,(7;) = s(o;) and ey (7;) = b(e(o;)). In other words, in the quiver
Q" from the vertex i to vertex b(j) go t;; arrows if and only if in the quiver @ from the
vertex i to vertex j go t;; arrows. As above, denote by Q@ an undirected graph which
is obtained from @ by deleting the orientation of all arrows.

Theorem 1.1. (P.Gabriel, [4]) Let A be a finite dimensional algebra over an alge-
braically closed field k with zero square radical and quiver Q. Then A is of a fi-
nite type if and only if Q° is a finite disjoint union of Dynkin diagrams of the form
Anl Dn, Eﬁ: E'h Ea"
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In his paper S.A.Kruglak [14] used the technique of Nazarova-Roiter of reducing
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to some "matrix problem”. For "solving” these "matrix problems” the main role play
the results obtained by L.A.Nazarova and A.V.Roiter [17] in 1972 on representations
of finite posets. In this paper they gave the algorithm of " differentiation” which allows
the transform from one poset to another one preserving its representation type. Using
this algorithm of "differentiation” M.M.Kleiner in 1972 characterized posets of a finite
type (11] and described their pairwise nonisomorphic indecomposable representations
[23], see also [5).

We recall that a finite poset S is called primitive if it is a cardinal sum of a linearly
ordered sets Ly, ..., Lm- We use the following notations: S = LiU...UL,,. We denote
& chain C, from n elements by (n).

Theorem 1.2. (M.Kleiner, [11)). A finite partially ordered set P is of a finite rep-
resentation type if and only if P does not contain as a full subposet any poset from the
Jollowing list:

Mu@u@u@): e« o e .

(AQu@Eu@): MuEUE): o« o
Nu(4): (Hu(u(s): H

The symbol N denotes the following 4-element poset {a; < a2 > a3 < aq}. The
posets in the list of the Kleiner theorem are called the critical subposets. Therefore
all critical posets except the poset N Ui (4) in the list of theorem 1.2 are primitive.

In 1977 A.G.Zavadskij [18] introduced a new algorithm of differentiation relative to
a pair of points for computing representations of posets, and this algorithm was used
for giving a new proof for classifications of posets of tame type (see for more details
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[19]). In 1981 O.Kerner using this algorithm gave a new proof for classification the
posets of a finite representation type [10].

Note that many authors studied the representations of the poset (1)U (1)U (1)U(1)
(see (2], [7], [13], [16])-

The description of the finitely generated torsionless modules over a triad [1] can be
reduced to the description of the representations of the primitive poset (1) U (1)U (1).

In this paper we give the criterion for primitive posets to be of a finite representation

type.

Theorem 1.3. A finite primitive partially ordered set P is of a finite representation
type if and only if P does not contein as a full subposet any poset from the following
tist: (1)U (1)U (1) U (1); (2) U (2)U 2); (1) U8 U (3); (1)U (2)U ().

Let LyU Lyl L3 a primitive poset of a finite type, and let S3 be a symmetric group of
degree 3. Then for any o € S3 the poset Loy U Lg(zy U Lg(a) is of & finite representation
type also.

Corollary 1.1. The following primilive posets are of a finite representation type:

(a) any chain (n);

(b) any cardinal sum (n) U (m);

(c) MU () u(n);

(@) (1) u (2)u(2);

(e) (1)u(2)u(3);

(f) yu(2)u ().

Conversely, if P is a primilive poset of a finite representation type, then P is either
a poset of the form (a)-(b) or a poset of the form Ly1)U Lgzy U Ly(ay, where LyULaU Ly
is a poset of the form (c), (d), (e), (f).

To prove this criterion we use only the trichotomy lemma which was proved by
P.Gabriel and A.V.Roiter in [6], the Kleiner lemma about the representations of a pair
of finite posets proved by M.Kleiner in [11] and the main construction, considered in
section 6. Note that this construction in some form were introduced by L.A.Nazarova
and A.V.Roiter in (17). For convenience of the reader we also give the simple proofs of
the trichotomy lemma in section 4 and the Kleiner’s lemma in section 5.

2 Preliminaries

In this section we recall the main notions and definitions of the representation theory
of posets. We recommend to readers (8] and [9] for the additional information.

In this section we recall the main notions and definitions of the representation
theory of posets.



Let (P, <) be a finite poset, where P is a finite set and < is a partial order relation.
We denote by £ < y the strict order, i.e. the relation "z <Xy and z # y".

An element z € P is called maximal if there is no element y € P satisfying z < .
Dually, z is minimal if there is no element y € P satisfying y < . We say that z € P
is a least element if z X y for ally € P, and z € P is a greatest element if y < z
for all y € P.

A totally ordered poset is called a chain. We denote a chain of cardinality » by C,,
or (n). In this case the number n is called the length of the chain C,. An antichain
is a poset whose elements are pairwise incomparable. A chain in a poset (P,X) is a
sub-poset C of P which is totally ordered by the restriction of <. An antichain A of
a poset (P, <) is its sub-poset which consists from pairwise incomparable elements of

The height of a poset P is the largest cardinality of sub-posets of P which are
chains, and the width of P is the largest cardinality of sub-posets of P which are
antichains. In other words, the height of a poset P is the length of the longest chain in
P, and the width of a poset P is the maximal number of pairwise incomparable elements
of P. We denote the height and the width of P by h(P) and w(P) respectively.

