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Abstract. A nitable model to repre11ent procedures to analyae binary 

images ia in terms of aet tranaformatiou. Mathematical morphology is 

a general framework to repreaent aet transformatiom u chain• of four 
elementary operators (namely ero•ion, anli-ero•ion and their duala di­

lation and anti-dilation). In the present article, we present the general 

model propoaed within the AMM project1 for automated generation 

of mathematical morphology procedures to analyse binary images. We 

aiao discuu one of the three identified strategies for simplification of the 

automa.tically generated procedures and show an example of its applica­
tion. 
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1 Introduction 

The analysis of binary (i.e. "black-and-white") images is an important tool in 

eeveral areas as divene as quantitative microscopy, cartography, office automa­

tion and industrial process control. Mathematical morphology, introduced in the 

1960's by G. Matheron, J. Serra and colleagues at "Ecole des Mines de Paris", is 
a general framework for set transformations which is particularly suitable to ex­
preu translation-invariant procedures for image analysis [Mat75, Ser82, Ser88). 
Central to mathematical morphology is the decomposition of aet transformationa 
in terms of four elementary operaton: dilation (6), erosion (t:), anti-dilation (6•) 
and anti-erosion (t:•). These operators admit proced•ral interprdationa as ab­
stract machines. To date, many implementations of the so-called morplaological 

machine, are available in hardware [KS72, Ste82, HDBG88, KP89, HJS89) and 
in software [Lay84, Beu87, Gri93, BBL93). 

We explore the problem of automatically generating efficient implementa­
tions of mathematical morphology procedures, and analyse an example of the 

particular problem of binary shape recognition. We develop our analysis based 

1 AMM 1tand1 for .Automated MathemaLical Morphology 

1 



on the general model proposed within the AMM project, in which we identify 

three different strategies that can cooperate to generate efficient procedures. In 

the present article we explore one of them. 

In order to make the paper aelf-contained, in section 2 we present the basic 

definitions of mathematical morphology and the formulation of the problem of 

shape recognition in binary images within this framework . In section 3 we briefty 

review the AMM model and discuss in some detail the conte:i:t-based simplifica­

tion strategy for mathematical morphology procedures. In section 4 we present 

an example of procedure generation and context-based simplification. Finally, in 

section 5 we present some further discussion and propose future research. 

2 Mathematical Morphology 

A binary image can be represented as subsets of a set E ~ Z 3
• An image 

transformation can thus be represented as a mapping from a collection of subsets 

of E (the inp•t image) to another (the outpt1t image). 

Mathematical morphology is a framework to characterise translation-invariant 

set transformations. Let 28 be the collection of all subsets of a finite non-empty 

set E. The set Eis assumed to be an abelian group with respect to a binary 

operation denoted by "+" . The zero element of ( E, +) is denoted by O. 

For any h E E, X ~ E, the set Xia = {y E E.11 = z + h, z E X} is called the 

translate of X 611 h. In particular, X o = X. 
A act transformation t/J: 28 - 28 is called 1ranalation-iru,arian1 iff 1J,(X1a) = 

,J,(X)•, X s;; E, h EE. The kernel A:(,J,) ofa translation-invariant.transformation 

,J, is the subcollection of28 defined by A:(tJ,) = {X s;; E.O E tJ,(X)} . 

Four translation-invariant transformations deserve special attention: 

- a transformation Es is called an erosion if Es(X) = {z E E.Bz ~ X}; 

- a transformation 6 B is called a dilation if 6 B ( X) = {z EE Bz nX j O}; 

- a transformation ,i is called an anti-erosion if EJi{X) = {z E EBz nxe # O} ; 

- a transformation 61J is called an anti-dilation if 6i(X) = {z e E.Bz ~ xe}. 