If P is a finite poset, then a chain C and an antichain A of P have at most one
element in common. Hence the least number of antichains whose union is P is not less
then the size A(P) of the largest chain in P. In fact there is a partition of P into h(P)
antichains. There is also some kind of dual statement which is known as the Dilworth
theorem.

Theorem 2.1. (Dilworth, [3]). For a poset P with finite width w(P) the minimal
number of disjoint chains that together contain all elements of P is equal to w(P).

In order to visualize a poset P we shall use its diagram. Let z and y be distinct
elements of P. We say that y covers z if z < y but there is no element 2z such that
z < y < z. Recall that the diagram of a poset P = (py,...,Pn) is the direct graph
whose vertex set is P and the set of edges is given by the set of covering pairs (p;, p;)
of P, moreover, there is an edge from a vertex p; up to a vertex p; if and only if p;
covers p;.

For example, the diagram below

e Qa3

e Q) o a2

represents a poset (P, %) with 3 elements {a;, a2,a3} and relation a; < a3.

Remark 2.1. This diagram of a poset is often called the Hasse diagram. Usually it
is drawn in the plane in such a way that if y covers = then the point representing y is
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drawn higher than the point representing z. In this case we draw the Hasse diagram
without arrows. For example, the Hasse diagram below

s Q3

e 0 e Q2

represents the same poset (P, X) as above, i.e., P = {a1,az,a3} with relation a; < a;.

Definition 2.1. Let (X, =) and (Y, %2) be any two (disjoint) posets. The cardinal
sum XUY (or disjoint union XUY ) of X andY is the set of allz € X andy €Y.
The relations £ <y 11 andy <2 31 (z, 71 € X; 1,11 € Y ) have the same meanings end
there are no another relations in X UY.

Now we give the definition of representations of a poset P over a division ring K
which was introduced by L.A.Nazarova and A.V.Roiter in 1972 (see [17]).

Definition 2.2. Let (P, X) be a finile poset with n elements. A matrix representa-
tion of P over a division ring K is an arbitrary block matriz

A=A |A|...| An

partitioned horizontally into m (vertical) blocks (also called strips), where A; is @ matriz
with entries in K of size dy X d; for i = 1,2,...,n. Moreover, some of these mairices
can be empty.

A vector d = d(A) = (do,dy,-..,dn-1,dn), Where dy is the number of rows of a
matrix A and d; is the number of columns of a matrix A; (i = 1,2,...,n), is called

the vector dimension of A, and the number & = d(A) = dg + i d; is called the
i=]

dimension of A.

Recall that an elementary row operation in an arbitrary matrix is one of the fol-
lowing:

i) interchanging of two rows;

ii) multiplying a row by a nonzero scalar;

iii) replacing a row by itself plus a scalar multiple of another row.

Analogously there can be introduced the elementary column operations.
Let A be a matrix representation of a poset (P,=<). The following elementary
operations:



(a) elementary row operations on the whole matrix A;

(b) elementary column operations within each vertical strip A;;

(c) additions of columns of a strip A; to columns of a strip A ifi < jin P
are called the admissible elementary operations for A. The composition of ad-
missible elementary operations is called the admissible operations for A.

Notice that by a sequence of operations (b) and (c) we can add an arbitrary linear
combination of columns of A,; to a column of A; if i < j in P.

Let B be another matrix representation of a poset (P, <) of the same shape as A:

B= B] Bz - B"

An isomorphism of matrix representations ¢ : A — B is given by a set of admis-
sible operations (a), (b), (c) by which one can obtain the matrix B from the matrix
A, and vice versa,

This definition we can also give in a matrix form. Introduce a block matrix ®
partitioned horizontally and vertically into n blocks:

¢|1 &]2 e @]"
Doy [ Poa ... | Pan

‘Pnl ’bnﬂ s an

where ®;; is a matrix of size d; x d; for i, j = 1, ..., n; moreover, ®;; is an inverse matrix
fori=1,..,n and ®;; # 0if { < j in P, otherwise ®;; is a zero matrix.

Then an isomorphism ¢ can be given by a pair of matrices (®o, ®) such that
P$yA = B®, or equivalently

$oA; =B + z B:®;,
i<f
where ® is an inverse matrix of size dy % dp.

A matrix representation A is equivalent (or isomorphic) to & matrix represen-
tation B of a poset (P, X) if there is an isomorphism ¢ : A — B.

The direct sum of two matrix representations A and B is a matrix representation
A @ B which is equal to:

ATO[A O] .| ALO
(o} Bl O B'z e O Bn

A@B=
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A matrix representation A is called decomposable if it is equivalent to a direct sum
of two matrix representations A; and Az with d(A,) # 0 and d(A;) # 0. Otherwise
it is called indecomposable.

We shall denote by n(P, K) the cardinal number of pairwise non-isomorphic inde-
composable representations of the poset P over a division ring K.

Definition 2.3. A partislly ordered set P is said to be of finite representation type
(or finite type, in short) over a division ring K 1if it has finitely many pairwise non-
isomorphic indecomposable representations, i.e., n(P, K) < 0o. And P is said to be
of infinite representation type (or infinite type, in short) over a division ring K
if it has infinitely many pairwise non-isomorphic indecomposable representations, i.e.,
n(P,K) = co.

3 Main canonical forms of matrix problems

Recall the following main definitions and facts from the course of linear algebra.

Definition 3.1. A matriz is an echelon matrix (or is in echelon form) if:

1) all zero rows are at the bottom;

ii) each leading (i.e. left-most) nonzero entry is to the right of the leading nonzero
entry in the row above.

Example 3.1. The matrix A € M34(K) with entries in a division ring K of the form

Q) Q12 a3 0y

_| 0 oax am o
A= 0 0 0 Q34
0o 0 0 o0

is in echelon form.

An upper-triangular matrix is a special case of an echelon matrix, and an echelon
matrix is necessarily upper triangular.

Definition 3.2. A matriz is seid to be in row canonical form (or in reduced row
echelon form) if it is in echelon form and also each leading nonzero entry is I and is
the only nonzero entry in its column.

Example 3.2, The matrix A € Mys{K) with entries in a division ring K of

1 [+37] 00 Qags

_ 0 0 10 Qs

s 0 0 01 a3z
0 0 00 O

is in row canonical form.



Row canonical form is simpler than echelon form and it is unique in the sense that
it is independent of the used algorithm. And, moreover, it gives the unique form of
ordered basis for the row space.

Definition 3.3. A matriz A is said to be in normal form if:
E|O
- [312).

From the course of linear algebra it is well-known the following three theorems. The
first theorem states which that any matrix over a field ¥ by means of elementary row
operations can be reduced to an echelon form. This row reduction algorithm is often
called Gaussian elimination. The second theorem said that any echelon matrix over
a field k by means of elementary row operations can be reduced to a row canonical
form. This row reduction algorithm is called Gauss-Jordan elimination. And the
third theorem states that any matrix A over a field k by means of elementary row and
column operations can be reduced to the normal form. It is easy to prove that these
three theorems also holds for matrices over a division ring K.

where E is an identity mairix.

Definition 3.4. Let P = {p1,pa,...,pa} be a finite poset. An indecomposable repre-
sentation V of P with dimension vector d = (dg, d, ...,dn) is called elementary if it
has one of the following form:

1) V is a zero representation with matriz:

[0]0]o]...]0]0], (3.2)

and the dimension vector d = (1,0,0,...,0);
2) V is a representation with matriz

[0]...]0|1]0]...]0], (3.3)
and the dimension vector d = (do, dy, ..., dn) such that dy = d; = 1 and d; = 0 for all
g g;}o.‘;}; ¢ representation with matriz

[o]...]o]1]0]...]0|1]0]...]0], (34)

and the dimension vector d = (do, d,,...,d,) such thatdg =d; = d; =1 andd, = 0
Jor all s & {0,i,5}.



Lemma 3.1. Let C, be a chain. Then the matriz representation R of C, over a
n ring K can be reduced to the following canonical form:

divisio
ElojJolo]oOo]lo|...lo|0O
olOlE[O}JO|OT]...]O]O
oloO|O|E|JO...lO[0O
= T 111111 (3.5)
olofolOoffOoOlO|...E[O
ojlofolo[OfO[...]Oo0O

Therefore n(C,, K} =n +1 and al! indecomposable representations are elementary of
forms (3.2) or (3.3).

Proof. Let Cn = {p1 X p2 %... X pn} beachain, and let R be a matrix representation
of C,.. Then the matrix R is partitioned into n vertical strips:

n P
A~ ~~
R=[ A | Az |- ] An ],

where a matrix A; corresponds to an element p; of the poset C,. And so the following
operations are admissible with matrix R:

(2) elementary row operations on the whole matrix R;

(b) elementary column operations within each vertical strip A;;

(c) additions of columns of a strip A; to columns of a strip A; if i < j.

We shall prove the lemma by induction on the number of n. If n = 1 then any
matrix by row and column operations can be reduced to normal form (3.1). Assume
that statement is true for all £ < n.

Using the elementary operations (a) and (b) we first reduce the matrix A; to the
normal form (3.1). Next adding multiples of the columns of the first strip to the other
strips of A we can kill all the entries in the first upper horizontal strip. Therefore we
obtain the following equivalent form:

RE[E ofjo|]..]o ]=[E o||o]
(o] 0||A21||...|]A,.1 O O|R,
for some matrices Ay, ..., An.
Since the matrix
P2 P Pn
AN A —~
Ri=[ Ay | Ag |- | Am ],

corresponds to a matrix representation of the chain Cn_y = {p2 < p3 < ... X p,}, by
induction hypothesis, it can be reduced to form (3.2). And so the matrix R can be
reduced to this form as well. (]
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Lemma 3.2. Let P be a poset of the form
1 2
[ ] L J

then the matriz representation R of P over a division ring K can be reduced to the
following form:
E|O|O|O|O|E|O
R= O[E|O|O]Of0O]O
= |oJo[o[o[E[ol0 | (36)
ojOo|Oo|OfO|O]O

Therefore n(P) = 4 and all indecomposable representations are elementary.