In all these transformations, X' denotes the complement to the set X (i.e. 

xe = E \ X), and the set B ~ E is named the structuring element of the 

transformations. 
Given two subset.a A, B E 28 , A £ B, a cloaetl interval [A, BJ in 2£ is a 

collection of subset.a of E such that (A, BJ = {X £ E.A ~ X ~ B}. The 

subsets A and B are called respectively the left and right eztremitiu of the 

closed interval. 
A useful property of erosions and anti-dilations is that they can represent 

any tranalation-invariant transformation, as proved in (8891) in the following 

Standard Decomposition Theorem: Let 1/, be a translation-invariant 

transformation and A:( v,) be the kernel of this transformation. Then, 
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A dual result cau be expressed in terms of dilations and anti-erosions. 
The set B(t/,) of all maximally closed intervals contained in A:(¢) is called 

the 6uu of VJ ( a cloaed interval contained in A:( t/)) is marimall1 clo,ed if it is not 
properly contained in any other interval contained in A:(tJ,)). 

It was also proved in [BB91] that A::(,t,) can be replaced by B(t/,) in the 
formulation of the Standard Decomposition Theorem, i.e. that 

ip(X) = U{t.t(X) n 68.(X).[A, BJ~ B(tJ,)},X ~ E. 
In most practical situations, the transformations of interest are those that 

depend on a local neighbourhood of points only. A translation-invariant transfor­
mation is called limited iff there exists a window W C E such that h E ,t,(X) -
h E ,t,(X n WA). 

Irv, is limited and [A, BJ E B(v,), then A, Be ~ W. In other words, the 
structuring elements of the erosions and anti-dilations of tJ, are subsets of W. 

An important. feature of translation-invariant. transformations is that they are 
closely related to boolean functions: for each limited translation-invariant trans­
formation t/J there exists a corresponding boolean function 6 : 2W -+ {.L, T} 
such that b(X) = T .... 0 E tJ,(X), and for each boolean expression b constructed 
from 2W there exists a corresponding limited translation-invariant transforma­
tion given by t/J(X) = {h E E.b(XnWA) = T}. Once a boolean expression b(X) 
as above is transformed to minimal disjunctive normal form, the positive and 
the negated variables correspond respectively to the left and to the complement 
of the right extremities of the basis of the corresponding transformation ,t,(X). 
Thia property was explored in [Dou92) to obtain optimal morphological filters 
for image analysis. 

A transformation ,p is called a window tranaf ormation with respect to W C E 
iff there exists a subcollection D ~ 2w such that .,(X) = {h e E.W n x_,. e 
D}. A window transformation can be used to "tag" particular shapes in D 
by producing point markers, thus working as a shape recognition procedure. 
Window transformations are translation-invariant, and the kernel of a window 
transformation 1/1 is given by A:(tJ,) = {X £ E.W n XE D}. 

3 The AMM Model 

The general model for automating the generation of efficient procedures for 
mathematical morphology is presented in figure 1. In this model, three dif­
ferent approaches cooperate to generate mathematical morphology procedures: 
transformation of propositional expressions representing classes of images, PAC­
learning oft.he same classes of images, and direct procedure derivation in terms of 
high-level, abstract. descriptions of image transformations using theorem proving 
techniques. 

Images and image transformations can be envisaged as propoeitional formu­
lae in which basic propositions represent points in Z2

• In order to make the 
correspondence between images and propositions more natural, we adopt a non­
conventional way of indexing basic propoeit.ions (see figure 2). The alphabet of 
our propositional language is defined as follows: 
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,..,,,Ing 

norm•llutlon 

Fig. 1. General .AMM Model 

- a countable eet of basic propoeitiona 
~ = { Poo, 900, PIO, 910, Pll, 911, Pot, 901, P-11, 

9-11, P-10, 9-10, P-1-1, 9-1-1, Po-1, 90-1, P1-1, 91-1, ... }. 
the conventional connectives -., A, V, ...... , ..... 

procedure 
,,.,,.,.,1on 

Intuitively, proposition■ PiJ represent point■ of "input• images and propo­
aitiona 9iJ repreeeot point. of "output• (i.e. "transformed") image■. To "true" 
ba■ic prop01itioD1 correspond "black• point■, and to "false• ba■ic propoaitioDB 
c:orre■pond "white• point■. Finally, an image tran■formation ill represented a■ a 
collection oCformulaeof the form P .... Q, in which P contain■ only propoeitioDB 
PiJ and Q contain■ only propoeitiona 9;; . 