Proof. Consider the corresponding matrix representation R of P:
R=[X[|Y],

where a matrix X corresponds to the element 1 and a matrix Y corresponds to the
element 2. By the elementary operations with matrix X we can reduce it to the normal

form (3.1), and so
_[E|lO|Yi]_
R‘[o O||Y2]—Rl’

and from this form it follows that we can add the rows of a matrix Y, to the rows of
a matrix Y. So we can reduce the matrix Y to the normal form and then by means
of the identical matrix E we can kill all elements which lie above in the matrix Y.
Therefore we obtain the required form (3.6) ]

Lemma 3.3. Let C, be a chain. Then all indecomposable representations of a poset
P = (1) UC, are elementary.

Proof. Let P = (1)U C,. Consider the corresponding matrix representation R of P:
R=[X]Y]

where a matrix X corresponds to a subposet (1) and a matrix Y corresponds to a chain
Chn. By elementary operations we can reduce the matrix X to the normal form, and so

E 0 YI
Nt R

Considering the matrix Y; as a representation of the chain C,, we can reduce it, by
lemma 3.1, by means of elementary row operations of the matrix R, and elementary
Y,

Y

column operations of the matrix Y = ] to the canonical form (3.5). By means
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of all identical matrices E in Y, we can kill all elements which lie above in the matrix
Y, and so we obtain the following matrix representation:

X1 [0} Yu sow |10 Y‘ln
O||E] O [...]O] O
T e 3 et o ) e PP L
= =R SRR =1 o0,
Ojoj O |...|E{O
O||0| O}...l0| O

which is a direct sum of two matrix representations

Ui=[E|Yu|...| Ym]

and
E|O]...|O
ool E
o[o[...]0

The representation Uj is a direct sum of elementary representations of forms (3.2) and
(3.3). Since the representation

[Yul].| Y]

can be considered as a representation of the chain C,,, it is equivalent to a direct sum
of elementary representations of forms (3.2) and (3.3), by lemma 3.1. Therefore an
elementary representation of U, is one of forms (3.2), (3.3) or (3.4), as required. O

4 Trichotomy lemma

Let (P, X) be a finite poset with n elements. In this section by a representation
V of a poset P we understand its matrix representation with dimension vector d =

(d01d11‘ ydn)

Definition 4.1. Let V be a representation of a poset P with dimension d =
(do,dy,...,d,). The subset of P formed of those p; € P for which d; > 0 is called
the support of V.

Definition 4.2. We say that the posets X and Z form an ordinal sum and denote
itbyX<Zifz < zforallze X and forallze Z.
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Definition 4.3. ([6]). A trichotomy of a finite poset P is o triple X,Y, Z formed
by disjoint subposets with union P such that the following conditions are satisfied:

e} X #0,and Z#@;

b) X< Z,ie,z<zforallz€ X and forallz € Z;

c) the width w(Y) = 1.

In this case we write P={X < Z}UY.

Lemma 4.1. (Trichotomy Lemma, [6]). Let (X,Y,Z) be o trichotomy of a poset
P,ie P={X < Z}UY, where X,Z + @, and w(Y) < 1. If R is a representation
of P, then R = R; ® Ry, where support of R, is contained in X UY, and support of
R, is contained in Y U Z.

Proof. Let P be a cardinal sum of posets X, Y, Z such that X < Z and the width of
Y is £ 1. f Y = 0, the statement is obvious. Suppose that Y = {a; < a; < ... < a,}
is a chain. Consider the corresponding matrix representation R of P
X Y z
P N et W e
R=[X|Y]|z2]
where the columns of X, Y, Z are assigns to posets X, Y and Z respectively.
By the elementary row operations of the matrix R we can reduce the matrix R to
the following form

0 [Y: z,]”

where

[ }C{)l } is the row canonical form of the matrix X and the matrix X, has no
ZETro rows.

Considering the matrix Y, as a representation of a chain Y, by lemma 3.1 we
can reduce it by means of the elementary row operations of the matrix R; and the

elementary column operations of the matrix Y = [ gl ] to the canonical form (3.5).
2

By means of all identical matrices E in Y, we can kill all the elements which lie
above in the matrix Y, and so we obtain the following matrix representation:

X | 0| Yul...| O | Y| Zn
OJE|[O|...]O0O] O Za
Oj1O0]O{(...]E|]O Zoy
OO0 |[...] 0| O || Zoe

Taking into account that the matrix X, is in row canonical form without zero rows,
and X < Z, we can kill the matrix Z,; and so we obtain the following representation:
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XilOolYul-..]O Y| O
OflElOTVl...]0] O Za

R~ ST | P [ BN T - - s =[‘é1 I(J)]'
OlO[O[..|E|O[ Zx g
OO O [...| 0 0 [ Zasna

which is a direct sum of required representations

- . S
U=[X | Yul- | Y]

and ¥ V4
e W
E|O|...| 0| Zn
U = .. R - .. w
2 00 E | Z
o O (0] ZZ:+1

(]

Proposition 4.1. ([6]). If a subposet Y of P consisting of all elements of P incom-
parable with element p € P is a chain, then each indecomposable representation of P
present at p is elementary.

Proof. Let Y be a set of all elements of P incomparable with p € P. Denote by
X={q€e€P : g<p}),U={¢geP : p<gq} SupposeY is a chain. Then
P=XuUYU{p}uU and X < U. Therefore we can apply lemma 4.1 to sets X, Y, Z,
where Z = {p} UU. From this lemma it follows that the support of p is contained in
Pi=YUZ=YuU{p}uU. Since P, = {{p} < U}UY, we can apply this lemma again
for X; = {p}, Y1 =Y and Z; = U. Then we obtain that the support of p is contained
in P, = {p}uUY. Since Y is a chain, from lemma 3.3 it follows that all indecomposable
representations of P, are elementary, that required. (]

Corollary 4.1. ([6]). Any indecomposable representation of a poset P of width < 2 is
elementary. Therefore, all posets of width < 2 are of a finite representation type.
5 Kleiner’s lemma

The representation of a pair of finite posets over a field were introduced by M.Kleiner
in (11]. The pair of posets of a finite type and of tame type were described by M.Kleiner
in {11} and [12] respectively.
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Let P = ({p1,P2:---,Pm}, =1) and @ = ({g1,92,...,0n}, Z2) e finite posets. A
representation of the pair of posets (P, Q) over a field k is a matrix A which is
partitioned into mn blocks Ay;:

An Ap ... A]n
A= A:Zl. A.zz = AA.Zn
Aml Am2 ajee Aﬂm

If the dimensions a block A;; is equal to u; x v;, then the integer vector d =
(u1,u2,. .-, Umi V1, V2, - - -, Un) is called the dimension of the partitioned matrix A.
Let

Bll B12 e Bln
B B.n B-zz o B'En ,
BmJ. Bm2 i an

be another matrix representation of a pair of posets (P, Q).

Definition 5.1. A representation A is isomorphic to a representation B of ¢ pair of
poset (P, Q) if A can be reduced to B by the following operations:

(a) elementary row operations within each horizontal strip A} = {Aq, Aa, ..., Ain}
fori=1,2,...,m;

(b) elementary column operations within each wvertical strip A] =
{A, Agjy ..., Amj} fori=1,2,...,n;

(c) additions of columns of a vertical strip {A,j,Agj,...,Anj} to columns of a
strip {Alk- Aoy, Amk} if7 < kinP;

(d) additions of rows of a horizontal strip { Ay, Ai, ..., Ain} to rows of a horizontal
Stﬁp {Aj]_,AJ'g,. . -,Ajn} 1f1 j‘) ] in Q.

In a similar way as for one poset we can introduce the notions of a direct sum of
matrix representations of a pair of posets, and the notion of an indecomposable matrix
representation.

Lemma 5.1. (Kleiner’s lemma, [11]) Let (X,Y) be a pair of finite posets X and Y,
where X = Cpy4) is a chain of length m+ 1. Then (X,Y) is of e finite representation
type if and only if a poset Cr, UY is of ¢ finite representation type.

Proof. Consider a cardinal sum of posets C, UY, where G, = {21 2122 %1 ... X1 T
is a chain of length m, and Y = {y1,¥2,...,¥n} is a poset with partially order <,. Let
R be a matrix representation of C,, UY. Then it is partitioned into m + n vertical
strips:

% 4

A

=

R=[A]...[An|Bi]...|B.]
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where matrices A; corresponds to the elements z; of the poset C,,, and matrices B;
corresponds to the elements y; of the poset Y.

Considering the matrix A = [ A |...| A, ] s a representation of C, we can
reduce it by means of elementary row operations of the matrix R and elementary
column operations inside each A;, and by means of addition of the columns of matrices
A; to columns of matrices A, if i %, j in Cp, to the canonical form (3.5), by lemma
3.1. Then any matrix B; is divided into m + 1 horizontal strips, and we obtain the
following form of R:

Cm Y
— ——
E|O|---|O| Bu |---| Bin E|O0]|...|0] B}
R~ O IS IR : : | : : :’
O|O|---|EJ B |[---| Bpun of(Oof---|E]| B
0 0 b 0 Bm+]'1 b Bm+l,n O 0 e O B;n»bl

And we can add the rows of a horizontal strip B} to the rows of a horizontal strip B;
if 7 %11 in Cn. Therefore the matrix

B“ e B]n
B - cee . = ane
Blm il Bnm
B]m+l e Bnm+l
can be considered as a representation of a pair of posets (¥, Crt1). 0O

6 The main construction

Before we introduce the main construction we give some examples which show in which
way the representations of a finite poset are reduced to this construction.