A tran■lation-invariant transformation I/) can be represented a■ a single for-

4 



Fig. 2. Correspondence between Buie Propositiona and Points 

mula P• - 900, in which P• repreaents the local rule which characterises the 
transformation. Given a translation-invariant transformation VJ, we can construct 
the boolean expression corresponding to the basis B( t/J) of VJ, which characterieea 
a procedural description of tJ,: asauming P• as being in disjunctive normal form, 
the basis B(VJ) is given by the intervals (A;, Bf) where A; and B; are respectively 
the points corresponding to the "positive" and to the "negated" basic proposi­
tions ocurring in each disjunct ip; E P •. Thus, given a complete but informal 
apecificat.ion of the "1, once it is rewritten as a propositional formula p,_ - 900 
and then ,aormoli,etl to disjunctive normal form, we obtain the "canonical im-
plementation" of tJ, in term• of its buia. . 

In many practical ■ituations, however, we cannot count on a complete spec­
ification of tJ,. Indeed, what we do have most frequently for a transformation 
,{, is a (non-exhaustive) collection of "input/output" examples. In theae cases, 
the best we can do is approximate the specification of VJ via ind■ctive learn• 
inf of the corresponding boolean function, e.g. using a PAC-learning algorithm 
(Val84, Kae90]. 

We frequently have additional knowledge about the desired transformation in 
terms of d&tractiona of "chunks" of mathematical morphology basic operaton 
that yield to specific effects on generic images - e.g. border extraction, skeleti­
sation, eLc. - which are used to guide (and sometimes to ■pecify completely) 
the implementation of image transformations. In such cases, we can use auto­
matic theorem proving techniques to synthesise the corresponding morphological 
operaton [JBS]. 

We consider three independent ways of simplifying the implementation of tJ, 
corresponding to B(1/>): 

1. via cordezt-kaed ,implific•tion; 
2. via the appropriate utilisation of algebraic n:write r■ lea that preserve the 

1peeificat.ion of l' [Xu93, Jon93]; and 

5 



3. via the appropriate simplification of the subprocedures ocurring in ,p based 

on their ahtract interpretation., as "chunks" of operators for image transfor­

mationa rather than general propositional formulae, in a similar vein to the 

"automatic" generation of mathematical morphology procedures suggested 

io (JBS). 

In the following paragraphs we discuss the first of these simplification strate­

gies (which is the simplest of the three). 
By conted-ba.ted ,implification we understand the appropriate use of available 

a priori information about the family of "input" images. This information is 

encoded as a disjunction of prop05itiooal formulae Pi corresponding to the shapes 

that actually occur as "inputs". In other words, if we have a priori information 

about the collection of shapes that we can get as "ioputs"(i.e. our contesi), 

we can reduce our shape recognition task to the task of identifying only the 

distinguishing features among these shapes. 

Given a priori information that our context is bound to the set C = { F'i, ... , .Pn}, 

a shape recognition transformation'¢= P,1, - q00 can be restated as P"' - q00 , 

where P"' takes into account. t.hat any occurring shape must be an element of C. 

Usually (but not necessarily) this information simplifies the "canonical imple­

mentation" oft/>, as the example in the following section illustrates. Similarly to 

the shapes to be recognised, context information may also be given via examples 

and approximated via inductive learning. 