Example 6.1. Consider the representations of a poset P:

1 2 3
.

and let P, be a sub-poset of P with w(P,) = 2 of the form:

1 2

The corresponding matrix representation of P has the following form

16



1 2 3
e N et
R=[A | Az | A5],
where the columns of A; are assigns to elements 4 of the poset P for i =1,2,3.
By means of elementary row operations on the matrix R and elementary column
operations within each vertical strip A, and A, we can reduce the matrix R to the
following form:

—_——
E[O[O[O[E[OAxn]lV2
R~|[O|E[O[O[O[0[Asn]| 1!
~“[O|O[O[E[O|O[Axn] 2
O[0|O[O]|0[0[As] O

According to this reducing the matrix Aj is divided into 4 horizontal strips and
the elementary operations between them are admissible with according the following
partially ordered set:

AP): 1 (6.1)

. o 2
\ . /
0
Example 6.2. Consider a poset P of the form
4

¢—r -0 —r0
w

1 e
and its subposet P; of the form

@ ——p § — O
w w

[+

17



We have the corresponding matrix representation of P:

N

r- [mlm]alalx)

2 3 4 5

Reducing the poset Py, i.e., the first 4 matrices, we obtain the following equivalent
representation:

E E 1v2
E E 1v3
E E 1v4
E 2
R~ E 3
E 4
E 1
(o) (0] o (0] 0
1 2 3 4 5

According to this reducing the matrix A4 is divided into 8 horizontal strips and
the elementary operations between them are admissible with according the following
partially ordered set:

1v2 e
1V3 e o2
AP): 1vda e o3 (6.2)

Now we can introduce the formal definitions.
Let P = {p1,p2,---,Pn} be & poset with ordering relation <. Denote by A(P) the
set of all antichains of P of length { > 0. We assume that the antichain of length 0 is

18



an empty set, and we denote this antichain as 0. And we identify antichains of length
1 with the elements of P themselves. We define the order relation <* on A(P) as
follows. When X,Y € A(P), then X <* Y if and only if for any a € X (resp. b€ Y)
there exists b € Y (resp. a € X) such that b < a. We also assume that 0 <* X for
all X #0. Let X € A(P). If X = {p;} C P, then we denote it in A(P) as p;, and if
X = {pi,p;} C P, then we denote it in A(P) as p; V p;.

We denote by P° the poset which is dual to P, i.e. the set of elements of P° is the
same as P and the order relation is =. Then from the definition of A(P) it follows
that A(P) D P°.

For a poset P, = A(P) in a similar way we can build A(P;). Then we shall denote
A*}(P) = A(P1), and in the general case we denote

AY(P) = A(A™(P))
From the definitions above it is easy to check the following statements.

Proposition 6.1. If P is a poset, then A(P) is a poset with regard to order relation <*
with least element 0 and greatest element which is the antichain containing all minimal
elements of the poset P.

Proposition 6.2. If Q is a subposet of a poset P, then A"(Q) C A™(P) for alin.
Example 6.3. Let P be a chain Cs:
1 2 3

P —r & — 8
then A(P) is a chain Cy:
0 3 2 1

P — O > —> O

In the general case if P is a chain C,, then A(P) is a chain C,4,, i.e.,

A(Ch) = Cpi1-
Example 6.4. Let P be an antichain A,:
1 2
. .
then A(P) has the following form:
1v2

/\
\/

(6.4)
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Example 6.5. Let P be a poset of the form:

then A(P) has the following form:

1v4 e o3 (6.5)

Example 6.6. Let P be a poset of the form:
28 o4
R
then the diagram of A(P) is of the following form:
1v3

2v3 1v4

SN N

3 2v4 1

\4/ \2/’
\0/'

Since the elements 1, 2V 4 and 3 are incomparable, w(A(P) = 3.

(6.6)

Theorem 6.1. Let P be a poset which is a cardinal sum of subposets Py and P,, where
Py = C, and P; is e poset of width 2. Then P is of a finite representation type if and
only if the cardinal sum of posets C_1 Ui A(P)) is of a finite representation type. In
particular, if n = 1, then P is of a finite representation type if and only if the poset
A(P) is of a finite representation type. Moreover, if A*(P) is a poset of width 2 for all
s < k, then P is of finite representation type if and only if the cardinal sum of posets
Ca-x U A¥(P1) is of a finite representation type.
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Proof. Let a poset P = P,UP, = C,UP; be of a finite type. Consider the corresponding
matrix representation R of P:
R=[X]|Y]

where a matrix X corresponds to the chain C, and a matrix Y corresponds to a
subposet P, = {ay,...,a,}. Since w(P;) = 2, this poset is of finite representation type,
by corollary 4.1. Moreover, all indecomposable representations of P, are elementary,
by this corollary. So we can reduce the matrix Y to the form which is a direct sum of
elementary representations. We collect all the representations of the same form in the
blocks. So we obtain the direct sum of representations of the following form:

1) zero representation of P, with zero matrices with the same number of rows for
each a; € Py;

2) representations of P, with one identical matrix in the place ¢ which correspond
to a; € P, and zero matrices on the other places, and all these matrices have the same
number of rows;

3) representations of P, with two identical matrix in the places i, j which corre-
sponds to elements ay,a; € P, and zero matrices on the other places, and all these
matrices have the same number of rows.