4 An Example 

Let the shape to be recognised be a 3 x 3 isolated square, i.e. a square with no 

holes and sizes 3 points long, in which all neighbouring points are "black" (figure 

3(a)). Thia simple shape recognition task can be characterised as: 

A Pi; /\ -,Pi'l /\ ...,Pi-2 /\ -,P2; A -,P-2; +-+ qoo-
-,s;,;s, -2s,s2 -2~,s, -•s,s• -,s;~, 
Tlie corresponding basis of the transformation 1s given by the single interval 

[A, BJ, where A = {-1, 0, 1}2 and Be = {-2, -1, 0, 1, 2}2 \ A (figure 4(a)). 

Now assume that we know a priori that the only occurring shapes in our 

"input" images are isolated squares with no holes (figure 3(a)) and isolated 

squares with a hole in the middle (figure 3(b)) - all 3 x 3 squares. In other 

words, we know a priori that whenever we find a 3 x 3 "cross", this "cross" must 

belong to the target shape. The simplification oft/, is obtained as follows: 

- q = {Pi, Al 
- Pi = I\ Pij A -.Pi2 /\ --Pi-2 I\ -.P2; A ...,P-2;. 

• -ISi,:iSI -as;sa -2s;s, -,s,s• -,s,s, 

- P2 = .. A Pi; /\ p;o . A Po;A-,Poo A -,Pi2 /\ -,Pi-2 A ,p,; I\ -,P-2; -
,,,1t-1.1> •E(-1,1) Jl(-1,1) -2S•S2 ->:S•S2 -&S:iSI -ISJSI 

- [( A Pio /\ Po;) - Pi V A]/\ [F'i - qoo). 
,1(-1,1) Jl(-1,1) 

The normalisation of this last expression gives: 

A Pio A Po; I\ Poo - 900· 
•l(-1,1) ilf-1,1) 
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(a) (b) 

Fig. 3. A 3 x 3 Isolated Square and a 3 x 3 Squue with a Hole in the Middle 

The. basis of this transformation can now be given by the interval [A, .Bl, 
where A= {(-l,0),(l,0),(0,0),(0,-1),(0, l)} and Be={} - which is clearly 
"simpler" than (A, B], as it requires less points to be constructed (figure 4(b)). 

5 Discussion and Future Work 1 

In this paper we briefly reviewed the general model proposed in the AMM 
project to automatically generate implementations of mathematical morphology 
operators, and discussed one of the three simplification strategies considered 
in this project. Assuming a complete specification of shapes occurring in input 
images and of the shape(s) to be recognised, we presented a general procedure 
that can generate the corresponding image transformation ¢. Furthermore, we 
showed how II priori information can be used to simplify the implementation of 
this transformation. 

The application of artificial intelligence techniques to automate the gener­
ation of procedures for image analysis has been atudied by other authors ( e.g. 
{Sch89, Vog91, Zha92). To our knowledge, however, we are the first ones to ex­
plore the integration of an extensive use of the result conveyed by the Standard 
Decomposition Theorem with PAC-learning techniques and automatic theorem 
proving techniques to 1ynthesise mathematical morphology operators, together 
with algebraic rewrite rules, heuristic procedure abstraction and context-based 
simplification to improve the efficiency of these operators. 

Immediate future work in the .AMM project includes: 

- the analysis of patterns of input images to characterise in which cases the 
utilisation of • priori information can be profitable; 
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A A 

(a) (b) 

Fig. 4. Bases (A, B] and (A, BJ 

- a more thorough analysis of the algebraic properties of the basic operators of 
mathematical morphology, so that we can specify and implement a rewrite 
system to simplify chains of operators; 

- the abstract analysis based on the intended meaning., of specific chains of 
operators, and the construction of a library of subprocedure simplifications 
based on such meanings; 

- the analysis of the computational complexity of learning shapes to be recog­
nised and classes of a priori occurring shapes. 

All these future research goals shall be implemented to constitute an inte­
grated environment for the automatic generation of mathematical morphology 
procedures. 
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