We denote the strip of the matrix X which corresponds to zero representation 1)
by 0; the strip of the matrix X which corresponds to representation of the type 2) by
i; and the strip of the matrix X which corresponds to representation of the type 3) by
iV j. It is easy to see, that the representation of the type 3) contains in R if and only
if the elements o; and a; are incomparable in the poset P,. Moreover, we can add the
strip 0 to any strip, without any changing. We also can add any strip ¢ to strip i V 7,
without any changing of the representation matrix of the poset P, because we can kill
the new appearing identical matrix in the strip ¢ V j by means of identical matrix in
this strip.

Therefore according to this reduction the matrix X is divided into [LA(P)| vertical
strips, and the elementary operations between these strips are admissible in accordance
with order relation in the poset A(P;). Therefore we obtain the problem of the repre-
sentation of a pair of finite posets ((n), A(P;)). By lemma 5.1, this pair of posets is of
a finite type if and only if the cardinal sum (n — 1) U A(P;) is of a finite type.

Continuing by induction, we obtain the last statement of the theorem.

O

7 Primitive posets of the infinite representation

type

Recall that a finite partially ordered set P is a primitive poset (or elementary
poset) if it is a cardinal sum of linearly ordered sets. In this section we prove that all
critical primitive posets from theorem 1.2 are of infinite representation type.
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Lemma 7.1. The poset P: { o o o o} is of infinite representation type.

Proof. For this purpose we note that for any A € k the matrix representation

Jn,2) | E

E|O
() =
g E |E|O|E

with cdn(A®™) = (n,n,n,n,2n) is an indecomposable representation of P, where E
is the identity matrix in M, (k) and J(n, }) is a Jordan block of size n x n. (]

Lemma 7.2. The poset P = (2)U (2) U (2):

(7.1)

is of a infinite representation type.
Proof. Let P = (2)U(2) U (2). Consider a subposet @ = (2) U (2) of P with diagram
2 o4
bt (72)
1e 3

The matrix representation corresponding to R of a poset P has the following form:

v e (&%
SN PN P P Y
1 2 3 4 5 6

and the following operations are admissible with matrix R:

1) elementary row operations on the matrix R;

2) elementary column operations within each matrix A; fori=1,...,6;

3) addition of columns of matrix A, to columns of matrix A,; addition of columns
of matrix Aj to columns of matrix Ay; addition of columns of matrix Ag to columns
of matrix As.

By means of this operations we can reduce the first four matrices A, A,, A3z, Ay
At the result the matrix
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is divided into 9 horizontal strips which addition to each other are in the one-to-one
correspondence with set A(Q) having form (6.6) which width is equal to 3. So we
reduce our problem to describing the representations of a pair of poset ((2), A(Q)).
By Kleiner’s lemma this problem is equivalent to describing the representations of the
poset which is a cardinal sum (1) U A(Q). Since the width of A(Q) is equal 3, this
cardinal sum contains a full subposet of width 4, and so, by lemma 7.1, it is of an
infinite representation type. (]

Lemma 7.3. The poset P = (1)U (3) U (3) with diagram:

. . (7.3)

is of infinite representation type.
Proof. Let Q = (1)U (3) be a sub-poset of P with diagram:
e 4

w

(7.4)

@ e @ i

1l 2

Then P = QU (3), and by theorem 6.1, it has the same représentation type as the
cardinal sum of posets A(Q)U (2). Since .A(Q) has the form (6.5), it contains a
sub-poset

1v4 2

1 o o3
Therefore A(Q)LI(2) contains a subposet (2)U(2)U(2), and so, by the previous lemma,
P is of infinite representation type. (]
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Lemma 7.4. The poset P = (1)U (2) U (5) is of infinite representation type.
Proof. Let @ = (1) U(5) be a subposet of P with diagram:

o4 (7.5)

Then P = QU (2), and by theorem 6.1, it has the same representation type as the
cardinal sum of posets A(Q) U (1). Since A(Q) has the following form

1v2 e
™
1v3 e e 2
N\t
1v4 ;\; 3
1v e e 4 (7.6)
™\t
1v6 e =5
1
1 e o§
Nt
L]
it contains a sub-poset
1vi e o2
tt
1v6 e 3
bt
1 o o4
Therefore A(Q)U(1) contains a subposet (3)U(3)LI(1), and so, by the previous lemma,
P is of infinite representation type. ]



8 Primitive posets of the finite representation type

In this section we prove that the following posets (1) U (1) U {n), (1) U (2)U (2)
(1)U (2) U (3) and (1) U (2) U (4) are of a finite representation type.

Lemma 8.1. If the width w(P) of a poset P is greater than or equal to four, then P
is of an infinite representation type.

Proof. Suppose that w(P) > 4. Then P contains a full subposet R consisting of
four incomparable elements, which is of infinite representation type, by lemma 7.1.
From this lemma it follows that a poset of a finite representation type has width
<3
Lemma 8.2. A finite poset P = (1) U (1) U (n) with diagram

e n+2
e n+1

(8.1)

® =
* N

is of a finite representation type.

Proof. Really, consider a subposet @ = (1) U (n) with diagram:

?n+2
e n+1

e 4
2 |
* o 3
We obtain that the diagram of .A(Q) has the following form:
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2V3 e

2v4 e o3
Nt
* 4

(8:2)

2Vvn+2 e en4l
2e on42

Consequently, the width of A(Q) equals two and so, by theorem 6.1 and corollary 4.1,
P = QU (1) has a finite representation type. O

Lemma 8.3. Finite posets Py = (1)U(2)U(2), P2 = (1)u(2)u(3), Ps = (1)U(2)u(4)
are of a finite representation type.

Proof. Consider the poset @ = (1) U (2) with diagram

e 3
1
le o2
which is a sub-poset of all posets Py, P2 and Ps:

(8.3)

Pl = Qu(z)l

'Pz = Q u (3)v
Ps=QuU(4)

‘We obtain that a poset A(Q) has the diagram

e 1v2
2 o 1V3



Therefore A(Q) has width 2, and so, by corollary 4.1, it is of a finite representation
type. The diagram (8.4) after renumbering has the following form

Consider the next poset A%(Q). In .A%(Q) new elements are 2V 4, 3v 4, 3V 5 and
0. Then a poset A%(Q) has the following diagram:

1 2vd 2
t tsvs

(8.5)

3vd e<«—eo——90 3

bt

o—eo«—— 0+ (

Therefore A%(Q) has width 2, and so, by corollary 4.1, it is of a finite representation
type.

We obtain after renumbering:

w
--> @
7N

AYQ) = 2 o

—
-
7N

P+ 0+ 08->0->0->0-00

L = B = T B - - B =]

In A3(Q) new elements are 1 V6,2V6,2V7,2V8,3V8and0.
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The diagram of the poset A3(Q) has the following form:

4 5 1vé 2v6 6 7 3v8 8 9 10

=0 «— @ @0 P —0 0

SN AY " e

- ——— e P — O —

1 2v7 2v8 2 3

Therefore .A3(Q) has width 2, and so, by corollary 4.1, it is of finite representation
type.

After renumbering diagram (8.6) we obtain:

11 ¢
1
10 »
t
AN
8 o * 16
N
TR
AQ) =6 ;/; 14
e
4 ;/- 12
3
}
2 e
)
1 ®

Now consider the poset A*Q). In A%(Q) new elements are 4V 12, 4V
13, 5V 13, 6V 13 6V 14, TV13 7TV14 7v15 7TV 16 8V 16 and 0.
Consequently, A%(Q) contains 27 elements and .A"(Q) has the following diagram:
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4V12
4v13

—
b

V13
V13
v13

eeeesd

[
%

6V14
*7V14 (8.7)

Tv15 \;
Tv16 ;15
7 * 8Vv16
8 /i 16
rd

9
10
11

0

=2
S >0+ 0+ 0> 0 00000000000 >0

So the poset .4*(Q) has width 3. We shall show that it is of a finite representation
type. For this aim we use two times the Trichotomy Lemma. As a poset Y we take
the left chain consisting of 17 elements

{0,11,10,9,8,7,7v 16,7V 15,6,6 vV 14,5,4,4Vv 13,4V 12,3,2,1}.

And as a poset X we take a subset {16 < 8 V16 < 15 < 14} and Z = {13,7V
14,7V 13,6 vV 13,5 V 13,12}. All indecomposable representations have support either
in XUY orin YUZ. The poset X UY has a width equal to 2 and so it is of a
finite representation type. So we must only consider the poset Y UZ. We consider two
subsets X; = {13,7V 14} and Z, = {TV 13 <6V 13 < 5V 13 < 12} in the poset Z.
The poset Y is the same as above. It is clear that Y U Z; is a poset of width 2 and so
it is of a finite type. The poset X, UY is of the form (1,1,17) and so it is of a finite
type, by lemma 8.2. Therefore the poset A*(Q) is of a finite representation type.

L Since P, = QU (2), and A(Q), A*(Q) are posets of width 2, we obtain, by
theorem 6.1, that P, is a poset of a finite representation type.
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I1. In a similar way, since Pa = Q U (3), and A(Q), A*Q), A%(Q) are posets of
width 2, we obtain, by theorem 6.1, that P, is a poset of a finite representation type.
IIL In a similar way, since P; = Q U (4), and A*(Q) for i < 4 are posets of width
2, and A*(Q) is of a finite representation type, we obtain, by theorem 6.1, that P; is
a poset of a finite representation type. a

Definition 8.1. A poset P of width 2 is called a garland if for any x € P there is at
most one element y € P such that z and y are incomparable in P.

Example 8.1. A poset with diagram

i ) — O —p & ——— O

R XXX

P—> O — O —>- O —> O

is a garland.

Corollary 8.1. Let P be a poset of width 2 and let A™(P) be a poset of width 2 for
allm > 1. Then P is a garland.

Proof. Let @ = (1)U (2). Then, by lemma 5.2, A*(Q) has width 3. If Q is a subposet
of P, then, by proposition 6.2, A*(Q) C A*(P), and so w(A*(P)) > 3. Therefore, if P
is not a garland, then there exists n such that w(A"(P)) = 3. So, by the transposition
low, we obtain the required statement. a
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